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On Erdos’ Ten-Point Problem1)

Hongbo Li He Shi2)

Abstract. Around 1994, Erdos et al. abstracted from their work the following problem:
“Given ten points Aij , 1 ≤ i < j ≤ 5, on a plane and no three of them are collinear, if
there are five points Ak, 1 ≤ k ≤ 5, on the plane, including points at infinity, with at
least two points distinct, such that Ai, Aj , Aij are collinear, where 1 ≤ i < j ≤ 5, is it
true that there are only finitely many such Ak’s?” Erdos et al. obtained the result that
generally there are at most 49 groups of such Ak’s. In this paper, using Clifford algebra
and Wu’s method, we obtained the result that generally there are at most 6 such groups
of Ak’s.
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1. Introduction

The original problem is from some work of Erdos, S. Jackson and D. Mauldlin [1]:
For ten points Aij , 1 ≤ i < j ≤ 5, on a plane, if there are five points Ak, 1 ≤ k ≤ 5, on

the plane, including points at infinity, with at least two points distinct, such that Ai, Aj , Aij

are collinear, where 1 ≤ i < j ≤ 5, we say the five points form a consistent 5-tuple. Now
assume that no three of the Aij ’s are collinear. Is it true that there are only finitely many
consistent 5-tuples?

Some of their results are:
1. On each line passing through some Aij , there are at most two different choices of

{Ai, Aj} on the line such that {Ai, Aj} determines a consistent 5-tuple.
2. If there are only finitely many solutions then there are at most 49.
They sent the problem to Boyer asking if their prover can solve it. Boyer in turn sent

the problem to S.C. Chou and X.S. Gao. Some of their results are [2]:
1. Generically there are only finitely many solutions.
2. When Ai = Aj for some 1 ≤ i 6= j ≤ 5, there are only finitely many solutions.
In this paper, using Clifford algebra and Wu’s method, we obtain the following conclusion:
Theorem. For generic Aij ’s there are at most 6 solutions.
It must be mentioned that the problem was sent to us by Chou and Gao. We first proved

that there are at most nine solutions. Then Gao told us that he guessed that the number of
solutions is at most six, for to a specific set of data the number of solutions is six. Then we
found out that there was a typing mistake on subscripts in our program, thus after correction
we obtained the result stated above. Up to now the problem is still not solved completely,
because our “generic” assumption is stronger than the original non collinear assumption.
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The research towards complete solving of this problem is under way 3), which will be the
content of another paper.

2. Preliminaries

1). One Clifford algebraic representation of plane geometry:
The geometry of a plane can be described by the Clifford algebra generated by a 3-

dimensional Euclidean space covering the plane and with its origin O outside the plane. On
the plane,

• a point A is represented by the vector from O to A, denoted by A as well;

• a line AB is represented by A ∧B, where ∧ is the outer product operator;

• the intersection of line AB with line CD is represented by (A ∧ B) ∨ (C ∧D), where
∨ is the meet operator;

• the signed area of triangle ABC is represented by (A ∧B ∧ C)∼, where ∼ is the dual
operator.

Lemma 1. ∧,∨ are associative, anti-commutative, multi-linear operators. ∼ is a linear
operator.

Lemma 2. Three points A,B, C are collinear iff (A ∧B ∧ C)∼ = 0.
Lemma 3. Let A,B, C, D be points on the plane. Then

(A ∧B) ∨ (C ∧D) ' (A ∧B ∧ C)∼D − (A ∧B ∧D)∼C
' (A ∧ C ∧D)∼B − (B ∧ C ∧D)∼A

where ' denotes that the two sides of the symbol are equal up to a nonzero scalar factor.
Corollary. Let A,B, C, D be points on the plane. Then lines AB,CD intersect iff (A ∧

C ∧D)∼ 6= (B ∧ C ∧D)∼, or equivalently, iff (A ∧B ∧ C)∼ 6= (A ∧B ∧D)∼.
Lemma 4. Let A,B, C, D be points in the space. Then the following statements are

equivalent:

• A,B, C, D are coplanar.

• (A ∧B ∧ C)∼D − (B ∧ C ∧D)∼A + (C ∧D ∧A)∼B − (D ∧A ∧B)∼C = 0.

