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Abstract

In this paper, we propose a general scheme to solve geomet-
ric constraint problems. First, we decompose a geometric
constraint problem into a c-tree. With this c-tree, solution
of the constraint problem is reduced to the solution of gen-
eral construction sequences. To solve a general construction
sequence, we need to solve certain kind of basic merge pat-
terns. One of the basic merge pattern is called generalized
Stewart platform, which is to assemble two rigid bodies. We
compute the analytical solutions for the 2D general Stewart
platforms and a class of 3D general Stewart platforms.

Keywords. Geometric constraint solving, parametric CAD,
general construction sequence, decomposition tree, general-
ized Stewart platform, assembly.

1 Introduction

Geometric constraint solving (GCS) is one of the key tech-
niques in parametric CAD, which allows the user to make
modifications to existing designs by changing parameter val-
ues. There are four major approaches to GCS: the numeri-
cal approach[12, 25, 30], the symbolic approach[8, 22], the
rule-based approach[1, 7, 23, 35] and the graph-based ap-
proach [3, 6, 16, 18, 27, 29]. This paper will focus on us-
ing graph algorithms to decompose large constraint prob-
lems into smaller ones and how to assemble small problems
into large ones.

In [33], Owen proposed a GCS method based on the tri-
connected decomposition of graphs, which may be used to
reduce a class of constraint problems into constraint prob-
lems consisting of three primitives. In [6, 15], Hoffmann et
al proposed a method based on cluster formation to solve 2D
and 3D constraint problems. An algorithm is introduced by
Joan-Arinyo et al in [19] to decompose a 2D constraint prob-
lem into an s-tree. This method is equivalent to the methods
of Owen and Hoffmann, but is conceptually simpler.

The above approaches use special constraint problems,
i.e. triangles, as basic patterns to solve geometric constraint
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problems. In [27], Latham and Middleditch proposed a con-
nectivity analysis algorithm which could be used to decom-
pose a constraint problem into what we called the general
construction sequence (definition in Section 2). A similar
method based on maximal matching of bipartite graphs was
proposed in [26]. In [16], Hoffmann et al gave an algorithm
to find rigid bodies in a constraint problem. From this, sev-
eral general approaches to GCS are proposed [17]. In [14],
Jermann et al also gave a general approach to GCS based on
the method in [16].

The basic idea for all graph based methods is to reduce
a large constraint problem into several smaller ones. Among
these smaller problems, the largest (with largest degrees of
freedom) is called the controlling problem. The controlling
problem can be used to measure the effect of the decompo-
sition method.

In this paper, we propose a general scheme to solve geo-
metric constraint problems, which consists of three steps.

First, we propose an algorithm to decompose a geomet-
ric constraint problem into a c-tree. With this c-tree, solution
of the constraint problem is reduced to solution of general
construction sequences. The main reason for introducing
the c-tree is that we may obtain smaller controlling prob-
lems than using general construction sequence alone. We
may obtain the c-tree with the smallest controlling problem
for a constraint problem if we do an exhaust search. But
this will increase the average complexity of the method by a
factor of O(e) where e is the number of constraints.

Second, we need to solve a general construction se-
quence, which can be reduced to to solve certain kind of ba-
sic merge patterns. One of the basic merge pattern is called
generalized Stewart platform, which is to assemble two rigid
bodies. We compute the analytical solutions for the 2D gen-
eral Stewart platforms and a class of 3D general Stewart plat-
forms.

At last, two solved rigid bodies are assembled together
to obtain the solution to the original problem.

Parts of the results in this paper have been reported at
SM03 [10] and SMI03 [11].

We say that a graph decomposition method for GCS is a
general method if it can be used to handle all constraint prob-
lems. Among the general GCS methods [14, 17, 23, 26, 27],
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the method MFA proposed in [17] and the c-tree method can
be used to find a decomposition with the smallest control-
ling problem in certain sense. The MFA and c-tree methods
have the same complexity. Both of them can be used to solve
2D and 3D problems, although paper [17] focuses on the 2D
case and this paper focuses on the 3D case.

2 General Construction Sequence

2.1 Basic Concepts about Constraint Graphs

We consider two types of geometric primitives: points and
lines in two dimensional Euclidean plane and two types of
constraints: the distance constraints between point/point,
point/line and angular constraint between line/line; three
types of geometric primitives: points, planes and lines in
the three dimensional Euclidean space and two types of
constraints: the distance constraints between point/point,
point/line, point/plane, line/line and the angular constraints
between line/line, line/plane, plane/plane. A geometric con-
straint problem consists of a set of geometric primitives and
a set of geometric constraints among these primitives. Angu-
lar and distance constraints between two primitives o1 and o2

are denoted by ANG(o1, o2) and DIS(o1, o2) respectively.
We will use pi, hi and li to represent points, planes and lines
respectively.

We use a constraint graph to represent a constraint prob-
lem. The vertices of the graph represent the geometric primi-
tives and the edges represent the constraints. For a constraint
graph G, we use V(G) and E(G) to denote its sets of vertices
and edges respectively. Figure2 is the graph representation
for the constraint problem in Figure 1.
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Figure 1: Lengths of four
edges and angle (l2, l4) are
given

Figure 2: Graph representa-
tion for the problem

For an edge e in a constraint graph, let DOC(e) be the
valence of e, which is the number of scalar equations re-
quired to define the constraint represented by e. Most con-
straints considered by us have valence one. There are several
exceptions: (1) Constraint DIS(p1, p2) = 0. In this case,
p1 = p2. In 2D the constraints has valence two; in 3D the
constraint has valence three. We assume that this case does
no occur. (2) Constraint DIS(p1, l1) = 0 has valence two
in 3D. (3) Constraint ANG(h1, h2) = 0 has valence two in
3D. (4) Constraint ANG(l1, l2) = 0 has valence two in 3D.

(5)DIS(l1, l2) = 0 has valence two in 2D. These constraints
are degenerate cases.

For a geometric primitive o, let DOF(o) be the degrees
of freedom for o, which is the number of independent pa-
rameters required to determine the geometric primitive. For
a constraint graph G, let DOF(G) =

∑
v∈V(G) DOF(v),

DOC(G) =
∑

e∈E(G) DOC(e). In the constraint graphs, we
use n lines to represent a constraint of valency n.

Generally, we call a constraint system geometrically
well-constrained if the shape of the corresponding diagram
has only a finite number of cases; geometrically under-
constrained if the shape of the corresponding diagram has
infinite solutions; geometrically over-constrained if the cor-
responding diagram has no solution.

Let R = 3 in 2D and R = 6 in 3D. A constraint graph
G is called structurally well-constrained if DOC(G) =
DOF(G) − R and for every subgraph H of G, DOC(H) ≤
DOF(H) − R. A constraint graph G is called structurally
over-constrained if there is a subgraph H of G satisfying
DOC(H) > DOF(H) − R. A constraint graph G is called
structurally under-constrained if G is not over-constraint
and DOC(G) < DOF(G) − R.

In most cases a structurally well-constrained graph is ge-
ometrically well-constrained and hence defines a rigid body.
But, in some special cases the constraint problem repre-
sented by a structurally well-constrained graph may have no
solutions or an infinite number of solutions. For detailed
studies on the relation between the two kinds of constraint
problems, please consults [13, 34]. In this paper, we will
concern the structure solvability of the constraint problem
only. Therefore, when we say rigid bodies, we mean struc-
turally well-constrained problems.

2.2 General Construction Sequence

A general construction sequence (GC) for a constraint prob-
lem G is a sequence:

C1, C2, · · · , Cn

where each Ci is a set of geometric primitives in G, such that

1. The subgraph induced byB i = ∪i
k=1Ck is strictly well-

constrained for each 1 ≤ i ≤ n. Therefore, we may
assume that Bi is a rigid body.

2. No proper subsets of Ci satisfy condition 1.

3. Bn contains all the primitives of G.

If each Ci contains only one primitive, we call the corre-
sponding GC construction sequence.

The maximal of DOF(Ci) for i = 1, · · · , n is the maxi-
mal number of simultaneous equations to be solved in order
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to solve the above GC. This number is called the control-
ling degree of freedom of the general construction sequence
C and denoted by MDOF(C).

