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1 Introduction

An efficient algorithm for computing Rational Univariate Representation (RUR) was proposed by Rouillier
in 1999 [10]. RUR is often used to describe the zeros of a zero-dimensional ideal. An RUR for a zero-

dimensional ideal I C Klx1,...,2,], where K is a field with characteristic 0, has the following form:
t n(t
f =0, w=20 g 0
g(t) g(t)
where ¢ is an auxiliary variable different from the variables z1,...,z,, and f,g,91,..., g, are polynomials
in K[t].

For an RUR, we have

v ={ (e )

aevwmﬁccm

where C is an algebraic closure of K. Moreover, the geometrical information about I can also be reflected
in this RUR. For example, the multiplicity of (g;((aa)) ey g;((ao;)) in V(I) C C™ is exactly the same as the
multiplicity of o in V/(f(¢)) C C. Therefore, with an RUR for I, one can easily obtain all the information
about the zeros of I by simply solving f(t) = 0.

The RUR has been studied extensively since it was proposed. Noro and Yonoyama [8] proposed a

modular method for computing RUR. Ouchi and Keyser [9] presented an approach to compute RUR via
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toric resultants. Zeng and Xiao [13,14] gave an algorithm for computing RUR by using Wu’s methods.
Tan and Zhang developed an improved algorithm for finding separating elements of zero-dimensional
ideals [12]. Cheng et al. [2] also used linear univariate representation to isolate roots of zero-dimensional
ideals. Many applications of RUR have been studied in [3,7].

Polynomial Univariate Representation (PUR) is a special version of RUR, and a PUR can be easily
transformed from an RUR. A PUR for a zero-dimensional ideal I C K[x1,...,2,] has the following form:

f(t) :07 € :gl(t)7 ceey xn:gn(t)v

where f,g,91,...,gn are polynomials of K[t]. A PUR for I also contains all the information about the
zeros of I. The main work of this paper is to present a new method for computing Polynomial Univariate
Representations for zero-dimensional ideals via the properties of Grobner basis. Our new algorithm will
use some new interesting properties of Grébner basis.

Separating elements play an important role in the new algorithm. For a zero-dimensional ideal I, a
polynomial r(z1,...,2,) € K(x1,...,2,] is a separating element on V(I) C C", if r(«) # r(S) for any
two different elements a, § in V(I).

The basic idea of the new algorithm is as follows. Let r(x1,...,z,) be a separating element on V' (I).
An auxiliary ideal J = (f1,..., fs,r — r(z1,...,2,)) C K[x1,...,2Zp,7] can be constructed, where r is
an auxiliary variable different from the variables z1,...,x,. Note that J is a zero-dimensional ideal in
K[z1,...,2n,7]. Next, consider the linear map m, : [g] — [r(z1,...,2,)g] defined on the quotient ring
Klz1,...,2,])/I, and let P(\) be the characteristic polynomial of m,. Substituting A by r in P(\), we
have P(r) € J [11]. The new algorithm aims to find polynomials D;(r) € K[r] such that

VI = (sqrfree(P(r), @1 — Dy(r), .0 — Da(r)).
where sqrfree(P(r)) is the square-free part of the polynomial P(r). With these D;(r)’s, we can show that
P(r)=0, x1=D1(r), ..., m,=Dy(r),

is a Polynomial Univariate Representation for I. To find these polynomials D;(r) € K|[r], we consider
the Grobner basis for the ideal J N K[x;, r| respectively. The properties of Grobuner basis will help us
construct D;(r) for each z; efficiently.

In the new algorithm, a separating element on V'(I) should be chosen at the beginning, so we need
to check whether a randomly chosen 7(z1,...,z,) is a separating element. Rouillier provides a method
for this purpose in [10]. Unlike Rouillier’s approach, the new algorithm also uses a new technique for
checking whether r(z1,...,x,) is a separating element during the procedure of constructing D;(r)’s.

This paper is organized as follows. In Section 2, some basic notations are introduced first, then some
facts about Grobner basis of zero-dimensional ideals in two variables are given. The method for computing
a PUR for a zero-dimensional ideals is presented in Section 3. We discuss some aspects of implementation
in Section 4. An illustrative example is provided in Section 5. Conclusion remarks come in Section 6.

2 Preliminaries

Let K[z1,...,zy)] be a polynomial ring, where K is a field of characteristic 0 and z1, . .., x, are variables.
Given a term order, for any nonzero polynomial f € Klzi,...,z,], the notations Im(f), le(f) and
Ipp(f) denote the leading monomial, leading coefficient and leading power product of f respectively,
and it follows that Im(f) = lc(f)lpp(f). The degree of f w.r.t. variable z; is denoted as deg,.(f).
Similarly, we use coeff(f, ") to denote the coefficient of z* in f. Usually, coeff(f, ") is a polynomial
in K[Z‘l, ey Lj—15 Lj41y - - .,Jin].

