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�$�!)&*#*++ $!�$�',() Gröbner ��$"%!)�Æ+#
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5=�<6&4?E�,EF�G64% Faugère��50�@A$A(%&� F5 �$#B
65�$B@C� F4 �$DBH"!%�&4�9/+>F�?8C�?2�#@��5
F4 �$�� HFE80 ��I:?8' 16G >F#J�1+89� F4 �$EF%I:GF�
� ?,�D;�����G6G?8H)A�FIB9�H�,J$%9#20�191
�#E� F4 �$D;�5=ICGJKFL)�56K:�$M'�KN@)L@LM�
 L��M��� $& 0 %�������JNFDO�J(:(5=N(:E<6#

O+2�����$;:�!PG>FB9�HF55=IC0#"+PÆ+#HI�
!�$�6G#"���QÆ.2.% F5 �$�--�0/0R�7=%�$+JK��
�7B�SHO/1�T+&'&� 3���P5% zdd �,,-�:(�������
Æ:PG�#�+PFI�56))7=%�$+>F�?8O-/�� UK*)���
��"&�F55=IC�-%�$�M'&4#

�$�P5� zdd �,,- (zero-suppressed binary decision diagrams) �1 bdd Æ+6
)�bdd 5+QL&'Q��6 zddR;:5+QL&'��� [13,14]. 2007(�Brickenstein
-I:5 zdd �,,-)��&'&,� Gröbner ��.!R<SBM$(%R'�,(
[15], B6�0?B++��N1I<SB� Gröbner �&(7O67#JKE++$�6
7���N1I<SB� Gröbner �KN@:=�G6���!�5�$%�+���� zdd
QT8�+P%PMQÆ�56:(����$:P+��N1I<SB� Gröbner �#2
0�9"-E�%'"--�&'&#� $!�$(25% zdd �,,-#

�,�;:>Q�M!0 2 PSR�� Gröbner ��$���6GO0 3 PSR�$,
���� zdd QT8�O0 4 PSR*)�$��5�H*)�$�*),-O0 5 P�"
T�$�5��,SP��O0 6 P)-�,�V�,O0 7 P=,N,#

2 Gröbner >?@AB
T F2 �CUUWU 0, 1 �"9�� X = x1, x2, · · · , xn �NAV3����V3 H =

{x2
1 + x1, x

2
2 + x2, · · · , x2

n + xn} &����V3�WV&�����R& R2 = F2[X ]/(H) �
��&'&�6& R2 ,�WUV&&'���#

&'&,� Gröbner �"7$�W<#��5�$B@-*���P5�MW<#JK
XRQ� σ : F2[X ] −→ R2, Q� σ �LV�G6 R2 ,WXWU! F2[X ] ,%"YZ#�
D&'���V3 F ⊂ R2, σ−1(F ) � F !���& F2[X ] ,�YZ�T���V3 G &

σ−1(F )∪H ! F2[X ] ,� Gröbner ��RV3 σ(G) V& F !&'& R2 ,� Grönber �#
G6��� F !&'& R2 ,� Grönber �������E5;�� σ−1(F ) ∪ H ! F2[X ]
,� Gröbner ����#M"��)-��$+�!���& F2[X ] ,�� σ−1(F ) ∪ H �

Gröbner ���$#1+& R2 9 F2[X ] ,�WU��Q[��5*YEZ�G6&%\X
�#X�!7UMN<�OPM���G7]Q*J0�&,�WU�.�V/&���#

JKE F5 �$--�0//0��34R)��*/���))-%�$&4�G2
��� Gröbner ��$P5% F5 �$���,-#7 �� )A��V�,��*5�
F5 �$++YY����JK7BSHZ*.[�*$���D�7$JK7BJ:��
%9)*S\#&%.TJÆU!7B+�$�EF���!�5�$%QÆ% F5 �$,
VW (signature) �U!IR�$%*^QÆ.2.% F5 �$,�0//0�02. ?$
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a��5+2. F5 �$,�0/Y"0R#!SR�$9�I:UK�,8:�[\#
2.1 F G

Z N &�"]^M��V3�T &�"T+NA X �[_V3�̀ T = {xα1
1 xα1

2 · · ·xαn
n |

αi ∈ N, i = 1, 2, · · · , n}. T ≺ �W<! T #���Z��B�!����$,�$ ≺
&N1I<SB�\" x1 ≺ x2 ≺ · · · ≺ xn. ++ t = xα1

1 xα2
2 · · ·xαn

n ∈ T , W< t �1

�&! deg(t) =
n∑

i=1

αi. ++��� 0 �= f ∈ F2[X ], " f =
∑

xα1
1 xα2

2 · · ·xαn
n , W< f

�1�&! deg(f) = max{α1 + α2 + · · · + αn}, W< f �H� (leading monomial) &!
lm(f) = max≺{xα1

1 xα2
2 · · ·xαn

n }.
2.2 HIJKL

&%a]67,���#9�^���.)78:����I:+_����bM�,
b_�&2��UK/c��� (labeled polynomial) �d`#

MN 2.1 Z L = T×F2[X ]×N×F2[X ]×N ,/c������`WD G = (xα, f, i, g, k) ∈
L. /c��� G �VW (signature) W<&! S(G) = xα; G �Y� (initial) W<&!
init(G) = f ; G �acVW (extended signature) W<&! ES(G) = xαlm(f); G �B (index)
W<&! index(G) = i; G ���� (polynomial) W<&! poly(G) = g; G �B\ (number)
W<&! num(G) = k.

