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Abstract. In this paper, a new view point to linear codes is presented. A concept level
of linear codes is introduced and a bound of linear code’s level is given. It can be used to
simplify the construction of Algebraic Geometric Codes. In particular, we define a class
of codes which can be considerated as generalized RS codes and can be constructed via
symbolic computation.

1. Introduction

Since the early papers by Goppa [?],[?] and [?], algebraic-geometric codes have been in
the spotlight of coding theoretic research for about two decades. Numerous exciting results
have been achieved using Goppa’s construction of linear codes from algebraic curves over
finite fields, both by algebraic geometors and coding theorists. Because of the difficulty of the
subject, several explanatory papers and text books have appeared, see for instance [?],[?],
[?], [?] and [?].

In this paper we present a quite different point of view to algebraic-geometric codes. It
is well known that a q-ary [n, k] code is defined by its generator matrix. If we consider the
columns of the generator matrix as points in F k

q , then these points also define a linear code.
Hence constructing a good linear code is equivalent to finding an n−point set standing on
good position in F k

q . In general, it is very complicated to construct an n-point set in F k
q

standing on good position. However, in most case we can reduce the construction of an n-
point set in F k

q standing on good position to the construction of an n-point set in F l
q (l < k)

standing on good position.

The paper is organized as follows. Preliminaries are contained in Section 2. In Section 3,
we present our point of view to algebraic-geometric codes, define a concept of level of linear
codes, discuss the level bound of linear codes, and also give some examples. In Section 4,
we define a class of linear codes which can be consierated as generalized Reed-Solomn codes
and can be comstructed by symbolic computation. Some remarks on the future work are
given in Section 5.

1)This work was supported by the Climbing Project Fundation of P.R. China.
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2. Preliminaries

Let Fq be the finite field with q elements and S be a finite subset of F r
q . Define

I(S) = {f ∈ Fq[x1, . . . , xr]| f(a1, . . . , ar) = 0,∀(a1, . . . , ar) ∈ S}.

Proposition 2.1 If
f1, . . . , fs ∈ Fq[x1, . . . , xr]

and
S = {p ∈ F r

q |fi(p) = 0, i = 1, . . . , s},

then
I(S) = (f1, . . . , fs, x

q
1 − x1, . . . , x

q
r − xr).

Proof. Let J be the ideal (f1, . . . , fs, x
q
1−x1, . . . , x

q
r−xr). The relation J ⊆ I(S) obviously

holds. It remains to show that I(S) ⊆ J . By Hilbert Nullstellenstaz, for any f ∈ I(S) there
exists a positive integer t such that f t ∈ J . Hence for some integer m with qm ≥ t, we have
f qm ∈ J. Note that

f qm − f qm−1
= (f qm−1

)
q
− f qm−1 ∈ (xq

1 − x1, . . . , x
q
r − xr),

thus f qm−1 ∈ J since f qm ∈ J . Repeat the same argument, we eventually get f q0
= f ∈ J .

We have proved that I(S) ⊆ J. 2

Proposition 2.2 dimFq Fq[x1, . . . , xr]/I(S) = Card(S).

Proof. By Chinese Remainder Theorem:

Fq[x1, · · · , xr]/I(S) ∼=
⊕
p∈S

Fq[x1, · · · , xr]/I(p) ∼=
⊕
p∈S

Fq,

where
⊕

means direct sum. So we have dimFqFq[x1, · · · , xr]/I(S) = Card(S). 2

For a set S ⊂ F r
q , since I(S) = ∩p∈SI(p), by Chinese remainder theorem, we have

I(S) =
∏

p∈S I(p). One direct way to get a generator set of I(S) is to find the generator set
of

∏
p∈S I(p) or compute a Gröbner basis ∩p∈SI(p). However sometime this will produce too

many polynomials. So we suggest the following algorithm [?] in general case.

Algorithm 2.3 Algorithm of getting generator set I(S).

Input :S;

Output :I(S) = {f1, . . . , fr} ∪ {xq
2 − x2, . . . , x

q
r − xr}.

Step 1) Let Pi be the projection of F r
q to the i-th coordinate.
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For i = 1, . . . , r, compute gi =
∏

ai∈Pi(S)(x− ai).