The ideal generated by {f1,..., fm} is denoted as (f1,..., fm). Let I be an ideal in K[z1,...,2,] and
f be a polynomial, (f, I) stands for the ideal generated by f and I, and v/I refers to the radical ideal of
I
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For two polynomials f and g in K|[z1,...,z,], the notation ged(f, g) stands for the greatest common
divisor of f and g, and sqrfree(f) refers to the square-free part of f. We say f | g if f divides g; and say
f t g otherwise.

Let G = {g1,...,9s} be a finite set of polynomials in the ring K|xy,...,z,] and t = z* be a term
in K[zi,...,2,]. For any polynomial g € K{[z1,...,z,], we say g has a t-representation w.r.t. G, if
there exist polynomials f1,..., fs € K[z1,...,z,] such that g = fig1 + - + fsgs and t = Ipp(f;g;) for
t=1,...,8s.

The following lemma gives a criterion to determine if a set of polynomials is a Grobner basis by using
t-representations. The proof of this lemma can be found in [1].

Lemma 2.1. Let G = {g1,...,9s} be a set of polynomials in K[z1,...,x,]. Then the set G itself
is a Grobner basis, if and only if the S-polynomial of g; and g; has a t-representation w.r.t. G with
t < lem(lpp(g:),Ipp(g;)) for any 1 < i,j <'s.

Some facts about zero-dimensional ideals in two variables are given below. Some extended results can
be found in [5].

Lemma 2.2.  Let J; be a zero-dimensional ideal in K[r,z1], Let G = {po,q1,...,9+} be the reduced
Grébner basis of J1 w.r.t. the lex order with x1 > r. Suppose polynomials in G have the following form:

Po € K[T],
g1 =pai" + 91,

gt = pei"t + g1,

where deg, (g;) < m; fori=1,...,t and 0 < my < --- < my. Note that p1,...,p; are polynomials in
K|[r] and p; = 1. Then the following assertions hold.

(i) p; divides p;—1 for each 1 < i < t.

(i) p; divides g; for each 1 < i < t. In this case, let ¢;’s be the polynomials such that g; = p;q;.

(iil) The set {pi,Git1,---,9t} is a Grébner basis for the ideal (p;, JJ1) w.r.t. the lex order with 1 > r
for each 1 < i< t.

(iv) @1 | ¢i mod (po/p1) holds for 1 <i < t, i.e., there exists h; such that g;—h;q1 € (po/p1). Moreover,
¢i | ¢; mod (pi—1/p;) holds for all 1 <i < j<t.

(v) For any irreducible factor a of po, there exists a unique integer k (1 < k < t) such that a | px—1
and a { pi, and the set {a,qr} is a Grébner basis for the ideal (a,J1) w.r.t. the lex order with x1 > r.

Proof. (i) First, we prove p; divides pg. It suffices to show ged(po, p1) = p1, and we will prove this by
contradiction. Since G is the reduced Grébuer basis for the ideal .Jy, it follows that deg,.(p1) < deg,.(po).
Suppose ged(po, p1) = p and p # p1, which implies deg,.(p) < deg,.(p1). Since p is the greatest common
divisor of py and p;, there exist s and ¢ in K[r| such that p = spo + tp1. Let f := sa"'po + tg1 =
spoxy™t + t(prx™ + ¢1) = pa"™ + tg} € Ji. Since G is the reduced Grober basis for J; w.r.t. the lex
order with z; > r and deg, (p) < deg,(p1), it follows that lm(pg) divides lm(f) = 27" 1lm(p) and hence
Im(pg) | Im(p), which is a contradiction with deg,.(p) < deg,.(pp). So we must have ged(po, p1) = p1. The
cases ¢ = 2,...,t can be proved similarly.

(ii) We prove this assertion by the induction on i.

First, we prove the case ¢ = 1. Let hy := (po/p1)g1 — ="' po = (po/p1)g} € J1. Since G is the reduced
Grobner basis for J; and deg, (h1) = deg, (¢7) < ma, then py divides hy = (po/p1)g;. Hence there
exists a polynomial f € Klxy,7] such that (po/p1)gi = pof, which means pog) = pop1f and p; divides
g1 As g1 = pra]™ + g}, we have p; divides g;.