/c���9_����7$�[#+!+�a4%UUY)����0�eUU%!

�/a*Tb_#&%QL���9/c����!�,,���5'd<bQL����
� f, g, h; 5f'<bQL/c����� F ,G,H. M"W</c����UB$e�#

MN 2.2 ++/c��� F ,G ∈ L, W<! F ≺es G(gf G �es F), �(LOM"
.�/h#�! (1) ES(F) ≺ ES(G). (2) ES(F) = ES(G) \ index(F) > index(G). (3)
ES(F) = ES(G), index(F) = index(G) \ num(F) > num(G).

MN 2.3 Æ u ∈ T ���Z��� F = (xα, fi, i, f, k) ∈ L ���/c����RZ�

�9/c����_W<& uF = (uxα, fi, i, uf, k).
MN 2.4 g%/c��� F = (xα, fi, i, f, k)$ G = (xβ , fj, j, g, l). ZH = max≺es{F ,G},

R/c��� F 9 G �$W<& F + G = (S(H), init(H), index(H), f + g, num(H)).

2.3 PQHR
MN 2.5 ++/c��� F ∈ L, H/c���V3 B ⊂ L. ÆF! G ∈ B $Z��

u ∈ T , LO! lm(poly(F)) = ulm(poly(G)) \ F �es uG, RV F T+/c���V3 B �

�>�OiR�V F T+ B 7�>#

MN 2.6 Æ F ∈ LT+/c���V3 B ⊂ L��>��RF! G ∈ B $Z�� u ∈ T ,
LO! lm(poly(F)) = ulm(poly(G)) \ F �es uG. c F ′ = F −uG, ��V F −→B F ′ &�1
>5 ?#Æ F ′ bBT+ B �>�R2K#"�>5 ?#Æ" F −→B F ′ −→B · · · −→B F∗

\ F∗ T+ B 7�>���V F ��\ B >5& F∗, .c&! F −→∗
B F∗.

Q[2.�WX>5 ?%��!"9]>./#Æ" F −→∗
B F∗, j,>5W<�

%�F! p1, p2, · · · , pt ∈ F2[X ], G1,G2, · · · ,Gt ∈ B, :(! F = p1G1 + p2G2 + · · ·+ ptGt +F∗,
F �es lm(pi)Gi, i = 1, 2, · · · , t.

MN 2.7 Z P = T × L × T × L. W</c��� F ,G ∈ L � s +$ s ���*L&
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s(F ,G) = s(G,F) = (u,F , v,G) ∈ P $ spoly(F ,G) = spoly(G,F) = uF − vG. /,� u, v L

O! lcm(lm(poly(F)), lm(poly(G))) = lm(upoly(F)) = lm(vpoly(G)) \ uF �es vG.
MN 2.8 g%0� s +! s(F ,G) = (u,F , v,G) $ s(P ,Q) = (r,P , t,Q). W<!

s(F ,G) �es s(P ,Q) (gf s(P ,Q) ≺es s(F ,G)), �(" uF �es rP , gf ES(uF) = ES(rP),
index(uF) = index(rP), num(uF) = num(rP) \ vG �es tQ.

"%�#W<���X��)-�$���#?

JK F = (f1, f2, · · · , fm) ⊂ F2[X ] ��D"B���V3#
J- GB ⊂ F2[X ] �67 I = 〈F 〉 � Gröbner �#
1) YY��� fi +^�/c���c& Fi := (1, fi, i, fi, i), i = 1, 2, · · · , m;
2) B := {Fi|i = 1, 2, · · · , m}, B\ k := m, CP := {s(Fi,Fj)|i, j = 1, 2, · · · , k};
3) while CP �= φ

c := min≺es{CP}.
�� c �+^� s ����.5 B >5; F .
k := k + 1, Num(F) := k,
B := B ∪ {F}, CP := CP ∪ {s(Fi,F)|i = 1, 2, · · · , k − 1}.

