











































































































Read Let KS be a difffieldof bio andCESHKDdifcbsdRitRaudenbudB.is The KH his RitNoetherian Soevery
radical sided is finitely generated as a radical sided
⼼ let IF KH 灼 be a radical sided ten ⺕ finitely
many prime Sideds R Pest Iii Pic Al
If 1 is iiiedigdantlie.it i 㷖 㸪 thesetof
prime ideals in Al is unique and eachpi is called prime
components of⼯

A diffVariety VEE work is of the form
让 Mf fnkfgEEnlficyko.zih.im fsmefEklyiYVN SFN TsD N MFN f.fm where Is 1 fifi

guaranteed by the Rit RdenhdB.is theorem
We have two inclusionreversing maps as follows

I 18 varieties in En overH did sided ink 烆
V 正⼼

and W fvdod8idedsinkly.in州 18wide inEnwerk
I 岴1

G丛 MINI V

3.2DifntdNudstdlensdz.deHilbertNdstdensdz in algebraic geometry hastwo forms
Theorem Weak Nulls than
Let FE呕 们 ThenUGH nil 所⾮中 IECF
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Theorem StingNudstdensatzlletFEKix.in
nIandfEkG xnIIffhntbnfETl

We have differential veins of HilbertNudstdenedzindofediddg.br
homzillweakbifrenhdhly

Let FEKH ⼤了 and E 8⽇以81abfdodfdd.hnMFKHEE IF肶了 4 IE IF I
ǐf It suffices to show that if T.FI KHii灯 then

IgEEnst.fgkofdfEF.se14 ⻔ 在1 KH 灯 let 厕 i R bethe
minimal prime decomposition let ME Fradkli ynyp.l.hn
UisaS eotentimfddofKandci 不 EM is a

generic Zero of R FERimpliesthat 下⼀测 is a f zeroof
F Sina E 2K is diff closed thereexists gg 别EEnst.ltfEF.gl ⼆ 0 国

Ihmizzllrrdudneatz
Let FEKH 州 and ft KH 炋 If f vanishesat

every fan of Fin En then fElF3
INcFklF3

pvof.llke Rahinowitsdistiib.fi the case fo
Introduce a new Sindeterminate t and consider the new
doffpdysdF.l ftinkdiiiyn.tl fine f vanishes
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at every 8zero in En off MF Ht EE is theemptyset
By the Weakdifferential Ndstdenatz.IE T.F.tftEKH.in
Here ⺕ Ai Bit KN.iih.tl and SENs.tkÉAF ⼗ É BjClift
Sine Ho replace t by fat bothsides then we have

KÉAH ⽕我FT
Thereexists mENst.fm彘AH叫别EKH.i.fi and
we have fmET.FI 回

Ran Asabove we give an abstractprofforthe weakdifferential
Ndstdensdz following Rit Thefirst constructiveproofwasgivenby
Gibby using elimination theory

The differential Nddndz and a 212 show thatthetwo
maps I and N are bijection

Theory The maps V INlandI
wndefneindrwersingbjed.tnbetween thesetof all Naidoo in En werkand
the set of all radical 8ideals in KH.in灯

Def3.24 let VEE be a Society Thenthe fig
KM KH 州区们

is called the dotted coordinatering of V
Sineforany ac V.FI impliesthat flakflat So KMcouldbe
regarded as a ringof differential functions on V
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g ng d H f V
WEE is called a 8 subway of V if WE Vand W is
af variety in En Assumed foodie are over K unlesschoseindict

Theorem了2，3 can be generalized to arbitrary 8Varieties in placeof息
G𥁒 Let VEE be a Study Themap

WH HEKM I Hato Uaeuh
in an indian reversing bijdim between theset offsubunits
of V and thesetof radical sided in Hn

