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@ A. Tarski, who gave a first quantifier elimination method
for real closed fields in the 1930s

@ G. E. Collins, who introduced a so-called cylindrical alge-
braic decomposition (CAD) algorithm for QE problem in the
1970s

© Many researchers have studied a special quantifier elimina-
tion problem

(Vx € R)(x* + px* + gx + r > (>)0)

© Gonzalez-Vega etc. and Yang etc. developed theory on root
classification of polynomials independently, Yang named the
theory complete discrimination systems.
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Research Background
Research Background

Choi etc, Harris, Timofte, Yao etc. have studied quantifier-free formula of
symmetric forms.

Choi etc.,1987

xi € Rie,i = 1,2,...,n, the degree of form T(xi,xp,...,X,) equals
three, then T > 0 < T(1,0,0,...,0) > 0 T7(1,1,0,0,...,0) >
0,..., T(1,1,1,...,1,0)>0; T(1,1,1,...,1) > 0.

Harris, 1999

x,y¥,z € Ry, the degree of form P(x,y, z) equals 4 or 5, then P(x,y,z) >
0 <= P(x,1,1) >0, P(x,1,0) > 0.

Yao etc., 2008

Give an algorithm to compute a quantifier free formula of the positive
semidefinite symmetric forms of degree d with n variables in R"(d <5, n
is given.)
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Research Background

The author developed the so-called Criterions on Equality of Symmetric
Inequalities method, which can prove these results.

How about cyclic forms?
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Research Background

For cyclic form P with degree 3 of 3 variables, namely

P(a, b, c) = m(a®>+b3+c®)+n(a’b+b*c+c?a)+s(ab>+bc’+ca?)+3tabc > 0

,Va,b,ce R\,P >0+ P(1,1,1) > 0 ;[Va > 0, P(a,1,0) > 0].
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Research Background

The author once studied cyclic ternary quartic forms, namely

(Vx,y,z € R)[F(x,y, z) ZX +k2x2y2+IZX yz

cyc cyc cyc

+mZX y—I—any > 0],

cyc

but not obtained a quantifier-free formula.

Two quantifiers (Due to homogenous).
Difficult to obtain automatically by previous methods or quantifier elimi-
nation tools.
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Research Background
Research Method

@ Apply Criterions on Equality of Symmetric Inequalities method
to reduce number of quantifiers to one

@ Apply the theory of complete discrimination systems and
function RealTriangularize in Maplel5 (or other tools)
for solving the reduced case (QEPCAD, Discover).

A Quantifier-free Formula of Cyclic Ternary Quartic Forms



Research Result Main Result Preliminaries Lemma 6 Lemma 8 Theorem 9 Lemma 10

Research Result

F(x,y,z) = Zx4—|— kZX2y2+/Zx2yz+m2x3y+n2xy3,

cyc cyc cyc cyc cyc

then
(Vx,y,z € R) [F(x,y,z) > 0]

is equivalent to

V(ga=0Ah=0A((g1=0A"m>1Am<4)V(gL>0Ag >0)V
(g1 >0A g3 >0)))

V(g2 +f2>0Af>0Af=0Af>0)

V(g2 4+ >0ANFf>0AFf>0A
((>0A(fs <0V <0)V(s=0AFf<0)))

A Quantifier-free Formula of Cyclic Ternary Quartic Forms



Research Result Main Result Preliminaries Lemma 6 Lemma 8 Theorem 9 Lemma 10

where

i =2+k—m—n,

frb =4k +m-+n—8-—2/,

fh=l+k+m+n+|,

fo :=3(1 + k) — m*> — n*> — mn,

fo = — 4k3m? — 4k3n® — 4Kk%Im? + 4k?Imn — 4Kk? In?
— kI’m? + 4kl mn — ki*n? + 8kIm® 4 6kIm?n + 6kimn?
+ 8kin® — 2km* + 10km*n — 3km*n? + 10kmn® — 2kn*
+ Bmn—92m?n — 9Pmn® + Im* + 13Im®n — 3Im?n?

+13Imn® + In* — 7Tm® — 8m*n — 16m%n® — 16m?n® — 8mn*
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—7n° +16k* + 16k31 — 32k*Im — 32k?In 4 12k*m?

— 48k*mn + 12k*n? — 4kI® + 4kIm + 4kI?n — 12kim?

— 60kimn — 12kin® 4+ 40km® + 48km?®n + 48kmn? + 40kn®

— 4 4+10Pm+103n — 21Pm? + 127mn — 21/%n?