4) J- B.
S !�$�JK F ,UU���� H , &%-%�$&4�kT�����B (index)

)+ F ,]�����B#
�#�$9 Buchberger �$c"�TQL��7$��J��$G Buchberger �$,

����Z;%/c���#/c�����-l:�"T����*Tb_�25J,b

_X��34HEF�"��\>5; 0 � s +#5�$,��dE�/c����B\Q
L0/c���MKV3 B �7B�B\h)�/c���MK�hc�$%(Q./h

A#20��$eIW% s +�<67B�`^iT+ ≺es �5'E)�7B+P<6�J

�7B++�$/0�2.Z*2:#
mM)��)-0/�$�/05+43*/� s +�0/0�1 F5 �$,�0//

0QÆ6)#1+C�QÆ%/V (signature) �UB�G6J0//0�2. ?dN��
5+2. F5 �$�0//0#�M/092.,�[\Gj59"�$#?,�[\#

1) 33 (syzygy) /0 g% s +! s(G1,G2) = (u1,G1, u2,G2), u1, u2 ∈ T , G1,G2 ∈ B. +
+ ukGk, /, k = 1 g 2, ÆF!YY��� fj , LO index(ukGk) ≤ j ≤ m\ lm(fj)|S(ukGk),
R s ��� spoly(G1,G2) = u1G1 − u2G2 ��\ B >5; 0.

2) 2d (rewritten)/0 g% s+!s(G1,G2) = (u1,G1, u2,G2), u1, u2 ∈ T , G1,G2 ∈ B. +
+ ukGk, /, k = 1g 2,ÆF!/c��� F ∈ B �HZ�� v ∈ T ,LO S(ukGk) = S(vF),
index(Gk) = index(F) \ num(Gk) < num(F), R s ��� spoly(G1,G2) = u1G1 − u2G2 ��\

B >5; 0.
&%2.J0//0���HII:M"�nkU6#
UV 2.9 g%M9�/c���V3 B, �HM9I:<6� s +& s(F ,F ′) =

(u,F , u′,F ′), /, u, u′ ∈ T , F ,F ′ ∈ B. ÆF! p1, p2, · · · , pt ∈ F2[X ], G1,G2, · · · ,Gt ∈ B, :
(! uF = p1G1 + p2G2 + · · · + ptGt \ uF �es lm(pi)Gi, i = 1, 2, · · · , t. RF!/c���
H ∈ B, �HZ�� v ∈ T , LO! ulm(poly(F)) = vlm(poly(H)) \ uF �es vH. :+�]�
s ��� spoly(F ,F ′) ��\ B >5; 0.
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W HI�g% s(F ,F ′) &M9I:<6� s +�,3�$++ s +�<67B�%�
++W; G,G′ ∈ B, Æ s(G,G′) ≺es s(F ,F ′), R s + s(G,G′) ge\<6 �AGM%�<6
,(�X� s ��� spoly(G,G′) f�\M9�/c���V3 B >5; 0.

mM)��2.�M/h uF = p1G1 +p2G2 + · · ·+ptGt \ uF �es lm(pi)Gi, i = 1, 2, · · · , t
LO%�F! v ∈ T �H H ∈ B, :(! ulm(poly(F)) = vlm(poly(H)) \ uF �es vH.

�#"�Æ7F! j ∈ {1, 2, · · · , t} :( lm(pjpoly(Gj)) � lm(upoly(F)). Rj,"
��3T�%�8F! Gk, k ∈ {1, 2, · · · , t}, LO ulm(poly(F)) = lm(pk)lm(poly(Gk)) \
uF �es lm(pk)Gk. +�"! v = lm(pk), H = Gk.

1�#"�ÆF! j ∈ {1, 2, · · · , t} :( lm(pjpoly(Gj)) � lm(upoly(F)). 7e�_3�T
lm(pjpoly(Gj)) = max≺{lm(pipoly(Gi)), i = 1, 2, · · · , t}. j,"� uF = p1G1+p2G2+· · ·+ptGt

�%�8BeF! k ∈ {1, 2, · · · , t} \ k �= j, :( lm(pjpoly(Gj)) = lm(pkpoly(Gk)). +�F
!Z�� w ∈ T , : lm(pj)Gj − lm(pk)Gk = wspoly(Gj ,Gk) ;]#1+ uF �es lm(pi)Gi, i =
1, 2, · · · , t, G2 s(Gj ,Gk) ≺es s(F ,F ′) g\<6�56 s ��� spoly(Gj ,Gk) �\M9
�/c���V3 B >5; 0, `F! q1, q2, · · · , qs ∈ F2[X ], R1,R2, · · · ,Rs+1 ∈ B, :
(! spoly(Gj ,Gk) = q1R1 + q2R2 + · · · + qsRs + Rs+1 \ ES(spoly(Gj ,Gk)) = ES(Rs+1),
index(spoly(Gj ,Gk)) = index(Rs+1), spoly(Gj ,Gk) �es lm(qi)Ri, i = 1, 2, · · · , s. G spoly(Gj ,Gk)
�QT�`oEY"�,���(E��A�"�! uF = p′1G′

