
 

find Equivalent definitions for darden sets ofa differentialideal I
Let A bean autoiedueedsetahonedinIwntafdrahig.hn
NA is a chartist set of I
N tis of lowest rankamong all ahieddsdsahoninginI
DFweadft.frencf.tl
l4lI doesn'tcontain a nonwofpdyreduedw.it A

Note EfrenGA thediff remainderof fw.r.tt satisfies thedelon

莳⾃江 if 三Vmd 间 forsome iA.ttEN
B 3 I Sata 册你 Ht l馛喇 it本吲
I前 41 SA IA红 for it Aft

A differential ring is called Ridin if thesetofradical
differential ideals satisfies Accordion Equivalently every had
good ideal is finitely genteel as a radical sided

Theoim223CRiltRdenhdbasletlk.SIbe a differential field of chandni 0
Then MY this RidNoetherian

proof Sps the contrary Then ⺕ a radical sided kli.in
not finitely generated as a radical sided
By Zorn's lemma I a maximal rdodsidjntfontdygwdasaidod.sideal
claim J is prime
If not ⼆ a bEKH 灯 a bcfj but dnt
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So J郅 a and JGSJ.li Bythe maindutyof J
⺕
fi.f.g.i.gtEJst.dJ.aklff.ch and lj bklg.iq bl
Here we use hnkko Think why
So JE䦺ailJ.bklfnf.ailgigt.by

El fig fib.agjilis.it
EJ

El figj.fb.agjzis.it isfnitdggendd K
Thus J is prime and the claim is proud

SdedaranhigRonMandtaheadarahostesdAiA.iiApoff Denote IS ⼆点 iIAi1
Jis prime I Sat的⼆间 HI EH D Indeed vfsdAzki.tiENs.liÍsf EAJEAI.TahetmaxfkitH.hn功能的
so Is ftAll fine ISEH If ⼀

fjs.tlJ.IS lf fed.Thug.TEJlJ.Is3J.lffe.IsIElfi
fe.AIEJ.Henee

J lf fe.lt Apl a contradiction to thehypothesis
that
jismtfmtdygenwddrddyewhhnee.KH.in

以 is At Noetherian 回
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Ihmz.ee Let R be a 8 ring which is RidNoetherian and
QE R Then for every radical sided I ER here exist a
finite numberof prime fills P Pest

I ⼆ 点 R.tl
www.ifHlisiwdundantlui暃胖们 then thissetofprime
ideals is unique In those R Pe are calledprime components

of Ie
NI Suppose thestatement is false ie theset

At IIIGKH.in this add sided and I is not a
finite intersection of prime filed is notempty

Sue R is RidNoetherian every ascending chainof radical fold
has an upperbound in A By zorn's lemma A has a maximal
element JE A dearly J is not pine So I abcfj
but abc j.hu Gal对 and 䟓 b了对
Also 可 alt R Indeed if not then I Glide 皉

QER.IEJ a and kftzx faBydcjadfisrddbskalEJVb.HN So b fbtzxbhlEJ.ahddingtobc.fi
Similarly GJ ht Rcould be shown
By the maximally off ⺕ pii.pe 贴 PeipineSided
in Rst l Jak Pin npě and

䦺 咋 Pinkie
Nowshow了⼆订 a Alibi Indeed let fdJ.ch 䦺以 then

ftljlIHEIJ.ch EJ ft J
The El J.ch们 以⼆ pin npinpn.nl contradicting

to the hypothesis JEA So the first statement is Valid
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Uni Suppose I ÈyijQjbeirdundantidwdons.F.rdjh
tfpiEQj.hnIi Elli list PioEG Indeed 8psthe contrary then⺕

fiEMQjfrednili.li Thug fff E䝫 j
similarly ⺕ j Elitist Qj Epi EQj.aeIjgisiNedudant.joj and Ri Qi
Thus ht and ⺕ a permutation 5ESest.PE Qci 图

G 225 Every pgrrdods idedIEKH.in以 chain
canbewritten as a finite intentionof primedeals
If E fi is inhand pi are called prime componentsof I

Example If 忙升了EQM Then

I 忙升 怕了 n HI chapter 3

Weend this chapterby giving an eagle illustrating a Sided is
not fnitdygenhdasasided.g.deradical Sided ME dxy is not finitelygadd
as a sided In otherwords there doesn't exist finitelymany fy
f fsEkfxihst.ly It If f
proof Let ⼆ 奶 Eklx yl and 正 灿灿 i.ieNEKlxyI.C1與 ⼯⼆ J
Indeed JEI.fi 姚⼯