+10/m® + 48Im*n + 48Imn? + 10In® — 17Tm* — 14m®n

—21m?n® — 14mn® — 17n* — 16k3 + 32k?| — 48k*m

— 48k>n + 80kI? — 48kim — 48kin + 96km? + 48kmn + 96kn?

— 2413 — 241°m — 24/1°n + 24Im? — 24Imn + 24In* — 16m®

— 48m°n — 48mn® — 16n° — 96k> — 64kl + 64km + 64kn + 96/

—32Im — 32In — 16m? — 32mn — 16n° + 64k — 128/ + 64m + 64n + 128,
fo :=4k> + 2kl — 4km — 4kn + I> — 7Im — 7In + 13m?® — mn + 13n°

— 40k + 20/ + 8m + 8n — 32,
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fr := — 768 + 352k? — 332/% + 180n° + 180m? + 56k> — 8k*
+ 148 +132n° + 132m* + 42n* + 42m* — 480k — 60/mn — 192n
+ 32kimn — 192m + 912/ + I* — 354kmn + 158kin + 158kIm + 26k*mn
— 11kIn? 4 22k?Im + 22k?In — 45kmn® — 90/m*n — 45km>n
— 11kIm? + 2317 mn — 90Imn® + kI*m + kI?>n + 36mn — 480km + 592k/
— 480kn — 60/m — 60/n + 8k3m + 8k3n — 20k?/ + 32k*n + 32k*>m
— 12k31 + 234mn® 4 234m?n — 192In® — 258kn?® — 192Im? — 258km?
+116/°m 4 116/*n + 87m>n + 87mn> — 15kn* + 90m?n? — 30/n°
— 15km® — 30/m® + 25/°m? + 25/°n* — 14k*m? — 14k n?
— 146k/1* — 10Pm — 10 n — 2k?I? + 3k/3,

g1 =k —2m+42 g =4k —m> —8,g3:=8+m—2k,gg =m—n.
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By Theorem 9, it suffices to find a quantifier-free formula of

(Vt € R)[g(t) =32+ k —m—n)t* +3@4+m+n— N2+ k+1+m+

n+l—\/27 m—n)?+ (4k +m+n—8—2/) t3>0]

Case 1 \/27(m—n)2—i—(4k+m+n—8—2/)2 =0, that is m = n and
4k + m+n—8— 2/ =0. Hence

g(t) =32+ k —2m)t* +3(4+2m—Nt> + k+1+2m+ 1/
=32+ k —2m)t* +3(8 + m — 2k)t? + 3(k + m — 1).

If2+k—2m =0, then
VteR g(t)>0<=1<m<4.
If 2+ k—2m > 0, then

VteR g(t)>0<«= (g1 >0Ag >0)V (g >0Ags>0).
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Case 2 \/27(m —n)2+ (4k+m+n—8—2)7 #£0and 1+k+m+n+/ =
0. In this case, it is easy to show that 24+ k — m —n > 0. Thus,

vteR, g(t)>0
—=VteR, 3Q2+k-m-—nt*+34+m+n—1)

—\/27(m—n)2+(4k+m+n—8—2l)2t2O
==27(m—n)®> + (4k+ m+n—8—2/)°
<36(2+k—m—n)(d+m+n—1)
<=3(1+ k) > m* + n* + mn.
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Research Result

Case 3 \/27(m —n)2+(4k+m+n—8—2)7#0and 1+k+m+n+/ #
0. In this case, by Lemma 10, we know that for all x € R, g > 0 holds if
and only if

Ai>0AfB>0A((>0A(f<0VFHE<0)V(=0AFf<0)).

The theorem is proved. ©
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Given a polynomial
f(x) = aox" +aix" L+ -+ ap,
we write the derivative of f(x) as

f'(x) =0-x"+ naogx" ' + (n—Varx" 2+ +a, 1.

Discriminant Matrix

The Sylvester matrix of f(x) and f/(x)
ao ai an 000 dan
0 nagp (n — 1)31 coo dpn—1
ao ay 600 dpn—1 dp
0 nag ... 2ap.1 a,
dao dai 500 dp
0 nag ... ap—1
is called the discrimination matrix of f(x), and denoted by Discr(f).

