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Abstract In this paper, we investigate the problem that the conclusion is true on some
components of the hypotheses for a geometric statement. In that case, the affine variety
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components of a variety if and only if it is a zero divisor in a quotient ring with respect to
the radical ideal defined by the variety. Based on this fact, we present an algorithm to decide
if a geometric statement is generally true or generally true on components by the Grobner
basis method. This method can also be used in geometric theorem discovery, which can give
the complementary conditions such that the geometric statement becomes true or true on
components. Some reducible geometric statements are given to illustrate our method.
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1 Introduction

Automated theorem proving is the deriving of mathematical theorems by a computer program,
which has been studied for several decades. It can be traced back to the excellent work of
Gelernter et.al. [1], Tarski [2], Seidenberg [3], Collins [4] and so on. After that, there are
two main algebraic methods to prove geometric theorem automatically: the Wu’s method
and the Grobner basis method. In 1977, Wu Wen-Tsiin [5,6] used the characteristic sets and
pseudo division to prove the geometric statement mechanically. Many complicated geometry
theorems have been proved by Wu’s method [7]. The work of Ritt [8] provided excellent
algebraic tools and algorithms for Wu’s method. The notion of Grobner basis was introduced
by Buchberger in 1965. It is a powerful tool for solving multivariable polynomial systems.
Chou [9], Kapur [10], Kutzler and Stifter [11] have done some works to prove geometry
theorem by Grobner basis method.

A geometric statement contains some hypotheses and a conclusion. Let K[U, X] be a
polynomial ring over an algebraic closed field K in U and X, where U = {uq, ..., upy}
are parameters which can be arbitrarily chosen, and X = {xi, ..., x,} are variables. For
a statement from elementary geometry, the hypotheses can be expressed by the following
parametric polynomial equations

filur, oo up, X1, . x,) =0,
s, oo um, x1, ... x0) =0,
and the conclusion is
flun, oo um, xi, .., x0) =0,
where fi, ..., fy, f are polynomials in K[U, X].
In Wu’s method, it firstly reduces the hypotheses f1, ..., fs to atriangle form with respect

to the variables X, and then successive pseudo divides the conclusion f by the triangle form.
If the remainder is zero, then the geometric theorem is generally true. In Grobner basis
method, a Grobner basis G of the ideal (fi, ..., fs, fy — 1) in K(U)[X, y] is computed,
where K (U)[X, y] is a polynomial ring over field K (U) in variables X and y. If 1 is in G,
then the geometric theorem is generally true.

If the variety V defined by theideal I = (f1, ..., f) isreducible, the automated geometric
theorem proving will become more difficult. Since the conclusion f may vanish on some but
not all components of V, the Morley’s trisector theorem [12] and V.Thebault’s conjecture
[13] are the case in point. This problem can be solved by combining Ritt’s decomposition
algorithm with Wu’s method. It decomposes the variety V by using Ritt’s decomposition
algorithm, and then checks the conclusion f on every components of V by Wu’s method.
Chou pointed out that the Grobner basis method alone can not solve such problem unless
factorization is used (cited from [7], page 88). However, the procedure of factorization is
difficult and time-consuming. In this paper, we will prove the reducible geometric theorem
by Grobner method without factorization.

The automated theorem discovery is finding complementary conditions for a given geo-
metric statement to become true [14]. Many related works have been done on these topics,
which include [7,15-20]. In these works, the notion of comprehensive Grobner system (CGS)
has been used. The CGS was introduced by Weispfenning in 1992 [21]. Since then, many
algorithms have been developed for computing CGS efficiently, including [22-28]. In 2004,
Chen et al. [16] applied CGS to prove and discover geometric theorem automatically. Their
method can not only prove whether the geometric theorem is generally true, but also provide
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complementary hypotheses such that the statement becomes true. Instead of computing a
Grobner basis in geometric theorem proving, a CGS of the parametric polynomial system
{fi,..., fs, fy — 1} is computed in geometric theorem discovery. Manubens and Montes
[29] proposed the minimal canonical CGS, which can also be used in mechanical proving. In
Chen or Manubens’ method, only the complementary conditions which make the geometric
statement become true can be found. However, the problem of reducible geometric statement
discovery can not be solved completely by their methods.

In this paper, we will present two algorithms to prove or discover the reducible geome-
try theorem automatically by Grobner basis method without factorization. For a geometric
statement, the conclusion vanishes on some but not all the components of a variety asso-
ciated with the hypotheses if and only if it is a zero divisor in a quotient ring with respect
to the radical ideal defined by the variety. Based on the observation, we prove and discover
geometric theorems automatically regardless whether it is irreducible or reducible.

This paper is organized as follows. Some concepts and results about geometric theorem
are given in Sect. 2. In Sect. 3, an algorithm is presented to prove geometric theorem auto-
matically. Some reducible geometric theorems are proved by the algorithm. In Sect. 4, we
extend geometric statement to parametric case and give an algorithm to find complemen-
tary conditions such that the statement becomes true or true on components. Finally, some
conclusions are presented in Sect. 5.

