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Abstract. This paper presents an algorithm for computing passive system of linear
partial differential equations, which leads to much simplification of the original system.
The algorithm is implemented in Maple 5.3. The experimental results illustrate its
efficiency in integrating large-scale determining equations of Lie sysmetries.

1. Introduction

Solving large scale differential systems is always a difficult problem. Especially with
the development of the application of Lie symmetries in differential equations, the central
problem of integrating the determining equations becomes more and more urgent. By solving
the determining equations, we can obtain the Lie symmetries which is crucial not only in
solving differential equations, but also in analyzing some differential systems. Since the
number of equations in the determining system is very large which is normally composed of
tens or even hundreds of linear differential equations, it can hardly be solved by hand.

For example, even for a rather simple differential equation

utx − (uux)x − uyy = 0,

its determining equations comprise 32 differential equations. Solving them only by hand is
a very tedious task. So how to integrate them automatically or just simplify them is really
in need.

Some packages have emerged to solve this problem, such as the Lie Symmetry pack-
age released with Maple V. Unfortunately, this package can only make some very simple
simplifications on the determining equations.

The integration of determining equations is difficulty because many relations which are
differential consequences of the system being integrated, are not given explicitly in the initial
form. The deduction of such differential consequences is a tedious task and the investigator
have to be sure he can obtain all the necessary additional relations at certain stage. In this
article, based on Wu-method, we present an algorithm which automatically fulfill this task
and will finish in finite steps.

In [5], Prof. Wu wen-tsun extended the concept of character set to differential cases. He
gave a scheme of computing the differential character set (d-char-set) of differential polyno-
mials. In case of linear PDEs, the d-char-set of their corresponding differential polynomials
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is just the new system which we get by appending all the integrabillity conditions and delet-
ing all the redundancies. The new system so obtained will be called passive system in the
following paragraphs.

Compared to the original PDEs system, passive system has many benefits. First of
all, it has a much simpler form. And the dependancies among the variables become more
explicit. Furthermore, the solution space of passive system is just the same as that of the
original system from which it is deduced. So the problem to deal with the original system
is transformed to deal with its corresponding passive system, which will be easier to manage
either by symbolic method or by computational method.

After some improvements are made, the algorithm is implemented in Maple 5.3. We can
see below that the program is efficient in simplifying the determining equations.

2. Wu-method

Now we will give a brief description of Wu-method of computing the character set of
differential polynomials.

Notation:
x = (x1, · · · , xm) represents m independent variables.
Y = (Y1, · · · , Yn) represents n unspecified functions.
DPS represents a system of differential polynomials of the above independent

variables and unspecified functions.
DERuYj represents the term ∂i1+···+imYj/∂xi1

1 · · · ∂xim
m , where u is the m-tuple

(i1, · · · , im).
coordk(t) represents the k-th coordinate of a tuple t.

Some concepts must be made clear before Wu’s scheme of computing d-char-set is intro-
duced.

1) Ordering

Suppose x1, · · · , xm and Y1, · · · , Yn are in ascending order respectively.
For two derivatives DERuYi, DERvYj , define their ordering as follows.

• If i 6= j, ordering by their unspecified functions. the order of Yi, Yj determine the order
of the two derivatives.

• If i = j, ordering by their tuples , the total lexicographical order of the tuples u and v
determine the order of the two derivatives.

The highest derivative occuring in a differential polynomial p is called the leading deriv-
ative of p, denoted as Ld(p). The coefficient of Ld(p) is denoted as Lc(p), the term that
includes Ld(p) is denoted as Lt(p). Consider p as an ordinary polynomial in Ld(p), the
highest degree is called the degree of p, denoted as Deg(p).

For two differential polynomials, p1 and p2, we say p1 is of higher order than p2 if either
of the following occurs.
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• p2 is x-polynomial, p1 is not.

• Ld(p1) is higher than Ld(p2) or they are of same order but Deg(p1) is higher than
Deg(p2).

If neither occurs, then we say that they are of same order.

2) Reduction

A non-zero differential polynomial p is said to be reduced w.r.t a non-zero differential
polynomial q, if p is not a x-polynomial and no proper derivative of Ld(q) occurs in p.
Furthermore, either Ld(q) does not occur in p, or Ld(q) occurs in p with a degree < Deg(p).