• (A ∧B ∧ C)∼ − (B ∧ C ∧D)∼ + (C ∧D ∧A)∼ − (D ∧A ∧B)∼ = 0.

Lemma 5. Let A,B, C be three non collinear points on a plane. The the line at infinity
of the plane is represented by (A−B) ∧ (A−C). So D is a point at infinity of the plane iff

((A−B) ∧ (A− C) ∧D)∼ = 0.

2). A theorem on algebraic curve:

3)By now we have proved that the existence of infinitely many solutions is equivalent to the existence of a
common factor between g(x, y), g2(x, y) in (17) at section 3 of this paper.
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Lemma 6. Let f(x, y) = 0, g(x, y) = 0 be two algebraic curves in C2, where C denotes
complex number field. Let the lowest total degree in f(x, y), g(x, y) be m, n respectively.
Then (0, 0) is an intersection with multiplicity ≥ mn.

Corollary. Let f(x, y), g(x, y) be two polynomials with coefficients in C and with lowest
total degree m,n respectively. Then xmn is a factor of the resultant of f(x, y), g(x, y) with
respect to y.

3). Example proof method:
This method is based on the following facts: Let u be free parameter, x, y be variables,

a be integer. All the polynomials are assumed to have coefficients in C.

• Let f(u) be a polynomial. If f(a) 6= 0, then for generic u, f(u) 6= 0.

• Let f(x, u) be a polynomial whose leading coefficient with respect to x is l(u). If
l(a) 6= 0 and f(x, a) is irreducible, then for generic u, f(x, u) is irreducible.

• Let f(x, u), g(x, u) be polynomials whose leading coefficient with respect to x is l1(u), l2(u)
respectively. Let l1(a) 6= 0, l2(a) 6= 0. Then

(resultant(f(x, u), g(x, u), x))|u=a = resultant(f(x, a), g(x, a), x).

Example proof method is used when symbolic computation fails to prove that a conclusion
is generically false; it is often done by computer.

3. Proof of the theorem

The requirements to the five Ak’s are:
(Ai ∧Aj ∧Aij)∼ = 0, 1 ≤ i < j ≤ 5
4∑

i=1
|Ai −A5|2 6= 0

(1)

When i > j we let Aij = Aji. In section 4 we will prove the following propositions; in this
section we use them straightforwardly.

Proposition 7. For generic Aij ’s, Ai 6= Aj , 1 ≤ i < j ≤ 5.
Proposition 8. For generic Aij ’s, Ai is a finite point, 1 ≤ i ≤ 5.
Proposition 9. For generic Aij ’s, Ai 6= Ajk, 1 ≤ i ≤ 5, 1 ≤ j < k ≤ 5.
Propostion 10. For generic Aij ’s, neither Ai, Aij , Aik nor Ai, Aij , Ajk are collinear. Here

1 ≤ i 6= j 6= k ≤ 5.
Now we do eliminations under the following order:

{Aij , 1 ≤ i < j ≤ 5} ≺ A5 ≺ A4 ≺ A3 ≺ A2 ≺ A1.

The equations with leading element A1 are:

(A1 ∧A2 ∧A12)∼ = 0 (2)
(A1 ∧A3 ∧A13)∼ = 0 (3)
(A1 ∧A4 ∧A14)∼ = 0
(A1 ∧A5 ∧A15)∼ = 0
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From the last two equations we get:

A1 ' (A4 ∧A14) ∨ (A5 ∧A15).

The equations with leading element A2 are:

(A2 ∧A3 ∧A23)∼ = 0 (4)
(A2 ∧A4 ∧A24)∼ = 0
(A2 ∧A5 ∧A25)∼ = 0

From the last two equations we get:

A2 ' (A4 ∧A24) ∨ (A5 ∧A25).

The equations with leading element A3 is:

(A3 ∧A4 ∧A34)∼ = 0
(A3 ∧A5 ∧A35)∼ = 0

From the two equations we get:

A3 ' (A4 ∧A34) ∨ (A5 ∧A35).

