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Abstract This paper proves three statements of Schubert about cuspal cubic curves in a plane by
using the concept of generic point of Van der Waerden and Weil and Ritt-Wu methods. They are
relations of some special lines: 1) For a given point, all the curves containing this point are considered.
For any such curve, there are five lines. Two of them are the tangent lines of the curve passing through
the given point. The other three are the lines connecting the given point with the cusp, the inflexion
point and the intersection point of the tangent line at the cusp and the inflexion line. 2) For a given
point, the curves whose tangent line at the cusp passes through this point are considered. For any
such curve, there are four lines. Three of them are the tangent lines passing through this point and
the other is the line connect the given point and the inflexion point. 3) For a given point, the curves
whose cusp, inflexion point and the given point are collinear are considered. For any such curve, there
are five lines. Three of them are tangent lines passing through the given point. The other two are the
lines connecting the given point with the cusp and the intersection point of the tangent line at the cusp

and the inflexion line.

Keywords Cubic curves with cusp, Hilbert problem 15, Ritt-Wu method.

1 Introduction

This paper is a subsequent one to [1].

For any planar cubic curves with cusp in CP3, there are three special points, the first is the
cusp point, the second is the inflexion point, the third is the intersection point of the inflexion
tangent line and the tangent line at the cusp point. The triangle decided by these three points

are called singular triangle.
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HILBERT PROBLEM 15 AND RITT-WU METHOD (II) 2125

In [1], we let

f=(az(x —a1) + (y — a2))? + as( — a1)* + as(z — a1)*(y — a2)
+ag(z — ar)(y — a2)?® + ar(y — a2)?
with a; € C, then f = 0 defines a curve in C?> ¢ CP2.
In this paper, we always assume that the point S has the projective coordinate [0, 1,0] in
CP2. A line in CP? is define by
ar + by +cz =0,

with a, b, ¢ not all being zero. So it passes through [0, 1,0] if and only if b = 0. If a = 0, then
¢ # 0. The line must be the infinity line z = 0. Now, if it is not the infinity line, ¢ must be

nonzero. So the line can be represented by
z+cz=0.

Thus, in the affine space with z = 1, it can be represented by x equals a constant in C.

In [2], 129-130, there are four theorems about the relation of the position of the three special
points: I, IT, III, TV. The proof of Theorem I has been given in [1]. In this paper, we will give
the proofs of Theorem II-IV by using the concept of generic point of Van der Waerden!! and
Weill¥ and Ritt-Wu methods.

2 Theorem II

Theorem II For a given point S in this curve, we can draw five lines passing though S,
the first is the tangent line at S and the second is another tangent line of the curve which
passes through S. The other three lines can be drawn by connecting S with the three special
points. These five lines all passing through point S form a group and they have the following
relationship: If three lines are given, then all the five lines are decided uniquely.

Proof In this theorem, S is a point in this curve. The homogeneous equation of the curve
in CP? is

f(z,y, 2]) =(az(x — a12) + (y — a22))?2 + as(z — a12)® + as(x — a12)*(y — az2)

+ag(x — a12)(y — asz)* + ar(y — azz)>.

It is easy to verify that f([x,y,z]) = 0 has the solution [0, 1,0] if and only if a7 = 0. That is to
say the curve passes S if and only if a7 = 0.

As in [1], the line passing through the cusp and S is defined by x = ¢4, the line passing
through the inflexion point and S will be defined by & = ¢5, and the line pass passing through
S and the intersection point of the inflexion tangent line and the tangent line at the cusp will
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2126 LI BANGHE - WANG DINGKANG

be defined by = = ¢g. ¢4, c5 and cg are given by the following formula:

Cq4 = azg,

e =20
Cs1

Ce = %7
Ce1

where the expression of Cyg, Cs1, Cg0, Cs1 can be found in [1] for generic ar:

Cso = 27a1a§a4a$ — 9a1a§a5a6a7 + 2a1a§ag — 27a§a$ — 27a1a§a4a6a7 + 18a1a§a§a7
— 3a1a§a5a§ + 45a§a6a7—27a1a3a4a5a7+18a1a3a4a§—3a1a3a§a6—36a§a5a7— 18a§a§
+ 27a1aia7 — 9araqasag + 2a1a§ + 27a§a4a7 + 27a§a5a6 — 18azaqag — 9a3a§ + 9aqas,
Cs1 = 27a§a4a$ — 9a§a5a6a7 + 2a§a% — 27a§a4a6a7 + 18a§a§a7 — 3a§a5a% — 27azaqasa7
+ 18a3a4a§ — 3a3a§a6 + 27aia7 — 9aqasag + 2ag,
Coo = 3a1a§a5a7—a1a§a§—9a1a3a4a7+a1a3a5a6+3a§a7+3a1a4a6—a1a§—3a§a6+3a3a5—3a4,

