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Abstract. In this paper, we present an algorithm to reduce a nonlinear algebraic par-
tial differential equation system into passive involutive bases with respect to an abstract
involutive division. This algorithm covers the existing algorithms based on Riquier di-
vision, Thomas division, and Pommaret division. It also provides new algorithms since
there exists many new divisions.

1. Introduction

A basic step to deal with a system of algebraic partial differential equations (abbr. PDEs)
is to decompose its zero set into the union of the zero sets of PDEs in certain normal triangular
form. With this kind of decomposition, we may compute the symmetric groups for PDEs [?],
automatically prove theorems from differential geometries [?, ?], and solve the membership
problem for radical ideals [?].

In the past ten years, extensive studies have been done for the zero decomposition algo-
rithms of algebraic and ordinary differential equation systems, and most of the techniques
thus developed may be extended to PDEs. The main difference between the PDE case and
the algebraic (and ordinary differential) cases is that integrability conditions are needed in
the PDE case, which may be traced back to the classical theories of Cauchy-Kovalevskaya
theorem for the existence and uniqueness of analytic solutions to a linear PDEs. There are
two major approaches to deal with integrability conditions: the critical pair approach and
the multiplier variable approach.

The critical pair approach, similar to the Gröbner basis method, was introduced by
Rosenfeld [?] and improved by many researchers[?, ?, ?, ?]. This method is to reduce a
general PDE system into coherent forms. The multiplier variable approach is to divide the
variables into multipliers and non-multipliers and to do certain prolongation along non-
multipliers to reduce the original equation systems into passive triangular forms. Riquier
[?], Janet [?], Thomas [?], and Pommaret [?] developed integrability theories for linear PDE
systems. For nonlinear algebraic PDEs, Ritt presented a zero decomposition theorem in [?].
But Ritt’s theorem is not strictly constructive, because he used the implicit function theorem
to express the nonlinear PDEs as linear ones in the highest derivative when computing the
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integrability conditions. In [?], Wu gave a pure algebraic and constructive form of the zero
decomposition theorem for nonlinear PDEs.

In [?, ?], Gerdt and Blinkov extracted the common properties of the Riquier-Janet,
Thomas, and Pommaret’s multiplier theories for integrability to give a formal definition of
the involutive division. This definition includes Riquier-Janet, Thomas, and Pommaret’s
multiplier theories as special cases: Riquier-Janet division, Thomas division, and Pommaret
division. They also gave algorithms to construct involutive bases for polynomials and linear
PDEs [?]. In [?], a vector representation for involutive division is presented and two types
of new involutive divisions are found.

In this paper, we present an algorithm to reduce a nonlinear PDE system into passive
forms with respect to an abstract involutive division. This algorithm covers all the existing
approaches using multiplier approaches such as Ritt’s algorithm based on Riquier division,
Wu’s algorithm based on Thomas division, and Pommaret’s algorithm based on Pommaret
division. It also provides new algorithms since we know many new divisions [?, ?].

The paper is organized as follows: in section 2, we will recall some basic definitions
about the zero decomposition theory. In section 3, we give a brief introduction to involutive
directions. In section 4, we will present the zero decomposition algorithm. In section 5, we
give a short conclusion.

2. Preliminaries for characteristic set method for PDEs

2.1. Basic notions and notations
Given an integral ring R with n differential operators Di, i = 1, 2, · · · , n, and m differential

indeterminants u1, u2, · · · , um, we consider the differential polynomial (abbr. d-pol) ring
R[Du], where Du = {Dαui|α ∈ Nn, i = 1, 2, · · · ,m} and Dα = Dα1

1 Dα2
2 · · ·Dαn

n , while
α = (α1, α2, · · · , α). |α| =

∑n
i=1 αi is called the order of Dαup for p = 1, 2, · · · ,m.