The equation with leading element A4 is:

A4 ∧A5 ∧A45 = 0 (5)

Substituting the expressions of A1, A2, A3 into (2), (3), (4) respectively, we get:

(((A4 ∧A14) ∨ (A5 ∧A15)) ∧ ((A4 ∧A24) ∨ (A5 ∧A25)) ∧A12)∼ = 0 (6)
(((A4 ∧A14) ∨ (A5 ∧A15)) ∧ ((A4 ∧A34) ∨ (A5 ∧A35)) ∧A13)∼ = 0 (7)
(((A4 ∧A24) ∨ (A5 ∧A25)) ∧ ((A4 ∧A34) ∨ (A5 ∧A35)) ∧A23)∼ = 0 (8)

It is easily seen that by changing 2 in the subscripts to 1, (8) is changed into (7); by changing
3 in the subscripts to 2, (7) is changed into (6). So we only need to expand one equation,
the expansions of the other two equations can be obtained by changing the subscripts. To
(8), by Lemma 3 we get:

(A4 ∧A5 ∧A24)∼(A4 ∧A5 ∧A34)∼(A25 ∧A23 ∧A35)∼

+(A4 ∧A5 ∧A34)∼(A4 ∧A24 ∧A25)∼(A5 ∧A23 ∧A35)∼

+(A4 ∧A5 ∧A24)∼(A4 ∧A34 ∧A35)∼(A5 ∧A25 ∧A23)∼ = 0 (9)

By Lemma 4 and the coplanarity of Aα, Aβ , A4, A5, where α, β denote any double subscripts,
we have:

(A4 ∧Aα ∧Aβ)∼ = (A5 ∧A4 ∧ (Aα −Aβ))∼ + (A5 ∧Aα ∧Aβ)∼ (10)
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Applying (10) to (9), we get:

(A4 ∧A5 ∧A24)∼(A4 ∧A5 ∧A34)∼(A5 ∧A35 ∧A25)∼

+(A4 ∧A5 ∧A24)∼(A4 ∧A5 ∧A35)∼(A5 ∧A25 ∧A23)∼

−(A4 ∧A5 ∧A34)∼(A4 ∧A5 ∧A25)∼(A5 ∧A35 ∧A23)∼

+(A4 ∧A5 ∧A24)∼(A5 ∧A34 ∧A35)∼(A5 ∧A25 ∧A23)∼

−(A4 ∧A5 ∧A34)∼(A5 ∧A24 ∧A25)∼(A5 ∧A35 ∧A23)∼ = 0 (11)

where we have used the equality

(A25 ∧A23 ∧A35)∼ − (A23 ∧A35 ∧A5)∼ − (A25 ∧A23 ∧A5)∼ = (A5 ∧A35 ∧A25)∼.

(5) is equivalent to the existence of a scalar λ such that

A4 = −λA45 + (1 + λ)A5.

So A4 ∧A5 = λA5 ∧A45. Substituting this into (11), we get:

λ((A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A34)∼(A5 ∧A35 ∧A25)∼

+(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A35)∼(A5 ∧A25 ∧A23)∼

−(A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧A25)∼(A5 ∧A35 ∧A23)∼)
= (A5 ∧A45 ∧A34)∼(A5 ∧A24 ∧A25)∼(A5 ∧A35 ∧A23)∼

−(A5 ∧A45 ∧A24)∼(A5 ∧A34 ∧A35)∼(A5 ∧A25 ∧A23)∼ (12)

where we have removed a factor λ because λ = 0 corresponds to A4 = A5.
Denote the above λ by λ23. It is easily seen that λ23 = λ32. By changing subscripts

we can get another two λ’s: λ13, λ12, which can be derived from (7), (6). Now (7), (6) are
equivalent to the following equations:{

λ23 = λ13

λ23 = λ12
(13)

Since A5, A45, Aα, Aβ are coplanar, we have:

(A5 ∧Aα ∧Aβ)∼ = (A5 ∧A45 ∧ (Aβ −Aα))∼ + (A45 ∧Aα ∧Aβ)∼ (14)