Ce1 = 3a§a5a7 — a%a% — 9asaqar + azasag + 3asag — ag.
Here, let a7 = 0 and we get:

2 2 2 2
Cs0 = (2asas — as)(a1a3a5 — a1azasas + 9arasa6 — 2a1a; — 9azae + 9asas — 9Yay),
2 2 2
Cs1 = (2asas — as)(aza5 — azasas + Yasas — 2a3),
2 2 2 2
Coo = —(a1a5a5 — arasasas — 3a1asa6 + aras + 3azas — 3aszas + 3ayq),

2 2 2
Cs1 = —(azag — asasas — 3a4a6 + a5).

The common factor between C5y and C5; can be deleted without changing the value of c5, so
in this paper we let

Cso = alagag — a1asasag + 9ai1asa6 — 2a1a§ — 9a§a6 + 9asas — 9ay,

2 2 2
Cs1 = azag — azasas + 9asae — 2a3,

and this will not cause any confusion.

There are two tangent lines passing through S. One is tangent at S, the other is not. From
the above, the two lines should be x = ¢; and * = ¢2. In order to compute the two tangent
lines, we need to compute the resultant of f and f; = % w.r.t. variable y.

resultant(f, f1,y) =(z — a1)3(a1a6 —agr — 1)

(daraqas — alag — 4a§a6 — daqsa6x + agx + dagas — 4ay).

Then, c; is the solution of ajag — agz — 1 = 0 and ¢z is the solution of 4ajasas — ara? — da%as —
dagaexr + aga: + 4azas — 4aq = 0.
Now we get all the expressions of ¢; for i = 1,2,4,5,6. All of them are expressed as

rational functions on the variables a1, as, a4, as, ag. In other words, (a1,as, a4, as,as) —
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(c1,¢2,c4,05,c6) gives a rational map. This theorem says that the image of this map is a
variety of dimension three in C®, and for any three coordinates, the other two are rational
functions of them.

We use “wsolve” Pl and get
wsolve(PS, [ag, as, a1, cs, cs], {Co1, Cs1, as, az — dagag}) = [[A1, Aa, Az, Ag, As]],

where PS = [aja¢ — ager — 1, dayagas — alag — 4a§a6 — 4agagcs + a§02 + 4asas — 4ay, c4 — a1,
Cs1c5 — Cso, Ce1c6 — Coo] and

Ay =ager —ageq + 1,

Ay = agclcg — a%clc4 — a§0204 + a%ci + 4azascy — 4azascy + 4a§ — 4dagcy + dagcs,

Ag = —c4 + ai,

Ay =9c1c0 — c1eq — 8c1c5 — 8cacy — cacs + 9eqcs,

As = 3c160 + c1cq — 4ercg — deaca + cace + 3cacs.

Since A4 = 0, A5 = 0 are linear equations for c5 and cg, it is seen that cs, cg are decided
uniquely if ¢1, co, ¢4 are algebraically independent. And hence the lines x = ¢5 and x = ¢g are
uniquely determined by the other three lines * = ¢y, * = ¢co and © = ¢4, i.e., the last three
generically uniquely determine the previous two. Here, we treat ci, ca, ¢4, as, as as algebraically
independent variables. Thus, A, Ao, A3 indicate that the inverse image of the above rational
map of a point (c¢1, ¢a, ¢4, 5, ¢g) i a Zariski closed set of dimension two over the field C(cy, ¢, ¢4).