2 Some Results About Geometric Theorem

From the view of algebra, we review some previous results about geometric theorem in this
section.

Let K be an algebraically closed field, K[U, X] be a polynomial ring over K in
U and X, where U = {uy,...,u,} are parameters and X = {x,...,x,} are vari-
ables. Given a geometric statement, it is assumed that the hypotheses can be expressed
as f1(U,X)=0,..., fs(U, X) =0, and the conclusion can be expressed as f (U, X) =0,
where fi,..., fs, f are polynomials in K[U, X]. Let I = (fi,..., fu) be an ideal in
KU, X1,V = V() = {(a1,...,am+n) € Kmtn | fitar, ..., amn) = 0,1 < i <
sELIV) ={f € K[U, X]| f(p) =0,V p € V}. We call V(1) the affine variety defined by
I, and I(V) the ideal of V.

Definition 2.1 Let W be an irreducible variety in the affine space K" with coordinates

ULy eooyUm, XT, ..., X, We say that uy, ..., u,, are algebraically independent on W if no
nonzero polynomial in the u; alone vanishes identically on W,i.e. (W) N K[uy, ..., uy] =
{0}.

From Chapter 6 of the book [30], V has a minimal decomposition
V=ViU---UV,UVpii--UVppg, (1)

where each Vj is an irreducible subvariety of V, V; ¢ V; fori # j, and the parameters U
are algebraically independent on the subvariety V; for 1 <i < p and U are not algebraically
independent on the subvariety V; for p +1 < j < p + g. Each V} is called a component
of V,1 <k < p + q. Moreover, the components Vi, ..., V), are called the non-degenerate
components of V, which are corresponding to the non-degenerate cases of the hypotheses.
The components V)1, ..., V,1, are called the degenerate components of V, which are
corresponding to the degenerate cases of the hypotheses. If p > 1, the geometric statement
is called reducible.
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Definition 2.2 Given a geometric statement, it is assumed that the hypotheses are expressed
as fi(U,X) =0,..., f,(U, X) = 0 and the conclusion is expressed as f(U, X) = 0.
Let V be the variety defined by { fi, ..., f,} and have a minimal decomposition as in (1).
The geometric statement is called true if f vanishes on every point of V. The geometric
statement is called generally true if f vanishes on all non-degenerate components of V, i.e.
f vanishes on V; U- - -UV,,. The geometric statement is called generally true on components
if f vanishes on some but not all non-degenerate components of V. Otherwise, the geometric
statement is called generally false.

From the Hilbert’s Nullstellensatz, a geometric statement is true if and only if f is a
member of the radical of / in K[U, X]. So we can decide whether a geometric statement is
true by solving an ideal membership problem.

The following proposition gives methods to decide whether a geometric statement is
generally true.

Proposition 2.3 Let all the notations be the same as in Definition 2.2 and y be a new variable
different from U and X. The following assertions are equivalent:
1. The geometric statement is generally true, i.e. the conclusion f vanishes on ViU---UV,,.
2. The conclusion f is in the radical ideal of {f1, ..., fn) in K(U)[X].
3. {1} is the reduced Grobner basis of the ideal (fi, ..., fu, fy — 1) in K(U)[X, y].
4. The Grobner basis of (f1, ..., fa, fy — 1) in K[U, X, y] (in lexicographic ordering
U < X and U < y) contains at least a polynomial g(U) in K[U].

Proof The detailed proofs of (1 < 2) and (2 < 3) can refer to the Chapter 5 of [9]. Now

we proof (3 < 4).

" =" From (3), there exits py, ..., ps, ps+1 in K(U)[X, y] such that
l=pifi+pfa+-+psfs+ps1(fy—1D.

There must exit h(U) € K[U] such that h(U)p; € K[U][X, y]for1 <i <s+ 1. So

h(U) = h(U)p1fi + h(U)p2fo+ -+ hU)ps fs
'H’l(U)Perl(fy_ 1) € <f15 cee fn; fy - l) C K[U’ X7 y]
For any Grobner basis G of (fi, ..., fu, fy — 1) in K[U, X, y] (in lexicographic ordering
U < X and U < y), there exists a polynomial g(U) in G such that the leading term of 2 (U)

is divided by the leading term of g(U). According to term ordering, g(U) is in K[U].
“«=" It is obvious through a similar analysis. O

3 Reducible Geometric Theorem Proving

The problem of deciding whether a geometric statement is generally true can be solved by
Proposition 2.3. In this section, we focus on whether a geometric statement is generally true
on components when it is not true or generally true.

3.1 Generally True on Components

Let J be an ideal in K(U)[X], a polynomial f is a zero divisor in K(U)[X]/J if f ¢ J
and there exists a polynomial # in K(U)[X] such that 4 ¢ J and fh € J. The following
theorem gives necessary and sufficient conditions to decide whether a geometric statement
is generally true on components from an algebraic view.
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Theorem 3.1 Let all the notations be the same as in Definition 2.2, J be the ideal generated
by fi, ..., fnin K(U)[X], and ~/J be the radical ideal of J. Then the geometric statement
is generally true on components if and only if f is a zero divisor in K(U)[X]/~/J.