Second, we assume the assertion holds for cases i < k, i.e., p; divides g; for each 1 < i < k—1. We

need to show the assertion also holds for the case i = k. Let hy = (pr—1/pr)gr — 21" " g1 =
(Pr—1/pK)g), — 27" " 'g,_, € Ji. Since G is the reduced Grébner basis for J; w.r.t. the lex order

with 21 > r and deg,, (hx) < my, there exist polynomials fo, f1,..., fr—1 € Kl[z1,7] such that hy =
foro + fig1 + -+ + fr—1gx—1. Lemma 2.2 shows that pr_1 divides p; for each 0 < i < k — 1, and
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according to the induction assumption, we have py_1 | g; for each 1 < i < k — 1, so pgp_1 divides
he = (pe—1/pK)gp—x7" """ g,_,. Notethat gx_1 = pr_12]"* " +g},_, and px_1 divides g, ;. Then py_1
divides (px—1/pk)9g, which means there exists a polynomial f € K[z1,7] such that px_19}, = pPr—1Pk/f-
Thus, pi divides g}, and hence py divides gy.

(iii) To show the set {p;, gi+1,--.,9:t} is a Grobner basis for the ideal (p;, J1), we only need to prove
the set {p:,po,91,--.,9t} is a Grobner basis for the ideal (p;, J;) w.r.t. the lex order with x; > r. For
convenience, we assume p;, Pg,J1,-- -, g+ are all monic polynomials. In this proof, ¢-presentations and
Lemma 2.1 are used. Since G is a Grobner basis for the ideal Jy, p; divides pg, and p; divides g; for
1 < j < 4, we only need to show the S-polynomial spoly(p;, g;) has a t-representation w.r.t. the set
{po,pi,g1,---, 9t} where i +1 < j < t.

Given j where ¢ +1 < j < ¢, the S-polynomial of p; and g; is

spoly(pi, g;) = 1 pi — (pi/pj)g; + ((pi/p;) — 1m(pi/p;))g;-

Note that p; divides g;. Next, consider the S-polynomial of g; and g;:

my

spoly(gi,95) = 17" " gi — (i/p;j)g; + ((pi/p;) — Im(pi/p;))g;
=2y " (pigi) — (pi/ps)gi + ((pi/pj) — Im(pi/p;))g;

My —Mmy .

=2y pi — (pi/pj)g; + (i /pj) —m(p;i/p;))g; + =y " pi(a — &™)
According to the above two equations, we have

m;

spoly(pi, g;) = spoly(gi, 9;) — 21~ "' pi(q: — 21™).
Since spoly(g;, gj) can be reduced to 0 by {po, g1, . . ., g+} which is a Grobner basis, then spoly(g;, g;) has a
t-representation w.r.t. {po,g1,...,9:} where t <lem(lpp(g;),lpp(g;)) = lem(Ipp(p;),1pp(g;)). Combined
with fact Ipp(z}”~ ""pi(¢; — z]*")) < lem(Ipp(p;),Ipp(g;)), the S-polynomial spoly(p;,g;) also has a t-
representation w.r.t. {p;,po,g1,...,g:} where t < lem(lpp(p;),1lpp(g;)). Then Lemma 2.1 shows the set
{pi, Po, 91, - .-, 9t} is a Grobner basis for the ideal (p;, po, g1, ., 9t) = (Di, J1)-

(iv) In this proof, we regard ¢; and ¢; as polynomials in K[r][z1]. Dividing ¢; by ¢1 w.r.t. =1, we
have ¢; = hiq1 + r; where h;,r; € Kr][z1], deg, (r;) < deg, (q1) and lpp(h;) = z7"
both sides of the equation by pi1, we have (p1/p:)g: = p1¢i = p1hiq1 + p17i = hig1 + p1ri- It follows that
p1ri = (p1/pi)gi — hig1 € J1. Since G is a Grébner basis for Ji and deg, (r;) < deg,, (q1), we have pg
divides p17;, and hence (po/p1) divides r;. As ¢; = h;q1 + 14, it follows ¢; — h;q1 € (po/p1), which means
q1 | ¢i mod (po/p1)-

Lemma 2.2 shows that the set {pi, git+1,.-.,g:} is a Grobner basis for the ideal (p;, J1) where 1 < i < t.
Then we can prove g; | ¢; mod (pi—1/p;) similarly where 1 < i < j <.

i —m1

. Multiplying

(v) Let a be an irreducible factor of pg, then there exists a unique integer k (1 < k < t) such that
a | pr—1 and a1 pg, since p; = 1 and p; divides p;_1. Note that the set {a, gy} itself is a Grébner basis
w.r.t. the lex order with z1 > r, so it suffices to show (a, J1) = (a, qi).

On the one hand, it follows that ged(a, pr) = 1 since a 1 p, so there exist polynomials s,¢ € K[r] such
that sa + ¢tp; = 1. Consequently, gx = (sa + tpr)gx = sqra + tgi € {(a, J1), which means (a, qx) C (a, J1).