To see that any three of ¢y, co,cy,c5,ce are given the other two are rational functions of
the three, we need to consider C3 = C2 = 10 cases. One of them is given as above, and the
remaining nine cases are treated as follows (the variables indicated are regarded as functions of

the unindicated)
1) Case {c1,c2}. We get

wsolve([As, Ay], [c1, c2], {—4e1 + ca + 3ca, —8c1 — ca + 9ca}) = [[B?),Bél)]],
where

B;l) = cica + 2c1¢5 — 3c1¢6 — 3cacs + 2cace + csc6,
Bél) =4cacy — cacs — 3cace — 3cqcs — cqc + 4esce.
2) Case {c1,c4}. We have
wsolve([As, A4, [c1, ca], {—4c1 + c2 + 3ca, —8c1 — ca +9es}) = [[B§2)7B§2)H7
where
B;Q) = 3cicp — 2¢165 — €166 — CaCs — 2266 + 3C5C6,
BéQ) =4cacy — cacs — 3cace — 3cqcs — cqc + 4esce.
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2128 LI BANGHE - WANG DINGKANG

3) Case {c1,c5}. We obtain
wsolve([As, Aa], [e1, c5], {—4e1 + ca + 3ca, —8c1 — ca + 9ca}) = [[B§3),B§3)]],
where

Big) = 3cica + ci1cy — 4eicg — 4eacy 4 cace 4 3cacs,

Bég) = 4coey — cocs — 3cacg — 3caCs — Cacg + desce.
4) Case {c1,c6}. We have
wsolve([As, A4, [c1, c], {—4c1 + c2 + 3ca, —8¢1 — o+ 9¢y}) = [[B§4)»B§4)]]7
where

BYL) =9cic2 — c104 — 8eres — Beacy — ca05 + 9eqcs,
354) = 4dcacy — cacs — 3cacg — 3cacs — cace + descs.
5) Case {c2,c4}. Using “wsolve”, we get

wsolve([As, Aa), [ca, ca], {—4e1 + 2 + 3ea, —8e1 — eo + 9ea}) = [[BYY, BP]],

where

5
Bi ) = 3c1ea — 2e105 — 166 — Cac5 — 2¢2¢6 + 3¢5C6,

355) = c1c4 + 2¢105 — 3¢106 — 3CaCs + 2¢4¢6 + C5C6.
6) Case {ca,c5}. Using “wsolve” | we obtain
wsolve([As, A4l, [c2, 5], {—4c1 + ca + 3ca, —8¢1 — ca + 9eq}) = [[B§6),B§6)]],
where

B§6) = 3cica + c1cq — 4ercg — 4eacy + cace + 3cqce,

B§6) = cicq4 + 2¢c105 — 3c1c — 3cqcs + 2406 + C5C6-
7) Case {ca,c6}. We also find out that
wsolve([As, A4l, [c2, c6], {—4c1 + ca + 3¢y, —8¢1 — ca + ey }) = [[B§7),B§7)]],
where
BY) =9cico — c1cq — 8cic5 — 8cacy — cac5 + 9eycs,
Bg) = cicq4 + 2¢c105 — 3c1c — 3cqcs + 2406 + C5C6-
8) Case {c4,c5}. “wsolve” will lead to

wsolve([As, Aa), [ca, ¢s), {—4e1 + ea + 3ea, —8e1 — eo + 9ea}) = [[B), BY]],
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where

B;S) = 3cico + ci1cq — 4eicg — 4eacy + cac + 3eqcg,

Bég) = 3c1co — 2¢1¢5 — C1Cg — CaCs — 2CaCg + 3C5C6.
9) Case {c4,c6}. Using “wsolve”, we get

wsolve([As, Aa), [ca, ¢6), {—4e1 + ea + 3ea, —8e1 — eo + 9ea}) = [[BYY, BY]],

where
B;g) =9cico — c1cq4 — 8cics — 8cacy — cac5 + 9eqcs,
Bég) = 36162 — 26105 — C1Cg — C2C5 — 26266 + 30566.
From the above we see that the theorem is correct. |

Figure 1 is an example for the curve described by this theorem, where a1 = 0,a2 = 0,a3 =
\/5,@4 =1,a5 =0,a6 = —1,a7 = 0 and the curve f = 0 is 23 — zy? —|—2\/§xy—|— 222 +y2 = 0.
The real part of the curve is shown by the curve with label 1. Here, S = [0,1,0] is an infinity
point which the straight lines parallelled to the y-axis pass through. The origin is the cusp
point. We can see that the straight line with label 2 is a tangent line of the curve which passes
through S. The straight line with label 3 is the tangent line at S. The straight line with label 4
is the inflexion tangent line and the straight line with label 5 is the tangent line at the cusp.