We say that an ordering < on Du is admissible if

(i) Dαui < Dσ(Dαui), for any i, α and σ 6= 0
(ii) Dαui < Dβuj ⇒ Dσ(Dαui) < Dσ(Dβuj)

(2.1.1)

In this paper, we always employ the orderly admissible orderings, i.e. the admissible
orderings which satisfy

(iii) |α| < |β| ⇒ Dαui < Dβuj (2.1.2)

and simply call them orderings.
Sometimes we use notation u(j,α) to denote Dαuj . Any non-zero element of R is called a

trivial polynomial in R[Du]. Given an ordering < on Du, for a non-trivial polynomial f in
R[Du], the highest derivative w.r.t. the ordering <, effectively appearing in f , is called the
leading derivative, or simply leader, of f , denoted by ld(f). If u(p,α) is the leading derivative
of f , f can be rewritten as

f = fdu
d
(p,α) + fd−1u

d−1
(p,α) + · · ·+ f0, fd 6= 0 (2.1.3)

where fi’s are polynomials in the derivatives lower than u(p,α) over R. We call d the degree
of f , denoted by deg(f), and fd the initial of f , denoted by I(f). Furthermore, the partial
derivative of f w.r.t. u(p,σ) is called the separant of f , denoted by S(f).
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An ordering < on Du can be extended to a semi-ordering on R[Du]. For any two
polynomials f and g in R[Du], we say that f is lower than g, denoted by f < g, if f is
trivial but g not, or f and g are both non-trivial and ld(f) < ld(g), or ld(f) = ld(g) and
deg(f) < deg(g). Otherwise, we write f ∼ g. For a non-trivial polynomial f with leading
derivative Dσup and degree d, the triple [p, σ, d] is called the rank of f . The rank of a trivial
polynomial (non-zero) is defined as [0, 0, 0], where the second component is the zero vector
with n dimension. It is clear that f ∼ g iff rank(f) = rank(g).

Lemma 2.1 Under the semi-ordering <, any decreasing sequence of polynomials is finite.

Proof. Suppose that S is an infinite decreasing sequence of polynomials in R[Du] w.r.t. the
semi-ordering <. There exists an infinite subsequence S(1) of S such that all the polynomials
in S(1) have the same class, say p. Since S(1) is also a decreasing sequence, the sequence
composed of the orders of leaders of polynomials in S(1) is not increasing. There exists a
positive integer N , such that all the leaders of polynomials after Nth term in S(1) have the
same order. Without loss of generality, we may suppose that S(1) is itself such a sequence.
It is clear that the number of different derivatives of form Dσup with a fixed order is finite.
S(1) has an infinite subsequence S(2), in which all the polynomials have the same leaders.
But S(2) is decreasing, whose degree sequence must be decreasing too. S(2) is thus finite, a
contradiction.

2.2. Pseudo-division and basic chains

Definition 2.2 Let f and g be polynomials in R[Du], and g non-trivial. We say that f is
reduced w.r.t. g, if

1. No proper derivative of ld(g) effectively appears in f ; and

2. If ld(g) effectively appears in f , the degree of f w.r.t. ld(g) is less than deg(g).

Remark 2.3 If g is trivial, then any polynomial f in R[Du] is not reduced w.r.t. g.

The following lemma is useful for proving the latter lemmas in this section.

Lemma 2.4 Let
α1, α2, · · · , αq, · · · (2.2.1)

be an infinite sequence of vectors in Nn. There is an infinite subsequence of (2.2.1)

γ1, γ2, · · · , γp, · · · (2.2.2)

such that each component sequence of (2.2.2)

γ1i, γ2i, · · · , γpi, · · · (2.2.3)

is non-decreasing, where γji is the ith component of γj , i = 1, 2, · · · , n, j = 1, 2, · · · , p, · · ·.

Proof. Consider the first components of the vectors in sequence (2.2.1). Since {α11, α21, · · ·,
αq1, · · ·} ⊆ N, there exists a least number in {α11, α21, · · · , αq1, · · ·}, say αj11. Then consider
the first components of the vectors in the sequence

αj1+1, αj1+2, · · ·
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Similarly there exits a least number in {αj1+1,1, αj1+2,1, · · ·}, say αj21. Clearly αj21 ≥ αj11.
To continue, we finally derive an infinite subsequence of (2.2.1)

αj1 , αj2 , · · · (2.2.4)

whose first component sequence is non-decreasing. For the sequence (2.2.4), the similar
argument can be done on its second components, and we obtain an infinite subsequence of
(2.2.4)

βk1 , βk2 , · · · (2.2.5)

whose first component sequence and second component sequence are both non-decreasing.
By induction, we will derive an infinite subsequence of (2.2.1), whose component sequences
are all non-decreasing.

An increasing sequence of polynomials in R[Du] is said to be reduced if the sequence
consists of a single non-zero polynomial, or each polynomial in the sequence is non-trivial
and reduced w.r.t. any one preceding it in the sequence. A reduced increasing sequence is
called a chain.