1 +p′2G′
2 + · · ·+p′t′G′

t′ SBLO
uF �es lm(p′i)G′

i, i = 1, 2, · · · , t′. :2:���"�la-5� lm(p′ipoly(G′
i)) 7J%+Y)

�"�#2KJ� ?�Q[2.�!"9]>8��(E"�!uF = p̃1G̃1+ p̃2G̃2+· · ·+ p̃
t̃
G̃

t̃
,

:(7F! j ∈ {1, 2, · · · , t̃} LO lm(p̃jpoly(G̃j)) � lm(upoly(F)). ,39�b�fG��%
F! v = lm(p̃k), H = G̃k, k ∈ {1, 2, · · · , t̃}, LO ulm(poly(F)) = vlm(poly(H)) \ uF �es vH.

-/���)2. s ��� spoly(F ,F ′) ��\ B >5; 0. 1 s ����W<
spoly(F ,F ′) = uF − u′F ′, ],3"� uF = p1G1 + p2G2 + · · · + ptGt, +���(E
spoly(F ,F ′) = uF − u′F ′ = p1G1 + p2G2 + · · · + ptGt − u′F ′. 1+ F ′ ∈ B, G6��Z
pt+1 = −u′, Gt+1 = F ′, &%\X#XT F1 = spoly(F ,F ′). +�(EQT�! F1 =
p1G1 + p2G2 + · · · + ptGt + pt+1Gt+1. G& uF �es lm(pi)Gi, i = 1, 2, · · · , t, @1 s +�W<"
uF �es u′F ′ = −pt+1Gt+1,[% F1 = uF−u′F ′ �es lm(pi)Gi, i = 1, 2, · · · , t+1. ,39"�2
.�F!H1 ∈ B,�HZ�� v1 ∈ T ,LO!lm(poly(F1)) = v1lm(poly(H1)).\ F1 �es v1H1.
Z F2 = F1 − v1H1, pt+2 = −v1, Gt+2 = H1, R""� F2 = p1G1 + p2G2 + · · · + pt+2Gt+2, \
[2 F2 �es lm(pi)Gi, i = 1, 2, · · · , t + 2. mM)��2K259"�2.mn vj 9 Hj , .
-o*^� Fj+1 = Fj − vjHj . G& lm(poly(Fj)) � lm(poly(Fj+1)), J� ?8J!"9]
>./�7pT! Fl %./�R8" poly(Fl) = 0, iRGbJnE vl 9 Hl :>44p+
PM3#

2AghM� ?+J*5�1 Fj D; Fj+1, �"#+�5 B + Fj +P%�1>5�

G2�#"�4��">4��WZ�d&! F1 = spoly(F ,F ′) −→∗
B Fl. 1+ poly(Fl) = 0,

�� s ��� spoly(F ,F ′) ��\ B >5; 0. 2c#
XY 2.10 g%M9�/c���V3 B, �HM9I:<6� s +& s(F ′,F) =

(u′,F ′, u,F), /, u′, u ∈ T , F ′,F ∈ B. ÆF! p1, p2, · · · , pt ∈ F2[X ], G1,G2, · · · ,Gt ∈ B, :
(! uF = p1G1 + p2G2 + · · · + ptGt \ uF �es lm(pi)Gi, i = 1, 2, · · · , t. R spoly(F ′,F) ��
\ B >5; 0.
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W 1U6 2.9 �%�F! H ∈ B, �HZ�� v ∈ T , LO ulm(poly(F)) = vlm(poly(H))
\ uF �es vH. R" spoly(F ′,F) = u′F ′−uF = (u′F ′−vH)− (uF−vH) = w1spoly(F ′,H)−
w2spoly(F ,H), /, w1 = GCD(u′, v), w2 = GCD(u, v). G& u′F ′ �es uF , uF �es vH, �
�" s(F ′,F) �es s(F ′,H), s(F ′,F) �es s(F ,H). G2 s + s(F ′,H) 9 s(F ,H) %ge\<6
 �/ s �����\ B >5; 0, �� s ��� spoly(F ′,F) (��\ B >5; 0. 2c#

"%U6 2.9 $iG 2.10, 2. s �����\>5; 0 ���X��E5&-o/c
���� “=2QL ” ���#M"��:Z�+�G0�/0�g%/hE5;/c��
��d=2QLe#&2���eI:10��U6#

UV 2.11 Æg%/c��� F = (xα, fj , j, f, k) ∈ B, R8F! p1, p2, · · · , pt ∈ F2[X ],
G1,G2, · · · ,Gt ∈ B,:(!F = xαFj +p1G1+p2G2 + · · ·+ptGt \ F �es lm(pi)Gi, i = 1, 2, · · · , t,
/, Fi �YY��� fi �/c���#