For linear differential equations p and q, we have the theorem.
D-remainder Theorem When a suitable linear combination of q and its derivatives is
subtracted from p, the remainder is reduced w.r.t q.

The following algorithm is used to compute the differential remainder. ( All the differen-
tial polynomials that occur in later algorithms correspond to linear differential equations.)

Subalgorithm Rest
Input: two differential polynomials p and q.
Output: the differential remainder r of p w.r.t q.
r:=p;
while there is some term u in r not reduced w.r.t q and can be obtained by some

differentiation of the Ld(q), denoted as ∂Ld(q) do
r = r − u + coeff(u) · ∂Ld(q)/Lc(q).
od
RETURN(r);

3) Differential ascending set (d-asc-set)

A differential ascending set is either a single non-zero x-polynomial and then is said to
be trivial or a finite sequence of non-zero differential polynomials of

p1, p2, · · · , pr

such that
p1 < p2 < · · · < pr

with each pi reduced w.r.t any preceding pj , j < i.
Given two differential ascending sets, we can also define a partial order, for details c.f [1].

Definition 1 The d-basic-set of a differential polynomial set DPS is any lowest d-asc-set
contained in DPS.

4) Completion of d-asc-set

Given a d-asc-set DS : p1, p2, · · · , pr, the completion of it can be obtained by the following
algorithm.

Subalgorithm Completion
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Mj :={ t | DERtYj is the leading derivative of some pi in DS };
tmaxj := The new tuple whose i-th coordinate is the maximal entity of all the i-th coor-

dinates of the tuples in Mj ;
CP:=DS;
for j from 1 to n do
for any tuple u which is divisor of tmaxj and multiple of some t in Mj do
compute the differential remainder of DERuYj w.r.t DS, denoted as Ruj ;
CP:=[op(CP),DERuYj -Ruj ];
od;
od;

5) Integrability conditions of d-asc-set

Suppose the completion of d-asc-set p1, p2, · · · , pr is h1, h2, · · · , hs. The following algo-
rithm is used to compute the integrability conditions of d-asc-set.

Subalgorithm Integrability
Input: h1, h2, · · · , hs, which is completion of d-asc-set p1, p2, · · · , pr.
Output: IP , the set of all the integrability conditions.
IP=[ ];
for i from 1 to s do
for all k such that the tuple of Ld(diff(hi, xk)) is a divisor of tmaxj do
R:=diff(hi, xk);
for i to r do
R:= Rest(R, pj);
od;
#The remainder is called the integrability polynomial of d-asc-set corresponding to hi

and k.
if IP<> 0 then
IP:=[op(IP),R];
fi;
od;
od;
RETURN(IP);

Definition 2 A non-trivial d-asc-set is said to be passive if all its integrability polynomials
are 0.

Wu gave a scheme to compute some particular d-asc-set DCS of a differential polynomial
set DPS.

DPS = DPS0 DPS1 DPSs

DBS0 DBS1 · · · DBSs = DCS
RIS0 RIS1 RISs = EMPTY
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where DBSi is the d-basic-set of DPSi, RISi consists of all the integrability polynomials
of DBSi as well as all the non-zero differential remainders of the differential polynomials in
DPSi/DBSi w.r.t DBSi. Furthermore, each DPSi is the union of DPSi−1 and RISi−1,
here i ≥ 1. The order of DBSi is gradually decreasing, so in finite steps the scheme will
terminate, and we will get RISs = EMPTY .

According to Definition 2, DCS is a passive d-asc-set, it is so called a differential character
set (d-char-set) of DPS.

There is a relation between the differential zero set of DPS and the differential zero set
of its d-char-set.

Zero-Set Theorem

d− zero(DCS/J) ⊂ d− zero(DPS) ⊂ d− zero(DCS)

where J is the product of all initials and seprants of diferentials polynomials in DCS.

In linear cases where J is constant, obviously, DPS and DCS have the same differenial
zero sets. They are also equivalent to the system obtained by adding all the integrability
conditions to the original system, i.e the passive system. But the d-char-set is much simpler
in which many redandancies have been removed. Therefore d-char-set is a simplified passive
system. In the next part, some improvements on the scheme will be made and a complete
algorithm will be given.