In [27], Latham and Middleditch proposed an algorithm
which may be used to decompose a well-constrained prob-
lem into a general construction sequence. In [17], Hoff-
mann et al proposed an algorithm of complexity O(n(e+n))
which can also be used to decompose a well-constrained
problem into a general construction sequence, where n is
the number of vertices and e is the number of edges in the
constraint graph.

Before using these algorithms, we need to add three
more degrees of freedom to a set of primitives in 2D and
six more degrees of freedom to a set of primitives in 3D.
These primitives are called base primitives. The geometric
meaning of this step is as follows: a rigid body in the plane
has three degree of freedom and a rigid body in the space
has six degrees of freedom. By selecting the base primi-
tives, we can find the absolute position of the rigid body in
the plane or the space. After this step, a structurally well-
constrained problem G will satisfy DOC(G) = DOF(G),
which is called strictly well-constrained. If the modified
constraint graph is not strictly well-constrained, the connec-
tivity algorithm of Latham and Middleditch may be used
to add or delete a proper number of constraints to obtain a
strictly well-constrained problem. In [20], an algorithm was
given to obtain a well-constrained problem from an under-
constrained problem if the constrain problem can be decom-
posed into an s-tree.

In the 2D case, finding base primitives is easy. Since
the constraint problem is a rigid body, there exists at least
one distance constraint. We may use the two primitives in-
volved in this distance constraint as the base primitives. For
instance, if the two base primitives are two points, we may
fix the position of one point and the direction of the line
passing through the two points.

For the example in Figure 1, there are two essentially
different GCs:

G1: {P1}, {P4}, {l4}, {P1, P2, P3}, {l1}, {l3}
G2: {P1}, {P2}, {P4, P3, l2, l4}, {l1}, {l3}
If using GCs G1 and G2 to solve the problem, we have

MDOF(G1) = DOF({p1, p2, p3}) = 6, MDOF(G2) =
DOF({p4, p3, l2, l4}) = 8. It is clear that G1 is better.

2.3 Find Base Primitives in 3D

To find base primitives for a 3D constraint problem, we first
try to find a rigid body consisting of less than four primi-
tives in the constraint problem. The four graphs in Figure 3
represent such rigid bodies in 3D.

If such a rigid body does not exist, we try to find three

p1
p2

p3

l 1 l 2 l 1 l 2

l 3

l p

Figure 3: Rigid bodies with two or three primitives in 3D

points p1, p2, p3 such that d1 = DIS(p1, p2) and DIS(p2, p3)
are known. We select p1, p2, p3 as the base primitives by
adding the following constraints: p1 = (0, 0, 0), p2 =
(d1, 0, 0), p3 = (x, y, 0), where x and y are variables to
be determined. Other cases can be treated similarly.

In what below, let us show how to find the first diagram
in Figure 3.

1. We search all the edges e = (o1, o2) representing a dis-
tance constraint in the constraint graph.

2. For each e, we search all the vertices o having a distance
constraint with o1.

3. If o2 has a distance constraint with o, then o1, o2, o form
a rigid body and can be treated as base primitives. The
algorithm terminates.

Let e be the number of edges l1, · · · , le in the graph G, and di

the number of constraints involving l i. Then the main loop
in Step 1 will execute e times. The loop in Step 2 for an edge
li will execute di times. If using an adjacent matrix to repre-
sent the graph, Step 3 needs only one operation. Therefore,
the complexity of the algorithm is

e∑
i=1

di∑
j=1

O(1) =
e∑

i=1

O(di) = O(
e∑

i=1

di) = O(e).

The last step is true because
∑e

i=1 di = 2e, since each
constraint involving two primitives. All other cases can be
treated similarly.

(a) (b)
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Figure 4: A 3D constraint problem

Let us look at the constraint problem in Figure 4(a),
where each line represents a distance constraint between two
points. We need only to determine the position of the points.

For this problem, there are three essentially different
GCs C1, C2, C3, the geometric meaning of which is self evi-
dent.
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C1: {P}, {Q}, {A}, {B}, {C}, {D}, {U, V,W}
C2: {P}, {Q}, {U}, {V }, {W}, {A, B, C, D}
C3: {W}, {D}, {P, Q, A, B, C, D, U, V }
It is clear that the generated GCs depends on the base

primitives. The base primitives for GCs C1, C2, and C3 are
{P, Q, A}, {P, Q, U}, {W, D, C}. Actually, according to
our methods of selecting base primitives, only C1 and C2

could be generated. C3 will not be generated.

If using GCs C1, C2 and C3 to solve the prob-
lem, we have MDOF(C1) = DOF({U, V, W}) = 9,
MDOF(C2) = DOF({A, B, C, D}) = 12, MDOF(C3) =,
DOF({A, B, C, D, U, V, W}) = 21. It is clear that C1 is the
best GC.

3 A C-tree Decomposition

3.1 A New Decomposition Tree: C-tree

The concept of s-tree is introduced by Joan-Arinyo et al in
[19] to decompose a 2D constraint problem into triangles
and tri-connected components. The s-tree is equivalent to
the decomposition tree of Owen [33] and Fudos and Hoff-
mann’s cluster merging method [6], but is conceptually sim-
pler. Basically speaking, the s-tree handles problems that
can be decomposed into the form of triangles. We will in-
troduce a new decomposition tree, c-tree, that can be used to
simplify general constraint problems.

Let G be a structurally well-constrained graph and H a
structurally well-constrained subgraph of G. Let I be the
set of vertices u ∈ H such that there exists at least one
constraint between u and a vertex in V(G) − V(H). If
I �= V(H), H is called a faithful subgraph. The impor-
tance of a faithful subgraph is that we can use it to reduce
the original problem into two smaller ones.

Let H be a faithful subgraph of G. We may construct a
split subgraph S of G with H as follows. V(S) = (V(G) −
V(H)) ∪ I . All the edges in E(G) between two vertices in
V(S) will be in E(S). If S is structurally well-constrained,
S is the split subgraph. Otherwise, we add DOF(V(S)) −
DOC(E(S)) − 6 auxiliary constraints between vertices in I
to make the new graph S structurally well-constrained. This
can be done with the algorithm in [27]. This new graph S is
called the split subgraph.

For example, let G be the graph in Figure 4(a), H the
subgraph of G induced by {W, U, V, P, Q}. Then H is a
faithful subgraph of G, because I = {W, P, Q} �= V(H).
The split subgraph S is the one in Figure 4(b), where the two
constraints between W/P and W/Q are the auxiliary con-
straints. The geometric meaning is as follows. We first solve
the constraint problem H , which is a rigid body. To solve the
remaining part S, we need to add two auxiliary constraints

between W/P and W/Q to make S a well-constraint prob-
lem. Then the solution of G is reduced to the solution of two
smaller problems H and S.

Definition 3.1 A c-tree for a constraint graph G is a binary
tree. The root of the tree is G. For each node N in the tree,
its left child L and right child R are as follows.

1. L is either a faithful subgraph of N and R is the split
subgraph of N with L.

2. L is a GC for N and R = ∅ .

All leaves are GCs.

Continue with the example in Figure 4(a). H =
{W, U, V, P, Q} is a faithful subgraph. The split subgraph S
is the one in Figure 4(b). Then H and S are the left and right
children of G in the c-tree in Figure 5. The left children for
H and S are their GCs respectively.

({P,},{Q},{U},{V},{W}) ({P},{Q},{A},{B},{C},{D},{W})

Figure 5: A c-tree for the problem in Figure 4

We may say that the c-tree is a natural generalization for
the s-tree from [19]. In an s-tree, when a problem is divided
into two smaller problems P1 and P2, P1 and P2 always have
two common primitives. In a c-tree, P1 and P2 could have
any number of common primitives.

After a c-tree is obtained, we may use it to solve the con-
straint problem as follows. We do a left to right depth-first
search of the c-tree and consider the following three cases.

1. The current node N is a GC. We need to compute the
basic merge patterns in this GC to solve the constraint
problem represented by the farther node of N .

2. The current node N only has the left child L, which is
a GC. In this case, L is evaluated and N is solved.

3. The current node has two children. In this case, we al-
ready solved the left child which is a rigid body. From
this rigid body, we may compute the numerical values
for the auxiliary constraints in the right child. Now
the right child becomes a structurally well-constrained
problem. We may solve the right child recursively.