On the other hand, to prove (a, J;) C (a, q;), we only need to show that po, g1,..., 9+ € {(a,qx). Since
a|p; for 0 <i<k—1, we have pg,g1,...,9k—1 € {(a,qx). The equation gr = prqx indicates gi € (a, qx).
For each i where k < i < t, Lemma 2.2 shows that there exists a polynomial h; € K[z1,r| such that
qi — hiqr € (px—1/pr). Since a divides (pr—1/px), we have ¢; — hiqx € (a), and hence, g; = p;q; =
pi(q; — hiqr) + pihiqr € {a,qx). To sum up, we have (a, J1) C {a, qx)-

Finally, we have (a, J1) = (a, qx) and the set {a, g;} is a Groébner basis for the ideal (a, J1) w.r.t. the
lex order with z1 > r.
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3 A new method for computing a PUR for a zero-dimensional ideal

In this section, we will present a new method for computing a PUR for a zero-dimensional ideal. The
following is the main theorem of this paper.

Theorem 3.1.  Let I be a zero-dimensional ideal in K|x1,..., Ty, r(z1,...,2,) be a separating element
on V(I), and J = (r —r(z1,...,2n), 1) be an ideal in K[x1,...,zy,r], where v is an auziliary variable.
Let po € K|r] be a polynomial such that J N K[r] = (po). If there exist polynomials D1,...,D, € K|r]
such that v/J; = (sqrfree(py), x; — D;) where J; = J N K|[z;, 7], then

V= (sqrfree(po), z1 — D1,...,2n — D).

Moreover, let m,. : [g] — [r(x1,...,2,)g] be a linear map defined on the quotient ring K|x1,...,2,]/1,
and P(\) € K[\ be the characteristic polynomial of m,. Then sqrfree(py) = sqrfree(P(r)) and

P(r)=0,z1 = D1(r),...,2n = Dy (1),

is a Polynomial Univariate Representation of I.

Proof.  First, we prove v/.J = (sqrfree(pg), 1 — D1, ..., 2, — D,). On the one hand, for each i where
1 < i < n, we have J; C J, which implies v/J; C v/J. And hence, sqrfree(po),z; — D; € V/J since
(sqrfree(po), z; — D;) = v/Ji. So we have (sqrfree(pg),z1 — D1,...,x, — D,) C v/J. On the other hand,
for any f € v/J, consider the remainder of f w.r.t. the set {sqrfree(po), 21 — D1, ..., 2, — D, }. That is,
we can represent f as f = sqrfree(po)fo + (x1 — D1)f1 + -+ + (vn — Dp) fu + g, where fo, f1,..., fn €
Klzi,...,2,,7], g € K[r], and g = 0 or deg, (g9) < deg, (sqrfree(po)). Since f,sqrfree(po),z; — D; € V/J,
we have g € v/J, and hence, there exists a positive integer m such that ¢™ € J. Note that ¢" €
JNK[r] = (po), so po divides g™, and hence, sqrfree(pg) divides g, which implies g must be 0. Thus,
f =sarfree(po) fo + (x1 — D1)f1+ -+ (xn — Dy) frn € (sarfree(po), 1 — D1,...,x, — Dy,). Since f is any
polynomial in v/J, then we have v.J C (sqrfree(po),z1 — D1, ..., 2 — Dy,).

Second we show that P(r) = 0,21 = Di(r),...,x, = D,(r) is a PUR for I. Since v/J = (sqrfree(py),
21 — D1, ...,z — D,), then we have

V(J) = V(sqrfree(po), x1 — D1,..., 2, — Dy) = {(Di(a), ..., Dn(),a) | po(a) = 0} Cc C" L.

By the construction of the ideal J, we have V(I) = {(D1(«),...,Dn(c)) | po(a) = 0} € C™ and o =
r(D1(a),...,Dy(a)). According to the knowledge of basic linear algebra, po is the minimal polynomial
of the linear map m,., so P(r) and py share the same irreducible factors, i.e., sqrfree(P(r)) = sqrfree(po).
Then V(I) = {(Di(«),...,Dy(a)) | P(a) = 0}. Since r(x1,...,z,) is a separating element on V (I), the
point (Di(a),...,Dy(c)) in V(I) has the same multiplicity as o in V(P(r)). For more details of this
proof, interested readers please see [10]. Besides, when K is the rational number field or real number
field, D;(«) is real only if « is real. So

P(r) =0,21 = Di(r),...,zy = Dy(r),

is a PUR for I.

In Theorem 3.1, the polynomials D1, ..., D, always exist since J is a zero-dimensional ideal. But how
to compute these D;’s is the key step of computing a PUR. In the following, we will present an efficient
method to obtain these D;’s. Without loss of generality, we will describe in detail how to compute D;
such that v/J; = {sqrfree(pg), 1 — D1), and the other D;’s can be obtained similarly.