W + F MKV3 B �7B+Pqg$#HI�YY���+^�/c��� Fi,
i = 1, 2, · · · , m %LO#"�/h#/1�kT! F #9MK B �/c���%LO/h#
1�$�%�/c��� F 81:� s ���>56)�TJ� s ���& spoly(G,G′) =
uG − u′G′. 1>5� ?�%�F! q1, q2, · · · , qs ∈ F2[X ], H1,H2, · · · ,Hs ∈ B, :( F =
uG − u′G′ − q1H1 − q2H2 − · · · − qsHs, .\ F �es u′G′, F �es lm(qi)Hi, i = 1, 2, · · · , s. T
G = (xβ , fj , j, g, k′), G& G  F 0MK B, 1qgkT�%�RF! p′1, p′2, · · · , p′t′ ∈ F2[X ],
G′

1,G′
2, · · · ,G′

t′ ∈ B, :( G = xβFj + p′1G′
1 + · · ·+ p′t′G′

t′ . GJ�"�`K9"�"��[2 F
(LO/h#2c#

U6 2.11 rj���h�/c���%"�� “QL ”, 9[;E1+ xαFj �F!�J

� “QL ” .7��� “=2QL ”. G2�&%^5U6 2.9 $iG 2.10, ��eI:�,
f0�b_5�-oqs� “=2QL ”. M"��)2.0//0#

MV 2.12 33 (syzygy) /0�Xk�#
W G& lm(fj)|S(ukGk), RF! u ∈ T , :( S(ukGk) = ulm(fi). T Gk = (xα, fl, l, g, k′),

1U6 2.11 �%�F! p1, p2, · · · , pt ∈ F2[X ], H1,H2, · · · ,Ht ∈ B, :( Gk = xαFl + p1H1 +
p2H2 + · · · + ptHt \ Gk �es lm(pi)Hi, i = 1, 2, · · · , t, /, Fl �YY��� fl �/c��

�#

M j = index(ukGk) = l %�!���& F2[X ] ,�""� f2
l = fl + q1(x2

1 + x1)+ q2(x2
2 +

x2) + · · ·+ qn(x2
n + xn) ;]�"t���d& lm(fl)fl = (1− (fl − lm(fl)))fl + q1(x2

1 + x1) +
q2(x2

2 + x2) + · · · + qn(x2
n + xn), /, qi ∈ F2[X ], i = 1, 2, · · · , n. 1+!����$i��

�� x2
i + xi (�YY����G6#"�"�T�d;/c����8�&! lm(fl)Fl =

q0Fl+q1R1+q2R2+· · ·+qnRn,/, q0 = (1−(fl−lm(fl))), Ri &�����+^�/c��

�#1+��kT�����B)+]�����B�G67E2.! lm(fl)Fl �es lm(qi)Ri,
i = 1, 2, · · · , n. 1+ lm(fl) � lm(q0), +�" lm(fl)Fl �es lm(p0)Fl. ,3#�b,�"��"
ukGk = ukxαFl+ukp1H1+ukp2H2+· · ·+ukptHt = ulm(fl)Fl+ukp1H1+ukp2H2+· · ·+ukptHt

= uq0Fl + uq1R1 + uq2R2 + · · · + uqnRn + ukp1H1 + ukp2H2 + · · · + ukptHt. \" ukGk �es

ulm(q0)Fl, ukGk �es ulm(qi)Ri, i = 1, 2, · · · , n, ukGk �es uklm(pi)Hi, i = 1, 2, · · · , t. +��1
U6 2.9 $iG 2.10 �%� s ��� spoly(G1,G2) ��\ B >5; 0.

M index(ukGk) < j ≤ m %�[B""� fjfl = flfj ;]�"t�" lm(fj)fl = flfj −
(fj − lm(fj))fl. d;/c����8�&! lm(fj)Fl = q1Fj + q2Fl, /, q1 = fl, q2 =
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−(fj − lm(fj)), \" lm(fj)Fl �es lm(q1)Fj $ lm(fj)Fl �es lm(q2)Fl ;]#,32.g*0

�b,)-�"��]25#�b,�:5�#$iK ukGk �QT��7E2. s ���
spoly(G1,G2) ��\ B >5; 0. 2c#

MV 2.13 2d (rewritten) /0�Xk�#
W T Gk = (xα, fl, l, g, k′),1U6 2.11�%�F! p1, p2, · · · , pt ∈ F2[X ], H1,H2, · · · ,Ht ∈

B, :( Gk = xαFl + p1H1 + p2H2 + · · · + ptHt \ Gk �es lm(pi)Hi, i = 1, 2, · · · , t, /, Fl