4



4. The merging of the left and right children is easy, since
they are connected by sharing several geometric primi-
tives.

It is clear that the computation of a c-tree is reduced to the
computation of GCs and hence to basic merge patterns.

To solve the problem in Figure 4(a) with the c-tree in
Figure 5, we first compute the left child of the root using the
construction sequence {P}, {Q}, {U}, {V }, {W}. Then,
we may compute the distances between P/W and Q/W and
solve the right child of the root similarly.

3.2 An Algorithm to Find a C-tree

Algorithm 3.2 The input is a structurally well- constrained
graph G. The output is a c-tree for G.

Let T = G as the initial value.

S1 Select a set of base primitives for T and to generate a
new graph H by adding more constraints as follows.
If the base primitives form a rigid body as shown in
Figure 3, we may add six new constraints to fix the
position of this rigid body. For instance, if the primi-
tives form a triangle P1P2P3 the length of whose three
edges are known, we let P1 = (0, 0, 0), P2 = (x2, 0, 0),
P3 = (x3, y3, 0). In other words, we add three posi-
tion constraints to P1, two direction constraints to P2

and one direction constraint to P3. Other cases can be
treated similarly.

S2 With Latham-Middleditch’s[27] or Hoffmann’s[17] al-
gorithm , we may find a GC for H

C : C1, · · · , Cm.

Using Proposition 5.2 to decide whether C is angular
conflict. If it is, the problem has angular conflicts and
the algorithm terminates.

S3 LetBi = ∪i
j=1Cj . If CN(Bi, Ci+1) < 5, Ci+1 is a point,

a plane or a line. These cases are relatively easy to
solve. Merge Ci and Ci+1 into one set. After all such
merges, we obtained a reduced GC:

C′ : C′
1, · · · , C′

s.

S4 Let B′
i = ∪i

j=1C
′
j . If s = 1, then H can be solved by

explicit constructions and C is a construction sequence
for H . We may generate a c-tree from C as follows: the
left child of T is C and the right child is the empty set.
The algorithm terminates.

S5 Let k be the smallest number satisfying the following
conditions. There exists at least one primitive o ∈ B ′

k

such that there are no constraints between o and primi-
tives in C ′

i, i = k + 1, · · · , s. If such a k does not exist,
let k = s.

S6 If k = s, there exist no faithful subgraphs in this GC.
Find a set of new base primitives for T to generate a
new H as done in S1 and goto S2. If no new base prim-
itives exist, we have to solve G with the GC C. We may
generate a c-tree for T as follows: the left child of T
is C and the right child is the empty set. The algorithm
terminates.

S7 Otherwise, k < s. Now B′
k induces a faithful subgraph

F . We build the c-tree as follows. The left child of T
is F . The left child of F is the GC C1, · · · , Cd where d
is an integer satisfying Bd = B′

s; the right child of F is
the empty set. The right child of T is the split subgraph
G′ of G with F . Set T = G′ goto S1.

Let n and e be the number of vertices and edges in
G. As mentioned in Section 2.2, Step S1 has complexity
O(e). In S2, Latham-Middleditch’s algorithm uses the max-
imal b-matching from graph theory, which has complexity
O(n(n + e)) [17]. Steps S3, S4 and S5 are also linear in
terms of n and e. Therefore, S2 is the controlling step for the
loop started at step S6. At the worst case, the loop started by
S6 could run for O(e) times, since the number of primitive
sets in Figure 3 is linear in terms of e. The loop started at S7
could run n times. So the total complexity of the algorithm
is O(n2(n + e)e). Please be noted that this is also the com-
plexity under which we may find a decomposition with the
smallest controlling sub-problem. In most cases, the loop
started at S6 will only run for one or two times.

Since the computation of a c-tree T is reduced to the
computation of GCs, we define MDOF(T ) to be maximal
MDOF(C) for all C which are the GCs in T . A c-tree T
for constraint graph G is called minimal if MDOF(T ) is the
smallest for all possible c-trees for G. We may modify Al-
gorithm 3.2 to find the minimal c-tree for G by searching all
the possible base primitive sets in Step S1. For a given set of
base primitives, the generated GC is unique due to the fact
that the corresponding strong connected sets in the the graph
decomposition is unique [27]. Therefore, by searching all
the possible base primitives, we have obtained all the GCs
and thus all the possible c-trees for the problem. The com-
plexity for this modified algorithm is still O(n2(n + e)e),
because in the worst case, to find a faithful subgraph we also
need to search all the base primitives. But, in most cases, to
find a faithful subgraph, we need only to search one or two
sets of base primitives. Therefore, in practice, we generally
satisfies to find a c-tree. Roughly, speaking, this will reduce
the running steps by a factor of e.

3.3 Working Examples

Let G be the graph in Figure 4(a), which is also the root of
the c-tree. In Step S1 of Algorithm 3.2, we select P, Q, U
as the base primitives. In other words, we will construct G
starting from these points. In S2, a GC
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C: {P}, {Q}, {U}, {V }, {W}, {A, B, C, D}
for H is generated. In S3, the single points in C is collected
together to form the followiong reduced GC.

C′: {P, Q, U, V, W}, {A, B, C, D}.
Step S4 does nothing. In S5, k = 1 since we may choose
o = U . In S6, k �= s = 2 so nothing is done. This means
that C ′

1 = {P, Q, U, V, W} is a faithful subgraph. In S7,
new notes are added to the c-tree. The left child of the root
is C′

1 and the left child of C ′
1 is the following construction

sequence:

C4 : {P}, {Q}, {U}, {V }, {W}.

The right child of the root is the split subgraph of H by C ′
1,

which is the graph in Figure 4(b). Details on how to generate
the split subgraph is given in Section 3.1. Now, we may
repeat the above process for the right child, which can be
generated with the following GC:

C5 : {P}, {Q}, {A}, {B}, {C}, {D}, {W}.

Now the c-tree in Figure 5 is generated. Basically speaking,
to solve the problem, we need to solve two GCs: C4 and C5.
Since MDOF(C4) = MDOF(C5) = 3, which is the sim-
plest case we could have. This solution is the same as that
obtained with the cluster formation algorithm of Hoffmann
et al [15].

Figure 6(a) is a more difficult constraint problem, where
each edge represents a distance between two points. Figure
6(b) is the c-tree for it. In Algorithm 3.2, we select points
A, B, C as the base primitives. Latham-Middleditch’s algo-
rithm will give a GC as follows:

D1 : {A}, {B}, {C}, {D}, {E, F, G, H}, {I, L, J, K}.

The reduced GC in S3 is

D1 : {A, B, C, D}, {E, F, G, H}, {I, L, J, K}.

In S5, k = 2, which will lead to the children of the root
(Figure 6(b)).

Note that the problem in Figure 4(a) could be solved with
the cluster merging method proposed in [15]. Another pos-
sible way to solve the problem in Figure 4(a) is to decom-
pose the constraint graph into 4-connected components with
the algorithm from [21]. But the problem in Figure 6 can-
not be simplified with both methods. For the cluster merging
method, there exist no clusters. For the 4-connected method,
this graph cannot be divided into two 4-connected parts. Ac-
tually, all the problems that could be solved with the cluster
merging method in [15] can also be solved similarly with our
method. A strict proof would be too long to be included in
this paper. In what below, we will give a sketch of the proof.
A cluster is a rigid body that can be solved with a construc-
tion sequence. When we choose three primitives in a cluster,

the GC generated will include the construction sequence for
the cluster as a sub-sequence. This sub-sequence will form
a faithful subgraph and will lead to a division of the problem
into two sub-problems.

A
B

C

D

E

F

G

H

I

J

KL

(a)

({A},{B},{C},{D},{E,F,G,H})

({A,B,C,D,E,F,G,H},{I,J,K,L})

(b)

Figure 6: A constraint problem about twelve points

4 Solving of General Construction Se-
quences in 2D

With a c-tree decomposition, solving of a constraint problem
is reduced into the solving of a GC. In this section, we will
show how to solve a GC. Suppose that a constraint graph G
is decomposed into a GC:

C : C1, C2, · · · , Cn (1)

We call the type of dependency of Ci on C1, · · · , Ci−1 a
basic merge pattern. Let

B =
i⋃

k=1

Ck, U = Ci+1.