A chain consists of a single trivial polynomial in R[Du] is said to be trivial.

Lemma 2.5 Any chain has only a finite number of terms.

Proof. Suppose that G is a chain with infinite terms. There exists an infinite subsequence
G(1) of G such that all the polynomials in G(1) have the same class, say p. It is easy to verify
that G(1) is also a chain. Consider the sequence consists of leaders of polynomials in G(1):

Dαup, · · · , Dβup, · · · , Dγup, · · · (2.2.6)

By Lemma ??, there are terms Dβup, Dγup in (2.2.6), such that γ = β + θ, for some non-
negative integer vector θ. This implies that there exists a polynomials in G(1) which is not
reduced w.r.t. some polynomial coming before it, this is in contradiction with the definition
of chain.

Given two chains G and H

G : g1 < g2 < · · · , gl; H : h1 < h2 < · · · < hk (2.2.7)

We say that G is lower than H, denoted by G < H, if one of the following conditions is
satisfied

1. there is a subscript i, such that gi < hi, and gj ∼ hj for j < i;

2. l > k and gj ∼ hj , j = 1, 2, · · · , k.

If neither G < H, nor H < G is the case, then G and H are said to have the same rank,
denoted by G ∼ H. In the latter case, we have k = l, and gi ∼ hi, i = 1, 2, · · · , l.

Lemma 2.6 Any decreasing sequence of chains is finite.



Differential Involutive Bases 15

Proof. Assume that G1 > G2 > · · · > Gq > · · · is an infinite decreasing sequence of
chains:

G1 : g11 < g12 < · · · < g1l1 ;
G2 : g21 < g22 < · · · < g2l2 ;
· · · , · · · , · · · , · · ·

Gq : gq1 < g12 < · · · < gqlq ;
· · · , · · · , · · · , · · ·

Since the sequence g11, g21, · · · , gq1, · · · is non-increasing, by Lemma ??, there exits a positive
integer q1, such that gq11 ∼ gq1+1,1 ∼ · · ·. Note that the sequence

Gq1+1 > Gq1+2 > · · ·

is also an infinite decreasing sequence of chains. Since Gq1 > Gq1+i, and gq11 ∼ gq1+i,1, the
chain Gq1+i contains at least two terms, and the sequence

gq1+1,2, gq1+2,2, · · ·

is also an infinite decreasing sequence of chains. There is a positive integer q2(> q1) such
that

gq1,1 ∼ gq2,1 ∼ gq2+i,1, gq2,2 ∼ gq2+i,2, i = 1, 2, · · ·

To continue, we would derive a new chain

ld(gq1,1) < ld(gq2,2) < · · ·

which is infinite, but this is in contradiction with Lemma ??.
Based on Lemma ??, any nonempty set of chains has a minimal chain. For a set S of

polynomials in R[Du] , we denote by C(S) the set of all chains composed of polynomials in
S, and call any minimal chain in C(S) the basic chain of S.

Lemma 2.7 A chain G composed of polynomials in S is a basic chain of S iff no polynomial
in S is reduced w.r.t. G.

Proof. Assume that G : g1 < g2 < · · · < gl is a chain composed of polynomials in S, and
g ∈ S is reduced w.r.t. G. G is not trivial by Remark ??. If g is lower than g1 (resp. higher
than gl), then g itself (resp. g1 < g2 < · · · < gl < g) is a chain lower than G, whence G is
not a basic chain of S. Since g is reduced w.r.t. G, no gi in G satisfies that gi ∼ g. We can
assume that gi < g < gi+1 for some i. In this case, g1 < · · · < gi < g is a chain lower than
G, and G is not a basic chain of S.

On the converse, if G is not a basic chain of S, then G is not trivial and there is another
chain composed of polynomials in S, say H : h1 < h2 < · · · < hk, which is lower than G. If
it is the case that h1 ∼ g1, hi−1 ∼ gi−1, and hi < gi for some i, then ld(gj) = ld(hj) and gj

and hj has the same rank for j = 1, · · · , i− 1. Since hi is reduced w.r.t. h1 < · · · < hi−1, hi

is surely reduced w.r.t. G; If it is the case that hj ∼ gj , j = 1, 2, · · · , l, then k > l and hl+1

is reduced w.r.t. G.
An algorithm to determine a basic chain of a finite set of polynomials can be easily given

based on Lemma ??. Here we use the algorithm stated in Ritt’s well known book [?], as well
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as the algorithm to determine the remainder of a differential polynomial w.r.t. a non-trivial
chain(in the partial case). We call it the pseudo-division. Red(f/G) denotes the remainder
of f w.r.t. G by the pseudo-division. Red(f/G), if it is not zero, is reduced w.r.t. G. For
R[Du], there is an analogous theorem on the pseudo-division.