Proof Let
V=V(fi,...., ) =V1U-- UV, UV, - UV, 2)

be a minimal decomposition of V', where the parameters U are algebraically independent on
the components V; for I < i < p and algebraically dependent on the components V; for
ptl<j<p+gLletW=ViU---UV,,

(“=") If the geometric statement is generally true on components, then f vanishes on some
Vi butnotall, 1 <i < p. Without loss of generality, we assume f vanisheson V1 U---UV;
butdoes not vanishon Vj; 11, ..., Vp,where 1 <ip < p.Since V;p41U...UV, & W, I(W) &
I(Vig+1 U---UV,). There exists a polynomial # € I(V;y+1 U---U V,)\I(W). So h vanishes
on V;y+1 U---UYV, but does not vanish on W. Hence, fh vanishes on W. From Proposition
2.3, fhisinthe v/J. Since f and h are not in v/J, f is a zero divisor in K (U)[X1/~/J.

(“<") If f is a zero divisor in K(U)[X]/ﬁ, then f is not in V/J and there exists a
polynomial i ¢ /7 such that fhe /7. From Proposition 2.3, fh vanishes on W. Since &
is not in +/J, h does not vanish on some Vi for1 <i < p, and then f must vanish on these
components where & does not vanish. Moreover, f is not in +/J, then f does not vanish on
W. Hence, the geometric statement is generally true on components. O

Remark 3.2 Assume f vanishes and only vanishes on the components V;,, ..., V;, of V, it
is obvious that I 4 ( f) vanisheson Vi, U---UV;,.So V;y U--- UV, C V(I, f). Thatis to
say, the conclusion f only vanishes on those components of V where I + ( f) vanishes.

From Theorem 3.1, we can judge whether a geometric statement is generally true on com-
ponents by checking whether the conclusion polynomial f is a zero divisorin K (U)[X]/ V.
By decomposing the radical ideal V/J, we can decide whether f is a zero divisor in
KU)[X] /\/7 . However, it is difficult and time-consuming procedure to decompose an
ideal. In the following, we give another method to check whether f is a zero divisor in
K (U)[X1/+/TJ without decomposing the radical ideal /.

LetJ: fS={glgffethJ:fP={glgf"el,Ame N}, J: f®=J:fm
means J : f"1C =g ol

Theorem 3.3 Let J be an ideal and f be a polynomial in K (U)[X], v/ T be the radical ideal
of J. Then f is a zero divisor in K(U)[X1/~/J if and only if f ¢ ~/J and there exists a
polynomial h € J : £ such that h ¢ \/J.

Proof (“="): If f is a zero divisor in K(U)[X]/ﬁ, then f ¢ /J and there exists a
polynomial g ¢ /7 such that fg € /7. Hence, there exists an integer s such that f*g* € J,
andg'eJ: fSCJ:f® Leth=g',wehaveh e J: f®andh ¢ /J.

(“<="): if f ¢ +/J and there exists a polynomial 4 € J : f° such that & ¢ +/J. Assume
J: f® =17J:f" wehave hf™ € J.Clearly, W f € J and hf € +/J. Thus, f is a zero
divisor in K (U)[X1/+/J since f ¢ /J and h ¢ \/J. O

If a Grobner basis of J : f° is computed, then we can decide whether f is a zero
divisor in K (U)[X]/ T by checking elements in the Grobner basis. Consequently, whether
a geometric statement is generally true on components can be determined by Theorem 3.1.

Example 3.4 Consider a geometric statement whose hypotheses is fi = (x| —u)(x2 +u)? =
0 and the conclusion is f = x; +u = 0.
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Since v/J = V{f1) = ((x1 —u)(x2 +u)) € K(U)[X], it is obvious that f is not in the
radical ideal ~/J but it is a zero divisor in K X1/ /7. Hence, the geometric statement is
generally true on components by Theorem 3.1.

Example 3.5 Consider a geometric statement whose hypotheses are f; = xy = 0, f» =
x2 = 0, and the conclusion is f = y = 0.
Since v/J = /{f1, f2) = (x), it is obvious that f is not in the radical ideal ~/J and it is

not a zero divisor of K[X]/+/J. Hence, the geometric statement is generally false.

Remark 3.6 When the geometric statement is not generally true, Montes and Recio [17]
also give a method to decide whether a geometric statement is generally true on compo-
nents by deciding whether the ideal (fi, ..., fu, f) is (1) in K (U)[X]. It concludes that if
(f1,---s fu, [) # (1), then the geometric statement is generally true on components. The
ideal ( f1, f2, f) # (1) in Example 3.5,, and thus the geometric statement should generally
true on components by [17]. However, it is obvious that the variety V( f1, f2, f) = {(0, 0)} is
not a subvariety of V( fi, f>). Hence the conclusion f does not vanish on any non-degenerated
component of V by Remark 3.2. The geometric statement is not generally true on components
by our method.