We call B and U the base objects and the dependent objects,
respectively. To solve a GC, we need to determine U as-
suming that B is known. The sum of DOC(e) for all edges
e between B and U describes an important natural of the
merging step, and is called the connection number, denoted
by CN(B,U).

Let graph U = (V, E), where V is the set of vertices and
E is the set of edges.
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4.1 Classification of GC in 2D

Theorem 4.1 We have: 2 ≤ CN(B,U) ≤ |V |.

Proof: Since V contains at least one element and B is a rigid
body, |CN(B,U)| ≥ 2. The definition of GC guarantees that
U satisfies the following three conditions [27].

1. A vertex v in V represents a point or a line. Hence
DOF(v) = 2;

2. If |V | > 1 then for every vertex v in V there exists
at least one constraint between v and a primitive in V .
Otherwise, v can be determined by B alone, which con-
tradicts to the minimum property of V (the second con-
dition on the definition of GC).

3. U is strongly connected.

Due to the second condition above, there exist at least
2 × |V |

2 = |V | constraints between primitives in E, i.e.
DEG(V ) ≥ |V |. Since both B and B ∪ U are rigid bodies,
we need exactly DOF(V ) = Σv∈V DOF (v) = 2|V |. con-
straints to determineU . In other words, we have CN(B,U)+
DEG(V ) = 2|V |. Thus CN(B,U) = 2|V | − DEG(V ) ≤
|V |.

The computation of U with respect to B can be divided
into the following three cases.

1. If CN(B,U) = 2, U consists of one geometric element
o, and o can be constructed explicitly.

2. If CN(B,U) = 3, U has 2|V | − 3 constraints between
primitives in V . Hence U is a rigid body. It is to assem-
bly two rigid bodies according to three constraints. We
give complete analytical solution to this case in Section
4.2.

3. If CN(B,U) > 3, the problem becomes more compli-
cated. Now U is not a rigid body anymore. We need to
use the constraints inside U and those between U and
B to determine U . As an example, the basic merging
patterns for the case |U| = 5 is shown in Figure 7.

In what below, we use circles to represent the vertices with
two degrees of freedom, circles labelled R to represent the
rigid bodies, and the thin lines to represent the constraints
between B and U .

4.2 Analytic Solutions to Generalized Stewart
Platform in 2D

When CN(B,U) = 3, bothB andU in the basic merging pat-
tern are rigid bodies. We call basic merging pattern general-
ized Stewart platform(GSP), B the base and U the platform.

CN(B,U) = 3 CN(B,U) = 3 CN(B,U) = 3

CN(B,U) = 4 CN(B,U) = 4 CN(B,U) = 5

Figure 7: Basic merge patterns of five primitives

Figure 8 is the illustration of a 2D GSP. The problem can be
divided into two cases: the ddd case in which all the three
constraints between B and U are distance constraints; the
dda case in which two of the constraints are distance con-
straints and one constraint is an angle constraint. We cannot
have more than one angle constraint due to the fact that a 2D
rigid body only need one angle constraint to determine its
direction.

Figure 8: the Stewart Platform in 2D

4.2.1 The Case of dda

We make use of the fact that rotation constraints can vio-
late previous imposed distance constraints while translation
doesn’t violate previous imposed angular constraints[24].
We impose the angular constraint first to remove the rota-
tion degree of freedom. This will give us a pure geometric
solution based on ruler and compass construction.

Imposing Angular Constraint

Let line l1 be on the base B and line l2 on the plat-
form U , where � (l1, l2) = α. Let the angular constraint
be � (l1, l2) = β. l2 should rotate angle θ = β − α around a
point on l2. Thus we can get the following rotation matrix

R =
(

cos θ sin θ
− sin θ cos θ

)
.

Imposing Distance Constraints

We will make use of the following definition and theo-
rem in Kumar et al[24]. This theorem is also proposed by us
in [7], under the name of ’translational’ transformation.
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Definition 4.2 The translation space of a point on the de-
pendent object with respect to a distance constraint is the
set of points to which the point can be moved to by translat-
ing the dependent object without violating the constraint.

Theorem 4.3 If RX(u) is the translation space of p0 on the
dependent object with respect to a constraint X, the transla-
tion space of any other point p on the dependent object with
respect to this constraint is Rp

X(u) = RX(u) + (p − p0),
assuming that previously imposed angular constraints have
eliminated all the rotation degree of freedom of the depen-
dent .

We may now give the following procedure for solving a
dda problem.

Algorithm 4.4 The input is a dda constraint problem with
B and U as the base and the platform. We will give a geo-
metric construction procedure based on ruler and compass
to solve the problem.

S1 We first fix the rotational degree of freedom of U by im-
posing the angular constraint.

S2 We will determine the translation spaces for the objects
on the platform according to the distance constraints
left. This is divided into three cases.

1. If the distance constraint |p0p| = r0 is between a
point p0 on the base and a point p on the platform,
then the translation space is the following circle

RC(θ) = p0 + r0(cos θi + sin θj).

2. The distance constraint |l0p| = r0 is between a
line l0 on the base and a point p on the platform.
The translation space is a line if r0 = 0. Other-
wise it’s two paralleling lines.

Rl(u) = p0 + uI± r0m

where p0 is a point on l0, I is a unit vector parallel
to l0 and m is a unit vector perpendicular to I.

3. The distance constraint |p0l| = r0 is between a
point p0 on the base and a line l on the platform.
In this case, we take an arbitrary point p in l and
will determine the translation space for p. The
constraint |p0l| = r0 implies that p is a tangent
line of the circle with p0 as center and as r0 as
the radius. Also, we know the direction of l since
the rotational degree of freedom of the platform
is fixed. Then the position l∗ for l can be easily
determined by the two constraints. Since l is a
free point on line l, l∗ is the translation space for
l.

S3 Since U has a fixed direction, we need only to com-
pute the corresponding coordinate p∗ of a point p on
U . Then we need only to translate U by p∗ − p to move
it to the correct position. By S2, for each distance con-
straint di, i = 1, 2, we have a point pi and a translation
space Rdi for pi. By Theorem 4.3, the position for p2 is
the intersection of the following two translation spaces,
which are either lines or circles.{

Rd1
p2

(u1) = Rd1(u1) + (p2 − p1)
Rd2

p2
(u2) = Rd2(u2).

(2)

P4

P3P2

P1

L1

C1

C2

C3

L4

L3

L2

P4

P3P2

P1

P1

P4

C1

C2

C3

L4

L1

L3

L2

(a) (b)

Figure 9: Geometric solution to the problem in Figure 1.

For the example in Figure1, l1 and l2 can be constructed
easily if the remaining objects are solved. After we delete
l1 and l3 from the graph in Figure 9, the graph consists of
two rigids: p1p4l4 and p2p3l2. Let p1p4l4 be the platform
and p2p3l2 the base respectively. We construct the transla-
tion space of distance constraint d1 between point p1 and p2,
which is circle c1 shown in Figure 9. Then we can construct
the translation space for distance constraint d2 between point
p3 and p4, which is circle c3 shown in Figure 9. According
to Theorem 4.3 we can get the translation space of point p 4

with respect constraint d1, which is circle c2. The intersec-
tion of circle c2 and circle c3 is the solution to point p∗

4. We
can translate rigid p1p4l4 along the vector t = p∗

4 − p4 and
position rigid p1p4l4. The problem could have one or two
solutions shown in Figure 9.

In Step S3, we need to find the intersection of
lines/circles and lines/circle. The details of the computation
is omitted.

4.2.2 The Case of ddd

This case can be divided into 10 different sub-cases shown
in Table 3.

Constrain type Vertices in platform Vertices in base
PPP-LLL three points three lines
PPP-LLP three points two lines, one point
PPP-LPP three points one lines, two points
LLL-PPP three lines three points
LLP-PPP two lines, one point three points
LPP-PPP one line, two points three points
LPP-PLL one line, two points one point, two lines
LLP-PPL two lines, one point two points, one line
LPP-PLP one line, two points two points, one line
PPP-PPP three points three points

8



Table 3 Ten Cases of the ddd Problem

We can always get three points in the base and three points
in the platform, respectively. If the involved object is a line,
we can take a point on it. LetpB1 , pB2 and pB3 be three
points on the base, and pD1 , pD2 and pD3 three points on the
platform. pB1 , pB2 and pB3 are not collinear, and pD1 , pD2

and pD3 are not collinear, either.