Remark EffectiveHilbert NudstdenedzadEfdioedofnhdNdstde.nu
EffedioeNudhnsdz

dpiiipmEGEx.innI 妪了 have degree at mostDi
If R pm have no common zero in an then there are poly
A Am⽐的 of degree bounded byBCD.nmls.tkA.pt ⼗ AnPm
If such a degree bound BCD nm forAi exists to decide
whether pipniolusazeioisreducdtosdoehneaiqdh.bg
娳 红仙⽔ Hermann MathAnn 19261

lower bound degcAiPD DCMasserplilipponl.detiKHnDtHDfitl minfm.nl
2ND Brownand AnnMath 1987

dglAipikfddidmifmsndidnidmifmmllkollw.jo AmenMathSoe 1988

d.tdmtifmml.Heredgcpikdiandassumed.idi d.mn
edegCAipikfNldidminlifmsnc

2NYd.indminH if mm
Mond Iwent hdhoo
Newproof
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I 叫
Subsequent wok on sharper bounds or new proof

EfdivebifiehidNuustedeneatz

IfF.i.FnEKH.i.in have no common fans in En then
⺕ SEIN and AijEKH.iihs.tk ĚÉAijFi
i giveabound for s in termsof theordeal degreedad
derivation operators m and diff variables n

If such a computable bound is given to decidewhether岞 湖
ornot is heed to an algebraic problem and then rests aboutlive.HilbetNudstdened

zauldbe.gsplied here I
Focus on the ordinary of case Aconinth
SEAG.maxfnhdllAC.cl AckermannfundimklmtboFAlmDCGduht.skJ.AgnG A1㖄㖄冰似仙州

K constant diff fdd.SE lndf
呲

紧 a universal aid
D Alfonso J complexity到4

Go

s E nif Gustavson AdvMath 20161

sa f D
州进 if 732 Here p_dimlcFDinKIYihJ.ptl.iflFl

dinnikov.ArxiV1610.0422V6 218

Example Hi 炏_2t.niyi.HMFH.IElFifDadlElFiiFl.SosEzi
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833 Irreducible decomposition of differential varieties
A 8variety VEE is said to be irreducible if V is not the
unionof two proper 8subvaieh.es

Lemma3.3.1 A 8variety Vis irreducible INEKH.inhisprim
proof 为 Forany fgfk们 fgEIN we have

KMIM.fgkNCIM.HUMIM.gl
Viw N位㖄 V or MINIgkV

Equivalently ftIM.org EIN So IN is pine
If V_V Uh then INFINITE
fine IN is pine IN EIN or INDEIG.fr

otherwise If 五明刑 it 2 but f.EE丘们呕吐玑

If IN EIN then Kui and in the othercase uh 回

Then了3，2 Any Nandy V is a finite union of irreducible
fvaidies.ie 让 Ǚǐi wlviiiduible8subvanodyofvur.lian irreducible decompositionof V
If KǚVi is an iiedunddfminimal irreducible deposition
in thesense ViEl yi til thentheset 让⼀些了 is uniquefor
Proof By Theorem224and any225

irreduciblecomponentsof

VINkfg.tljpimefideds
KMIMKMjpjl.MN is an irreducible

decompositionof V
e
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Uniq iIfk.li and rjwj are too irddantirreducible decomposition of V then we have to
irredundantpi.me decomposition for IM.ie
亚以酢们 and IN ⼆群的

By Them 2.24 fmad tsest.INiFIN.ci
Here Vi Won for Eli l 因

RemankiEaehiwedueiblefvaidyliintleirdund.at irreducible
decomposition Vivi is called an irreducible componentofV.de
live are all themaximal irreducible S subvaieh.escontained in

VGmponentsofasingleAlgdmicdifrdidEgh
re.MY FKH ⼈了

let AEKH.in不引K be algebraically irreducible nottheproductof
two difpdyinkM.lk Weare going to study theprimedecomposition
of the radical dof ideal IA了
Exg Let A⼆ yn2YEKM.hn t 2yyB y