化幽 V i.it N.xyHEI
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It is easyto du that I is a Sided and thefollowing fat
felt f has a termnot involvinganyYA orㄨ们

Thefeet impliesthat JEM is a radical filedand EJ follows

Now Supposethe contrary ie ⼆ fiiftkky3st.Ilfi.fi
Sine EJ then⺕征 NS.t.fEIxyioijtJ
Here I 如炒 aid
不 particular 悧悧E 如炒 𠯻

A substitute州 indepressionof悧炸 in
termsof 如州 gal

懙怍 州的 ii 幻 刚
逃州45Nzàa

Usethe notation in Exanpkl.yibazandlispank.hn逃啊
But Ei㤈 i 涨了 Nzqi SpankNbd
Indeed kaE Ey it E 灿灿 i拦幻

84渕 红灿灿 i 拦到AVan
Onthe otherhand tf y叫的 i in NonI

后鸞
iii

siueyicfspank.CN
逃州 灿灿 i拦的 contradicts to 凶 回
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Chapter 3 The Differential AlgebraGeometry Dictionary
let 1481 be adfrenhidfddofdaradeio.ltKNKKH ⼤了bethe differential polynomialring in thedeft
Variables 㣺 不overK AnyZEKM defines a systemofalgebraicdiffequation
The main objectiveofdifferential algebrais to study thesolutionsof
any suh system i.e dfid varieties our man protagonists

3.1 IdealVariety correspondence in differentialalgebra
Read the futons ofdifferential closed fields and differentialvarieties
For f KM 14㣺⽕了 andggiiynlEUwld.SI CKH
gisadofrdidzeooffiffgk0 Here fg meansreplacing8多

by ski in fly
E.SI is differential forall FEEH.innl whenever L 82CEgandgElist.FgFotheieeostsSEEns.t.Fkko.letckslECE81 CE.slisaddadifrediddosureofckaf
l L 81 is differentially closed and 4 foreverydifferentialclosedfed
IN812⼮81 there is a differentialembedding 9 Lcs Mui 怍idk

Throughout this chapter E 812 K81 is a fed differential closed field
By a differential affinespace we mean any En for nEN Anelement

g gnlEE is called a point

A set VEE is called a 盥 overK if ⺕⼆EKMst.KNEIEfg.EEflgk0 UfEZ
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Let THE varieties in En over k
Then丌 satisfies 1 中 En ET

2 if U 以 ET.VN ⽐不
31Anyintersectionofelementsof T is an elementof不

So T is a topology on En called the kdhn topology as an ad to
theZariski topology in algebraic geometry A 8variety is called a Kddn
closedset For a set SEE thesmallest 8variety withrespectto inclusion
containing S is called the kddinclosureofS denotedby f

For a subset SEE define

IKHfkfy.in州UTES fgko
It is easy to show that IG is a radical Sided in KM add
the vanishing sidedof s

prop3 l.li If SESE En then IG E Ifs
2 If RE REKM thenWERENCR

3 If SE En then让岴们 is the kdhn closureofSandIN FIG
proof i and i are straightforward
To show let 廵北区 f IE KM
Forevery fEZ HE0 f 政 So ZEID
Thus KNCIGENczkskl.huSKEV.SEV 正ME IS If HE正⻛⻄ then I

ywst.fmo.Setz IMUH.hnzEIGNE.RNCIGkVSineeAEVyEMI Sofgko 国
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Now we have two maps between Tand thesetofradialsided
in KNFKH.in灯

I 18varieties in En overkl sfraddsiddinkl.MYIN
ad

N frdodfiddinkM fs widi.inEnoverKS
J MI

corollary3.12 For every 8vanodyv.NCIMFV.hu正 is
injediveandwisswjedive.pioof.BY

prop.li 让洲⼆MIND ⽬

Next sedan we will give the differential Nudstden.dz then boththe
weakand sting analogues ofthe Hilbert'sNudstdene.dzHoran shining
corollary了1.2 wewill show正and Ware inclusionreversing hide
maps For the content in this section d theresults are ud
even if E is not differentially closed But for the differential
Nulstdensdztheoiem.tobevalid E is required to be differentiallyclosed

A Pointy EU LIK a satin field is a genericzeroof a
differential ideal I if 正的 clearly

A differentialideal I is prime I has a genericzero

if I prime sdliFradKH.in炸1 Then

下 刘⼼ is a generic Zeroof I
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