Let pB1 be the origin of the fixed coordinate system
in the base , pB1pB2 the x-axis. The coordinates of three
points in the base are pB1 = (0, 0), pB2 = (b1, 0) and
pB3 = (b2, b3).

Let the point pD be the origin of the moving coordi-
nate system in the platform. The coordinate of point pD

in the fixed coordinate system is pD = (x3, x4), and point
pD is the foot of perpendicular of point pD3 to pD1pD2 .
Let � (pB1pB2 , pD1pD2) = θ, x1 = cos θ, x2 = sin θ.
The moving coordinates of three points in the platform are
pD1 = (−h1, 0), pD2 = (h2, 0), pD3 = (0, h3), where
h1, h2, h3 are three nonnegative parameters. pD1pD2 is the
x-axis of the moving coordinate system. Their coordinates
in the fixed coordinate system are




pD11 = (−h1x1 + x3,−h1x2 + x4)
pD22 = (h2x1 + x3, h2x2 + x4)
pD33 = (−h3x2 + x3, h3x1 + x4)

There exist at most three lines in the base which satisfy the
three distance constraints. Let the parametric equations of
these lines be




l1 : p = pB3 + u1s1, (s1 = (l1, m1), |s1| = 1
l2 : p = pB2 + u2s2, (s2 = (l2, m2), |s2| = 1
l3 : p = pB1 + u3s3, (s3 = (l3, m3), |s3| = 1)

Because a line can be completely determined by a point on
the line and its direction, assuming pB1 is the intersection
point of lines l1 and l2, we take point pB1 as the point on
line l1. Thus the parametric equation of line l1 becomes

l1 : p = pB1 + u1s1.

Then the number of the parameters is decreased and the
equations are simplified. We treat all the following para-
metric equations of lines alike to simplify the equations by
the same way.

There exist at most three lines in the platform which sat-
isfy the three distance constraints. Let the parametric equa-
tions of these lines be




l01 : p = pD3 + u1s1, (s1 = (l1, m1), |s1| = 1
l02 : p = pD2 + u2s2, (s2 = (l2, m2), |s2| = 1
l03 : p = pD1 + u3s3, (s3 = (l3, m3), |s3| = 1)

Although we use the same si in i and l0i (i = 1, 2, 3), there
will be no confusion, because the line li and l0i (i = 1, 2, 3)

will not appear in the same cases of ddd simultaneity. Let
l01, l02, l03 be three lines in the platform, their parametric
equations are




l11 : p = pD33 + u1s11, |s11| = 1,
s11 = (l1x1 − m2x2, l1x2 + m1x1)

l22 : p = pD22 + u2s22, |s22| = 1,
s22 = (l2x1 − m2x2, l2x2 + m2x1)

l33 : p = pD11 + u3s33, |s33| = 1,
s33 = (l3x1 − m3x2, l3x2 + m3x1)

We use |pl| = dij (i = 1, · · · 9; j = 1, 2, 3) to denote
the distance between point p and line l, and |pp| = t ik

(i = 1, · · · 9; k = 1, 2) to denote the distance between two
points. It is obvious that dij and tik should be nonnegative
parameters.

We use Wu-Ritt’s zero decomposition method [36] to
find the analytical solutions. This method may be used to
represent the zero set of a polynomial equation system as
the union of zero sets of equations in triangular form, that
is, equation systems like

f1(u, x1) = 0, f2(u, x1, x2) = 0, . . . , fp(u, x1, . . . , xp) = 0

where the u could be considered as a set of parameters and
the x are the variables to be determined. As shown in [36],
solutions to an equation system in triangular form are well-
determined. For instance, the number of solutions to an
equation system in triangular form can be easily computed.

Case PPP-LLL If the constraints are |pD11 l3| = d13,
|pD22 l2| = d12, and |pD33 l1| = d11, we have the follow-
ing equations:


x2
1 + x2

2 − 1 = 0
|m3(−h1x1 + x3) − l3(−h1x2 + x4)| − d13 = 0
|m2(h2x1 + x3 − b1) − l2(h2x2 + x4)| − d12 = 0
|m1(−h3x2 + x3 − b2) − l1(h3x1 + x4 − b3)| − d11 = 0

(3)
We may simplify the equation system as follows.



x2
1 + x2

2 − 1 = 0
s4x1 + m3x3 + s5x2 − l3x4 + s1 = 0
s6x1 + m2x3 − s7x2 − l2x4 + s2 = 0
s8x2 + m1x3 − s9x1 − l1x4 + s3 = 0

(4)

where s1 = ±d13, s2 = −m2b1±d12, s3 = −m1b2+l1b3±
d11, s4 = −m3h1, s5 = l3h1, s6 = m2h2, s7 = l2h2, s8 =
−m1h3, s9 = l1h3.

We may simplify the equation system as follows.


z111x4 + z112x1 + z113 = 0
z121x3 + z122x1 + z123 = 0
z131x2 + z132x1 + z133 = 0
z141x

2
1 + z142x1 + z143 = 0

(5)

where the zijk are polynomials free of x1, · · ·, x4.
The detailed expressions for coefficients zijk may
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be found in Appendix A, which may be found in
http://www.mmrc.iss.ac.cn/˜ xgao/publ.html.

The above analytical solutions reduce the problem to the
solving of one quadratic equation and three linear equations.
There are at most 16 solutions, since s1, s2, s3 could take
two opposite values and the forth equation is of degree 2.

We omit the other nine cases which can be found in [11].

P8

P7 P6

P5

P3

P4

P1

P2

L3

L2

L1

Figure 10: An example of case ddd

Example 4.5 With the method motioned in Section 3, the
problem in Figure 10 can be reduced into merging two rigid
bodies p1p2p3p4 and p5p6p7p8. We take P5P6P7P8 as the
the base and p1p2p3p4 the platform. The constraints are
|l1p4| = 0, |l2p3| = 0 and |p5l3| = 0, which is an LPP-PLL
case. Let p7 = (0, 0). The parametric equations for lines
l1, l2 are p = (0, 0) + u1(0, 1) and p = (0, 0) + u2(1, 0).
Let point p3 be the origin of the moving coordinate system.
Then p3 = (x3, x4). Let |p6p7| = b2, |p5p6| = b3 and
|p3p4| = h3. Thus the coordinates for points p4 and p5 are
p4 = (−x2h3 + x3, x1h3 + x4) and p5 = (b2, b3). The
parametric equation of line l3 is p = (x3, x4) + u3(x1, x2).
The equation system is



x2
1 + x2

2 − 1 = 0
|x2(b2 − x3) − x1(b3 − x4)| = 0
| − h3x2 + x3| = 0
|x4| = 0

(6)

The triangular form is


b2x3 − h3x1b3 + h2
3x

2
1 − h2

3 = 0
x2b2 − x1b3 + h3x

2
1 − h3 = 0

h2
3x

4
1 − 2x3

1b3h3 + (b2
3 + b2

2 − 2h2
3)x

2
1

+2h3x1b3 − b2
2 + h2

3 = 0
x4 = 0

(7)

It has 4 solutions at most and is not ruler and compass con-
structible.

4.2.3 Analytic Solutions to GSP in 2D

A problem is called RC-constructible if it can be constructed
with ruler and compass. The definition for RC-constructible
can be found in [8]. When CN(B,U) = 3, the problem can
be classified into eleven different cases:

1. The case dda is RC-constructible.

2. PPP-LLL and LLL-PPP are reduced to solving of
one quadratic and three linear equations, and are RC-
constructible.

3. PPP-LLP, LLP-PPP, LPP-PLL and LLP-PPL are re-
duced to solving of one quantic and three linear equa-
tions, and are not be RC-constructible. We use the
method in [8] to decide that the roots of these equations
can not be constructed with ruler and compass.