3.2 The Algorithm for Proving Reducible Geometric Theorem

Given a geometric statement, assume f; =0, ..., f, = 0 are the hypotheses equations and
f = Ois the conclusion equation, where fi, ..., f,, f are polynomialsin K[U, X]. Let J be
the ideal generated by { f1, ..., f»} in K(U)[X]. We compute a Grobner basis G of the ideal
H =J+ (fy—1)in K(U)[X, y] with respect to any monomial ordering in K (U)[X, y],
where y is a new variable different from X. By Proposition 2.3, if 1 € G, then f € +/J and
the geometric statement is generally true. If the geometric statement is not generally true, let
G = GNK(U)[X]. Note that G is a Grébner basis of J : f*° c K(U)[X]. Combining
Theorems 3.1 and 3.3, if there is a polynomial / in G , but not in V/J, then f is a zero divisor
in K (U)[X]/~/J and the geometric statement is generally true on components. Otherwise,
the geometric statement is generally false. In summary, we give the Algorithm 1 to prove
geometric theorems automatically.

Algorithm 1 Proving Reducible Geometric Theorem Automatically

Require: Given a geometric statement, assume f1 =0, ..., f; = 0 are the hypotheses equations, and f = 0
is the conclusion equation, where f1, ..., fu, f € K[U, X];

Ensure: Decide whether the geometric statement is generally true or generally true on components.
Step 1: Let J = (f1,..., fn) € K(U)[X]. Computing a minimal Grobner basis G of ideal H =
J+ (fy—1) C K(U)[X, y] w.r.t. any monomial ordering.
Step 2: If 1 € G, then the geometric statement is generally true and the algorithm is terminated. Else, go
to Step 3.
Step 3: Let Goo = G N K(U)[X]. If there is a polynomial 4 in G but not in /7, then the geometric
statement is generally true on components. Otherwise, the geometric statement is generally false.

3.3 Application to Reducible Geometric Theorem Proving

There are two reducible geometric theorems proved by Algorithm 1. The first example comes
from [7].
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Fig.1 Example 3.7

Example 3.7 Let AABC be atriangle, AC DE and BC F G be two squares drawn on the two
sides AC and BC respectively, and M be the midpoint of the line segment A B. Checking
whether the conclusion |D F| = 2|C M| is true or not.

Without loss of generality, fix a triangle AABC with A = (u1,0), B = (uz,u3),C =
(0, 0), where U = {u1, us, uz} are parameters. Since the positions ACDFE and BCFG w.r.t.
triangle AABC is not unique, there are totally four possible cases based on the hypotheses
(see Fig. la—d). We want to prove whether the geometric statement is generally true or
generally true on components in the following analysis.

Let F = (x1,x2), M = (x3,x4) and D = (0, x5), where X = {x1, x2, x3, X4, X5} are
variables. Then the hypotheses of the statement can be expressed as:

fi
f2

2 2
=x5—uy =0,

f3 =u3xy +ux; =0,
fa=2x3—us—u; =0,

fs =2x4 —u3z =0.

x3+x2—u3—u3=0, (|CF|=|BC|)

(IDC| = |CA])
(CFLBC)

(Mis the midpoint of AB)
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A(x,x,) A(x,x,)

By(xy.x,)

C(uy,uy) .
C(uy,uy)

A(0,0) B(1.0) A(0,0) B(1.0)
B,(x;,x,)

C,(x5,%5) C(x5.x,)

(a) (b)

Fig.2 Example 3.8

The conclusion is
f=xt+ @ —x5)> =403 +x]) =0, (IDF|=2|CM)).

Step1:Let J = (f1, f2, f3, fa, f5) C K(U)[X]. Computing a Grobner basis G of J +
(fy — 1) in K(U)[X, y] w.r.t. a lexicographical ordering with y > x5 > --- > x1, we get
G = {xl2 — u%, u3xy + unxi, 2x3 — up — uy, 2x4 — u3z, uzxs +uixy, dujury + 1}.
Step 2 : Since 1 ¢ G, the geometric statement is not generally true.
Step3: Let Goo = G N KWU)[X] = {—u_% + xlz,u3x2 + upxy,2x3 — upy — uy, 2x4 —
u3, u3zxs + u1x1}. Checking polynomials in G, we get h = u1x1 + u3xs € Goo but h not
in +/J. Hence, the geometric statement is generally true on components by Theorem 3.1 and
3.3.

The following is another geometric statement which is generally true on components.

Example 3.8 Three equilateral triangles A1 BC, AB1C, ABC are erected on the three sides
of triangle ABC. Checking whether the conclusion |B;Cy| = |A;C] is true or not (see
Fig. 2a, b).

Without loss of generality, fix a triangle AABC with A = (0,0), B = (1,0) and C =
(u1,uz), where U = {uy, up} are parameters. Since the positions of triangles A;BC, AB;C
and ABC w.r.t. this triangle AABC are not unique, there are totally eight possible cases
based on the hypotheses. Two representative cases are showed in Fig. 2a, b. We need to check

whether the conclusion |B;C1| = |A1C]| is true.

