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Question Ii Given an

ahkdueeddfkly.itis a deer set of a prime sided 圈

lemma5.2.1 Rosenfeld's Lemma f mi

If fEKH.inn3patiallyreddwrt.stlenfE
的你

ffHT.lemma5.22_z_ld
Abeanautoredueddinkdyw.it

a ranking R Then A isafdadeisfic.at

of a prime Sidedㄑ 的HE is a prime

algebraic ideal in KM and 的He contains no

midian
proof Take a minimal subsetVE

Mst.AEkn.LdFffEKVJkmENst.tk fEAR
Then we have A HE 你 un

and
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k
H8hKNJ.Indd.ltfEA1 HI I mEINs.tt 的⼆

属乐A
Gf KM

Rewrite f and Gas fpdys in GNN with afiends
in KU then fzfiMMiadGFEG.im Mi und

Mi being dostindfmownidsinGMN.hn we have

hi.fi ⼆ 者Gi A i.e.fi E你 So ffp
and 仙泊业 侧 啊 Similarly 你池州8 11们 follow

By lemma5.2.1 Stank ⻔冲减⼩⻔ 将

Sine sata is a prime Sided 你 is a prime

ideal and wngdty.AHEP.hn is prime too

Sine As a 8 cladistic setof Sata

的你 contains no nonzero polynomial

veduedw.rt.AEWe first
show sta is a prime sided

Given
f.fEKMwidfffsatH.letnifrenf.thnzm.me

Nst.thf 三⽄ mod的 and
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Hff 三上 mod 的

r.EE Sata and it is partially reeled unit

By
lemma5.2.1 V.IE CAME Sine 的多

piiEAigorhEGigsofESagwfisdtgandsd.tl
is a prime sided

It remains to show that A
isadarsetofsdtiletfschandkfremf.N.hn

by lemma 521 VEAHP.me Ahfahns

no nonzero pdyreddw.rt.A.to
Thea

is a characteristic set of salt ⽬

12亝 Given an auhdddAEKM.hu
V to be the setof all derivatives appearing
effectively in A By the ptffhma6z 2

A.is a f char set of a prime sided

A is a charset of a prime algebraicideal in 炕
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A is a dust of妼⻰如 which is prime

So we now reduce Question l the problemofdead
uhdhanadoieduedsetffpdysisadar.ttof
a primeSided to an algebraic problem

17唑 Irreducible Ascending chainsand

Irreducible algebraic Varieties

To distinguish notions between thedifferential and

the algebraic cases we call an aloud set

in the poly ring呕 灯 an ascending chain

And in 呕 灯 we only have
elimination ranking

which is also called variable dig R 从 ⼼ Xin

let A ⼆A Ap be an ascending chain in

Kai u.x.i.xplwr.li theordering uauxandldAKXifip.hn tis ofthefu
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Af
A ⼆ IN 叫 Xitxx 以 4 __ x

AEIdd.iiddxiitthttn.tt It
i

Ap⼆年么 纵⺥州Xǐ⼗州
州东⼗咖

where degiAi.xjkmjfradi.jo

we now introduce thenotion of inedible ascending
chain

叶 Irreducible ascending
chain

An ascending chant is said to be iwehbl

if A possesses the following properties

Let Kiku ud be a puny
transcendental en

field of K by adjoining U ud A considered as

a poly ink 区
⻔ is inedible ink 区⻔

Take a solutiony of A.Niko andset kik 你
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Ā ⼆ 名 u Ud.gl NE K 以了 is inedible
Take a solution y of Ǎhko and set kik 你别

Āi As Mild 别 2 x If KID is irreducible

顾 a solution y ofǍ Fo and set Kik 的 别

suppose
that proceeding in the same manner we get

successively algebraic
extensions kik 你 别 and

iwdiblepdysE Ailui.ua ⽇ 1it Xi Ekin

and a sddongifrzii
p.deobtained point jiu ud.y.i.jp is called

a generic point of the irreducible ascending
chain

A

Note he iredueibih.ly of A couldbe
determined

mechanically relying on fdoizal.im algorithms on towers

of algebraic extensions egger
algorithm which

we will not enter in the course
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lemmas.net let A be an irreducible ascending