3. Improved Algorithm

Implementing the original algorithm of computing the d-character set on Maple, your
will find it quite time-consuming. Even for a simple differenitial system it will cost much
time. So some strategies have be introduced. After many experiments, I add the following
tricks to my program package, which do greatly increase the speed .

Strategies:

• Experiments show that most of the time is spent in computing integrability condi-
tions, so how to simplify the computation of integrability conditions is a very urgent
problem. Instead of Wu’s original scheme, the following one divides the computation
of d-remainders and integrability conditions into two parts. It can reduce the cycling
times of scheme (b). As a result, much time is saved.

DPS = DQS0 DQS1 DQSs

DBS0 DBS1 · · · DBSs = DWS (a)
RS0 RS1 RSs = EMPTY

where DBSi is the d-basic-set of DQSi, RSi consists of all the the non-zero differential
remainders of the differential polynomials in DQSi/DBSi w.r.t DBSi. Furthermore,
each DQSi is the union of DQSi−1 and RSi−1, here i ≥ 1.

We call the result of scheme (a), DWS = DBSs, the d-well-set of DQS0. Then use
scheme (b) to compute the d-character-set.
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DPS = DPS0 DPS1 DPSs

DWS0 DWS1 · · · DWSs = DCS (b)
IS0 IS1 ISs = EMPTY

where DWSi is the d-well-set of DPSi, ISi consists of all the integrability polynomials
of DWSi. Furthermore, each DPSi is the union of DPSi−1 and ISi−1, here i ≥ 1.

• In general, we deal with PDEs with more than one unspecified functions. So splitting
the system into subsystems according to the functions in their leading derivatives is
also useful in improving our algorithm. Then we can deal with the subsystem one by
one. This idea will be demonstated in the following Algorithm Passivesystem.

• In the algorithm, a very basic procedure is to compute the d-remainder of one differ-
ential polynomial w.r.t another differential polynomial. It is used almost everywhere.
So if we can simplify the procedure a little, the effect will be undoubtedly obvious.

For this purpose, a w-rest procedure is introduced.

Subalgorithm W-rest

Input: two differential polynomials, p and q.

Output: a differential polynomial wr, with it leading derivative reduced w.r.t q.

wr := p;

while LD(wr) is not reduced w.r.t q do

wr:=wr-LT(wr)+Rest(LT (wr), q);

od;

RETURN(wr);

This algorithm only requires the leading term of the remainder is reduced, so the
computation will be much simpler.

But another problem arises. When using subalgorithm W-rest, the length of the re-
mainder of a differential polynomial w.r.t a d-asc-set will be longer and longer, with
many redundant non-leading terms that may have been reduced if the subalgorithm
Rest were used. So in my ultimate algorithm, these two subalgorithms are combined
together. Their functions are complementary. Generally speaking, when computing
scheme (a), we use subalgorithm Rest. When computing scheme (b), we use subalgo-
rithm W-rest.

• When computing integrability conditions, there are many redundant computations.
The completion of d-asc-set is often very large, which directly leads to fast expension
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of the computations of integrability conditions. But many of the computations are dis-
pensible. For example, the completion of d-asc-set may contain relevant polynomials,
for which their integrability conditions are same. So only one of the relevant polynomi-
als is needed for such computation. In addition, maybe after a long time calculation,
an integrability condition turns out to be zero, which may have well been predicted.
All these tricks have been added to the subalgorithm integrability.

Then we can give our improved algorithm.

Subalgorithm Wellset
Input: a system of linear partial differential equations, DPS.
Output: DWS, which is the d-well-set of DPS,

DBS:=d-bas-set(DPS);
while DBS <> [ ] do
RS:={all the differential remainders of differential polynomials in DPSi/DBS w.r.t

DBS};
DBS:= d-bas-set(DBS ∪RS);
od;
DWS := DBS;
RETURN(DWS);

Algorithm Passivesystem
Input: a system of linear partial differential equations, DPS.
Output: DCS, the passive system of DPS.