Step 2) Let f1 = g1, for t = 2, . . . , r, compute

ft = (
t−1∏
i=1

gi)(
∑

a1∈P1(S),...,at−1∈Pt−1(S)

1∏t−1
i=1(xi − ai)

∏
at∈Pt(∩t−1

i=1P−1
i (ai))

(xt − at)).

stop.

It is easy to see that S = {p ∈ F r
q |fi(p) = 0, i = 1, . . . , r} and f1 is a factor of xq

1 − x1,
so by Proposition ??, we have the output set is a generator set of the ideal I(S).

For computing monomial basis of Fq[x1, . . . , xr]/I(S), we have Macaulay ’s theorem which
can be computed efficiently by Gröbner basis computation. That is

Theorem 2.4 (Macaulay) [?] Let ≺ be a monomial order on Fq[x1, . . . , xr] and B(S) be a
Gröbner basis of I(S). Then {

∏r
i=1 x

αi
i | ∀f ∈ B(S), lm(f) is not a factor of

∏r
i=1 x

αi
i } is

monomial basis of Fq[x1, . . . , xr]/I(S), where lm(f) is the leading monomial of f .

Remark 2.1 One can implement Algorithm ?? easily by Maple and find it to be very
efficient. A program based on Maple has been done by Z. J. Liu.

3. The level of linear codes

Let C be an [n, k] code over Fq with generator matrix A, we consider every column of A
as a point in F k

q , then get a set S of n points. For any c = (c1, . . . , ck), cA ∈ C. Let Hc be
the hyperplane of F k

q defined by
k∑

i=1

cixi = 0,

then
Cardm(S)− Cardm(Hc ∩ S)

is just the ordinary weight of cA, where Cardm is the sum of the multiplicities of points in
a set. Define

d(S) = Cardm(S)−max{Cardm(Hc ∩ S) | c ∈ F k
q }.

Then d(S) is the minimum distance of C. Furthermore, define

dv(S) = Cardm(S)−max
H

(Cardm(H ∩ S)),

whereH ranges over the set of the subspaces of F k
q with codimension v. Then {d1(S), . . . , dk(S)}

is just the generalized Hamming distance of C with d1(S) = d(S)[?].
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To obtain a good [n, k] code, we often hope to construct a set of n−point S in F k
q such

that d(S) is as large as possible. If S has same points, then we may consider C as [n− 1, k]
linear code. So from now on we always assume that S contains n distinct points.

Definition 3.1 A q-ary [n, k] code C is said to be of level l, if there exists a morphism ϕ
from F l

q to F k
q such that S ⊆ ϕ(F l

q) and for any l′ < l, there is no morphism ψ from F l′
q to

F k
q such that S ⊆ ψ(F l′

q ).

Remark 3.2 The level of any [n, k] code is at most k.

Remark 3.3 The definition of level is independent with the choice of the generator matrix
of C.

Theorem 3.1 If
qk − 1− 1

2
n(n− 1)(q − 1) > 0,

then C is of level at most k − 1. The level of C is at least dlog qne.

Proof. It is clear that there are at most 1
2n(n− 1) lines passing any two points of S. These

lines defined at most 1
2n(n− 1) directions. As a hyperplane is defined by

k∑
i=1

cixi = 0,

as (c1, . . . , ck) is its normal vector. There are qk−1
q−1 normal vectors in F k

q , since from hypoth-
esis,

qk − 1− 1
2
n(n− 1)(q − 1) > 0,

there exists a normal vector which does not run parallel with those directions defined by
the lines above. Thus we can find a hyperplane H which is not perpendicular to any of
those lines passing two points of S. Passing any point of S, we can take a line which is
perpendicular to H, this line has one intersection point with H. Then we have an injective
morphism from S to H. Conversely we can find a morphism from H to F k

q such that the
image of H contains S. Thus C is of level at most k − 1. It is easy to know that the level of
C is at least dlog qne. 2

Corollary 3.2 If

qk−l − 1− 1
2
n(n− 1)(q − 1) > 0,

then C is of level at most k − l − 1.

Remark 3.4 It is clear that if q − n > 0, then C is of level 1.
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Example 3.5 Reed-Solomn code [n, k + 1, n− k]q, is of level 1.

Example 3.6 [22, 17, d]8 codes have level either 2 or 3.