Applying (14) to (12) we get: the numerator of λ23 is H23 + L23, where

H23 = (A5 ∧A45 ∧A23)∼(A5 ∧A45 ∧A25)∼(A5 ∧A45 ∧A34)∼

+(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧A35)∼

−(A5 ∧A45 ∧A25)∼(A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧A35)∼

−(A5 ∧A45 ∧A23)∼(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A35)∼

−(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A25)∼(A5 ∧A45 ∧A34)∼

+(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A25)∼(A5 ∧A45 ∧A35)∼,
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L23 = (A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧ (A23 −A35))∼(A45 ∧A24 ∧A25)∼

−(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧ (A23 −A25))∼(A45 ∧A34 ∧A35)∼

+(A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧ (A25 −A24))∼(A45 ∧A35 ∧A23)∼

−(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧ (A35 −A34))∼(A45 ∧A25 ∧A23)∼

+(A5 ∧A45 ∧A34)∼(A45 ∧A24 ∧A25)∼(A45 ∧A35 ∧A23)∼

−(A5 ∧A45 ∧A24)∼(A45 ∧A34 ∧A35)∼(A45 ∧A25 ∧A23)∼;

the denominator of λ23 is −H23 + R23, where

R23 = (A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A34)∼(A45 ∧A35 ∧A25)∼

+(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A35)∼(A45 ∧A25 ∧A23)∼

−(A5 ∧A45 ∧A34)∼(A5 ∧A45 ∧A25)∼(A45 ∧A35 ∧A23)∼.

Now (13) is changed into{
H23(L13 + R13)−H13(L23 + R23) + L23R13 − L13R23 = 0
H23(L12 + R12)−H12(L23 + R23) + L23R12 − L12R23 = 0

(15)

under the assumption that H23 6= R23.
Notice that by (12), the term not involving (A5 ∧ A45 ∧ A34)∼ in the denominator and

numerator of λ23 is respectively:

(A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A35)∼(A5 ∧A25 ∧A23)∼,
−(A5 ∧A45 ∧A24)∼(A5 ∧A34 ∧A35)∼(A5 ∧A25 ∧A23)∼.

By changing subscripts the corresponding term of λ13 is respectively:

(A5 ∧A45 ∧A14)∼(A5 ∧A45 ∧A35)∼(A5 ∧A15 ∧A13)∼,
−(A5 ∧A45 ∧A14)∼(A5 ∧A34 ∧A35)∼(A5 ∧A15 ∧A13)∼.

Obviously all the terms not involving (A5 ∧ A45 ∧ A34)∼ will cancel in the first equation
of (15), which means that (A5 ∧ A45 ∧ A34)∼ is a factor of the equation. This factor can
be removed because (A5 ∧ A45 ∧ A34)∼ = 0 corresponds to the collinearity of A5, A45, A34.
Similarly (A5 ∧A45 ∧A24)∼ is a factor of the second equation of (15) and can be removed.

Let A45, Au, Av be non collinear, where u, v are two fixed double subscripts. Then since
A5, A45, Au, Av are coplanar, there exist two scalars x, y such that4)

A5 = −xAu − yAv + (1 + x + y)A45.

So A5 ∧ A45 = xA45 ∧ Au + yA45 ∧ Av. Substituting this into (15), we get two equations of
x, y with total degree 4. Let

Aα = xαAu + yαAv + (1− xα − yα)A45.

Further let (Au ∧Av ∧A45)∼ = 1. Then

(A5 ∧A45 ∧Aα)∼ = xyα − xαy; (A45 ∧Aα ∧Aβ)∼ = xαyβ − xβyα. (16)

4)In fact by Lemma 4 we have x = − (A5∧Av∧A45)∼

(Au∧Av∧A45)∼ , y = (A5∧Au∧A45)∼

(Au∧Av∧A45)∼ .



On Erdos’ Ten-Point Problem 59

Notice that xu = yv = 1; xv = yu = x45 = y45 = 0. So {xα, yα|α 6= u, v, 45} is a set of 14
independent variables. Then (15) is changed into{

g1(x, y) = 0
g2(x, y) = 0

(17)

The resultant of g1(x, y), g2(x, y) with respect to y is a polynomial of x with degree 16. This
polynomial cannot be factored by Maple.