�YY��� fl �/c���#$a�T F = (xβ , fl, l, f, k′′), F! q1, q2, · · · , qs ∈ F2[X ],
R1,R2, · · · ,Rs ∈ B, :( F = xβFl + q1R1 + q2R2 + · · · + qsRs \ F �es lm(qi)Ri, i =
1, 2, · · · , s. 1g%�( ukxα = vxβ , +�""�! ukGk = ukxαFl + ukp1H1 + ukp2H2 +
· · · + ukptHt = vxβFl + ukp1H1 + ukp2H2 + · · · + ukptHt = vF − (vq1R1 + vq2R2 + · · · +
vqsRs) + ukp1H1 + ukp2H2 + · · ·+ ukptHt. 1+ num(Gk) < num(F), u6 ukGk �es vF , M#
vF �es vqiRi, i = 1, 2, · · · , s $ ukGk �es ukpiHi, i = 1, 2, · · · , t. ],3U6 2.9 $iG 2.10
�%� s ��� spoly(G1,G2) ��\ B >5; 0. 2c#

3 \]^_ zdd `ab^
zdd ��Æ 8�hil�/9m�5)QL&'Q� bdd. ',()�19rj�n

K��f�*55 zdd )QL���&(!'�$%ejD%�,�+ zdd �,,-��
$�/,-cW�� Brickenstein )-� PolyBoRi ?BU��H%'"�&'&# $!
�$# zdd �,,-�-) k!+���G&'&,������Ævs�8�+PF
I�56)).)�$++>FB9�:5#

5 zdd QL���]ldw[m#��V�5l�jPk-*�EtPk 1 �k6&]
ln�k6Omo��5jPk-*�EtPk 0 �k6V&ln�k6#]lnk6#e
 ��"5l)-*�Pk��QL��Z�� (5e)-*�PkQL0Pk!Z��,
7-5), 6Mnl�QL����+��"]lnk6QL�Z��#$# ��p 1 ,�
(1) QL����& f = x3x1 + x2.

��
��
x1

�
�

�
�
�
��

��
��
x2

�
�
�
�

�
�

��
��
x3

�
�

�
�
0 1

(1)

=

��
��
x1

�
��

��
��
x3

�
�

�
�

0 1

+

(2)

��
��
x2

�
�

�
�

0 1

⇒

��
��
x1

�
�

�
�

�
�

�
�

��
��
x2

�
�

�
�
�
�

��
��
x3

�
�

�
�
0 1

(3)

q 1 zdd ����

29� Brickenstein )-� PolyBoRi ?BU(UU25 zdd �,,-��&'&#
Gröbner ���$#95/,4)d� PolyBoRi ,��$:P3��<SBM� Gröbner
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��J�G& zdd �QL����!<SBM�H� (gI<SB) ��� oo�/k6
A(�65 Brickenstein )-��$��N1<SB (gN1I<SB) �H�RI:f)o
oÆnl#$%� Brickenstein !,,)-��V�,(Ng%�<SBM���,(#

g�h%�* <SB$/a���B���N1I<SBM� Gröbner �6GKN@
-=#1+���H�!�$eP,I:pp���G6Æ7P5 zdd �,,-��N1
I<SBM� Gröbner ��+8uI��H������#&2���!�$�5,P5%
���*1QL�8��`����h�q1*A5�nlQL#@��9"-E����

f = x3x1 + x2 "0�q1*A�G6��50nlQL��p 1 ,� (2).
����*1QL8��`)�-)'<�+�:���!N1I<SB (gN1<S

B) M�H�N(]lQ[���`CI:oo-%1q1*A,��/k6X�(E#*
1QL�`)�1��'<�!-o5=%�����j,1�-o*15=�:(Y)�

)5=��q*;"9�'5=)<6��W?@#7=%5=<6�KN@#9�1+P

5*1QL�8�������elI:Enl)QL�JaXJ:=�l���LM#&
%��J������P5%vsPk�64�̀ vs7$l,�*$Pk��p 1 ,� (3)
+�vs%tPk 0 $ 1. P5vs�64�l���LM.7Jv5r�>F�*rer
-%l9e��&4#JÆvsPk�64�g!���s5�?BU CUDD[15] ,�5#

S !�$�5,� zdd C5)FI����6����>5 ?bBI:E5&5=
+P<6�J�G&* zdd 9�e�� L�M$e��5=�<6&4:%-!�#

4 ij Gröbner >?@
���*) Gröbner �7$;:�5%'"�&'&# $!�$,(E�&*#G

&!���& F2[X ] ,�1+NA xi Cr5 0 $ 1 ,$k�G6W;��� f ∈ F2[X ] /
$k(C" 0 $ 1 0Æ#!�$,�*LfG����0Æ$k+-;%*)�$#* A
*)�$�*)�$,h�*)J":�����b_�G6"61*b!*),��:Q
[���-,(�J(X���--*) Gröbner ��$�t�#$%�*)�$(:P+
e5.P<6�64���:"&�25���lw#1�#"�1+*)�$,I:GF
x�7$*)����H*Tb_�Gv5:��>Flw�G6*)�$�>F:5��
�!Ty���#xe�����P5% zdd �,,-���25!)�>FB9GF)A
����b_�J(:*)�$��5N;�r#