2 —zy® + 2V 2xy + 222 + 42 =0
T T

25 | \
2t \ -

SN |

0.5 T

Figure 1
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3 Theorem II1

Theorem III For a planar cubic curve with a cusp and a point S on the tangent line at
the cusp which is not on the inflexion tangent line, two other tangent lines of the curve can be
drawn from S. Another line can be drawn by connecting S and the inflexion point. The above
four lines all pass through the point S and form a group. The position of the four lines are
relevant: If three lines are given, then the group is determined completely.

Proof In this case, since S is on the tangent line at the cusp (a1, as2), the curve f = 0 can
be given by

f=@—a)’ +as(@—a1)’ + as(z — a1)*(y — az) + as(z — a1)(y — a2)? + ag(y — az)’.

Here x = a; is the tangent line at the cusp. We let By = ¢1 — a;1.
Now, we use the same method in [1] to get the z-coordinate of the inflexion point cs.

Consider those f = 0 which have inflexion tangent lines in the form y = ax + b, a,b € C. Let

g9(x) & f(z,ax +D),
= b3$3 + b2x2 + b1z + by,

where

bs =a’ag + a’as + aas + as,

by =1 — 3aza; — 2a4a10 + as(—az + b) — asara® + 2as(—az + b)a + 3ag(—az + b)a?,

by = — 2a, +3a3a%+a4a%a—2a4a1(—a2—|—b)—2a5a1(—a2 +b)a+ as(—az + b)2+3a6(—a2 + b)2a,
bo =a? — aza® + aga?(—ay + b) — asa; (—az + b)? + ag(—az + b)3.

Then f = 0 having such inflexion tangent lines with tangent points in C? implies b3(a, b, a1, - - , ag)

# 0 and g(x) = bs(z —v)? = b3 (2 — 32%v + 32v? — v?) for some v € C. The latter is equivalent

to

—3b3U = bQ,
3()31/2 = bl,
—b31)3 = bo,

and equivalent further to g; = b3 — 3b1b3 = 0, go = b3 — 27bob2 = 0. Thus, use “wsolve”, we get
wsozve([gth]v [bv a]v {bB}) = [[Clb + Co, Ara + AO]]7
where

o 2 _ 3
Ap :=2Tazag — az,
o 2
Ay :=9a6(3aqas — af),
Co :=2Tayaza; — arai + 27azasa? — Yazaiag — 27a2,

C1 == — 9a¢(3aqsas — a%).
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Then, we substitute the values of a and b in ¢g(z), and find out the c¢; satisfies Bs = 0, where

By = (27a3a§ — 9aqasag + 2ag)05 — (27a1a3a§ — 9aqasasa6 + 2a1ag — 27a§).

of

To give the tangent lines passing through .S, we need to compute the resultant of f and f; = gy

with respective to the variable y:
resultant(f, f1,y) = ag(x — a1)*R,
where R = rox? + m2 + 19, and
ro = 27a3a% — 18azasasas + 4azai + 4alag — ata?,
r= —54a1a§a§ + 36aiaszaqasae — 8a1a3a§ — 8a1aia6 + 2a1aia§ + 54a3a§,
— 18ayasag + 4ag,
ro = 27a%a§a§ — 18a2azasasas + 4a%a3ag’ + 4aladas — a%aiag — 54a1a3a§,
+ 18aia4asag — 4a1ag + 27a(25.

Because z = a7 is one of the three tangent lines passing through S, other two tangent lines
must be given by the solutions of the equation R = 0. Let z = ¢y and « = ¢35 be the other
two tangent lines, then R can be rewritten as R = ro(x — c2)(x — ¢3). Comparing the two
representation of R, we get By = 0, By = 0 where

Bz = —54a1a§a§ + 36aiazasasa6 — 8a1a3a§ — 8a1aia6 + 2a1aia§ + 27a§a%cz
+ 27@%@%03 — 18asaqasagco — 18asagasages + 4a3a§62 + 4a3a203 + 4aia602
+ 4aia663 — aiag@ — aiagc;; + 54@3&?3 — 18aq4asa¢ + 4ag’,
By = 27aja3ai — 18a3azasasas + 4aiaza; + 4a’aias — ataia? — 27a3acacs
+ 18agagasagcocs — 4a3ag0203 — 4aia60203 + aia%@c?, — 54a1a3a§
+ 18aia4a5a6 — 4a1ag + 27@%.