By Lemma 2.2, the polynomials in G can be reformulated in the following form:

po € K[r], g1 =p1q1, -, G = pear,

myg

where Im(¢q;) = 27" and p; € K[r] fori=1,...,t,and 0 < my < -+ < my.
To compute a polynomial Dy € K[r] such that v/J; = (sqrfree(py), z1 — D1) where (po) = J1 N K|[r],
we need the following proposition.
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Proposition 3.2.  Let I be a zero-dimensional ideal in K[x1,..., 2], r(x1,...,2,) be a polynomial in
Klz1,...,zn), J = (r—r(x1,...,20),I) be an ideal in K|x1,...,x,, 7] where v is an auziliary variable
and Jv be the ideal J N K[x1,7]. Let po € K[r] be a polynomial such that J N K[r] = (po), and G =
{pPo,91,-..,g¢} be the reduced Grobner basis for the zero-dimensional ideal Jy w.r.t. the lex order with
x1 > 1. Suppose the polynomials in G have the following form:

po € K[r], g1 =p1aq1, ---, 9t = Peay,

m;

where lm(q;) = a7
hold.

(i) Let a be an irreducible factor of po, and k an integer such that a | px—1 and a{pg. If r(x1, ..., x,)
is a separating element on V(I), then {a, (x1 — di)™*} is a Grobner basis for the ideal (a,J1) w.r.t. the
lex order with x1 > r where dj, = —coeff(qk,xgn"‘_l)/mk.

(ii) If r(z1,...,2n) is a separating element on V(I), then {sqrfree(pi—1/p:),x1 — di} is a Grébner
basis for \/(sqrfree(p;_1/p;), Ji) w.r.t. the lex order with ©; > r where d; = —coeff(g;,z7"~")/m; for
1< <t

(iii) Let Q be a polynomial in K[r] and Q divides sqrfree(p;—1/p;). If r(z1,...,2,) is a separating
element on V (I), then {Q,x1 —d;} is a Grobner basis for \/(Q, J1) w.r.t. the lex order with x1 > r where
d; = —coeff(qi,a:;nfl)/mi for 1 <i<t.

and p; € K[r] fori=1,...,t, and 0 < my < --- < my. Then the following assertions

Proof. (i) Let a be an irreducible factor of pg, then there exists a unique integer k (1 < k < t) such
that a | pg—1 and a 1 px. Note that the set {a,(z1 — di)™*} itself is a Gronber basis w.r.t. the lex
order with x1 > r. To prove the set {a, (x1 — di)™*} is a Gronber basis for the ideal (a,.J1), we need
to show that (a, J1) = (a, (x1 — di)™*). Lemma 2.2 (v) indicates (a,J1) = (a, qx), so it suffices to show
{a,qr) = {a, (z1 — di)™*) which is equivalent to gy — (z1 — dg)™* € (a).

Since a is an irreducible polynomial in K|[r], the quotient ring K[r]/(a) is in fact a field. Let L be an
algebraic closed field which contains K[r]/{a). Equivalent class of ¢; in (K[r]/{(a))[z1] is denoted as .
Then g has a factorization in L[xq]:

G = (x1 —u)™ - (x1 —w)™,

where u1,...,u4; € Land ny + -+ +n; = my.

We claim that @) = @y = - -+ = @;. To prove this claim, we only need to show u; = 9, and the other
equations can be proved similarly. Assume 4y # 42. We denote the equivalent class of r in K|[r|/(a) as
7, then a(7) =0 € L.

First, we show that (iiy,7) € V(J1) C L2, where J; = (po,g1,...,4:). Since a is a factor of pg, we
have po(F) = 0. As ¢; = piq; and a divides p; for 1 < i < k — 1, then g;(a1,7) = 0. We also have
gk (u1,7) = pe(7)gr(ur,7) = 0, since ¢1 — 4y is a factor of g,. For each i where k < i < t, Lemma 2.2
(iv) shows that there exists a polynomial h; € K[zq,r| such that ¢; — hiqr € (px—1/pk), SO we have
qi — hiqr € {(a) due to the fact a | (px—1/px). Thus, g;(@1,7) = hi(t1,7)qx(@1,7) = 0. To sum up, we
have (ﬂl,’F) S V(Jl)

Second, we can prove (4g,7) € V(J1) similarly.

Since J is a zero-dimensional ideal, (@i,7) and (@g2,7) can be extended to the points in V(J) C
L"*1 respectively. Let (u1,bo,...,bn,7), (2, C2,...,¢,,7) € V(J) be the points extended from (u1,7)
and (@io,7). Then we have (iy,bs,...,by), (t2,C,...,¢,) € V(I) C L™ and 7 = 7(t1,ba,...,b,) =

r(ug,2,...,C,) by the definition of J. But this contradicts with that r(xq1,...,2,) is a separating
element on V(I). So we must have @; = g2, and the claim is proved.
Next, let u := 41 = --- = uy, then ¢ can be expanded as

T = (x1 — W)™ = 2" —myaa™ T (1)

Let di. be the equivalent class of di in K[r]/(a), then we have u = d) € K|[r]/{(a), and hence, g, =
(w1 — di,)™*, which implies gz — (21 — dp)™* € {a).
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(ii) We will only give the proof for the case i = 1, the proofs are the same for the others. Since the set
{sqrfree(po/p1), x1 — di } itself is a Grobner basis w.r.t. the lex order with 21 > r, it suffices to show that
V/(sqrfree(po/p1), J1) = (sqrfree(po/p1), z1 —dy). Suppose sqrfree(po/p1) = ai ... as, where ay, ..., a; are
irreducible polynomials in K[r].