Theorem 2.8 For any non-trivial chain G : g1 < g2 < · · · < gl, and any polynomial f ,
there are non-negative integers ωi, εi, such that

Sω1
1 · · ·Sωl

l Iε1
1 · · · Iεl

l f =
∑
p,σ

hp,σDσgp + Red(f/G) (2.2.8)

where Si = S(gi), Ii = I(gi), hp,σ ∈ R[Du].

Remark 2.9 If R is of uniqueness of decomposition, the algorithm mentioned above can be
refined. Hubert discussed this for the case that R is a field [?]. In section 4.2, we will give
an analogous algorithm for δ-division, which is a generalization of the pseudo-division.

A set S of polynomials in R[Du] may have more than one basic chains, but any two such
chains have the same rank. So the semi-ordering on chains induces a semi-ordering on the
polynomial sets. Consulting the proof of Lemma??, we have

Lemma 2.10 If a non-zero polynomial f is reduced w.r.t. a basic chain of a set S, then
S ∪ {f} < S; Any decreasing sequence of sets of polynomials is finite.

A product of the form Sω1
1 · · ·Sωl

l Iε1
1 · · · Iεl

l is called the SI-product of G. The set of all
SI-products of a chain G is denoted by H∞

G .

2.3. Differential ideals and pseudo-bases
As usual, we call the elements of R[Du] the differential polynomials in u1, u2, · · · , um over

R, and use the notation R{u1, u2, · · · , um}, or simply R{u}, for R[Du]. An ideal I of R[Du]
is called a differential ideal of R{u} if Dif ∈ I, i = 1, 2, · · · ,m for every f ∈ I. We denote
by pi. and dpi the ideal and differential ideals of R{u} respectively. A dpi. generated by
differential polynomials f1, f2, · · · , ft is composed of the polynomials of the following form∑

p,α

hp,σDσfp (2.3.1)

where the sum is finite and hp,σ ∈ R{u}. [f1, · · · , ft] denotes the dpi. generated by
f1, f2, · · · , ft.

Corollary 2.11 Let G be a basic chain of a dpi. I. For each polynomial f in I, we have
Red(f/G) = 0. The converse holds if I is a prime dpi.

Proof. By Theorem ??, f ∈ I implies that Red(f/G) ∈ I. If Red(f/G) 6= 0, then Red(f/G)
is reduced w.r.t. G, this is in contradiction with Lemma ??. So Red(f/G) = 0.

If Red(f/G) = 0, then there exits an SI-product J of G, such that Jf ∈ I by Theorem
??. If I is a prime dpi., then either J or f belongs to I. But J does not belong to I since
any separant or initial of G does not belong to I by Lemma ??. So f ∈ I.

Definition 2.12 A non-trivial chain G is said to be a pseudo-basis a system of differential
polynomials f1, · · · , ft if the following conditions are satisfied
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1. [f1, · · · , ft] ⊇ [G]; and

2. Red(fi/G) = 0, i = 1, · · · , t.

Algorithm 2.13 Determine a Pseudo-Basis for a differential polynomial set

Input: PS, a finite set of differential polynomials;

Output: G, a pseudo-basis of [PS].

begin S := PS

while S 6= φ do

determine a basic chain G of S

T := φ

if G trivial, then RETURN(G)

else for every f ∈ S\G do

r := Red(f/G)

if r 6= 0 then T := T ∪ {r}

if T = φ then RETURN(G)

else S := S ∪ T

end

end

By Lemma ??, Algorithm ?? would terminate in a finite number of steps. It is easy to
prove that [f1, · · · , ft] ⊆ [G] : H∞

G .

3. Prolongaton directions

In this section, we state some impotant results on involutive directions for the use latter
sections. Details of these results may be found in [?].

