
Red let R 81 be a differential ring and I be a differential
ideal of Billie I 412and 和 红

I is radical if FEI forsome nEM impliesfI.eeI is prime if It Rad abEItaEIorbEI.deoienl.noLet I年年12be a radical differentialideal Then ⼆二品腻
蘸 Let QE R 81 Then we have

i is了了 ⼆二 TJ for SER
们 Ead maximal differentialideal is prime

noDifferential polynomial ring KH.i ihikcifiENiji.in
EadfEkHiiYnl is called a differential polynomial
let Ezk be a differential closedfield containing kadFKH.in
NEFKfcaiianlEEnlfgiioufEFI.is add a difhd
Variety definedby F replacing8 bygig in f

In this chapter we will prove the differential analogofHilbert basistheorem
for thedifferential polynomial ring i.e the Rit Raudenbudba.is then
Beforethat we first introduce dandiest method which is thmain
computational tool in differentialalgebraandalso could providesane theoretical
insight theidea behind dendritic sets is similarto thenotionofGilmerbasis

Section21 Differential dadaisle sets
MotivatedExample Idealmembership ǐobhn
In Q1的 everyideal isoftheform Idf forsane fan

Bythe Edodean divisiondgoidmgcfrwlnremlgfl.hn
gE I FO
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In dx Xn given an ideal Elf fkax.in nI
weueGiobneibasistotestuhetheigEI
Howabout tkdfnhdidealmembershipproblem dogdeadend

Let Ck 81 be a dfididfddofdadeic.no ⽼老老differential

Hynomòdring KHEKH.in inthedoffvariables Hi 闳 canbe
viewed as a polynomial ring in the algebraic variables

MEfiyliEN.jl in i.e.kM KI

MD.Adiffehlidrahingon lY is a total ordering on an satisfying

a lk8cu1forduEiDandMfu.vEcDwiduN.then Suk8以

Example Theset 0㖄 18州 iEMhas a uniqueranking⽕火姚 5414纵
Two importantdings in OHMare thefollowing
DElimination ranking Yi 学 8咖dyjlfanyk.lu
z Orderly ranking kd

skyshfordijEN.hmaz.tl
Every ranking is a wedding lie everynonempty

subsetofOHM
has a least element
proof let UE MadUtf.Foreadjc lli.in 0fziENst8iyj1EUthensetkjminlil8lyjkUlandset ujtgl.hn deleastdt
of U is thelast elf in the finiteset of dj's 图
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Untilthe endof this subsection we assume a ranking R is fixed And
by convention Kill Denote suicidal by a a áckigh

Def 212 Let f KH 州K The leader off is the largestdtof
Mw.rt.Ruhd appearseffectively in f denoted by UforUP
Bythe twoconditionsinthe definition of ranking for dicN.lk8灲 5 Idf We write f as a univariate polyofUf then

fIdydtIdlfft tI.lt I where Ii isfreeoff
and ddeglfUH The leading agent Id is called thinoffand denoted by If The pair rkcf Ufdl iscalled th rankoff

Example Let f YF4YEQM.hn Ufldf y and If I
Apply Sto f thenwe have 841江州 4Y
So weget hi Y ⼆二8141 and Ig Y ⼆二莎

Note that in theabove exapkideglafl.us㖄 and Isi i
Def21.3 Let fEKH.i.hnk 是 is calledthegait off denoted
by Sf

Remark D f 懿成 84⼆二点Iigtdng
⼆二建Iiiyyf⼗十点𡛼伏⼆二 Sffllflt⿎鼓倒Uf

Notethat UsiHUH Isi Sf and degcflfl.gl 1 ChikD
Also for bro Skfkghflt tailpolyinvolving hide lessthanshy
So U漸冰侧Iskif.deglshfl.UH.lk.SIa 8field cdg our Keg thereis a uniquewayto make幽 gaff
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1
21By convention ffEKkh.lt

Def2l 4letf gEkM We say that f is partially reddw.rt.gr
if noneofthepiopwdwigIIgappearsfdivdyinf.cilug with i 0

Example 11Let fpigytl.si nagy andnoneoftheproperderivativesof
Y appears in f.fi spatially reducedwrt.g.zlletfzysiyandgytl.siuesugkscy appears in the ft termofff isn'tpartially reduedw.it g

Def215 We say f is reduced w.it g if
Df is partially reduced wit g and
2 degcfugkdegcg.gl

Def2.1.6 A subset AEKH.in this called an autoreducedset if
any dtoftisreddw.it anyother elf of A

Remark If anadducedset A contains and AtNo了了 then At AI

lemma21.7 Every autoreducedsetof 叫 this finite
proof Let A bean added set For each inn

there exists at most one 8polyAEAsuehthatldAF.frsome KEN for two fpdy A Az will煅⼆二8的们 couldn't

be reduced unit each other Thus Aku 图

Forthe partial differential case we need to use Dicksonlemma
to show every dodd set is finite
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l l f

Def21，8 let f.geNY 州K Wesay f haslowerrankthanglfcgjifrkcfkwxrkcgl.luis a wedding of 01伙们
By convention each地 of KIN has lowerrank thanedsof KMlk

Notation We usefsgtohoteeidwfgorfadgboethesanerank.liis a preorderamong MY 灼

In the following we write an added set in theorderofinningrank
i.e AA Ap with

rklAKurkCAzkceiaexrkCAP.lt
A ⼆二A Apand B 13 Babe twoautoreduced set Wesay

ALB if either 归 kkminlp.dlst.V isk.VNtikVkBiandAkBkoizpq andforeach it 坂侧⼆二报侧

If neither AB or BA we say A and Bare ofthesamerank
A and B havethesame rank pieand ti Ep ikAikrkCB.ie

Say ts.rs if ACB or Aand B have thesame rankEisapreorder

Example Consider KH.li andtake theorderlyranking with it
Let A A⼆二 ⽕火1年年1 Ai Yi坫了了 叫不不⽕火423and 1继位了了
Since rklA.prkCB.l.BA Sine rkcA.krkc.landAHH Ad

prop219 Any nonempty set ofautoreduced sets in HYEKH 灯
contains an autoreduced set of lowest rank
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proof Ld U be any nonempty setof dodd setsofKM
Defineby indiana segue ofsubsetsof U as follows
U.EU

for in define Ui HEUit㑎螀筑ofA isoflowestrank
Then U 20.2 By lemma2.1.7 ⼆二 itNladudyien
in the ordinary differential case st.li ol and Unit
Actually any dt of Ui is an autodad set in U
of lowest rank 四

时2.1.10 Let IE KM be a differential ideal An autodud set
oflowest rank contained in I is add a hedonisticsetof I
withrespect to thegiven ranking

Next class D Differential pseudodivision ofafpdyfw.rt.anauhdeed.atA
Another characterizationof cladistic sets
Rilt Rdenbudbae.is them
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