4. PPP-LPP, LPP-PPP, LPP-PLP and PPP-PPP are re-
duced to solving of one equation of degree six and three
linear equations, which are not RC-constructible. The
polynomials of degree six in these cases are irreducible.
Then it is obvious that the roots of these equations can
not be constructed with ruler and compass.

5 Solving of General Construction Se-
quences in 3D

5.1 Classification of GC in 3D

Use the notations introduced at the beginning of Section 4.

Theorem 5.1 Let V3 be the set of points and planes on the
dependent object U , V4 the set of lines on U , and V = V3 ∪
V4. We have 3 ≤ CN(B,U) ≤ DOF(V ) − |V | = 2|V3| +
3|V4|.

Proof: Since U contains at least one geometric primitive
and B ∪ U is a rigid body, CN(B,U) should be greater than
or equal to the degree of freedom for one primitive. Hence
CN(B,U) ≥ 3. From [27], Ui can be changed to a strongly
connected directed graph. From the definition of GC, U i

satisfies the following conditions [27].

1. If |V | > 1, for every vertex v in V there exists at
least one constraint between v and a primitive in V ,
i.e. DEG(v) > 1. Otherwise, v can be determined by
B alone, which contradicts to the minimal property of
V (the third condition in the definition of GC).

2. Ui can be changed to a strongly connected directed
graph.

Since a strongly connected graph with n vertices has at least
n edges, U contains at least |V | constraints, i.e. DOC(V ) ≥
|V |. Since both B and B ∪ Ui are rigid bodies, we need ex-
actly DOF(V ) = 3|V3| + 4|V4| constraints to determine Ui.
In other words, we have

CN(B,U) + DOC(V ) = DOF(V ) = 3|V3| + 4|V4|.
Thus CN(B,U) ≤ DOF(V ) − |V | = 2|V3| + 3|V4|.

The computation of U with respect to B can be divided
into the following cases.
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1. If CN(B,U) = 3, U consists of a point or a plane,
which can be constructed explicitly.

2. If CN(B,U) = 4, U consists of a line, which can be
constructed explicitly.

3. If CN(B,U) = 5, U consists of a line l and sev-
eral points on l. Suppose that there are m points
pi, i = 1, · · · , m on l. After renaming the points,
DIS(pi, pi+1), i = 1, · · · , n− 1 must be known. Other-
wise, DOF(U) > 5 which is contradict to the fact that
CN(B,U) = 5.

4. If CN(B,U) = 6, there exist DOF(U) − 6 constraints
between primitives in U . Hence U is a rigid body. It
may be considered as to assembly two rigid bodies ac-
cording to six constraints.

5. If CN(B,U) > 6, the problem becomes more compli-
cated. Now U is not a rigid body anymore. We need to
use the constraints inside U and those between U and B
to determine U .

For the first three cases of merge patterns, the solution is
relatively easy. The fourth and fifth cases could be very dif-
ficult. Usually, analytical solutions are too large to be com-
puted. We may use numerical computation to find some of
the solutions. Techniques from AI could be used to simplify
them further [4].

In the above, we only concern the structure of the merge
patterns. It could happen that a structurally well-constrained
problem could have no solutions. One such case is to have
too many angular constraints, which can be easily detected.
If one of the following cases occurs in the basic merge pat-
tern (B,U), we say that it is an angular conflict pattern.

1. A plane or a line in U has more than two angular con-
straints with elements in B.

2. If CN(B,U) = 6 and there are more than three angular
constraints between B and U .

3. Let l and h be the numbers of lines and planes in U .
The number for the angular constraints between U and
B and between primitives in U is more than 2(l + h).

A GC involving an angular conflict pattern is called an an-
gular conflict GC.

Proposition 5.2 In general, an angular conflict pattern can-
not be realized in the Euclidean space.

Proof. Since a line or a plane has two angular (directional)
degrees of freedom and a rigid body has three angular de-
grees of freedom, it is clear that the first two cases in the
definition of an angular conflict pattern will lead to angu-
lar conflicts and hence cannot be realized in the Euclidean

space. If the third case occurs, let H be the set of lines and
planes in U . All the more than 2(l + h) angular constraints
are for primitives in H . But, H has at most 2(l + h) angular
degrees of freedom, which will lead to angular conflicts in
the general case.

5.2 Generalized Stewart Platform

Let (B,U) be a basic merge pattern such that CN(B,U) =
6. Then both B and U are rigid bodies. Hence, it may be
considered as an assembly problem. We need to assemble
two rigid bodies according to six constraints. This problem
can be divided into four cases:

3D3A: There are three distance and three angular con-
straints.

4D2A: There are four distance and two angular con-
straints.

5D1A: There are five distance and one angular con-
straints.

6D: All the six constraints between B and U are distance
constraints.

We cannot have more than three angular constraints due
to the fact that a 3D rigid body only need three angular con-
straints to determine its directions.

This case deserves special attention because it is closely
related to the famous Stewart Platform [2], which is a 6D
problem where all distance constraints are between points.

This platform is extensively studied because it has many
important applications. For a survey, please consult [2].
Most of the work on Stewart platform is focused on the for-
ward displacement problem: for a given position of B and
a set of values of the distances, to determine the position of
U . This is exactly what we are trying to do in geometric
constraint solving.

The system B,U satisfying CN(B,U) = 6 will be called
a generalized Stewart platform (GSP). Figure 11 is the illus-
tration of GSP in 3D.

Figure 11: A Stewart Platform in 3D

We could simplify a GSP (B,U) as follows. We may
solve the rigid body U separately with Algorithm 3.2. Let
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U ′ be the set of vertices in U , such that each vertex in U ′ has
a constraint with a vertex in B. Since U is a rigid body, we
may add a reasonable number of constraints to U ′ so that U ′

becomes a rigid body. Then the basic merge pattern (B,U)
could be simplified to (B,U ′). As a consequence, we may
assume that |U| ≤ 6. For instance, the basic pattern in Figure
12(a) could be reduced to the one in Figure 12(b).

(a) (b)

B

p 1

p 2

p 3

p 4

p 5

p 6

B

p 1

p 2

p 3

p 4

Figure 12: A GSP and its simplified form

To find the analytic solutions to the generalized Stewart
platforms is a difficult problem and has been studied exten-
sively [2]. Most of the work is focused on the original Stew-
art platform, where all the primitives are points. It is proved
that this platform generally has forty solutions [2]. But, to
our knowledge the analytic solutions to the Stewart platform
are not found.

5.3 Analytic Solutions to 3D3A GSP

In this section, we try to give the analytical solution to the
3D3A Stewart platform. This platform is easier because we
may impose the angular constraints first and then the dis-
tance constraints.

It is clear that rotational constraints can violate previ-
ous imposed distance constraints while a translation does
not violate previous imposed angular constraints. There-
for, we impose the three angular constraints first to remove
three rotational degrees of freedom, and then determine
all the degrees of freedom by imposing the three distance
constraints[24].

Let us state the problem precisely as follows: B is a rigid
body whose position is fixed. U is a rigid body with three
distance and three angular constraints with B. We need to
position the rigid body U relative to the rigid body B.

In what below, assume that (B,U) is a GSP with base B
and platform U .

Imposing Angular Constraints. The angular con-
straints and their valences in 3D are listed in Table 1 [24].

Constraint type Geometric entities Valence
angle line, line 1

line, plane 1
plane, plane 1

parallelism line, line 2
line, plane 2
plane, plane 2

Table 1. Valencies of the angular constraints

There are in fact only two types of angular constraints.
One is the angular constraint of valency 1 and the other is the
parallelism constraint of valency 2. There are only two cases
to remove the three directional degrees of freedom: impos-
ing a parallelism constraint of valency 2 and an angular con-
straint of valency 1; imposing three angular constraints of
valency 1.

It is obvious that the first case can be reduced to solv-
ing two linear and one quadratic equation. Therefore, the
problem could have two solutions.

Now we consider the case of imposing three angular con-
straints of valency 1. Since a vector can be used to represent
both the orientation of a line and the normal of a plane, we
only consider angular constraints between two vectors[24].
Let l11, l12 and l13 be three lines in B, the base set, and
l21, l22 and l23 three lines in U , the platform set. Let the
parametric equations of line l1i be p = p1i + u1is1i, where
s1i = (li, mi, ni), |s1i| = 1, i = 1, 2, 3. Assume that after
imposing three angular constraints the parametric equations
of the three lines in the platform are l2i p = p2i + u2is2i,
where s2i = (xi, yi, zi), |s2i| = 1, i = 1, 2, 3.