First, we show that the following equation holds for each j where 1 < j < s:

Vias 1) = (a2 — dy).

For each factor aj, Proposition 3.2 (i) indicates that there exists a unique integer k (1 < k < t) such
that a; | px—1 and a; { pg, and the set {a;, (xr1 — dg)™*} is a Grobner basis for the ideal (a;, J1) w.r.t.
the lex order with 21 > r, where dy = —coeff(qx, 27" ') /my, and qx — (z1 — dix)™* € (a;). Therefore
(aj, J1) = (aj, (x1 — dp)™"), and \/{a;j, J1) = (a;,z — dj,) follows easily. By Lemma 2.2 (iv), we have
gk — hrqr € (po/p1) C (a;), where hy, € K[x1,r]. As proved in Proposition 3.2 (i), g — (z1 —d)™* € (a;)
holds, so it follows that (x1 — di)™ — hxqr € (a;), which means ¢; | (x1 —dg)™ mod a;. Since
(K[r]/(a;))[x1] is a unique factorization domain, we have ¢; — (z1 — dp)™" € (a;) where m; = deg, (q1).
Note that di = —coeff(qi, 7" ") /mi1, so we have di — dj, € (a;), and it follows that \/(a;, J1) =
<CLJ‘,£C1 — dk> = <aj,{1,‘1 — d1>
Next, we show that

\/<a1-~-as,J1>:\/<a1,J1>ﬂ-~-ﬁ\/<as,J1>.

The inclusion “ C ” holds obviously, and it suffices to show the inclusion “ O ” also holds. Let h be a
polynomial in \/<a1, Ji)yn---nN \/<aS,J1>, then h € \/<ai, J1) for each 1 < 7 < s. Hence there exists a
positive integer n; such that h™ € (a;, J1), and it follows that A" *" € (a; ---as,J;), which means
h e \/(@1-'-CL5,J1>.

Finally, since (a; -+ - as, ¢ — d1) = {(a1,x — d1) N -+ N {as,x — d1), we have

Viay-ag, i) = /{ar, Ji) 00/ (ag, Jr)
=(ag,x —di)N---N{as,x —dq)

={ay - -as,x —dy),

which means +/(sqrfree(po/p1), J1) = (sqrfree(po/p1), x1 — di).
(iii) Since @ divides sqrfree(p;—1/p;), the conclusion is direct from Proposition 3.2 (ii).

In Theorem 3.1 and the above proposition, r(x1,...,z,) is always needed to be a separating element
on V(I). The following remark is used to check whether a polynomial is a separating element on V(I).

Remark 3.3.  With notations defined above, let d; = —coeff(g;, 27"~ ') /m; for each 1 <4 < t. If there
exists an integer k such that sqrfree(pi_1/px) does not divide the polynomial gx — (x1 — dj)™*, then the
polynomial r(z1,...,2,) is not a separating element on V(I).

The method based on the above remark for checking separating element can be integrated in the main
process of computing D;’s and we do not need to test separating element before the computations of D;’s.
Generally, the testing of separating element is usually redundant, since the probability that a randomly
chosen polynomial is a separating element is 1.

Proposition 3.2 provides a specific method for computing the polynomial Dy such that /J; = (sqrfree(po),
x1 — D1) where (pg) = J1 N K|[r].

The basic ideal is that let Q1,...,Qs be polynomials in K[r] such that sqrfree(pg) = Q1 ---Qs. We
can obtain di,...,ds € K[r] easily such that (Q;,z1 — d;) = \/(Qi,J1). Note that ged(Q;,Q;) = 1 if
i # j. Next, a polynomial Dy such that D; = d; mod @Q; can be constructed by Chinese Remainder
Theorem. Then it is evident that \/J; = (sqrfree(pg), 1 — D1). Specifically, the above Q;’s and d;’s can
be obtained in the following way.

First, let Q) := sqrfree(po/p1) and dy := —coeff(qy, 27" ') /m;. Clearly, Q; # 1. If Q; does not
divide ¢1 — (z1 — d1)™*, then r(z1,...,2,) is not a separating element by Remark 3.3, which means
we have to choose another r(z1,...,x,) and start from the beginning again; otherwise, we will have
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Q1,21 — d1) = \/(Q1,J1) by Proposition 3.2. Let Q := sqrfree(py)/Q: which contains the remaining
factors of sqrfree(pg). If @ = 1, then all factors of sqrfree(pg) have been considered and the procedure
for finding Q;’s and d;’s is over; otherwise, we should go to the next step.