It is clear that Dα are differential operators and

Dα ·Dβ = Dα+β (3.1)

So the monoid (D, ·) is isomorphic to the monoid (Nn,+), where D = {Dα|α ∈ Nn}.
From this point view, we prefer to discuss in (Nn,+), rather than in D (contrast with
Dup = {Dα|α ∈ Nn})for a fixed p.



18 Y. Chen and X.S. Gao

3.1. Basic definitions and notations
For convenience, we denote by αi the ith component of a vector α, and α ◦ β the

Hadamard’s product of α and β, i.e.

α ◦ β = (α1β1, · · · , αnβn) (3.1.1)

Set ∆n = {α ∈ Nn|αi = 0 or 1, i = 1, 2, · · · , n}.

Definition 3.1 δ is said to be a prolongation direction, or simply a direction, on Nn, if for
each finite non-empty subset Γ of Nn , a map δΓ : Γ → ∆n is given uniquely.

There are two trivial prolongation directions, one is called full direction, defined as

δΓ(α) = (1, 1, · · · , 1) ∀α ∈ Nn

and the other is called null direction, defined as

δΓ(α) = (0, 0, · · · , 0) ∀α ∈ Nn

Definition 3.2 A prolongation direction δ on Nn is said to be involutive, if the following
conditions are satisfied

1. ∀ α, β ∈ Γ, if α + µ ◦ δΓ(α) = β + ν ◦ δΓ(β), for some µ, ν ∈ Nn, then β − α and
δΓ(α)−δΓ(β) are both non-negative, or α−β and δΓ(β)−δΓ(α) are both non-negative.

2. If α ∈ Σ ⊆ Γ, then δΣ(α)− δΓ(α) is non-negative.

We define an operator b on Fn, the set of all finite nonempty subset of Nn, as follows

b : Γ → γ = max(Γ), ∀Γ ∈ Fn

where γi = max{βi|β ∈ Γ}, i = 1, 2, · · · , n. We call b the upper bound operator on Fn. For
Γ ∈ Fn, let

B(Γ) = {β ∈ Nn|βi ≤ bi(Γ), i = 1, 2, · · · , n}.

3.2. Classical and new involutive directions

Example 3.3 Thomas direction can be defined as follows

∀α ∈ Γ, δΓ
i (α) =

{
1 if αi = bi(Γ)
0 otherwise

(3.2.1)

i = 1, 2, · · · , n, where δΓ
i (α),bi(Γ) represent the ith components of δΓ(α) and b(Γ) respec-

tively.

Example 3.4 Janet direction can be defined as follows

∀α ∈ Γ,
δΓ
1 (α) =

{
1 if α1 = b1(Γ)
0 otherwise

δΓ
i (α) =

{
1 if αi = bi(Γα1···αi−1)
0 otherwise

(3.2.2)

where Γα1···αi−1 = {β ∈ Γ|βj = αj , j = 1, · · · , i− 1}, i = 2, · · · , n.
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Example 3.5 Pommaret direction is defined as

∀α ∈ Γ, δΓ
i (α) =

{
1 if i ≥ L(α)
0 otherwise

i = 1, · · · , n (3.2.3)

where L(α) represents the number k such that the kth component of α is the last non-zero
component of α if α 6= 0. k = 0 if α = 0.

We denote by Np(α) the number of positive components of α. Let l be an integer not
less than [n/2]. For any finite subset Γ of Nn, set

BΓ
l (α) = {β ∈ Γ|1 ≤ Np(β − α) ≤ l} (3.2.4)

Example 3.6 A direction δ on Nn is defined as

δΓ
i (α) = 1 iff βi ≤ αi, for all β ∈ BΓ

l (α) (3.2.5)

In other words, δΓ
i (α) = 0 iff there is a β ∈ BΓ

l (α), s.t. βi > αi.

A direction defined in Example ?? is called Thomas type direction, denoted by Tl. Clearly,
Tn is just Thomas direction and T[n/2] corresponds to the involutive division I introduced
by Gerdt [?].

An ordered partition with length l of a positive integer n is a vector (n1, n2, · · · , nl),
where the ni are positive integers, such that

n = n1 + n2 + · · ·+ nl.

Set s0 = 0, sk = n1 + · · ·+ nk, k = 1, · · · , l.