4
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Discriminant Sequence

Denoted by Dy the determinant of the submatrix of Discr(f) formed by
the first 2k rows and the first 2k columns. For k = 1,...,n, we call the
n-tuple

{D1(f), Da(f), ..., Dn(f)}

the discriminant sequence of polynomial f(x).

| \

Sign list
We call list

[sign(Dy(f)), sign(Dz(f)), - . ., sign(Dn(f))]

the sign list of the discriminant sequence{D:(f), Do(f), ..., D(f)}
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Revised sign list

Given a sign list

[517 52, .- 75,,],
we construct a new list

[61, ()PP 6,,]
as follows (which is called the revised sign list): if [s1, s, . .., s,] is a section
of the given list, where s; # 0, s;11 = Sip2 = ... = si1j—1 = 0, siy; # 0,
then we replace the subsection

[Si41,Sit2,- - Sitj—1]

by
[751'7 —Sj, Siy Siy —Siy —SiySiy Siy - - ']7
i.e. let .
sl
iy = (_1)[ 5 1. S
for r = 1,2,...,j — 1. Otherwise, let ¢x = sk i.e., no change for other
terms.
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Theorem 1 Gonzalez-Vega etc. 1989, Yang etc. 1996

Given a polynomial with real coefficients, f(x) = agx" +a;x" 1 +---+a,.
If the number of the sign changes of the revised sign list of

{D1(f), Da(f), ..., Da(f)}

is v, then the number of the pairs of distinct conjugate imaginary root of
f(x) equals v. Furthermore, if the number of non-vanishing members of
the revised sign list is |, then the number of the distinct real roots of f(x)
equals | — 2v.
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Research Result Lemma 6

Lemma 6

Let x,y,z€ C, x+y+z=1and xy + yz + zx, xyz € R. The necessary
and sufficient condition of x,y,z € R is xyz € [r, rz], where

1 1
— —(1— 2_23 — —(1— 2 23
n 27( 3t t%), 27( 3t° +2t7)

and t = /1—3(xy + yz + 2zx) > 0.

Remark

This Lemma implies that if x,y,z € R and x + y +z = 1, then
V/1=3(xy +yz+2x) =t >0, and the range of xyz is [r1, 2]
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Research Result Lemma 6

Consider the polynomial
f(X) = X3 — (X+y+Z)X2 + (xy + yz + zx)X — xyz,

according to the theory of complete discrimination systems, the equation
f(X) = 0 has three real roots if and only if

D3(f) 20/\D2(f) >0,
where

Dy(f) = (x+y+2)?=3(xy +yz+2x) =1 = 3(xy + yz + zx) = t?,

Ds(f) = (x=y)’(y —2)*(z—x)* = %(492“)3 — (3D2(f) —1+27xy2)?).
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Using the substitution t = /Ds(f) and xyz = r,
x,y,z € R <= (x—y)*(y—2)*(z—x)? > OA(x+y+2)? > 3xy+3yz+32x,
=4t — (32 —1+27r)>>0At >0

1 1
= —(1-3t2 283 <r< —(1-=3t24+2¢ > 0.
27( 3t t)_r_27( 3t°+2t°) At >0
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Research Result Lemma 8

Lemma 8
The inequality F(x,y,z) > 0 holds for any x, y,z € R if and only if

2Zx4+2kZX2y2+2/ZX2yz+(n—|—m)Zx3y+(m—|—n)ny

cyc cyc cyc cyc cyc

Z|(m = n)(x +y+2)(x =)y - 2)(z = )|

[y

holds for all x,y,z € R.
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Research Result Lemma 8

F(x,y,z) > 0 is equivalent to: for all x,y,z € R,

2ZX4+2kZX2y2 +2/ZX2yz+(n+m)ZX3y+(m+n)ny3

cyc cyc cyc cyc cyc

>(m—n)(x+y+2)(x = y)ly = 2)(z = x).

On the other hand, F(x,y,z) > 0= F(x,z,y) >0,

2ZX4+2/(ZX2)/2 +2/ZX2yz+(n+m)ZX3y+(m+n)ny3

cyc cyc cyc cyc cyc

>(n—=m)(x+y+2)(x = y)ly = 2)(z = x)
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Research Result Theorem 9

Theorem 9

The positive semidefinite cyclic ternary quartic form
Vx,y,z € R F(x,y,z) >0
holds if and only if the following inequality holds.

(Vt e R)[g(t) =32+ k—m—n)t* +3(4+m+n—Nt> + k+1+m+

n+/—\/27(m—n)2+(4k+m+n—8—2/)2t320].

v

A Quantifier-free Formula of Cyclic Ternary Quartic Forms



Research Result ain Resul reli ries Lemma 6 Lemma 8 Theorem 9 Lemma 10

Research Result Theorem 9

o (Vt >0)[g(t) = 0] <= (Vt € R)[g(t) > O]
o (Vx,y,z € R)[F(x,y,z) > 0] < (Vt > 0)[g(t) > 0]
According to Lemma 8, F(x,y,z) > 0 <

2ZX4+2kZX2y2+2/ZX2yz+(n+m)Zx3y+(m+ n)ZXy3

cyc cyc cyc cyc cyc

—|(m=n)(x+y+2)(x=y)ly —2)(z=x)[ >0

for all x,y,z € R. Denote it as G(x,y,z) > 0.
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Research Result Theorem 9

Substituting x + y + z, xy + yz + zx, xyz with p, g, r, we have

Zx4:p4—4p2q+2q2+4pr Zx2y2:q2—2pr

cyc cyc
doxlyz=pr D Xy +x®=q(p*—29) - pr
cyc cyc

(x =)y = 2)(z = x)| = V(x = y(y = 2)*(z = x)?