Let the three angular constraints be ANG(l11, l21) =
α1, ANG(l12, l22) = α2, ANG(l13, l23) = α3 and di =
cosαi(i = 1, 2, 3). Since U is a rigid body, the angles be-
tween three lines in U are also known: ANG(l21, l22) = β1,
ANG(l21, l23) = β2, ANG(l22, l23) = β3. Let cosβj =
dj+3(j = 1, 2, 3). We need to determine three unit vectors
s21, s22, s23 by solving the following nine equations




l1x1 + m1y1 + n1z1 − d1 = 0
l2x2 + m2y2 + n2z2 − d2 = 0
l3x3 + m3y3 + n3z3 − d3 = 0
x1x2 + y1y2 + z1z2 − d4 = 0
x1x3 + y1y3 + z1z3 − d5 = 0
x2x3 + y2y3 + z2z3 − d6 = 0
x2

1 + y2
1 + z2

1 − 1 = 0
x2

2 + y2
2 + z2

2 − 1 = 0
x2

3 + y2
3 + z2

3 − 1 = 0

(8)

Because a line has two rotational degrees of freedom, the
problem can be classified into three cases shown in Figure
13.

For the case in Figure 13-(a), we could set (l1, m1, n1) =
(0, 0, 1) and m2 = 0. For the case in Figure 13-(b), we could
set (l1, m1, n1) = (0, 0, 1) and m3 = 0. With Wu-Ritt’s
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Figure 13: Three cases of three angle constraints

method [36], we could reduce the equation system (8) into
the following triangular form.




l2x1 + z111 = 0
z121x2 + (z122y1 + z123) ∗ y2 + z124 = 0
z131z2 + (z132y1 + z133)y2 + z134 = 0
(z141y1 + z142)y2

2 + (z143y1 + z144)y2 + z145 = 0
l22y

2
1 + z151 = 0

(9)
The above equation system has three linear and two
quadratic equations and has at most four solutions. Other
cases can be treated similarly.

For the case shown in Figure 13-(c), it is difficult to
transform the corresponding equation system into triangu-
lar form. But, we may compute the m-Bezout number for
the system as follows [32]. Let T1 = {x1, y1, z1}, T2 =
{x2, y2, z2}, T3 = {x3, y3, z3}. The degree vectors of the
nine equations in (8) for T1, T2, T3 are (1, 0, 0), (0, 1, 0),
(0, 0, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (2, 0, 0), (0, 2, 0),
(0, 0, 2). Then the m–Bezout number is the coefficient of
T 3

1 T 3
2 T 3

3 in the polynomial T1T2T3(T1 +T2)(T1+T3)(T2 +
T3)(2T1)(2T2)(2T3), which is 16. As a consequence, we
know that the above equation system has at most 16 solu-
tions.

l 1

l 2l 4

l 3

a

h 1

h 2p 5

h 4 h 3

p 6

aa a

a

a

(a) (b)

Figure 14: Examples for case 3D3A

Example 5.3 The constraint graph shown in Figure 14-(a)
is a basic configuration with four lines from [9]. Lines la-
belled by a represent angular constraints. If there are two
lines between two vertices, one line represents an angular
and the other represents a distance constraint. Let l3l4 be
the base and l1l2 the platform. Imposing three angular con-
straints to l1l2 is just corresponding to the case shown in
Figure 13-(a). So there are four solutions at most.

The constraint graph shown in Figure 14-(b) is a basic
configuration from [5]. hi(i = 1, · · · , 4) are planes and
p5 and p6 are points. Let triangle h3h4p6 be the base and
h1h2p5 the dependent . The three angular constraints are
imposed on h1, h1, h2. This problem corresponds to the case
shown in Figure 13-(a). So there are four solutions at most.

Imposing Distance Constraints. The distance con-
straints and their valences in 3D are listed in Table 2 [24].

Constraint type Geometric entities Valence
distance point, point 1

point, line 1
point, plane 1
line, line 1
line, plane 1
plane, plane 1
point, point 3

coincidence point, line 2
(distance is zero) line, line 1

point, plane 1

Table 2. Valencies of the distance constraints

There are two ways to remove the three translational de-
grees of freedom: (1) imposing a distance constraint of va-
lency two, which is a point-line coincident and a distance
constraint of valency one; (2) imposing three distance con-
straints of valency one. We discuss the second case first.
The problem of imposing three distance constraints of va-
lency one can be classified into five cases shown in Figure
15.

Type Geo. Prim Parametric equation for translation space
LL plane Rp(u, v) = pl + rlm + uI1 + vI2
PH plane Rp(u, v) = p0 + rpm + ua + vb

PP sphere Rs(φ, θ) = C0 + rs(sin φ cos θi + sin φ sin θj)
PL cylinder Rc(ρ, φ) = pa + ρI + rρ(cos φm + sin φn)

Table 3 Parametric equations for translations space

After removing three directional degrees of freedom for
U , there are four basic types of translation spaces, shown
in Table 3, where LL means that the distance constraint is
between two lines; PH means that the distance constraint is
between a point and a plane, etc. In case LL, assuming that
line l1 ∈ B and line l2 ∈ U , pl is a point on l1. Then I1 and
I2 are unit vectors parallel to l1 and l2 respectively; m is a
unit vector perpendicular to l1 and l2; and rl is the distance.
In case PH, if the point is in B, then p0 is the corresponding
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Figure 15: Five Cases of Three distance Constraints

point. Otherwise it is a point on the plane. a and b are mutu-
ally perpendicular unit vectors parallel to this plane; m is a
unit vector perpendicular to a and b; and rp is the distance.
In case PP, C0is a point in B and rs is the distance. In case
PL[24], I is a unit vector parallel to the line and m and n
are mutually perpendicular unit vectors perpendicular to I.
If the point is in the base , pa is the corresponding point.
Otherwise it is a point on the line.

We can always assume that the primitives in U are three
points. If the given vertex in the platform is a plane or a
line, we can take a point on the plane or the line. Proofs
for the correctness of this are omitted. Let p1, p2 and p3

be the points in U , d1, d2 and d3 the corresponding dis-
tances. The translation spaces of constraints d1, d2 and d3

are Rd1(u1), Rd2(u2) and Rd3(u3) respectively. Imposing
constraints d1, d2 and d3 means that we must find points
p1

∗ in Rd1(u1), p2
∗ in Rd2(u2) and p3

∗ in Rd3(u3), such
that segments p1

∗p3
∗ and p2

∗p3
∗ are parallel and equal

to segments p1p3 and p2p3, respectively. The parametric
equation of line p∗

1p
∗
3 is p = p1

∗ + v1s1, where v1 is a free
parameter and s1 is a unit vector. The parametric equation of
line p∗

2p
∗
3 is p = p2

∗ + v2s2, where v2 is a free parameter
and s2 is a unit vector. Let t1 = |p1p3| and t2 = |p2p3|.
Then we have p3

∗ = p1
∗ + t1s1 and p3

∗ = p2
∗ + t2s2.

After obtaining the analytical solutions to point p∗
3, we

can translate U along the vector t = p∗
3 − p3 and get the

analytic solutions to point p∗
1 according to p∗

3 = p∗
1 + t1s1,

point p∗
2 according to p∗

3 = p∗
2 + t2s2, and hence the posi-

tion of U .

According to theorem 4.3, it’s obvious that point p3
∗

satisfies the following equations




p = Rd1(u1) + t1s1
p = Rd2(u2) + t2s2
p = Rd3(u3)

(10)

1. If t1 �= 0 and t2 �= 0 in (10), that is p1, p2 and p3 are
three different points, equation system (10) corresponds
to cases (a), (c) and (e) in Figure 15.

2. If t1 = 0 and t2 = 0, that is p1 = p2 = p3, equation
system (10) corresponds to cases (b) in Figure 15.

3. If t1 = 0 and t2 �= 0, that is point p1 = p2 and p3 �=
p1, equation system (10) corresponds to case (d) shown
in Figure 15.