The four lines passing through S are z = ¢1, © = ¢2, * = ¢3 and = = c¢5, and ¢y, ¢2, 3, C5
satisfy the equations By = 0,By = 0,B3 = 0 and By = 0. If the leading coefficient of
resultant(f, f1,y) is zero, at least one of the tangent lines will be the infinity line, so in the

generic case, agra # 0.
Now we will find the relationship among the variables ¢y, co,c3,c5 under the conditions

By =0,B,=0,B3=0,B4 =0 and agrs # 0. We get
wsolve([By, By, B3, Ba), a1, as, as, cs], {agrs, —27aza2 + Yasasas — 2a3}) = [[Cy, Ca, C3, C4]],
where C1 = a1 — cq,
Cy = (54@%6% — 540%0162 — 540%0163 + 54a20203)a3 — 18a4a5a6cf + 18agasagcacy
+ 18agasagcsci — 18aqasagcacs + 4a§’cf — 4a§’0201 — 4a§’6301 + 4a20203
— 5401a§ + 27&%62 + 27a§03,
C3 = c33a] + c3203 + cz1a4 + c30,
Cy = c1c9 + c103 — 2¢165 — 2¢903 + coc5 + €305,
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and

ca3 = 432a3(c1 — ¢3)*(e1 — c2)?,
a2 = —432a2ai(c1 — c3)?(c1 — ¢2)?,

C31 = 144@%1@6(01 — 63)2(01 — 62)2,

c30 = —(4agcf — 4a§’clcg — 4a§’clcg + 4a20203 + 27a302 — 27a(2303)

(4a3ct — dadcico — 4adcics + dadcacs — 2Taices + 2Ta3cs).

From Cy = 0, we know that c5 is uniquely determined by the values of ¢y, ¢, c3 since Cy is

degree one on c5.

To see that any three of ¢1, ¢2, 3, c5 are given the other one is a rational function of the three,

we need to consider C§ = C} = 4 cases. One of them is given as above, and the remaining three

cases are treated as follows (the variable indicated is regarded as functions of the unindicated)

1) Case {c1}. We get
wsolve([Cy], [c1], {c2 + c3 — 2¢1}) = [[CM]],

where

C(l) = c1c9 + c1c3 — 2c1¢5 — 2¢9¢3 + cocs + C3C5.

2) Case {ca}. We have
wsolve([Cyl, [c2], {c2 + c3 — 2¢1}) = [[CP]],

where

0(2) = c1c9 + c1c3 — 2c1¢5 — 2¢9¢3 + cocs + C3C5.

3) Case {c3}. We obtain
wsolve([Cyl, [c3], {c2 + c3 — 2¢1}) = [[CP)]],

where

C(S) = c1Cy + c1c3 — 2c1¢c5 — 2¢a¢3 + cocs + C3C5.

From the above we see that the theorem is correct.

Figure 2 is an example for this kind of curve, where a1 = 0,a2 = 0,a3 = —

y A4 =0,a5 =

3/3,a6 = 1 and the curve f = 0is 2? — 22% 4+ 2/3ay® + y* = 0. The real part of the curve
is shown by the curve with label 1. The origin is the cusp point. The y-axis is the tangent line

at the cusp. The straight line with label 2 and the the one with label 3 are tangent lines of

the curve passing through S. The straight line with label 4 is the inflexion tangent line. The

straight line with label 5 is the straight line connecting S and the inflexion point.

@ Springer



HILBERT PROBLEM 15 AND RITT-WU METHOD (II) 2133

22— 328+ 33y + P =0
T

J N ,

Figure 2

4 Theorem IV

Theorem IV For a planar cubic curve with a cusp and a point S on the line connecting
the cusp and the inflexion point, three tangent lines of the curve can be drawn from S, another
line can be draw by connecting S and the intersection point of the inflexion tangent line and
the tangent line at the cusp point. The above five lines all pass through the point S and form a
group. The position of the five lines are relevant.

1) If the three tangent lines are given, then there are two possibilities.

2) If two tangent lines and the line connecting S and the intersection point of the inflexion
tangent line and the tangent line at the cusp point are given, there are two possibilities.

3) If two tangent lines and the line connecting the cusp and the inflexion point are given,
then there are two possibilities.

4) If one tangent line, the line connecting S and the intersection point of the inflexion
tangent line and the tangent line at the cusp point and the line connecting the cusp and the
inflexion point are given, then there is only one possibilities.