Example 3.7 For any ordered partition (n1, n2, · · · , nl) of n, we define a direction δ on Nn:
for every finite subset Γ of Nn,∀β ∈ Γ,

δΓ
i (β) = 1 iff βi = bi(Γ), if i ≤ s1;

δΓ
i (β) = 1 iff βi = bi(Γβ1···βsk

), if sk < i ≤ sk+1,
(3.2.6)

k = 1, · · · , l − 1, where Γj1···m is the same as in Example ??.

A direction such defined is called Janet type direction, denoted by J(n1,···,nl). It is clear
that J(1,1,···,1) is just Janet dirction and J(n) is just Thomas direction.

Example 3.8 Induced directions[?]
An ordering on Nn is said to be admissibe if

α < β ⇒ α + σ < β + σ (3.2, 7)

for all α, β, σ ∈ Nn. Given an admissible ordering < , we state the induced direction as
follows

∀α ∈ Γ, δΓ
i (α) = 0 iff there exists a β ∈ Γ, such that

β < α and αi < βi
(3.2.8)

i = 1, 2, · · · , n.

All the directions mentioned in the above examples are involutive[?].
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3.3. Some important properties
Some properties of involutive diections are needed in the latter sections. Here we give a

brief summary for the purpose. For the proofs, please refer to [?]. In what below, we assume
that δ is an involutive direction on Nn and Γ is a finite subset of N n.

For α ∈ Γ, we call α+µ◦ δΓ(α) a prolongation of α w.r.t. Γ. The set of all prolongations
of α w.r.t.Γ is denoted by PΓ

δ (α). Set Pδ(Γ) =
⋃

α∈Γ PΓ
δ (α), P (Γ) = {α+µ|α ∈ Γ, µ ∈ Nn}.

Definition 3.9 Given a direction δ on Nn.

1. If Pδ(Γ) = P (Γ), then Γ is said to be complete w.r.t. δ;

2. Assume that Γ′ is complete w.r.t. δ. If Γ′ ⊇ Γ and P (Γ) = P (Γ′), then Γ′ is called a
completion of Γ;

3. If each finite subset of Nn has a finite completion w.r.t. δ, then δ is said to be
Noetherian.

Thomas type, Janet type and induced directions are Noetherian, but Pommaret direction
is not.

Definition 3.10 A set Γ is said to be separable w.r.t. δ if

α + µ ◦ δΓ(α) = β + ν ◦ δΓ(β) ⇒ α = β (3.3.1)

∀α, β ∈ Γ. If each finite subset of Nn is separable w.r.t. δ, then δ is said to be separable.

Janet type directions, Thomas type directions are separable, but Pommaret direction is
not. It is clear that Γ is separable w.r.t. δ if and only if PΓ

δ (α) ∩ PΓ
δ (β) = φ for α 6= β.

For convenience, we use δ(i) to represent the vector whose ith component is 1 and the
other components are all zeros. For α ∈ Γ, if δΓ

i (α) = 0, then we call α + δ(i) a non-
multiplicative prolongation of α w.r.t. Γ.

Definition 3.11 Given an involutive direction δ,

1. α, β ∈ Γ, β is said to be a pseudo-divisor of α w.r.t. Γ if there exists an index i and a
vector µ ∈ Nn, s.t.

δΓ
i (α) = 0 and α + δ(i) = β + µ ◦ δΓ(β) (3.3.2)

2. If for each finite set Γ, each pseudo-divisor sequence, composed of elements in Γ, is
finite, then δ is said to be Artinian.

All the directions mentioned above are Artinian.

Theorem 3.12 Let δ be an Artinian direction. A finite set Γ is complete w.r.t. δ if and
only if

δΓ
i (α) = 0 ⇒ α + δ(i) ∈ Pδ(Γ) (3.3.3)

for all α ∈ Γ.
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Definition 3.13 Given an involutive direction δ. A non-multiplicative prolongation α+ δ(i)

of Γ ∈ Fn is said to be critical if the following conditions are satisfied:

1. α + δ(i) 6∈ Pδ(Γ);

2. If α + δ(i) = β + δ(j) + γ, where β + δ(j) is also a non-multiplicative prolongation of Γ
and γ 6= 0, then β + δ(j) ∈ Pδ(Γ)

A direction δ is said to be constructive if, for every finite set Γ, no critical prolongation
α + δ(i) of Γ can be expressed as

α + δ(i) = β + µ ◦ δ(β) + ν ◦ δΓ′(β′) (3.3.4)

where β ∈ Γ, β′ = β + µ ◦ δ(β),Γ′ = Γ ∪ {β′}.
All the directions mentioned in the examples are constructive.