Since we’ll use implicit equations during computation,
in what below, we will list the implicit equations for Rd(u)+
ts, where Rd(u) is the translation space in Table 1 and ts is
a constant vector.

Case LL: The implicit equation is (m2n1−n2m1)(x−x1−
rll3)+(l1n2−n1l2)(y−y1−rlm3)+(m1l2−l1m2)(z−z1−
rln3) = 0, where p = (x, y, z), pl = (xpl

, ypl
, zpl

), s =
(ls, ms, ns), I1 = (l1, m1, n1), I2 = (l2, m2, n2), m =
(l3, m3, n3), m = ±I1×I2, x1 = xpl

+tls, y1 = ypl
+tms,

z1 = zpl
+ tns.

The implicit equation can be simplified as d1x + d2y +
d3z + d4 = 0 where d1 = (m2n1 − n2m1), d2 = (l1n2 −
n1l2), d3 = (m1l2 − l1m2), d4 = −(m2n1 − n2m1)(x1 +
rll3)−(l1n2−n1l2)(y1+rlm3)−(m1l2−l1m2)(z1+rln3).
This is a plane.

Case PH: The implicit equation is (m2n1−n2m1)(x−x1−
rpm3)+(l1n2−n1l2)(y−y1−rpm3)+(m1l2− l1m2)(z−
z1 − rpn3) = 0, where p = (x, y, z), p0 = (xp0 , yp0 , zp0),
s = (ls, ms, ns), a = (l1, m1, n1), b = (l2, m2, n2), m =
(l3, m3, n3), m = ±a×b, x1 = xp0 + tls, y1 = yp0 + tms,
z1 = zp0 + tns.

The implicit equation can be simplified as d1x + d2y +
d3z + d4 = 0 where d1 = (m2n1 − n2m1), d2 = (l1n2 −
n1l2), d3 = (m1l2 − l1m2), d4 = −(m2n1 − n2m1)(x1 +
rpm3)− (l1n2 − n1l2)(y1 + rpm3)− (m1l2 − l1m2)(z1 +
rpn3). This is a plane.

Case PP: The implicit equation is (x−x1)2+(y−y1)2+(z−
z1)2 − r2

s = 0, where p = (x, y, z), C0 = (xC0 , yC0 , zC0),
s = (ls, ms, ns), x1 = xC0 + tls, y1 = yC0 + tms, z1 =
zC0 + tns.

The implicit equation can be simplified as x2+y2+z2+
d1x + d2y + d3z + d4 = 0 where d1 = −2x1, d2 = −2y1,
d3 = −2z1, d4 = x2

1 + y2
1 + z2

1 − r2
s . This is a sphere.

Case PL: The implicit equation is (x−x1−ρl)2 +(y−y1−
ρm)2 + (z − z1 − ρn)2 − r2

ρ = 0, where

ρ = (m1n2−n1m2)x+(n1l2−l1n2)y+(l1m2−m1l2)z
(l1m2−n1m2−m1l2+m1n2)l+(n1l2−l1n2)m +

(n1m2−n2m1)x1+(n2l1−l2n1)y1+(l2m1−l1m2)z1
(l1m2−n1m2−m1l2+m1n2)l+(n1l2−l1n2)m

,
p = (x, y, z), pa = (xpa , ypa , zpa), s = (ls, ms, ns), I =
(l, m, n), m = (l1, m1, n1), n = (l2, m2, n2), x1 = xpa +
tls, y1 = ypa + tms, z1 = zpa + tns.

The implicit equation can be simplified as

d1x
2+d1y

2+d1z
2+(d2y+d3z+d4)x+(d5z+d6)y+d7z+d8 = 0

where the di are some constants. The implicit equation rep-
resents a cylinder.

From these equations, we see that the translation spaces
are planes, spheres or cylinders which are denoted by P, S
and C. For instance, PPS means that we need to find the
intersection points of two planes and one sphere. To satisfy
three distance constraints can be classified into the following
cases, which are all solved with Wu-Ritt’s method [36]. For
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the explicit formulas, please refer to

http://www.mmrc.iss.ac.cn/˜xgao/publ.html.

1. The equation system for PPP consists of three linear
equations. Then it has one solution.

2. The equation system for PPC or PPS consists of two
linear and one quadratic equation. Then they have two
solutions at most.

3. The equation system for SSS or PSS can be reduced
into a triangular set consisting of one quadratic and two
linear equations. Then they have two solutions at most.

4. The equation system for PCC, SSC or PSC can be re-
duced into a triangular set consisting of one quartic and
two linear equations. Then they have four solutions at
most.

5. The equation system for CCC or SCC can be reduced
into a triangular set consisting of a degree eight equa-
tion and two linear equations. They have eight solutions
at most.

In what below, we illustrate the solving process by giving
the computation procedure for case CCC, i.e. to find the
intersection points of three cylinders. By making a proper
coordinate system, the equation system can be represented
as 



x2 + y2 − d1 = 0
f1x

2 + f1y
2 + f1z

2 + (f2y + f3z + f4)x
+ (f5z + f6)y + f7z + f8 = 0

g1x
2 + g1y

2 + g1z
2 + (g2y + g3z + g4)x

+ (g5z + g6)y + g7z + g8 = 0

(11)

where the fi and gi are constants. The above equation sys-
tem can be reduced into the following triangular form which
consists of a degree eight equation and two linear equations.



(z611x
4 + z612x

3 + z613x
2 + z614x + z615)z + z616x

5

+ z617z
4 + z618z

3 + z619z
2 + z6110z + z6111 = 0

(z621x
3 + z622x

2 + z623x + z624)y + z625x
4 + z626x

3

+ z627x
2 + z628x + z629 = 0

z631x
8 + z632x

7 + z633x
6 + z634x

5 + z635x
4 + z636x

3

+ z637x
2 + z638x + z639 = 0.

(12)

Example 5.4 Continue from Example 5.3. Now impose
three distance constraints to the problems in Figure 14, re-
spectively. It is obviously that each equation system consists
of three linear equations, and only has one solution. Thus
each problem shown in Figure 14 has four solutions at most.
For the problem in Figure 14(a), this result is better than that
in [9]. For the problem in Figure 14(b), this is the same as
that in [5].

For the case of imposing a distance constraint of va-
lency 2 and a distance constraint of valency 1, it is obvi-
ous that the corresponding equations for both line-line co-
incident and point-line coincident are two linear equations.
From the above discussion, we know the equation for the
distance constraint of valency one is linear or quadratic after
removing three rotational degrees. So this case has one or
two solutions.

Theorem 5.5 We generally could have 2, 4, 16 solutions
when imposing the angular constraints. We generally could
have 1,2,4, 8 solutions when imposing the distance con-
straints. Therefore, the 3D3A GSP generally could have
2k, k = 1, · · · , 7 solutions depending on the types of the con-
straints imposed on it.

6 Conclusion

A geometric constraint solving procedure usually consists
of two phases: the analysis phase, which is to reduce a large
geometric constraint problem into several subproblems, and
the computation phase, which is to merge the subproblems
by numerical or symbolic computation. In this paper, we
propose an analysis method which may be used to decom-
pose any constraint problem into smaller rigid bodies if
possible. Comparing to other decomposition methods, our
method can be used to handle general constraint problems
and is easier to understand and implement.

Our decomposition procedure for a constraint problem is
shown in Figure 16. First, a constraint problem is reduced to
several GCs with a c-tree decomposition; a GC is reduced
to basic merging patterns; finally, a basic merging patten
may have three possible forms: explicit construction, GSP,
or general form. Solution to explicit construction is gener-
ally easy. Solution of GSP is discussed in section 4.2 and
5.3.

Geometric Constraint Problem

General Construction Sequence

C-tree Decompositrion

Basic Merge Patterns

Explicit Construction GSP General Type

Figure 16: Solving a Constraint Problem

Solution of general basic merging pattern could be dif-
ficult. This is due to the intrinsic difficulty of the constraint
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problem: there exist constraint problems of any size which
cannot be decomposed into smaller rigid bodies. For these
problems, we have to solve them with brutal force computa-
tion methods such as the one in [12].

We have implemented the c-tree decomposition
method in our software package MMP/Geometer
(http://www.mmrc.iss.ac.cn/ mmsoft). 5solved with
the software.
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