From (12), we find that when A5 = A25, A35, A45, both the denominator and the numer-
ator of λ23 are zero, with multiplicity 1, 1, 2 and 1, 1, 1 respectively. By changing subscripts
similar conclusions hold to λ13, λ12. Therefore A5 = A15, A25, A35, A45 are intersections
of (17) with mulplicity ≥ 1 × 1 = 1, 1 × 2 = 2, 2 × 1 = 2, 2 × 2 = 4 respectively and
resultant(g1(x, y), g2(x, y), y) has a factor

x4(x + x15)(x + x25)2(x + x35)2.

Now choose Au = A25, Av = A35. Substituting x = −tx14, y = −ty14 into (17), we get
another intersection, which is on line A45A14:

(x14 y14 y34 y24 x23 − x14 y14 y34 y23 x24 − x14 y14 x23 x24 y34 + x14 y14 x34 y23 x24

−x14 y14 x34 y24 + x14 y14 x24 y34 + x14
2y14 x34 y24 − x14

2x24 y14 y23

+x14
2y24 x23 y34 + x14

2y14 x24 y34 − x14
2x34 y23 y24 + x14 x24 y14

2x23

+x14 y14
2x24 y34 + x14 y14

2x34 y24 + y14
2x34 y23 x24 − x14 y14

2x34 y23

−y14
2x34 y24 x23 − x14 y14

2x34 x24 + x14
2y14 y23 y34 − x14

2y14 y34 y24

−x14
2y24 x23 y14 − x14 y14

2y34 x23 + x14
3y23 y24 − x14

2y14 y34 − x14
3y24 y34

+y14
3x34 x23 − y14

3x34 x24 + x14 y14
2x34 + x14

2y24 y14 − x14 y14
2x24)t

= x14 y14 x34 y24 − x14 x34 y23 y24 + x14 y14 x24 y34 + x14 y24 x23 y34

−x14 y14 y23 x24 + y14 x34 y23 x24 − x14 y14 x23 y34 − y14 x34 y24 x23

y14
2x34 x23 + x14

2y23 y24 − x14
2y24 y34 − y14

2x34 x24

So x + tx14 is a factor of resultant(g1(x, y), g2(x, y), y) as well. Removing all the known
factors from resultant(g1(x, y), g2(x, y), y), we get a polynomial of x with degree 6. Denote
this polynomial by f(x).

By example proof, we find that f(x) is irreducible for generic xij , yij ’s. By Bezout’s
theorem, (17) has 16 intersections. Therefore the characteristic set of (17) is of the form:

{l(x)y − t(x), f(x)}

where l(x), t(x) are nonzero polynomials with degree less than 6.
When H23 = R23, H23 + L23 = 0. Then we get:{

H23 −R23 = 0
L23 + R23 = 0

(18)

Introducing coordinates as before, we get the six intersections of (18): A45 with multiplicity
2, A25, A35, (x2, y2) on line A45A24, (x3, y3) on line A45A34. Here{

(x23y24 − y23x24 + x24)x2 = −x23x24, (x23y24 − y23x24 + x24)y2 = −x23y24;
(y23x34 − y34x23 + y34)x3 = −y23x34, (y23x34 − y34x23 + y34)y3 = −y23y34.
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Therefore for generic Aij ’s, H23 6= R23.
Now we get the characteristic set of (1), which is made up of nine linear polynomials and

one irreducible polynomial of degree 6. All non-degenerate conditions are listed below:

(A4 ∧A5 ∧Ai5)∼ 6= (Ai4 ∧A5 ∧Ai5)∼, i = 1, 2, 3;
((A45 −Au) ∧ (A45 −Av) ∧Ai)∼ 6= 0, i = 4, 5;
A5 6= A45;
A4 6= A5;
H23 6= R23;
(A5 ∧A45 ∧Ai4)∼ 6= 0, i = 1, 2, 3;
A5 6= Ai5, i = 1, 2, 3;
l(x) 6= 0.

Denote (1) by PS, the characteristic set by CS and the polynomials in the non-degenerate
conditions by {Ni}i∈I . By example proof we get, for generic Aij ’s, when f(x) = 0, all the
nondegenerate conditions hold. So zero(CS/{Ni}i∈I) is zero-dimensional and has 6 elements.
By Wu’s characteristic set theory,

zero(PS) = zero(CS/{Ni}i∈I)
⋃

i∈I
zero(PS, Ni).