A 2Y Y442y2 Y A zyY46y 性灿
⼆ 2㥃州⼗A 6㥃A Y 4㥃15 12炒

2
1 81141 1

So AHA 烆 n A 4炒炒⼀吨啊 8 惭

at an arbitrary differential rankingRon OHMand takethe
squad SA under R Let ldAF燃forsome pclli.nlandhEN
TheorderofA inYi is defined tobeordlA.yikmaxfkldeglA.tk13

1
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g
Let Pil Al SA HE kN ISAft的
Lemma333 DP.is prime
2 ForafpdyFEKM.FER 8RemlF.AE In particular
if FER and odiF.lk吡A炸⼤ then F isdivisiblebyA
proofhtfgEP.us f gtkM.letfandg.beth

partial remainderoff andgw.it A Then I

abENst.siff mod 间
and sing三 g mod A

sifg 三 然
modEAI.sineefgER

NSA.SAf.GE IN Thus alt
NS.t.CSAfgfMAt MA'tMA t ⼗传脑 仪

Read that fork 1 A ⼆ SAY做 t I 以医freeofyik
Note that SA f g are free

from in 烨
Now replace Yi by 晋 for bite at both sidesofH
then We hwyfgfn.Awhe.FM

yi 晉 0

Cleaning thins we have

Ǎyf ⼆ NA
Siue A is inedibleand A怕 Alfg and theAlf
or Alg Supposedat Alf Then Sift IN and it follows
that fEM Si Rand P is prime 国
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2 If fRedF AH then FESat作问 卯 EH有识
conversely let ftp then SAFE Al
let R be the partial remainderof Funrt A then

Sit 三 R mod IAI
SAFE IN ⼆ SAREN

IENst.GR f MAtMA't t MtAM
Bythe procedure in D we canshow AIR So frank肶 图

脚了3 ftp.nlA.si
proof Clearly HE P.nlA⾃

Suppose ftp.NA 你 it sufficestoshow flit
Since flA.SN 北EIN f ⼆ 下⼗⽯ forT.EIAI.EE殉
ftp.NSAEIAI8HsNfElAISofElAlandfEfA3follows 图

Let IA SAE Qin Qt be the minimal primedecomposition
of IA.SN Then IAFMQ.mn Q Suppressingthose

Qi with REQi and denote the lefts by Ri Pr Then
Hi RAM is the minimal prime decomposition HAI

tent

any arbitrary rankingd Fweachs.coparents of A
SElPEN SA and SE Ri Pro

1些 SEIP follows from Lemma233andthefact At
Siue SA仍ER Pr SAER Pr
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SER Pr follows fromthe fddatlp.inM are theunique
irreducible components of A了 国

Remark A is the fcharacteristicsetof p⼆伯伯测
CS is the giantof A under anyofhiding 㕾

AIRor NM is called the general componentof A
经 Bare called singular componentsof 仁

朱A songEEn of A is called a noningdaizeoifaseparadsofAst.gl0 AndifSgFofrdsepandofA
y is called a singularsolutionhero of Ao
Nonsingularzeros belong to general component of A but
general componentof A may contain singular solutionsof A

Example A 412
PEKM.sizysineeNLA.SN10了 ngo is theonly singularsolutionofA
A 2州 3州 2⽕⽕三州
IN A ⽕上灯ㄟ y A ⽕三州⼆ sat

Thus go is embedded in thegeneral componentofA仁以
Geometrically Klan制 gin is a one

paranoidfamilyof
nonsingularsolutionsCcahtraryconstant 想吐

012涁盥 Given AtKH 炒 irreduciblewith No 0

呲open decide whether co EN San
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With deepresults not covered in our course Lowpowertheorem
we have

Riltscompone_ntrem.de
let AEKH.in be a SpdymtinkletlAKP.mnPr be theminimal prime decompositionofA

then ⺕ BiEKH.iihiredueibkstpisdtBil.ci ni
In particular if A is irreducible then⺕ ist Bia AGE炒
and for it A involves a properderivativeofthe leaderof
each Biw.it any ranking and ordBiKordCA

51




