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On Constructive Algebraic Geometry1)
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Let K be a field of characteristic 0 and An
K the affine n-space over K. Let PS be a

polynomial set consisting of a finite number of non-zero polynomials in K[X], where X =
(x1, · · · , xn), and ZeroK(PS) the set of zeros in An

K of all polynomials in PS, or

ZeroK(PS) = {z ∈ An
K | P (z) = 0, ∀ P ∈ PS}. (1)

By definition, such a zero-set is called an (affine) algebraic set in An
K. It is called an

(affine) algebraic variety if it is irreducible, or it cannot be expressed as the union of two
proper algebraic subsets.

The above is the usual definition of (affine) algebraic varieties adopted in current texts on
modern algebraic geometry, e.g. the Algebraic Geometry of R.Hartshorne. However, instead
of the starting point of defining an algebraic set and hence an algebraic variety as a zero-set
of a polynomial set, the modern algebraic geometry turns readily its attention to the ideals
generated by the associated polynomial set and develops then the whole theory in basing on
ideal theory. The algebraic geometry thus developed is highly existential in character. For
example, it starts usually from some irreducible algebraic variety without showing how it
can be ascertained to be an irreducible one. The various criteria of irreducubility, including
the one based on the notion of generic point, are only existential ones, neglecting how it
can be applied in concrete cases. Furthermore, the actual determination of the fundamental
characters of an algebraic variety, e.g. the dimension, degree, etc., is also neglected and leaves
the question to the discipline of so-called computer algebra.

In the contrast we have developed a constructive algebraic geometry in basing on the
naive notion of zero-sets as in (1). More precisely, we first replace the basic field K by its
universal envelop Ω to avoid possible logical troubles, and denotes ZeroΩ(PS) simply by
Zero(PS). We set further for any polynomial G in K[X],

Zero(PS) = Zero(PS) \ Zero(G). (2)

Our whole theory starts then in the study of the structure as well as the actual determination
of Zero(PS/G).

For this purpose let us introduce the notion of an ascending set (abbr. asc-set) as a
polynomial set of particular type defined in the following way. Let us first arrange the
variables xi in the definite order x1 ≺ · · · ≺ xn. A polynomial set AS will then be called
an asc-set if its polynomials can be arranged in an ascending order A1, · · · , Ar for which the
leading variables are xc1 , · · · , xcr with 0 ≤ c1 < · · · < cr ≤ n. In particular, if c1 = 0, then
r = 1 and the set AS is consisting of a single non-zero constant polynomial. In the general
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case of c1 > 0, we require further that the leading coefficient Ii of each Ai, called the initial
of Ai, has a degree in each xcj with j < i less than the degree in xcj of Aj . The product
IP of all the initials Ii is called then the initial-product of AS. It is clear that Zero(AS)
and also Zero(AS/IP ) may be considered as well-determined. In particular, in the case of
c1 = 0, the notion of initial will be left undefined and it is clear that Zero(AS) = ∅ in this
case.

If the asc-set AS is irreducible in some natural sense, then AS determines a generic
point of an irreducible affine variety on K. The variety thus determined will be denoted by
V ar[AS] for which the defining polynomial set may be determined by Chow’s theory.

Our constructive theory of algebraic geometry starts in reducing the study of the zero-set
of an arbitrary polynomial set to that of the zero-sets of some asc-sets constructed therewith
in a mechanical manner. More precisely, the following two theorems form the backbones of
the whole theory.

Zero-Decomposition Theorem. There is an algorithm which permits to give in a
finite number of steps, for any polynomial set PS, a finite set of asc-sets ASj such that

Zero(PS) =
⋃

Zero(ASj/IPj), (I)

in which each IPj is the initial-product of the corresponding asc-set ASj .
Variety-Decomposition Theorem. There is an algorithm which permits to give in a

finite number of steps, for any polynomial set PS, a finite set of irreducible asc-sets IRRk

such that

Zero(PS) =
⋃

V ar[IRRk], (II)

for which the decomposition is uncontractible with members unique up to an order.
Besides the actual determination of various fundamental characters belonging to a variety,

we may cite some applications of our constructive theory as shown below.
1. The Zero-Decomposition Theorem (I) gives a general method of actually solving arbi-

trary system of polynomial equations. It furniches in turn methods of mechanical geometry
theorem-proving and mechanical geometry problem-solving.

2. The classical enumerative geometry determines only the number of solutions of nor-
mal problems and has limitations of being restricted to complex projective generic case. Our
method may be applied to such problems without any such restrictions, and serves to deter-
mine the actual solutions, not merely the solution-numbers and it is immaterial whether it
is in generic case or not.

3. Our method gives rise to a computable definition of general Chern numbers and Chern
calsses for projective algebraic varieties with arbitrary singularities. In particular, a lot
of equalities and inequalities among Chern numbers have been discovered by mere simple
computations for hypersurfaces with arbitrary singularities, among which the celebrated
Miyaoka-Yau inequality for smooth surfaces is only a very special extreme case.

4. In case K is the real field R, then our theory has given rise to a general method
of optimization, which serves to determine the global optimal values, supposed exist, of
non-linear programming and other optimization problems, so far the functions involved are
all polynomial ones. It serves also to give an effective method of proving various kinds of
inequalities.
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5. The method has been applied to the study of problems arising in theoretical physics
and high technology, besides those from various branches of mathematics itself. As an
example, we may cite the study of surface-fitting in CAGD (Computer-Aided Geometry
Design), in reducing it to some problems of polynomial equations-solving.

Our method has been extended to the differential case in some parallel manner, but
actual studies and applications are yet in the nascent stage.