From Fig. 2a, b, we know intuitively the conclusion |B;Ci| = |A;C| does not always
hold. Now we prove the reducible geometric statement automatically.

Let A = (x1, x2), B] = (x3,x4), C1 = (x5, x¢), Where X = {x1, ..., x¢} are variables.

The hypotheses of the geometric statement can be expressed as:
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fi=x24+x% -1, (IAC1| = |AB))
fr=(s—D*+x2 -1, (IBCy| = |AB))
f3=(x1 —u)?+ (2 —u2)? — (g — D? —u3, (ICA| = |BC|)
fo= 1 — D>+ x2 — (uy — D? —ul, (IBA{| = |BC))
5= (2 +x3) — (Ul +u3), (IAB;| = |AC|)
fo=(x3 —u)?+ (xa —u2)? — U3 +u3). (ICB1| = |AC))

The conclusion can be expressed as:
f=s = x3)” + (x6 —xa)” — (11 —u))* = (2 —u2)®,  (IBiC1| = |A|C)).

Step1: Let J = (f1, f2, f3, fa, f5, f6) € K(U)[X]. Computing a Grobner basis G of
J+ (fy—1)in K(U)[X, y] w.r.t. a lexicographical ordering y > xg > -+ > x2 > X1, wWe
get G = {4x7 + (—duy — Dxy + ud + 2uy — 3ud + 1, 2uzxs + Quy — 2)x1 — u? —u3 +
1, 4x32 —duixy — Su% + u%, 2urxg + 2u1x3 — u% — u%, 2x5 — 1, 2uzxe — 2x3 +uy, Oui —
3u%)y —2x3 — 2uy}.

Step 2 : Since 1 ¢ G, the geometric statement is not generally true.

Step 3 : Let Goo = {4x7 + (—4uy —D)x1 +u? +2u1 —3ud + 1, 2uzxs + Quy —2)x1 —uf —
u% +1, 4x32 — duyx3 — 314% + u%, 2uyxg + 2u1x3 — u% — u%, 2x5 — 1, 2upxe — 2x3 + uy}.
Checking polynomials in G, We get h = 2usxg — 2x3 4+ u1 € Gy is not in +/J. Hence,
the geometric statement is generally true on components by Theorem 3.1 and 3.3.

4 Geometric Theorem Discovery

In this section, we aim to find the complementary conditions such that the geometric statement
becomes true or true on components. Instead of the Grobner basis, the CGS is used.

4.1 Comprehensive Grobner Systems

Let K be an algebraically closed field, R be a polynomial ring K[U] in parameters U =
{ur,...,un}, and R[X] be a polynomial ring over R in variables X = {x, ..., x,} where
X and U are disjoint. For a polynomial f € R[X] = K[U][X], the leading coefficient and
leading term of f w.r.t. the ordering < are denoted by lcx (f) and ltx ( f) respectively. Note
thatlcx (f) € K[U] and ltx (f) are monomials in K[X].

A specialization of R is a homomorphism ¢ : R —> K. We only consider the special-
izations induced by the elements in K”. That is, for a € K™, the induced specialization oz
is defined as follows:

oz: f— f(a),

where f € R. Every specialization ¢ : R —> K extends canonically to a specialization
o : R[X] — K[X] by applying o coefficient-wise.

Following [23], an algebraically constructible set A is defined to be of the form: A =
V(E) \ V(N), where E, N are subsets of K[U] and V(E) (or V(N)) is the affine variety
defined by E (or N). The E is called the equation constraint of A and N is called the
non-equation constraint of A.

For a parametric polynomial system, a CGS is defined below.

Definition 4.1 Let F be a subset of R[X], Ay, ..., A; be algebraically constructible subsets
of K™, S be a subset of K™ such that S € A U---U Ay, and Gy, ..., G; be subsets
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of R[X]. A finite set G = {(A1, G1), ..., (A}, Gy)} is called a comprehensive Grobner
system(CGS) on S for F, if 07(G;) is a Grobner basis for the ideal (oz(F)) in K[X] for any
ae A;j,i =1,...,1. Each (A;, G;) is called a branch of G and A; is called the parametric
constraint of this branch. If S = K™, G is called a comprehensive Gribner system for F.

Definition 4.2 A comprehensive Grobner system G = {(Ay, Gy), ..., (A, G))} for F is
said to be minimal,! if foreachi =1, ...,1,

1. A; # 0, and furthermore, for eachi, j =1,...,1, A; N A; = () whenever i # j;
2. foreach g € G, 07(Icx(g)) # Oforanya € A;;
3. forall g € G;, ltx(g) is not divisible by any leading term of G; \ {g}.

