
Rin In order to measure the Sizeof a differentialvariety lie the
solutionsetofdgdfgatonD.ae ihued the notionofdeferentialdimension
时43.1 let VEN be an irreducible NandyoverK and KD bethe
dffationdlfmdimfddofu.de differential dimensionof V is
defined as thediff transcendence degreeof Know K that is

8dimNFStrdegknk.hnarbitrary V withinediblecomponents Vinfdimhkmaxifdimhik.mgIf V is inediblewith a genericpoint guy ⼀ 别 then
l SdimNFS.tidegkgYKGKVFKi.in不归⼮叭趴灭泥坯1
2 SdimNk thecardinalnumberof a parametricsetof𤤳 DefinedEx

bmma_4nu let V be a 8 variety and WE V
a subvariety Then S

dimlwkfdimM.ptof First assume w and U are both irreducible WE V implies
that 玭 ⼝正⼼ Suppose s dimlwkdandly.in
d3isaparamdicsetofINIdeadyIMNY炸 103 and Hit
is a Sindependentset modulo IN whichcould be extended
to a paramedicsetof 𤤳 Thus 8dimg fdiwn.cl
Now let U and and W be arbitrary LetW.be an idea

componentofW with Sdimcwffdimlwt.hn W is contained

in an irreducible component V of V By the above
S dimCWF8dmcw.kfdomcv.IE 8 himM 图

Exercise Let WE V be two irreducible Svaidiewithsdimcwl
S dimM.IS WN
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It is true in thealgebraic case butnot valid indofhiddgeba.NOe letW Ncy7ElA'andV Ncy7EA Then

WE V and Sdimwkfd.im V But wt U
a example shows that the differential dimension is not a fineenough
measureofsize thus we need a more discriminatingmeasure the
deferential dimension polynomialofanirreducible 8variety V or亚以

⾠ idea ofHilbert polynomial forhomogenous ideals suggests that
it mightbe a wayto considerthe truncatedcordonderingbyorder
Let PEKH.inbe a primesided Denote kiiyiik.it
and let Ripnk 㥃 㥃 Then R is a primedg.inwith dimension dimptl.kdh.in showedthat for too donny is a
numericalpolynomial Westate it withthe languageof
fddtsionsTheoian43.3ClLetPEkH.i灯 be a prime sided
with a genericpoint rn 则 Thenthere on a numerical polynomial

WpHERE with the following properties
D Forsufficiently largetEN.dimptkwpltliztwpltkdlttlltswithdsd.in

NPD and some SEN
3 ComputationofWpt Lett A Ae be a characterset
of pw.it someorderlyrankingof NHSY.ikEN in 了and

suppose ldAikt.hn wpltkrnutntii
4lwpltkncttll FEOJlie.lv伙们
Wpltko Mp is a finiteset
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对434 let VEN be an irreducible differentialVarietyK andFIN
TheaboveWpais definedas the differential dimensionpolynomialof
por V alsodenotedby

wutihu43si Dede籼的 hgii igii.li ign
deady yisageneicpointofPtEK㥃 㥃
So dimcptktr.bg Kik Readthat
Teach AEA Ago and 的Ho implythat Utd

裕如
啲 is algebraic cover Fcggi 烰 UA.jti.nl

Repeated differentiation shows that if V is anyderivativeofUA
then up is algebraic over Fl悭 悭 v.in
let M denote the setof all derivatives烂thatare not
derivatives of anyUA AA and ⽐ MltkMN.ktj b.in
So for t maxls.i.se了 we have that
147到 is algebraic over klnvtnuD.CH

Arrange Hi kit it 叫灿 in inereaeingadeiukui.fm thelove d.is dgweiK NnnuDandH1anbeshaonbyindudionThus.dvmlptktidegkljtDKcardlMUD.finee Mu l hi hi 燧 iiliil.MY 为 硭批⼈北
deivahwidlesicwidlepatcdlMuklnllltt.ltĚsi So dimylnlllttDtsiftymaxk.i.seDeneteWpltF n l lttyt款 Thisfinishes
the proof of Dad
Toshow 4 wptkncttn MUHyjkctijli.nl P GJ
Andwplt1 otMHkd ldAHY 州 NCPisafowte.at
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1 1 1 1
It suffices to show Sdimcpkn l.to complete the proofof 2
Assume dsdimcpiftidegkpk.W.L.coG let
g gd be a diff transcendence basisof Kp werk

Thus Wptktrdegk.ci ni7KhlttDti3tr.degKcg的⼀⽇㥃从⼆ http
and nbd follows
conversely let lz.iiznekH.iihNY.cn You了
sineeanynonzaopdyinklz.itndisredueedw.r.tt
we have kk.i.int p 10了 Soft Zne is
an independentset modulo padcanbe enlarged to be a
parametricset of p Thus nlsdimcpkd.Henee.nt d S dimCP.la
Remark DThe 8 dimension polynomial of an irreducible
8vanity VE An is of the formwvtkdlttits.uhwedfdmcn.denumbers is defined as the orderof V denoted
by ordM Theorder is the regions definition for
the notion thenumberofarbitrary constants of thesolution
set of algebraic differential equations