We have seen that for generic Aij ’s, zero(PS, Ni) is empty for any i ∈ I. So zero(PS) =
zero(CS/{Ni}i∈I) has 6 elements. This completes the proof.

4. Proof of the propositions

1). Proof of Proposition 7:
By symmetry of the problem, we only need to prove that generically A4 6= A5. When

A4 = A5, then for i = 1, 2, 3,

(Ai ∧A5 ∧Ai4)∼ = 0
(Ai ∧A5 ∧Ai5)∼ = 0

(19)

If Ai = A5 for some i ∈ {1, 2, 3}, then for any j ∈ {1, 2, 3} − {i},

(Aj ∧A5 ∧Aji)∼ = 0
(Aj ∧A5 ∧Aj5)∼ = 0
(Aj ∧A5 ∧Aj4)∼ = 0

If Aj 6= A5, then Aji, Aj5, Aj4 are collinear, which is generically false. So A1 = A2 = A3 =
A4 = A5, contradicting with (1). Therefore Ai 6= A5 for i = 1, 2, 3.

From (19), Ai4, Ai5 is on line AiA5 for i = 1, 2, 3. Therefore lines A14A15, A24A25, A34A35

are concurrent, which is generically false. This completes the proof.
2). Proof of Proposition 8:
By symmetry we only need to prove that generically A5 is finite. When A5 is infinite,

if for some 1 ≤ i ≤ 4, Ai is also infinite, then by Proposition 7, Ai5 is infinite, which is
generically false. Therefore, Ai is finite, 1 ≤ i ≤ 4.
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If A4 = Ai4 for some i ∈ {1, 2, 3}, let {1, 2, 3} − {i} = {j, k}, then

A5 ' A45 −Ai4;
Aj ' (Ai4 ∧Aj4) ∨ (A5 ∧Aj5);
Ak ' (Ai4 ∧Ak4) ∨ (A5 ∧Ak5).

So it is generically false for lines A5Ai5, AjAij , AkAik to be concurrent. Therefore A4 6= Ai4,
for i = 1, 2, 3.

If lines A4Ai4, A5Ai5 do not intersect for some i ∈ {1, 2, 3}, then since Ai is finite, the
two lines are identical. So Ai, A4, Ai4, A5, Ai5, A45 are collinear, which is generically false.
Therefore lines A4Ai4, A5Ai5 intersect, for i = 1, 2, 3.

Now the expressions of Ai, i = 1, 2, 3, in section 3 still hold and so is (9). Substituting
A4 = A45 + λA5 into (9), we get:

λ((A5 ∧A45 ∧A34)∼(A5 ∧A24 ∧A25)∼(A5 ∧A23 ∧A35)∼

−(A5 ∧A45 ∧A24)∼(A5 ∧A34 ∧A35)∼(A5 ∧A23 ∧A25)∼)
= (A5 ∧A45 ∧A24)∼(A5 ∧A45 ∧A34)∼(A25 ∧A23 ∧A35)∼

−(A5 ∧A45 ∧A34)∼(A5 ∧A23 ∧A35)∼(A45 ∧A24 ∧A25)∼

+(A5 ∧A45 ∧A24)∼(A5 ∧A23 ∧A25)∼(A45 ∧A34 ∧A35)∼

(20)

Denote the above λ by λ23. Let (A45 ∧Au ∧Av)∼ = 1. Now introduce coordinates as:

A5 = x(A45 −Au) + y(A45 −Av);
Aα = xαAu + yα + (1− x− y)A45;

we get:
(A5 ∧A45 ∧Aα)∼ = xyα − xαy; (A45 ∧Aα ∧Aβ)∼ = xαyβ − xβyα.