Split DPS into subsystems DPS1, DPS2, · · · , DPSk.
for j to k do
flagj := 0;
od;
i:=1;
while flagi=0 do
DWSi:=Wellset(DPSi);
ISi :=Integrability(Completion(DWSi));
if ISi <> [ ] then
split ISi into subsytems ISi1 , · · · , ISit ;
add them repectively to DPSi1 , · · · , DPSit ;
for j from 1 to t do
flagij :=0;
od;
i := the minimum of {i1, · · · , it};
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else
flagi := 1;
i:=i+1;
fi;
od;
DCS:= DPS1 ∪DPS2 · · · ∪DPSk;
RETURN(DCS);

4. Examples

The improved algorithm has been implemented in Maple 5.3. Now we will give two
examples demonstrating the efficiency of the program package in passivlizing linear partial
differential equations.

Example 1
The KDV equation is

ut + uxxx + uux = 0

(P.J.Olver : <<Applications of Lie groups to differential equations>> Page 128 1986)
Its determining equations are:
τuuu − 3ηxuu = 0, τuu − 3ηxu = 0,
3τxxu + τ − ηxxx + 2ηx − ηt = 0,
τxxx + τt + uτx = 0, τxuu − ηxxu = 0,
τxu − ηxx = 0,
3ηx − ξxxx − ξt = 0, ηuuu = 0, ηuu = 0, ηu = 0,
ξxx = 0, ξxu = 0, ξuu = 0, ξxxu = 0,
ξxuu = 0, ξuuu = 0, ξu = 0, ξx = 0.

The variable order is set as follows:
t < x < u
ξ < η < τ

After computing by our package, we can get the passive system:
3τ − 3ηt + 2uξt = 0,
3ηtt − uξtt = 0, ηu = 0, 3ηx − ξt = 0,
ξttt = 0, ξu = 0, ξx = 0.

Obviously, we have obtained a very simple system, which is much easier to integrate than
the original one.

A more complex example will be given below.

Example 2
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The Khokhlov-Zabolotskaya equation is

utx − (uux)x − uyy = 0

(N.H.Ibragimov : <<Lie group analysis of differential equations>> Volume 1 Page 299
1994)

Its determining equations are:
ωuu − ξtu − ηux = 0, 2ωuy − σyy − uσxx + σtx − σzz = 0,
2ωzu + τtx − τzz − τyy − uτxx = 0, ωux − ξtx + ξyy + uξxx + ξzz,
ω + ηt + uξt − uηx = 0, ωyy − ωtx + ωzz + uωxx = 0,
ωuu − 2τzu = 0, ωuu − 2σuy = 0,
2uωux + 2ωx − ωtu + ηtx − ηzz − uηxx − ηyy = 0,
ωu − uωuu + ηtu + 2uξtu − ηx + ξt = 0,
τtu − 2ηzu − 2τx − 4uξzu = 0, τu = 0, τt − 2ηz − 2uτx = 0,
τuy + σzu = 0, τux − 2ξzu = 0, 2τz − ηx − ξt = 0,
τuu = 0, τx − 2ξz = 0, τy + σz = 0,
σtu − 2ηuy − 4ξy − 4uξuy = 0, σu = 0, σx − ξy = 0,
2σy − ηx − ξt = 0, 2ηy − σt + 4uξy = 0, σt − 2ηy − 4uξy = 0,
σux − 2ξuy = 0, σuu = 0,
ηu = 0, ηuu = 0,
ξu = 0, ξx = 0, ξux = 0, ξuu = 0.

The variable order is set as follows:
t < x < y < z < u
ξ < η < σ < τ < ω

After computing by our package, we can get its passive system:
ω + ηt + uξt − uηx = 0,
2τz − ηx − ξt = 0, τy + σz = 0, τt − 2ηz = 0, τu = 0, τx = 0,
2σy − ηx − ξt = 0, σt − 2ηy = 0, σx = 0, σzz = 0, σu = 0
20ηzz − 6ξtt = 0, ηzy = 0, 20ηyy − 6ξtt = 0, ηzx = 0, ηyx = 0,
ηxx = 0, 10ηtx − 2ξtt = 0, ηu = 0
ξttt = 0, ξu = 0, ξz = 0, ξy = 0, ξx = 0.

5. Conclusions

This paper presents an improved algorithm to transform linear PDEs to passive system
based on Wu-method. It is implemented inMaple 5.3. And the program package is then
utilized to simplify the determining equations in computing Lie sysmmetries, which is found
to be quite effective.

In the near future, we will make our way to devise algorithms for non-linear cases. But
there is still a long way to go.
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