chain with a generic point jin.ua y 别

and f E ka Ud 从 们 Then

pmlf Nofcgko.lie.lremainhoffw.int.A

Furthermore at 腓⽩江8is a prime ideal with

A a characteristic Ūgi midwest
generated

㝈

P kttA.i Akdkp7 hn 报

is an irreducible ascendingchain in kin ux 灯

with a gemini point did day 别 We

shall prove by
induction on k the following twoclaims

CCIDIdjltofIbiiniHAH.CC
到 If RREku.nu x 灯 is reduced wrt

Ak and Rufino then REO

Fist note that Cbi is a consequence of Gm
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see a is obviously true it safe to prove

an by
induction on ke

For bi if R is reduced unit AFA then

degcR.x.kmidegcA.x.ie But RG.to so

A.IR the RF co follows

Supposed到 has been proved Consider any

RkE Kui u ㄨ 灯 reduced with and会吓

Rewrite Rn as a poly in 在 then

Rn It sit ⼀⼗ Sr with Sitka unit

and kmideghxkl.SineeRkisddw.r.li

heads is reduced unit Am

Since Rniko nisinit.tt
and rank we have

sigkofreahi.Byindud.imhypothesis 到 仁 i r

Thus REO By indudion.CNand Khan proved
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If premf.tk0 Ili EN st

iif EA

Sinead AicjkoandIiljHolii.pl
fcjko

Conversely
Spsfgko.LetFpremlfN.denrcjko.Byp.Eoii.efag

So asatHFHEKui.PH j 0了 flu

him is a prime ideal with A a

cladistic set 回

In h following we shall give another

characterizationof the iredueibihtyofascending
chains

Assume now A A Ap is not irreducible Then

I kst.fi A Am is irreduciblewid a

generic point jiu ug ⼀ 拟 and
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灰 Ekǜl 姤了 is reducible with

成⼆

ggignwbreeaehgiEkglhiisihueibleandbzs.ie
the denominators of coefficientsofgi are

polynomials ing bymultiplying a common

multipleof the denominator we get

5否 ⼆ GT

ci.uhereDEKU.nu⽕ 仙了 GEkhh.nu 㣺 灯
and E Dn and GE Gig ⽕

giteDAn G.tn as a poly in Xk then

DAE Gi Gh ⼆ 点 Rid Ud 㣺 灿 发

ten Biáii ⼆尽你啦 ⻰
Vi Big ko ie Ri Eat Am

So 丑 诋 Vint st Ii ǙRE Am
Let rjmfij 了 fj hkt.hn
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Iii DAE GiGuk Am
⽐ D iIDandGEIiIG.GEGi.li以
Then DAk Gii.GE Am

By performing reductions for D'and ed Gi unit
Am Am AinWnwhen necessary we may

assume D

and each Gi are Valued wit Am

If D'orsome Gi is not reduced with say
not

redueedw.it Am the perform reddin forD'and d
G w.it_Am then ⺕ a.eienENS.li

亚却动 modHml Iriii Gin mud Amfdemhigung.fingn
D.mu Gi reduced

u.tl

In thisway we shall秕 D Gi'reduced
with

The we have the following

lennaihma52bg Given an added at

A A Ap if A is reducible then I k

lip and polynomials DE Kluiiux ⼼了
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GE Kui Ud㣺 灯 似 以2 will degGi名 0

Dad Gi are redueedwrt.tk suchthat

Abi A AH is irreducible

and DAEG.si Gnmd Am

The NAGFNGDÀIUǛNGG㓱凶
where If 击死

prfteftpatflhw.fm
the discussion

before the lemma 在 remains to show Ahhh

Nde Ch UEENHKN.zi.GG 0

So eider SENA 吖到 or SENNA以Gif
on theotherhand
NH.DGIENAhadfeahi.fEENAHA.si知

Abi 纰 G 纰 ⼆ 呱 名作 豳仙纰
名作
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Thus NAGKNH.DhujlNAB.GG
5.2.7舆 For an ascending chain A 㶭 ⽬

to be a chart of a prime ideal A is irreducible

sat 亚 Irreducible decomposition for dofwod.ie
let t A Ap be an auhredueddinkli.in