Example 3.7 For the current geometric Goppa code [22, 17, 3] over F8, since

1
2
n(n− 1)(q − 1) = 1932, 84 = 4096,

from Corollary ??, we know the level of this code is at most 3. Because there are no 22 distinct
points in F 1

8 , its level is at least 2. In fact, this code is constructed from a plane curve Klein
quartic with the equation X3 ∗Y + Y3 + X = 0 over F8, its level is 2. We can also construct
a new code in the following way: First we solve the zero points of X3Y + Y3 + X = 0 over
F8, they are:
(0, 0),(a+ 1, 1),(1, a+ a2),(1, 1 + a2),(1, a+ 1),(1 + a+ a2, 1 + a+ a2),(1 + a+ a2, a+ 1),(1 +
a+ a1, a2),(a, 1+ a+ a2),(a, a),(a, 1+ a2),(a+ a2, 1),(a+ a2, a),(a+ a2, a+1),(1+ a2, 1+ a+
a2),(1 + a2, a+ a2),(a+ 1, 1 + a2),(a+ 1, a2),(a2, a+ a2),(a2, a2),
where a satisfies a3 + a2 + 1 = 0.

Then we computer the Gröbner basis of

{x3y + y3 + x, x8 + x, y8 + y}

with respect to purely lexicographic ordering, it is

{y7x+ x, x3 + y6x+ y2, y8 + y}.

From Macaulay therom , we know that
{1, y, y2, y3, y4, y5, y6, y7, x, x2, xy, xy2, xy3, xy4, xy5, xy6, x2y, x2y2, x2y3, x2y4, x2y5, x2y6}
is monomial basis of

F8[x, y]/(x3y + y3 + x, x8 + x, y8 + y).

After using Construction2.1 [?], we can get an improved geometric Goppa code [22, 18, 3].
Its level is also 2.

Example 3.8 To the firsr-order Reed-Muller code of rank m+ 1, since n = qm, its level is
m.

Remark 3.9 Theorem ?? and Corollary ?? help us ”reduce” a large class of [n, k] linear
codes over Fq as [n, l] linear codes with l < k. In fact, most of [n, k] linear codes that we
are interested in are with limn→∞

k
n 6= 0, hence we can reduce such codes to [n, l] codes with

l� k. However, one may notice that the bound of level in Theorem ?? is far from the best in
general case, because we only consider some ”linear morphism” in that proof. There should
be some deep relations among level, minimal distance, n, k. We have a guess as following:

d+ k ≤ n− l + 2.
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4. Construction of a class linear code

In section 3, we give a description of linear codes in a geometric way and introduce an
essential concept level of linear codes. However, it needs to find ”good” points set as well
related ”good” morphism in order to construct good codes. In general, it is very difficult to
do so. In this section we will describe a procedure to construct a class of linear code which
can be considered as a generalized RS code.

Let S = {s1, · · · , sn} be a subset of F k
q . Then we get a finite dimensional algebra

A(S) := Fq[x1, · · · , xk]/I(S). Let L(S, d) be the subspace of A(S) which consists of {f ∈
Fq[x1, · · · , xk]|deg(f) ≤ d}. Define a map φ : f → (f(s1), · · · , f(sn)). The image of this map
is a linear code denoted as C(S, d). This code can be constructed by using Gröbner Basis
with respect to total degree ordering. It is clear that such code is a generalized RS code.
It is not hard to see all codes in [?] are ones such as C(S, d). An interesting case is that S
is taken from a curve, further discussion for the relation of parameters in such case will be
given in a seperate paper.

5. Concluding remarks

With our view point to linear codes, we have defined the level of linear codes. Some
bounds for the level of linear codes are given. Using the level bounds, we can simplify the
construction of algebraic-geometric codes from higher dimension space to lower dimension
space.

We have shown that the bound of a code’s level is related to its length, rank and its
alphabet. From the examples above, we can see that the bound we have given is not tight
enough. In fact, the level bound of a linear code is related not only to its length, rank and
its alphabet, but also to its minimum distance and Generalized Hamming Weight. Sharp
bound for the level of linear codes is needed.

Acknowledgements The authors wish to thank Dr. Z. M. Li for his help in preparing
the manuscript.
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