*)�$�8/�st�"*)���=KN@=+Y���KN@�G6*)�$,
-nk��k�+�kGh�*)���KN@%:=+Y���KN@#++ F4 $ F5 �
$�/KN@��#��1u� D dNkW�/, D ��$,�-o�-)5=�1�#
1+����$P5% F5 �$���,-�G6!-o*)%+:s�F5*),�5=
1��:/7r%+Y���J(���-.*),-�����YR#-.*),-�1

��YR�:G2�r-5�*)��!��36�zu>#�(*)�� ��R�"*

)�=KN@GJv Y���Jar6(7we#"T*)KN@9*)��T��fG
GJ!1�t,4,+PySxX#

� )A��V*5��P�*),-vB"!��9!EnE�Æ!�"@m,&(
%!'�*),-#G6^T+7$���>g,--./P3�*),-#JiI:-H
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���!����$�5,�-o*)� ?�� MKA�YY���)�5�#���
�Æ*),-��WZ�6�&��Æ-.����,-#M"SR 3 Æ�V&(R'�
*),-�/, D′ �wITW'���1�

1) ÆM9I:<6����1�%+ D′ %�$0���H�,���NA xi, 25
xi = 0 9 xi − 1 = 0 -o*)O

2) ÆM9I:<6����1�%+ D′ %�T0���-%1�q1*A& hi, 2
5 hi = 0 9 hi − 1 = 0 -o*)O

3) ÆM9I:<6����1�%+ D′ %�{x5"����V3�T g � zdd �
,,-,U51�-%�m����R25 g = 0 9 g − 1 = 0 -o*)#/,�U51��
n! zdd ,Pk�vs1��U51�h%�(.UU0m�������h�#

J 3 Æ*),-%��!Q[�!�$,�5�.\A(%7y�&(#[;EJ 3 Æ
,-%]l[2+*)1��F5���kGh�*)�KN@7J %#G6M*)��
�F5!��36zu>%�*)�$�&(]l'�!0 6 P,��JdE*)�$!�
�1�D;�������H#� ��#"�^5#

5 ?@op
�$���#?�0 2 P,�X�9�5 ?,b"!�SP��I:<6#
HI�O+5=64! F4, F5 �$,�;|����$�>5 ?(P5%5=�6

4#1+3392d0R++>57B"!7�:��$%J(� F5 �$��� k�G
6!5=<6,���P5%,-%y?3$ [16], �G2>5"B+P#

B6�dN^iacVW5=E%�7B<6 s +�&4.767�J�G&JaZ�
"#"t+IGY�����q15�]��/ Gröbner ��51��B@d�JÆ s +�
<67B("t+ Mora "2--��Æ^iuq11�+P<6�7B [17]. j/j�Y
G��1/c����/VW<9/+^���#9�7zs�:#/c����/Vcv
%0���9YY���#9�^��JÆ^�J19�$eP6q}N(KN�61�#
"�/c����+^�����mCzzJ19�$eP6\>5�:&WZ#(+�
(�^iac/V�7B<6 s +elJI<6R&KN�����6/z3<6WZ��
��#!�$�5 ?,��*5�"0Æ#$����J���#

1) !<6 s +%�I-.���1�-=� s +�B/]^iacVW�7B+P<
6#

2) M/c����VWR&KN�9/����mZ*WZ%�G0/c���Æ&

YY/c���#`G/VWw 0, /BW<&)+5"]�����B�9'+����
�B#��6�&!�$,MK��A����#

!�5%#$ 1 �&(!'�91+I^i1�-$ s +��,,�)�2.G7]P
5#vB!�V,�0#$J-�,(dNXk�989@A0�$�dM6G2.#* 
+#$ 1, 1+#$ 2 .c"ÆN s +�<67B�G6/Xk3dN��\6G2.�.
\�5&((]l7y#:2:��#$ 2 9#$ 1 .7x{���$%:5#�"#�#
$ 2 � F4 9 F5 �$!:Æ;<#�,$#GVWw 0 ;{9y|0���9/+���
#9�^��ÆG�"D;����VW%w 0, R�$EF+N;% F4 �$#
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*) Gröbner ��$(;:11#$ 2 )�5�`!�$eP ?,P%�MK�,
YY����-o*)#

6 orst
!J�P,���;: R*) Grönber ��$9 Magma , Steel �5� F4 �$!#

� �H1�D;��������#"�^5#!�V,���P5*),- 1. �V�
5}z&! Linux >4��� 3.00GHz CPU, 16G >F#�V�,�Z|&!{#

#� �� �,��mZ*2:�� ���Ji��;:JK�+63r|{|
~F} (linear feedback shift register, LFSR) �#� #M"� filter Q�$3 [18].