_\/4(/32 —3q)3 — (2p® — 9pg + 27r)?2
- 27 ’

G(x,y,z) =2p* + np’q — 8p°q + mpq + 2kg* — 2ng”> — 2mq’
+ 4q? + 2lpr + 8pr — npr — mpr — 4kpr

4(p* —3q)® — (2p> — 9pq +27r)?
—[m—nlp 7

>0
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Research Result Theorem 9

Sufficiency.
If p =0, then the inequality G(x,y, z) > 0 becomes

22+ k—-m—n)g®>>0.

(24 k — m — n) is leading coefficient of g(t) =2+ k—m—n>0
If p #£ 0, since the inequality is homogenous, assume p = 1.

(x+y+2)* > 3(xy + yz + 2x),

thus we have g < . Using the substitution t = \/T—3q > 0, the
inequality G(x,y,z) > 0 is equivalent to

22+ k —m—n)t* + (16 — 4k + m+ n)t> — 2+ 2k + m + n+
9(8 — 4k + 21 — m — n)r > V/3|m — n|\/4t5 — (3t2 — 1+ 27r)2,

where t >0, r € [r, r].

A Quantifier-free Formula of Cyclic Ternary Quartic Forms



Research Result Main Result Preliminaries Lemma 6 Lemma 8 Theorem 9 Lemma 10

Research Result Theorem 9

Since 2g(t) > 0 is equivalent to
2(2—|—k—m—n)t4+(16—4k+m+n)t2—2—|—2k—|—m+n

2\/27 + (8 — 4k +2/ — m— n)2t3
3

+9(8 — 4k +2/ — m— n)

(8—4k+2/— m—n)(3t2— 1+427r)
3 b
thus, in order to prove G(x,y,z) > 0, it is sufficient to prove that

m — n|\/4t6 — (3t2 — 1+ 27r)2

)2 _ o )243
<2\/27(m n)? + (8 — 4k +2/ — m— n)’t )
- 3
(8 — 4k + 2/ — m— n)(3t2 — 1+ 27r)
+ 3
Square both sides and collect terms, the sufficiency is proved.

H2(r) :(2(8—4k +32/— m— n)t3
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Research Result Theorem 9

Necessity. G(x,y,z) > 0= (¥t > 0)[g(t) > 0]. For any t > 0, if there
exist x, ¥,z € Rsuch that H(r) = 0, x+y+z =1 and 1-3(xy+yz+zx) =
t2, then the equation of inequality (4) could be attained. Choosing such
x,y,z € R, inequality (1) becomes

2+ k—m—n)t* + (16 — 4k + m+n)t> =2+ 2k + m+n

) > 2,/27(m — n)2 + (8 — 4k + 2/ — m — n)2¢3
- 3

+9(8—4k+2/—m—n

+(8—4k+2/—m—n)(3t2—1—|—27r)
3 )

< (Vt > 0)[g(t) > 0]. Suffices to show that there exist such x,y,z € R.
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Research Result Theorem 9

Notice that
H(r)H(r2)
2(8 — 4k +2/ —m— “ak+2l—m—n)?
—( (8 +3 m n)t32t3\/3(mn)2+(8 +9 m n))
28 —4k+2I—m—n) 4 3 5 (8—4k+2/—m—n)?
( 3 t3 4+ 2t3/3(m — n)2 + 5 )

=—12t%m —n)? <0,

where 1 1
1-3t2 —2t%),n = ——(1 - 3t> - 2t%).