Second, let k be the smallest integer such that ged(Q,sqrfree(pr—1/pr)) # 1. Then denote Qo :=
ged(Q, sqrfree(pr—1/px)) and do := —coeff(qk,x’{”’“_l)/mk. If Q2 does not divide g — (x1 — da)™*,
we choose another r(z1,...,z,) and repeat all the procedures from the beginning; otherwise, we have
(Qa, 21 — da) = \/<Q2,J1>. Now we update @ by Q := Q/Q2. If @ = 1, then the procedure is over;
otherwise, we find another k such that ged(Q, sqriree(pr—1/pk)) # 1, and repeat the above process.

The procedure must terminate in finite steps, since Q becomes its proper factor after each update.

Let D; be the polynomial constructed by Chinese Remainder Theorem such that D; = d; mod Q)
for i = 1,...,s where @; and d; are obtained by the above method. Clearly, Q; divides sqrfree(po),
ged(Qi, Q) = 1 for i # j, and sqriree(pg) = Q1 - Qs since for any irreducible factor a of sqrfree(py),
there always exists an integer k such that a | py—1 and a { pg, which means a € sqrfree(px—1/pr).
Therefore, we have (Q;,x1 — d;) = (Qi,x1 — D1) = \/(Qi,Jﬁ, and hence (sqrfree(po),z1 — D7) =
V/(sqrfree(po), J1) = v/ Ji.

Remark 3.4. A natural method for computing a PUR for zero-dimensional ideal is based on the
following fact: (sqrfree(p;—1)/sqrfree(p;), J1) = (sqrfree(p;—1)/sqrfree(p;), (x1 — d;)™) for 1 < i < n
where d; = —coeff(g;, ') /m;. This approach is similar to solving systems of equations from the lex

order Grobner basis. However, this method is less efficient than the new technique presented in this
paper, since sqrfree(p;—1/p;) usually contains more factors than sqrfree(p;_1)/sqrfree(p;).

4 Some details in implementation

Let I = (f1,...,fs) be a zero-dimensional ideal in K[xy,...,2,], G be a Grobner basis for I, and
r(z1,...,2,) be a random polynomial in K[z1,...,x,]. Then the set GU{r—r(x1,...,2,)} is a Grobner
basis for J = (f1,..., fs,r —r(z1,...,2,)) C K[x1,...,2p,7] w.r.t. a block order with r > {z1,...,2,},

where r is an auxiliary variable.

If G is a Grobner basis for the ideal J, then the Grébner basis for the ideal J N Kx;, r] w.r.t. the lex
order with ; > r can be obtained by the FGLM algorithm [4] or MMM algorithm [6] within polynomial
time.

The probability that a random polynomial r(x1,...,x,) is a separating element on V' (I) is 1. This has
been studied by many researchers, and we also give a proof for the following proposition in [11].

Proposition 4.1.  Let K be a field of characteristic 0 and I be a zero-dimensional ideal in K[x1, ..., x,],
then the probability that a random polynomial in K[x1,...,x,] is a separating element on V(I) is 1. If
the chosen polynomial is not a separating element, then a separating element can be obtained within finite
steps.

For the sake of efficiency, the polynomial 7(x1, ..., z,) is usually selected as a linear form of {z1, ..., z,}
with coefficients in the field of rational numbers, in practical implementation.

5 An example

In this section, we use an illustrative example to show how the new method works.
Example 5.1. Let I = (z?(x — 1), (y — 2)?(y + 1)) be a zero-dimensional ideal of Q[z,y] where Q is
the rational number field. The set G = {z?(z — 1), (y — 2)*(y + 1)} is a Grobner basis for I w.r.t. the lex
order with x > y.

Next, we use the new method to compute a PUR for I.

Let r(x,y) := x +y, then the set {z?(z — 1), (y —2)*(y + 1), — z — y} is a Grébner basis for the ideal
J=(z*(z - 1),(y —2)%(y + 1),r — x — y) w.r.t. the lex order with r >z > y.
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Consider the linear map m, : [g] — [r(z,y)g] defined on the quotient ring Q[x,y|/I, we can compute
the characteristic polynomial P(\) of m,. Substituting A\ by r, we get

P(r) =r(r+1)%(r — 3)%(r — 2)%.

First, we compute D, € Q[r] such that (sqrfree(P(r)),z — D,) = \/(sqrfree(P(r)), .J,;) where J, =
JNQlx,7].