2表n the partial differential case K IS ⼈了 we

havesimilar notionof differential dimension polynomial There
wvdiamlltawultlt.nta.lt tilt a where
am ⼆ flinch
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Example Let Wii EA and UNM EA

WGV.butfdimwkfdimNFQNotethdwwtklandwutk2

denext propositionshowsthat 8dimensionpoly is a finer
measure than8 dimension

g43，55 Let w.VE AnbeiNeducible8variehiesandwEV.ThenWwltKwvlt1
proof Let TIM and RIM Then

we implies that RE R
So fat sufulylarge.lt

RnKG𤋮 炉归 RAKE們 不到
consequently www.dimpnKE YJ

dimp.nl 㥃 ⼀ 㥃
Win for t 图

We end this dion byshowing that an irreducible fung
is dofdidybirdiondy equivalent to an irreducible

society of dimension l
We now identify elementsof the differential coordinate ring

KNFKH.in州到 with K valued funding on Vandcallthem
dif polynomial functions on V Andeach ed of Kan Fran
canbe identified as a differential rationalfandom on V If
AEV.flgEKDisdefnedatyifggltolf.geKM
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Ng d f g y l f g 了

Def4.3.6 Let VE A and WEAmbe irreducible 8varieties
over k A differential rational map qvwisafamilycfi.fmEKV7msudthat4gHfg1ifmgDEW
whenever the coordinatefundionsfi.fm are definedat y
Y is called dominate if the kddwnclosureof 㤈 is W
Orequivalently 4maps a genericpointof V to thatof w

And f is called a differential binational map if y is dominate
andthere is a dominant differential and map
4 W_W called the generic iwweofqsuh.tt
off is defined at y and4 is defined atqyhn幽州if 4 is defined at sandy isdefinedat413 then灿⾮只

In this case we also call Vand Ware 8

birdiondyeguivdent.Im4net Suppose Ck 81 contains a nonconstanted
Let PEklu.nu y 不 be a prime sided with
a paramedic set µ Ǜ Then ⺕ a and EK
st p way andhndkklui.nu Y youuh
has a characteristic set of the form

Xu u wi
I laid wlY

Thiiud.wliIndldiiuuhd Tnduiiuwlw.itthe elimination ranking uk cucwak.ci n d
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proof Let y in ūd 下 䃾 be a generic pointofR
Into hand new differential indeterminate 㣺 ⼊ndowkp.ltJ p W M r hn dhdJEKluiiddiliihdd.i hd.li
Then J is a prime Sided with a generic point
3 ū ūd 六 屁 ⼊ And ⼊⾏ ⼗AndThe
Sine Sdimcpkdstidegkpkdandftr.bgKDK stidegknktstidegkpa.in你

d nd n
So Ji JAKI Ui dd⼊ ⼊nd.WStoJandluUd⼊ And is a parametricset of 不 Let
Rdiuiiish d.vnbe a characteristic setof不 unit

the elimination ranking ui usksh dw.DenotesordcR.uso.SineeRCiiiu⼊ ⼀ ⼊nd ⼊六⼗⼋⼗⼋mind 0

for ji nd takethepartial derivativeofthisidentity
w.it ⼼ on bothsides then we obtain

⼀

靠 ⼗ 蕊学 ⼆ 0 11

where靠and驅 we obtainedfrom曧懁 by substituting
Child ⼊ ⼊nd 以⼆ 不 画 ⼊ ⼊nd ⼊六⼗ ⼗⼋叫刷
Me that 器件不 so 蒜 to As䳼 E14折⼊hisnonzero bythe nonvanishing theoremofnonzeropolynomials
⺕ a and EK K contains nonconstant elements st

篚 Li KANG let Iui 吐 蕊kiaii.nu
EKM.nu uh Then Ilūiiūd aittan.dk㡭 hi
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let 正 P way andh dkkluiui.hu 以
Then Ja is a prime filed 啩 a generic point si
ū 画下⼀厕 a䦹 ⼗andFd dearly Iluiiud 以灯
⽐ Tjlui.ua以⼆靠kiai.it rue BY CD

Icu uwlf
TjcuiiuwlEJa.sineeftidegkzhtd.Jankluild.nl

玩了with
a parametric set In us So its cladistic at cons
of a single 8polynomial Let xcu.nu 以 be an in
poly consisting a characteristic setof Janklu.int以
w.it the elimination rankingR.uk ucw.Forea.li
takethe differential remainderof ⼯学 Tjw.it X underR
sina.I4Jankluiiud.no fremg jXlisofthefmIjYjTuheieIj TEK Uduh与4套
亝 Xcuild.us I Y⼀下 Indhd ln.cl
is a characteristic set of Ja wit the eliminationranking u.cc uwdc h.de
Indeed ft f Ja ft perform the Ridkd.hnreduction
process for fw.it I不 Ti Ind ht Td then we get
foEJanklu.nuuh thus f could bereducedto 0byX
Thus we have proved the theorem

Panahi表 above irreducible xn.nu 以 is called
a differential rent of por NCD
2 With the obtained a and we have

80



81