• CanFil 2, x1x2x3 + x1x2x4 + x1x2x5 + x1x4 + x2x5 + x3 + x4 + x5

• CanFil 3, x2x3x4x5 + x1x2x3 + x2x4 + x3x5 + x4 + x5

• CanFil 8, x1x2x3 + x2x3x6 + x1x2 + x3x4 + x5x6 + x4 + x5

• CanFil 9, x2x4x5x7 + x2x5x6x7 + x3x4x6x7 + x1x2x4x7 + x1x3x4x7 + x1x3x6x7 + x1x4x5x7 +
x1x2x5x7 + x1x2x6x7 + x1x4x6x7 + x3x4x5x7 + x2x4x6x7 + x3x5x6x7 + x1x3x5x7 + x1x2x3x7 +
x3x4x5 + x3x4x7 + x3x6x7 + x5x6x7 + x2x6x7 + x1x4x6 + x1x5x7 + x2x4x5 + x2x3x7 + x1x2x7 +
x1x4x5 + x6x7 + x4x6 + x4x7 + x5x7 + x2x5 + x3x4 + x3x5 + x1x4 + x2x7 + x6 + x5 + x2 + x1

• CanFil 10, x1x2x3 + x2x3x4 + x2x3x5 + x6x7 + x3 + x2 + x1

Q 1 ,)-%*T�, R�/, n QLNA��� MGB � Magma ,� F4 �$�
BGB ����*)Q�# Deg ��$ (*)�$) �TE�-%1�� Num &*)�=�
��Q, − QL Magma G>F|-6./#

~ 1

Filters n 81 100 128
Time Deg Num Time Deg Num Time Deg Num

MGB 18.730 7 32.930 7 − −
CanFil2 BGB 0.027 3 9 0.172 3 66 0.357 3 40

MGB − − 1.360 7 − −
CanFil3 BGB 0.085 3 11 0.150 3 19 1.210 3 17

MGB 49.460 7 12.590 7 − −
CanFil8 BGB 0.046 3 27 0.170 3 190 0.371 3 140

MGB − − − − − −
CanFil9 BGB 0.418 4 40 1.230 4 217 20.901 4 77

MGB 331.880 7 − − − −
CanFil10 BGB 0.131 3 99 0.612 3 501 1.296 3 340

Q 2 ,)-%0��$��1�D;�h1������ R�/, n QLNA���

.$����� m = n, Q,��,���.D1�D;�,�lfk#
~ 2

n 18 20 22 24 26
Time Deg Time Deg Time Deg Time Deg Time Deg

MGB 3.890 6 14.220 6 82.790 6 − − − −
BGB 0.791 3 2.992 3 13.235 3 47.862 3 149.121 3

Num 2048 8160 29046 65400 262018



1276 ] ^ X _ ` � _ 29 Y

� 0�Q� R����*5�!J0Æ@m,�*) Gröbner ��$�Q5:.[
'+ Magma ,� F4 �$#;:YG!+�J,@m,A*)� F4 �$�:TE�-%1
�zzR%�G6KN@R)O6*)�$�dG*)�1�F5!R=�}l�.\!J
,@m,*)��7��G6='KN@))=+A*)� F4 �$�J(:(���*)
�$Q5�:'#

7 uvw
!�,,���;:SR%*) Gröbner ��$���6G��,,-��H*),

-#�V�,Q.�*) Gröbner ��$!!�@m,�Q5:.['+ Magma ,� F4
�$�G6*"�W��5tk#9��^0[;E�*)�$�=&4!)?@#$�+
*),-�-$�}~�*),-��!7=*)KN@�$%36�F5*)���G6
36�*),-G���~/rj���2:>Q#1�#"�*)KN@9*)���T
�(���G:rj�;:~�#�#J,>Q%J!G)�,4,+PySfG#
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[13] Minto S. Zero-sppressed BDDs for set manipulation in combinatorial problems. Proc. ACM/IEEE

Design Automation, United State, 1993.

[14] Brickenstein M and Dreyer A. PolyBoRi: A framework for Gröbner basis computations with
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BRANCH GRÖBNER BASES ALGORITHM OVER

BOOLEAN RING

SUN Yao WANG Dingkang

(Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190)

Abstract It is well known that Gröbner bases have extensive applications in many fields.
In the recent years, many improvements have been made for the Gröbner algorithm, the most
famous of which are the F4 and F5 algorithm introduced by Faugère. Although both of the two
algorithms have excellent efficiency, they need enormous memories during the computation. So
we will present a new branch Gröbner bases algorithm based on the zdd data structure over the
boolean ring. This new algorithm not only lowers the usage of memories but also constrains
the matrix generated in the computation within a reasonable size. In this paper, we will detail
the theory and the proof of this basic algorithm and introduce the zdd data strucure and the
branch strategy as well. For many cases, its implementation in Linux is superior to the F4
algorithm implemented by Steel in Magma.

Key words Branch Gröbner bases, boolean ring, zdd data structure.