By using the MMM algorithm, we get the reduced Grébner basis G, for the ideal J N Kz, r] w.r.t.
the lex order with x > r. The set G, consists of the following polynomials:

po = r(r+1)*(r )( -2)?,
1 25 11 3
_2 5 4 3 2 _ -1
(r ( r 961“ —|—967“ +r 87" ,
51 3 59 15 9
g2 =2 + Booy Pl 34 095 10, 9

32 T32" 32" T3 Tt g 4

Here pr =7 —2,p2 = 1, ¢1 = ¢1/p1, g2 = g2/p2, m1 = 1 and my = 2. Note that sqrfree(P(r)) =
sqriree(po).

Let Q1 := sqrfree(po/p1) = r(r + 1)(r — 2)(r — 3) and dy := —coeff(q1,1) = — gor0 — Jor® + 21t —
o5 — 12+ 3r + 1. Note that @ divides ¢ — (z — d1). Then we have (Q1,z — di) = \/(Ql, )
Since @ = sqrfree(pp)/Q1 = 1, the polynomial dy is the desired D, such that (sqrfree(P(r)),z — D,) =
V/(sqrfree(P(r)), J,). Note that we can simplify d; via reducing d; by sqrfree(pg). At last, we get
D, =ir* =32 4+1.

Similarly, we can compute D, = —}1r3 + Zr2 + r — 1 such that

(sqrfree(P(r)),y — Dy)= \/<sqrfree(P(r)), Jy)

where J, = J N Qly,r].
Finally, we obtain a Polynomial Univariate Representation of I:
15 3,

1 3
4r 4r +1, y=Dy,=— P4+ —1.

P(r)=r(r+1)*(r=3)%(r=2)"=0, z=D,= A

In the above example, the polynomial r(z,y) = x +y is a separating element on V(I) . However, what
if r(x,y) is not a separating element? For example, let r(x,y) := 3z —y

The set {z%(z — 1), (y — 2)?(y + 1), — 3z + y} is a Grébner basis for the ideal J = (2%(z — 1), (y —
2)2(y +1),r — 3z +y) w.r.t. the lex order with 7 > x > y. The corresponding characteristic polynomial
of m, is P(\). By substituting A with r, we get

P(r) = (r—4)(r +2)*(r — 1™

Next, we compute D, € Q[r] such that (sqrfree(P(r)),z — D,) = \/(sqrfree(P(r)), .J,;) where J, =
J N Q[z,r]. By using the MMM algorithm, the reduced Grobner basis G, for the ideal J N K|z, r] w.r.t.
the lex order with x > r, consists of:

po = (r—4)(r —1)%(r 4+ 2)3,

glz<r+2>(r—1>2(x—ér—§>7
1

SRS S W R NP BP B
g2 = 3" 73 216" 72" T108" T 18" o

Here py = (r+2)(r —1)%,p2 =1, q1 = g1/p1, g2 = g2/p2, m1 = 1 and my = 2.

Let Q1 := sqrfree(po/p1) = (r — 4)(r + 2) and dy = —coeff(q1,1) = jr + 5. Note that @ divides
g1 — (z — dy), so we have (Q1,7 — di) = \/(Q1, J.). Since Q = sqrfree(py)/Q1 =7 — 1 # 1, we go to the
next step.
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Let Q2 := ged(Q, sqrfree(py/p2)) = r — 1 and dy := —coeff(q2,)/2 = (r + }. However, Q2 does not
divide g2 — (x — d2)?, which means r(z,y) = 3z — y is not a separating element on V(I). In this case, we
have to choose another r(z,y) and start from the beginning again. Proposition 4.1 shows that by using
a specific method for choosing r(x,y), we can get a separating element within finite steps.

6 Conclusions and future works

A new method for computing a Polynomial Univariate Representation for a zero-dimensional ideal is
presented in this paper. This method is based on some interesting properties of Grobner basis of zero-
dimensional ideals. If both the Grobmner basis of the zero-dimensional ideal and separating element
are given, then the complexity of our method is of polynomial time. The new method also includes
a new technique for testing separating elements. In our algorithm, we choose random polynomials as
candidates of separating elements. Since any random polynomial is a separating element with probability
1, our method is quite efficient.

According to our experimental data, we usually have sqrfree(pg/p1) = sqrfree(po) in practical examples,
which means d; = —coeff(gy, z]")/m1 is just the polynomial Dy such that (sqrfree(po),z1 — D1) =
V/(sqrfree(pg), J1) where J; = J N K[z1,7]. In this case, a PUR for I can be obtained quite efficiently.
We guess the probability that sqrfree(po/p1) = sqrfree(pg) happens is 1, and we may prove this in the
future.

Some properties of Grobner bases for zero-dimensional ideals in two variables are given in Lemma 2.2.
It seems that these properties remain true even if the number of variables is bigger than two. We believe
these properties can be further studied, and this will be included in our future work.
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