Therefore, for any given t = \/1 —3(xy + yz+ zx) > 0, there exists

ro € [r, r2], such that H(rp) = 0. By Lemma 6, such x,y,z € R exist and

we prove the necessity.

n =
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Theorem 9, Motivation

F(x,y,z) > 0 <= G(x,y,z) > 0 =
22+ k—m—n)t" + (16 — 4k + m+n)t* =2+ 2k + m+n+  (3)
9(8 — 4k +2/ — m — n)r > V/3|m — n|\/4t6 — (3t2 — 1 + 27r)2,

We want to eliminate r, notice that
AVD? - B2 < /A + C?D + CB
V3|m — n|\/4t6 — (3t2 — 1+ 27r)2
<2\/27(m —n)2+ (8 — 4k + 2/ — m — n)?t3

. (4)
(8 — 4k +2/ —m— n)(3t> — 1+ 27r)
* 3
there exists t > 0, r € [r1, 2], such that the equality of above inequality
holds.
Thus,

g(t) >0+ G(x,y,z) > 0.
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Research Result Lemma 10

Let a9 > 0, a5 > 0, a1 # 0, a;,a» € R, we consider the following
polynomial
f(x) = aox* + a1x® + aox® + aq.

The discriminant sequence of f(x) is

D = [Di(f), Da(f), D3(f), Da(f)],

where
Di(f) =a0,
Dy(f) = — 8aga + 3ajas,
Ds(f) = — 4a3a3 + 16agazas + apai a5 — 63537 aa,
Da(f) = — 27a3ata; + 16a3a3as — 12825323 —

4ajalada, + 144a3ara3a; + 256a3a;.

For all x € R, f(x) > 0 holds if and only if one of the following cases
holds,

(1)Da(f) > 0 A (Do(f) <0V Ds(f) <0),

(2)Da(f) = 0, Ds(f) < 0.
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Research Result Lemma 10

= If f(x) > 0 holds for all x € R, then the number of distinct real roots
of f(x) is less than 2. If it equals 2, then the roots of f(x) are all real. If
it equals 0, then f(x) has no real root.

Dy4(f) < 0 (no solution)

D4(f) > 0= Dy(f) <0 or Ds(f)<0
Dy(f) > 0and Dy(f) =0

D4(f) = 0 and D3(f) > 0 (no solution)
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Research Result Lemma 10

If D4(f) < 0 and Dy(f) > 0, then the number of non-vanishing members
of revised sign list, I, equals 4. Since D4(f)D,(f) < 0, then the number
of the sign changes of revised sign list, v, equals 1, thus | — 2v = 2.
The number of distinct real roots of f(x) equals two and the number of
the pairs of distinct conjugate imaginary root of f(x) v = 1, which is
impossible. Using function RealTriangularize, we can prove that the
semi-algebraic system as > 0, D4(f) < 0, D,(f) < 0 has no real solution.
Therefore, Dy(f) > 0. Since D1(f) > 0, the number of the sign changes
of revised sign list v < 2.
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Research Result Lemma 10

If D4(f) > 0, thus / = 4. Notice that the number of real roots of f(x),
namely | —2v < 2, so v > 1, from which, we get

D>(f) <0V Ds(f) < 0.

Using function RealTriangularize, we can prove that both the semi-
algebraic system a; > 0,a0 > 0, D4(f) > 0,D5(f) > 0,D5(f) = 0,a, #
0 and the semi-algebraic system a; > 0,39 > 0,D4(f) > 0, D5(f) >
0,D,(f) = 0,a1 # 0 have no real solution. Hence, if Dy(f) > 0 and
Dy(f) = 0, then Ds(f) < 0; if Da(f) > 0 and Ds(f) = 0, then Dy(f) < 0.
Thus, when Dy(f) > 0, either D>(f) < 0 or D3(f) < 0 holds.
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If D4(f) = 0 and D5(f) > 0, then | = 3. The number of sign changes
of revised sign list v equals either 2 or 0. From 0 < / — 2v < 2, we have
v = 1, which leads to contradiction. That implies if Ds(f) = 0, then
D;(f) < 0. Using function RealTriangularize, we can prove that the
semi-algebraic system a4 > 0,39 > 0, D4(f) = 0, D3(f) = 0,a; # 0 has
no real solution. Hence, when Dy(f) = 0, we have D;3(f) < 0.
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< If Dy(f) > 0 A (Da(f) < 0V D3(f) < 0), then the number of sign
changes of revised sign list v = 2, so the number of distinct real roots of
f(x), I — 2v, equals 0, which means for any x € R, f(x) > 0.

If Dy(f) = 0 and D3(f) < O, then / = 3, the number of the sign changes
of revised sign list v = 2. Thus, the number of distinct real roots of
f(x), I — 2v, equals 1, and the number of the pairs of distinct conjugate
imaginary root of f(x), v, equals 1, so f has a real root with multiplicity
two, which means for any x € R, f(x) > 0.
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For any given t > 0 and r € [r, ] there exist x,y,z € R such that
x+y+z=1xy+yz+zx= % and xyz = r.
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