By Emma5.2.2 A is a f.br setof a primeSide

A is a charset of a prime ideal in KIX
嗯个剡

www.nhodueetheudionoffiwedueibkauhoredudsetsDefwl8 An dthddtA.is

tpisaddSiNedueibleffrUk 1tep therecannot

exist any relation of the form
DniAk GkiGrand 挝⻔

in which Gmand Gk2 are fpdys having thesameleader

as Anand reduedwr.t.tk while Dk is some8poly

oflower leader than Ak and reddw.it Aki
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In the contrary case we say that A isfnducibk.w.itR
T an autodeed sett A Afk烣we said

an ascending chant A An considered as algebraicpdyznKMIwrt.awidleadingwith 仈0HQdaK
ddHldH.kldAzkddkandtheorderingof ⽐刚

Thenliqlīthibihyy inducedbyR

For an ahdudsetAEKM.to be a deer

setof a prime Sided it is necessary and

sufficient that A be S
iwedueible.pof.Itsufastshowt.isstable

tisrdibk.EU
spsAisfredueible.hnikP Amisfirr

7D G.GE 烆 with
ldbkldAN.tdCGFARD.G.Gzredudwrt.dk

st

DAE Gift FĚGA 1

If I join Hstcij to take 让嚩⽐的 你⽼了

say uld Ai Sina Ait Sait T substitute 让 É
and I
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into both sidesof Handling denominators

we get an identity still of the final with CioAi remo
proceeding in the same manner we will finally remove all

such terms and arrive anihlyDAEG.si yi Ai
GA is reducible 四

Then champion
Theorem

Strong Fwm

There is analgorithmicprocedurewhich permits to detect

whether 𠶖 4 forany finite subset2⼮ 啊 and

in thenonempty use to fompose.lv in thefollowingfor

NE ⼆点 Vakil CD

in which each Ai is a

firehibkauhehdsetandotRiS renhiG.fi forsome nonzero Spi

Nf By the zero decomposition
theoremweak form

we can computeafnifenunberofahdddscgst.NEFIMGHcgl.CI

uhefbeGHolandcsjsb.sn
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If forVj Gia korfrencHcsi.sk 以㺪中

If all the csjwefiwedueible.fm 2j
frennHcss

bydeVedudion formula Nishi Nishi and
a decomposition ofdeforma is obtained

Supposesome Gc G is sreduable.hn

⺕ k ⼩川 st.csj.kicigissitlueibleandlSG.SEKMredueedwr.t.CS.ktwiddbkldcaiadldCG.tl
did satisfying

Dai GiGmd G 则

let di ski It is death

NCGHjNCCSDAGNNCC.GHPUNG.GS
3

By lemma5.1.2 a basic setof GUM isflowerrank
KidGin

than G GU ki

Applying th weakformof zerodonation then toed

memberof 13 we can replace us Hg by a fine
union of Nikki 叫 with each added at
a is of lower rank than Csi
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perform thedoveprocedures for
edfredueibkadoredsetcg.in

2 we shall get a decomposition didofa

formal with edsreducibkcsjbeingreplaedbynewaehedued.de
of her rank than G f in the

new form there are freddie added sets we

performthe above procedures to replace denby and

sets of lower rank Repeat
this process recursively.and

this recursive process will finally
terminate For otherwise

we shall get a strictlydecreasing gene of dodd
sets a contradiction Finally we will get a deposit

NEE fi NCAjhpj 㐼

where all the Aj are
firedueibleadBEKMkildRifrenkt.Ajl.tn by th redon

formula MA你测 N体侧
If Go NA你咋 did we can omit dna term

from 4 Thus a donationof the final is obtained
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鬣装𨰻䲜箭 ve a

decomposition of NE forany finite setof8彬磊
into a finite union of irreducible fVarieties

以 ⾮ insta
where

tiarefiwahhdsets.p
Byhreu52 la afmtenuherof

iwauhrddsdd.n.ae can be
gutdsi.lu

到 ⼆ ǗuAiki with 规 timid

Note that for Ui NAikikNA.fi
EN sat刚 so 啊 EliusdttiD.tka generic pants of atAil then Ai Go

and Rialto So LENA iki END

The Matai DEMI for Ui and

Gustaf NG follows 因
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