4.2 The Algorithm for Discovering Reducible Geometric Theorem

Given a geometric statement, assume the hypotheses are expressed as fi1(U,X) =
0,..., fu(U, X) = 0 and the conclusion is expressed as f (U, X) = 0, where fi1,..., fu, f
are polynomials in K[U][X]. Let G = {(A1,Gy), ..., (A, G;)} be a minimal CGS for
F = {fi,..., fu}. For any branch (A;, G;) € G and any a € A;, the variety Vg =
V(oz(f1),...,0z(fr)) C K" has a minimal decomposition

Va=Vag1U---UVgg,, 3)

each Vz; is called a component of V.

Assume (A;, G;) is a branch of G, the geometric statement is called true under A; if the
conclusion oz(f) vanishes on every point of V; for any @ € A;. The geometric statement
is called true on components under A; if the conclusion oz ( f) vanishes on some but not all
components of Vg for any a € A;.

Theorem 4.3 Given a geometric statement, assume the hypotheses are expressed as
WU, X)=0,..., fu(U, X) = 0 and the conclusion is expressed as f(U, X) = 0, where
f1s .-y fu, [ are polynomials in K[U][X]. Let G = {(A1, G1), ..., (A}, G})} be a minimal
CGS for H = {fi, ..., fu. fy — 1} w.rt. a blocking ordering such that y > X > U,?
where y is a new variable different from U and X. For any branch (A, G) € G, assume
A = V(E)\V(N), we have the following assertions:

1. If there is a nonzero polynomial g(U) € K[U] in G, then the geometric statement is
true under A. What’s more, A is the complementary condition such that the geometric
statement becomes true.

2. If fisazerodivisorin K[U, X]/ \/,Ii then the geometric statement is true on components
under A, where 7= (f1,---» fn, E) C K[U, X]. What’s more, A is the complementary
condition such that the geometric statement becomes true on components.

Proof (1) If there is a nonzero polynomial g(U) € K[U] in G. From the def-
inition of minimal CGS, o0z(g) is a nonzero constant for any a € A. Then
(0a(f1), .., 0a(fu), 0a(f)y — 1) = (1). Hence, oz(f) € V/{oz(f1), ..., 0a(fn)), and
oz(f) vanishes on the variety V(oz(f1), ..., 0z(fs)) C K". Therefore, the geometric
statement is true under A, and A is the complementary condition such that the geometric
statement becomes true.

1 Programs for computing minimal comprehensive Grobner systems, which is based on the algorithm in [23],
are available at http://mmrc.iss.ac.cn/~dwang/software.html.

2 The variables are divided in three blocks v, X, and U. A monomial ordering is chosen for each block. To
compare two monomials, we firstly compare their y part. If the y part is equal, then we compare their X part.
If the y and X parts are equal, then we compare their U part.
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(2) If f is a zero divisor in K[U, X]/\/T, where I = (f1,..., fa, E) C K[U, X]. Then
oz(f) is a zero divisor in K[X]/+/{(0a(f1), ..., 0a(fn)) for any @ € A. From Theo-
rem 3.1, oz(f) vanishes on some but not all components of V(oz(f1), ..., 0z(fn)) C
K". Hence, the geometric statement is true on components under A, and A is the com-
plementary condition such that the geometric statement becomes true on components.

O

Based on the Theorem 4.3, we give an Algorithm 2 to discover reducible geometric
statement.

Algorithm 2 Discovering Reducible Geometric Theorem Automatically

Require: Given a geometric statement, assume f1 = 0, ..., fs = 0 are the hypotheses equations, and f = 0
is the conclusion equation, where f1, ..., fs, f € K[U][X];

Ensure: Discover the complementary conditions such that the geometric statement becomes true or true on
component.
Step 1: Computing a minimal comprehensive Grobner systems G for H = FU{ fy — 1} w.r.t. an admissible
block term order such that y > X > U, where F = {f],..., fu}. For any branch (A, G) of G, assume
A =V(E)\V(N).
Step 2: If there is a polynomial g(U) € K[U] in G, then the geometric statement is true under A, and the
algorithm is terminated. What’s more, A is the complementary condition such that the geometric statement
becomes true. Else, go to Step 3.
Step 3: Let Goo = G N K[U, X]. If there is a polynomial /# in G but not in x/7, where 1 =
(f1,---, fu, E) C K[U, X], then the geometric statement is true on components under A, and A is
the complementary condition such that the geometric statement becomes true on components.

4.3 Application to Reducible Geometric Theorem Discovery

In this part, we apply Algorithm 2 to discover a geometry theorem which is true on compo-
nents.

Example 4.4 Let AABC be a triangle. The line AE bisects the angle ZA, and BF bisects
the angle ZB. Lines AE and B F intersect at a point O. In what cases, |AO| = |BO| holds?

Let A = (0,0), B = (41,0),C = (up,u3), where U = {uy, up, uz} are parameters. If
uy or u3 is zero, then the AABC degenerates to a line segment. So we assume uju3 # 0
in this example. Since every angle has two angular bisectors (exterior angle bisector and
interior angle bisector), there are four points where the angular bisectors of angles ZA and
/ B intersect (see Fig. 3).