Proof Here, we also use the

f=(as(x —a1) + (y — a2))* + as(x — a1)® + as(x — a1)*(y — a2)
+ag(x —a1)(y — az)® + ar(y — az)® =0

to represent this curve as in [1].
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In [1], Theorem I says that the image of the map (a1, a3, a4, as,a6,a7) — (c1,c2, -+ ,¢q) is
a variety of four dimension. For this theorem, point S is on the line connecting the cusp and

the inflexion point implies that ¢5 — a; = 0. ¢5 is a rational function of a1, as, - ,ar, i.e.,

Cso

o5 = =2,
Cs1

Thus, the parameters of the curve f = 0 must lie in the hyper-surface given by the equation
05() — CL1051 =0.

The image is included in the hyperplane ¢4 — c5 = 0. We use c1, ¢2, 3, €4, cg as the parameters
of the hyperplane. Using Maple,

factor(Csp — a1C51) = D1 Do,
where

3 2
Dy = ajar — aza¢ + azas — a4,

Dy = 3@%@7 — 2asag + as.

Thus, the hyper-surface C59 — a1C5; = 0 can be decomposed into two irreducible hyper-
surfaces, which are represented by D1 = 0 and Dy = 0, respectively. What we get from Maple
only tell us that Csg — a1C51 = D1 D5 in the field Q. However, as there is only one linear item
of as in D; and there is only one linear item of a4 in Do, we can conclude that both D; and
D5 are indecomposable in the field C.

Lemma The parameters of the curve f = 0 satisfy the equation

if and only this curve is degenerate into a conic plus a line tangent to it.
The lemma is proved as follows. The generic case of a conic plus a line tangent to it at
(a1,a2) can be represented by

(do(z —ar) +y — az)(do(x — a1) +y — az + di(z — a1)? + da(x — a1)(y — az) + ds(y — a2)?) = 0.

If the curve f = 0 is in this case, comparing the coefficients of the two equations, we get

ay = dody,

as = dy + dadp,
ag = dods + da,
ar = ds.

By Maple,

simplify(subs([aq = dodr, a5 = di + dady, ag = dods + da, a7 = d3], D1)) = 0.
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This shows that the parameters in the degenerate case is on the surface D; = 0. Now we consider
the map from C° to the hyper-surface Dy = 0, (a1, az,do, d1,ds,d3) — (a1, az, a3, as, as, ag, ar)
defined by

ap = ag,

Az = a2,

az = do,

ay = dody,

as = dy + dadp,
ag = dods + da,
ar = ds.

Using Maple,
solve([ar — ds, —dod3 + ag — da, —doda + a5 — dy, —dody1 + aa, a3 — dol, [as, do, d1, d2, d3]),

we get the inverse map from D; = 0 to CS.

a; = ai,
az = az,
do = as,

2
dy = azay — asag + as,
dg = —asa7 + ae,

d3 = ar.

This indicates that the map (a1, as,do,d1,ds,ds) — (a1,a2,as, a4, as,as,a7) defined before is
an isomorphism between C% and the hyper-surface D; = 0. This shows that all the points on
the hyper-surface represents a degenerate curve. The proof for the lemma is complete. |

The isomorphism between C° and the hyper-surface D; = 0 is consistent with the Jacobian
conjecture as the case of polynomials with degree two which has been already proved to be
true.

Now we return to the proof of the theorem. As in [1], to find the z-coordinate of the tangent
lines of f = 0 passing through S, ¢1, 2, c3, we need to calculate

resultant(f, f1,y) = ar(x — a1)® fo(ar, as, -+ , a7, ),

where fo = F32% + Fha? + Fio+ Fy. Please see paper [1] for the details of Fy, Fy, Fy, Fy. Then,
1, 2, c3 be the three solutions of fo = 0. We have fo = F3(x—c1)(x—c2)(x—c3). Comparing the
two representation of fy, we have the following equations for c¢1, co, c3. F3p1—Fs = 0, F3po—F) =
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O,ngg — FO = 0 where

p1 = —(c1 +c2+c3),
p2 = c1c2 + c1¢3 + C2C3,
P3 = —Ci1C2C3.