Substituting
(A5 ∧Aα ∧Aβ)∼ = (A5 ∧A45 ∧ (Aβ −Aα))∼

into (20), then using coordinates, we get the numerator N23 and denominator D23 of λ23.
By changing subscripts we can get the expressions of λ13, λ12. Eliminating the λ’s, we get:{

N23D13 −N13D23 = 0
N23D12 −N12D23 = 0

(21)

Just as in section 3, from (20) it is readily seen that (A5 ∧ A45 ∧ A34)∼ is a factor of the
first equation of (21) and (A5 ∧ A45 ∧ A24)∼ is a factor of the second equation. Choosing
Au = A24, Av = A34, (21) is changed into{

xf1(x, y) = 0
yf2(x, y) = 0

(22)

where f1, f2 are homogeneous polynomials of x, y with degree 4 and in which the coefficients
of x4, y4 are nonzero. Therefore we can remove the factors x, y and let y = 1. By example
proof, the resultant of f1, f2 with respect to x is nonzero. So for generic xα, yα’s, (22) has
no solution. This completes the proof.
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3). Proof of Proposition 9:
First we prove that generically Ai 6= Aij , 1 ≤ i 6= j ≤ 5. By symmetry we only need to

prove that generically A5 6= A45. When A5 = A45, if A4 = Ai4 for some i ∈ {1, 2, 3}, let
{1, 2, 3} − {i} = {j, k}, then

Aj ' (A45 ∧Aj5) ∨ (Ai4 ∧Aj4)
Ak ' (A45 ∧Ak5) ∨ (Ai4 ∧Ak4)

So it is generically false for lines A5Ai5, AjAij , AkAik to be concurrent. Therefore A4 6= Ai4,
for i = 1, 2, 3.

If lines A4Ai4, A5Ai5 do not intersect for some i ∈ {1, 2, 3}, then since Ai is finite, the
two lines are identical. So Ai, A4, Ai4, A5, Ai5, A45 are collinear, which is generically false.
Therefore lines A4Ai4, A5Ai5 intersect, for i = 1, 2, 3.

Now the expressions of Ai, i = 1, 2, 3, in section 3 still hold and so is (11). Let (Au ∧
Av ∧A45)∼ = 1 and

A4 = −xAu − yAv + (1 + x + y)A45;
Aα = xαAu + yαAv + (1− xα − yα)A45.

We get:
(A4 ∧A5 ∧Aα)∼ = xyα − xαy. (23)

Substituting (23) into (11), we get an equation f23(x, y) = 0 where f23 is a polynomial with
total degree 2. By changing subscripts we get another two equations f13(x, y) = 0, f12(x, y) =
0.

From (9) it is readily seen that A4 = A5, A24, A34 are solutions of f23(x, y) = 0. Let

resultant(f13, f23, y) = h1(x); resultant(f12, f23, y) = h2(x).

Then x(x + x34) is a factor of h1(x), x(x + x24) is a factor of h2(x). Removing these factors,
we get two irreducible polynomials of x with degree 2. By example proof, for generic xα, yα’s,
the resultant of the two polynomials with respect to x is nonzero. This proves that generically
A5 6= A45.

Next we prove that generically Ai 6= Ajk, 1 ≤ i 6= j 6= k ≤ 5. If Ai = Ajk, then

(Ajk ∧Aj ∧Aij)∼ = 0
(Ajk ∧Ak ∧Aik)∼ = 0
(Ajk ∧Aj ∧Ak)∼ = 0

So lines AjAij , AkAik, AjAk are concurrent. The intersection must be Aj = Ak, contradicting
with Proposition 7. This completes the proof.

4). Proof of Proposition 10:
If Ai, Aij , Aik are collinear, then Ai, Aij , Aj , Aik, Ak, Ajk are collinear, which is generically

false. Similarly Ai, Aij , Ajk are generically not collinear.
References

1. Private communications between S.C. Chou, X.S. Gao and D. Mauldlin.



On Erdos’ Ten-Point Problem 63

2. Private communications between S.C. Chou, X.S. Gao and the authors.

3. D. Hestenes and G. Sobczyk, Clifford Algebra to Geometric Calculus, D. Reidel, Dor-
drecht, 1984

4. Wu Wentsun, On the mechanization of theorem proving in elementary and differential
geometry, Scientia Sinica, Math. Supplement (I), 1979, 94-102

5. Li Hongbo, Clifford algebra approach to mechanical geometry theorem proving, J.
Northeastern Mathematics (to appear)