In Fig. 3, AE (or AE’) is the interior (or exterior) angle bisector of angle /A, and B F (or
BF’) is the interior (or exterior) angle bisector of angle /B. The two interior angle bisector
AE and BF intersect at the point O,and AE" and BF’, AE and BF’, BF and AE’ intersect at
the point Oy, O3, O3 respectively. Thus, we need to check whether |[AO| = |BO|, |AO,| =
|[BO1|,|AO2| = |BO>| and |AO3| = |BO3]| hold or not.

Let O = (x1, x2), where X = {x1, x»} are variables. The hypotheses of the statement can
be expressed as:

fi = W3 +u3)x3 — (uzxy — urxz)?, (AE or AE’ bisects LA).
fr= (3 —u?)+ u%)x% — (usx1 + (uy — u2)xo — uyu3)*, (BF or BF' bisects /B).

The conclusion to be proved is

f=03+x3) — (1 —uD)? +x3) = 2u1x; —u?.
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Fig. 3 Example 4.4

Step 1. Computing a minimal comprehensive Grobner system G on V(#)\V(uju3z) for
{f1, 2. fy—1}, wegetG = {(A1, G1), (A2, G2), (A3, G3)}, where A;, G; are as follows:

Ay = C\ V(uqus(uy — 2uz)),

G = {AxTud — 8xjuiu3 + 4xiuiud 4 dxfujugu’ — dxfusul — 4xiuf
—4x1u%u2u% + 4x1u1u%u§
+4x1u1u§ — u%u%, xzulu% — 2x2u2u% — 2x13u% + Zx%ulu%
+2x%u2u§ — 2x1u1u2u% + 2x1u§‘
—ulug, yu?u% — 2yu?u2u§ + 4x2u§ — 4x%u% + 2x1u1u%
+Axiupud 4 utui — 2ujusul),

Ay = V(3 + u3, uy — 2u2) \ V(uguz),

Gy = {1},

Az = V() = 2u2)\V(uous (3 + u3)),

Gy = {xlzug — 2x1u2u§ — ug, XoU3z — u%, 4yu%u% + 4yu2ug — xlug + ugu%},

where C is the complex field.

In the branch (A1, G1), since there is no polynomial g(U) € K[U]in G, the geometric
statement is not true under A . Let G‘fo =GINK[U, X] = {4xi‘u§ — Sx%ulug +4x12u%u% +
4x%u1u2u§ — 4x12u%u% — 4x12u‘3‘ — 4x1u%u2u§ + 4x1u1u%u§ + 4x1u1u§ — u%ué, xzulug —
2x2u2u% — 2x13u% + 2x12u1u% + 2x]2u2u% — 2x1u1u2u§ + 2x1u§1 — ulu‘;}. Since there is no
polynomial g € G‘l’o such that g ¢ \/IT, where I~1 = (f1,..., fu) C K[U, X], the geometric
statement is not true on components under Aj.

In the branch (A3, G»), since there is a polynomial 1 € K[U] in G, the geometric
statement is true under A,. Note that there is no real solution of {u% + u% =0,u; —2uy =0}
when upu3 # 0. It has no geometric meaning in the real geometry.
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The branch (A3, G3) is interesting, since the equation constraint u; — 2us = 0 in A3
means that the triangle AABC is an isosceles triangle, i.e., | AC| = |BC]. In the following,
we only focus on the branch (A3, G3).

Step 2. Since there is no polynomial g € G3 such that g € K[U], the geometric statement
is not true under As.

Step 3. Let G° = G3 N K[U, X] = {xlzug — 2x1u2u§ — ug, Xpu3 — u%}. Since there is a
polynomial & = xou3 — u% in Gg’o but not in /T, where I~3 = (fly.--s fnyu1 —2uz) C
K[U, X], the geometric statement is true on components under Az. Moreover, u; —2u; =0
and uou3 (u% + u%) # 0 are the complementary conditions such that the geometric statement
becomes true on components.

5 Conclusions

In this paper, we give an algorithm to prove the reducible geometric statement automatically. It
can not only decide whether a geometric statement is generally true, but also decide whether
the geometric statement is generally true on components. This method can be naturelly
extended to parametric case for discovering geometric theorem automatically. The only dif-
ference is computing a minimal CGS instead of computing a Grobner basis.

Comparing with Wu’s method, our method does not need to decompose a variety. Although
we need to check whether the conclusion is a zero divisor in a quotient ring, it is more efficient
than decomposing a variety.

Acknowledgements The authors are grateful to Professors D. Kapur and B.C. Xia for their helpful discussions
and suggestions.