Asin [1], ¢4 = a1, cg = g—g“l) We have

wsolve([Cs1c6 — Ceo, D2, cq — a1, F3p1 — Fa, F3py — Fy, F3ps — Fy),

lar, as, a5, a1, ¢, ca),{Cs1,Cs1, F3,ar}) = [or, ag, s, 1, Y6, V4l

where

Y6 = 3cace + cap1 + cep1 + pa2,

Y4 = ¢ipT — 3¢ip2 + capips — Yeaps — 3p1ps + P
Here, we regard as, aq, p1, p2, p3 as independent variables. Given py, po, p3 is equivalent to given
c1,c2,c3. Note that from 4 = 0 and ¢ = 0, for fixed p1, p2, p3 we can only have two possible
¢4, cg. This means that there are two possibilities for the group of five lines passing through S

if three tangent lines are given. This proves Case 1).
For Case 2), we use

wsolve([ya, Ys), [ca, €3], (c1 + ca + ¢3)> =3(c1catcre3+cacs),—c1 —ca —c3 + 3c4) = [Df), D§2)],
where
Df) =C1C2 + €1C3 — €164 — C1C6 + CaC3 — CaCy — C2Cp — C3C4 — C3C6 + 3CaCo,
D) 626} — chencs — chenco + 36} — chencs + ek — exchn
— €16506 — €123 + Bercacscs — €100 — C1C5C6 — C1C3CG + C5C3 — C5C3C6

2.2 2 2 2.2
+ c5cg — Ccac306 — CaC3Cq + C3CG-

Here, we regard c1,c2,cs as independent variables. From Df) = 0 and D§2) = 0, for fixed
¢1, ¢2, ¢ we can only have two possible c3, ¢c4. This proves Case 2).
For Case 3), we use

wsolve([ya, Y6, [cs, 3], (c1 + ca + 3)? — 3(c1ca + c1c3 + cacs), —c1 — c2 — ¢3 + 3cq) = [Dég)7 Di())g)]7
where
Dég) =c1C2 + €163 — €1C4 — C1C6 + C2C3 — C2C4 — C2C6 — C3C4 — €3C6 + 3C4C6,
Dé‘o’) chcg - C%CQCg — 0%0204 + c%cg - cf0364 + c%ci — 010303
— clc%C4 — C1C2C§ + 6creacsey — clcgci — 010304 — clcgci + c%cg
— 630364 + C%CZ — 020304 — CgCgCZ + c%ci.
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Here, we regard ci,ca,cq4 as independent variables. From Dég) = 0 and Dég) = 0, for fixed
1, C2, ¢4 we can only have two possible s, ¢g. This proves Case 3).

For Case 4), we use wsolve([y4, Y6, [c3, c2], (c1 + ca + ¢3)? — 3(c1c2 + c1e3 + c2c3), —c1 — 2
—c3 + 3cq) = [D§4), Dgl)], where

4
Dé ) = C1C2 + €1€3 — €1C4 — C1C6 + C2C3 — C2C4 — C2C6 — C3C4 — C3C6 + 3C4Ch,
4
Dé ) = 3c2c3 — 3cicacy — 3cicacs + cich 4 cheace + it — 3ciches
— 3010506 + ClCQCi + 10c1cocqce + 0102c§ — 301@2106 — 3010462 + c%ci

+ cacace + Chck — 3eacics — 3eacach + 3cac.

Here, we regard ci,cq4,cs as independent variables. From D§4) = 0 and D§4) = 0, for fixed
c1,¢4,c¢ we can only have two possible co,c3. However, there is only one possibility for the
unordered pair {cy,ca}. This proves Case 4). |

Figure 3 shows an example of this curve, where a1 = 0,as = 0,a3 = 0,a4 = 1l,a5 =
0,a6 = 1,a7 = 1 and the curve f = 0 is 2® + zy? + y> + 4> = 0. The real part of the
curve is shown by the curve with label 1. The origin is the cusp point. The y-axis is the
straight line connecting the cusp point and the inflexion point. The straight line with label
2 is one of the tangent lines passing through S. The line with label 3 is the straight line
connecting S and the intersection point of the inflexion tangent line and the tangent line
at the cusp point. The straight line with label 4 is the inflexion tangent line. Two other
tangent lines passing through S are z = %\3/1 — %\3/5 — 34—1 + %ﬁ(—%xﬂ — ??—1\?/5)1 and
v=2Vi- 22—+ — 1V3(—Z V4 — £ V/2)i, which are not real lines.

Do+ +y2=0
T T

Figure 3
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