References

1. Gelernter, H., Hanson, J.R., Loveland, D.W.: Empirical explorations of the geometry-theorem proving
machine. In: Proceeding of the West Joint Computer Conference, pp. 143-147 (1960)
2. Tarski, A.: A decision method for elementary algebra and geometry. Texts Monogr. Symb. Comput. 35,
24-84 (1951)
3. Seidenberg, A.: A new decision method for elememtary algebra. Ann. Math. 60(2), 365-374 (1954)
4. Collins, G.E.: Quantifier elimination for real closed fields by cylindrical algebraic decomposition. Quan-
tifier Elimination and Cylindrical Algebraic Decomposition, pp. 85—121. Springer, Vienna (1998)
5. Wu, W.T.: On the decision problem and the mechanization of theorem proving in elementary geometry.
Sci. Sin. 21, 159-172 (1978)
6. Wu, W.T.: Basic principles of mechanical theorem proving in elementary geometries. J. Autom. Reason.
2(3), 221-252 (1986)
7. Chou, S.C.: Mechanical Geometry Theorem Proving, Mathematics and Its Applications. Reidel, Amster-
dam (1988)
8. Ritt, J.E.: Differential equations from the algebraic standpoint. Am. Math. Soc. (1932)
9. Chou, S.C.: Proving geometry theorems with rewrite rules. J. Autom. Reason. 2(3), 253-273 (1986)
10. Kapur, D.: Geometry theorem proving using Hilbert’s Nullstellensatz. In: Proceedings of the ISSAC, pp.
202-208. ACM Press, New York (1986)
11. Kutzler, B., Stifter, S.: Automated geometry theorem proving using Buchberger’s algorithm. In: Proceed-
ings of ISSAC, pp. 209-214. ACM Press, New York (1986)
12. Coxeter, H.S.M.: Introduction to Geometry. Wiley, New York (1961)
13. Taylor, K.B.: Three circles with collinear centers. Am. Math. Mon. 90, 484-486 (1983)
14. Dalzotto, G., Recio, T.: On protocols for the automated discovery of theorems in elementary geometry.
J. Autom. Reason. 43(2), 203-236 (2009)

@ Springer



J. Zhou et al.

20.

21.

22.

23.

24.

25.

26.

217.

28.
29.

30.

. Botana, F.,, Montes, A., Recio, T.: An algorithm for automatic discovery of algebraic loci. In: Proceedings

of the ADG, pp. 53-59 (2012)

Chen, X.F, Li, P, Lin, L., Wang, D.K.: Proving geometric theorems by partitioned-parametric Grobner
bases. In: Proceedings of the ADG, pp. 34-43 (2004)

Montes, A., Recio, T.: Automatic discovery of geometry theorems using minimal canonical comprehensive
Grobner systems. In: Proceedings of the ADG, pp. 113-138 (2006)

Recio, T., Velez, M.P.: Automatic discovery of theorems in elementary geometry. J. Autom. Reason.
23(1), 63-82 (1999)

Wang, D.K., Lin, L.: Automatic discovery of geometric theorem by computing Grobner bases with
parameters. In: Abstracts of Presentations of ACA, vol. 32, Japan (2005)

Winkler, F.: Grobner bases in geometry theorem proving and simplest degeneracy conditions. Math.
Pannon. 1(1), 15-32 (1990)

Weispfenning, V.: Comprehensive Grobner bases. J. Symb. Comput. 14(1), 1-29 (1992)

Kapur, D.: An approach for solving systems of parametric polynomial equations. In: Saraswat, V., Van
Hentenryck, (eds.) Principles and Practices of Constraints Programming, pp. 217-244. MIT Press, Cam-
bridge (1995)

Kapur, D., Sun, Y., Wang, D.K.: A new algorithm for computing comprehensive Grobner systems. In:
Proceedings of the ISSAC, pp. 29-36. ACM Press, New York (2010)

Montes, A.: A new algorithm for discussing Grobner bases with parameters. J. Symb. Comput. 33(2),
183-208 (2002)

Montes, A., Wibmer, M.: Grobner bases for polynomial systems with parameters. J. Symb. Comput.
45(12), 1391-1425 (2010)

Nabeshima, K.: A speed-up of the algorithm for computing comprehensive Grobner systems. In: Pro-
ceedings of the ISSAC, pp. 299-306. ACM Press, New York (2007)

Suzuki, A., Sato, Y.: An alternative approach to comprehensive Grobner bases. J. Symb. Comput. 36(3),
649-667 (2003)

Weispfenning, V.: Canonical comprehensive Grobner bases. J. Symb. Comput. 36(3), 669—-683 (2003)
Manubens, M., Montes, A.: Minimal canonical comprehensive Groebner system. J. Symb. Comput. 44(5),
463478 (2009)

Cox, D., Little, J., O’Shea, D.: Ideals, Varieties, and Algorithms, 3rd edn. Springer, New York (2007)

@ Springer



	Automated Reducible Geometric Theorem Proving  and Discovery by Gröbner Basis Method
	Abstract
	1 Introduction
	2 Some Results About Geometric Theorem
	3 Reducible Geometric Theorem Proving
	3.1 Generally True on Components
	3.2 The Algorithm for Proving Reducible Geometric Theorem
	3.3 Application to Reducible Geometric Theorem Proving

	4 Geometric Theorem Discovery
	4.1 Comprehensive Gröbner Systems
	4.2 The Algorithm for Discovering Reducible Geometric Theorem
	4.3 Application to Reducible Geometric Theorem Discovery

	5 Conclusions
	Acknowledgements
	References