Theorem 3.14 Let δ be Artinian and constructive. Any completion Γ′ of a finite set Γ
contains all critical prolongations of Γ.

Based on Theorem ??, we can give an algorithm to determine a minimal completion of
a given finite set if its finite completion is assumed to exist. We define a special partial
ordering <+ on Nn as

α <+ β iff β = α + σ, for some σ 6= 0

where α, β, σ ∈ Nn.
In the following algorithm, we assume that δ is of Noetherity, Artinity, and constuctivity.

Algorithm 3.15 Determine a Minimal Completion of a Vector Set

Input Γ, a finite subset of Nn;

output Γ′, a minimal completion of Γ.

begin Γ′ := Γ, Φ := {−1};

while Φ 6= φ do Σ := φ; Γ0 := Γ′;

while Γ0 6= φ do

for γ ∈ Γ0, Γ0 := Γ0\{γ};

if there exists an index i, s.t.

δΓ′
i (γ) = 0 and γ + δ(i) 6∈ Pδ(Γ′)

then Σ := Σ ∪ {γ + δ(i)};

end

while exist β, α ∈ Σ, s.t. α <+ β do
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Σ := Σ\{β}

end

Γ′ := Γ′ ∪ Σ; Φ := Σ;

end

end

If δ is a Janet type direction, then P (Γ) ∩ B(Γ) is a completion of Γ. For Thomas
direction, P (Γ) ∩B(Γ) is a minimal completion of Γ, but it is not true for Janet direction.

4. δ-reduced, δ-division and involutive bases

4.1. δ−chain and δ−reduced
In this section, we work on a differential polynomial (abbr. d-pol) ring F{u1, u2, · · ·,

um} over a differential field F with rational field as a subfield. We assume that an orderly
admissible ordering < on Du mentioned in section 2 and a prolongation direction δ on Nn

mentioned in section 3 have been given. If Dσup is the leading derivative (or simply, leader)
of a d-pol f , then p is called the class of f . Let S be a finite set of non-trivial d-pols. Denote
by Ep(S) the set of d-pols with class p and by Lp(S) the leaders of the polynomials in Ep(S).
We will use the following notations

Γp(S) = {α ∈ Nn|Dαup ∈ Lp(S)}; PLp(S) = {Dαup|α ∈ P (Γp(S))}.

L(S) =
⋃m

p=1 Lp(S); PL(S) =
⋃m

p=1 PLp(S); NL(S) = Du\PL(S).

For convenience, we often omit S in the above notations if no confusions occur. The
derivatives in PL(S) (resp. NL(S) ) are called the principal (resp. parametric) derivatives
of S. A derivative Dαup is called a multiplicative derivative of S, if α ∈ Pδ(Γp)\Γp. An
index i is called a multiplier (resp. non-multiplier) of a d-pols g in S if δ

Γp

i (α) = 1 (resp.
δ
Γp

i (α) = 0), where ld(g) = Dαup.
For the use latter, we state first the δ-completion algorithm of a chain, which is a gen-

eralization of Wu’s completion algorithm for the case when δ is a Thomas direction[?]. We
assume that δ is of Noetherity, Artinity and constrcutivity.

Algorithm 4.1 δ-Completion of a Chain

Input G, a non-trivial chain

Output G+, the completion of G

begin H := φ;

for p = 1, 2, · · · ,m do

Γp := Γp(G),

determine a minimal completion of Γp w.r.t. δ, say Γ′p



Differential Involutive Bases 23

for every α ∈ Γ′p\Γp do

r := Red(Dαup/G), say JDαup =
∑

i,σ hi,αDσgi + r

H := H ∪ {JDαup − r}

end

end

end

Definition 4.2 An increasing sequence G of non-trivial d-pols g1 < g2 < · · · < gl, is said
to be a δ-chain, if the following conditions are satisfied

1. No two d-pols in G have the same leader;

2. No multiplicative derivative of G appears in any gi, i = 1, · · · , l;

3. If some ld(gi) appears in gj , j 6= i, then the degree of gj w.r.t. ld(gi) is lower than
deg(gi).

We call as well as any non-zero element of F a trivial δ-chain.

A chain is surely a δ-chain. If G is a non-trivial chain, then its δ-completion G+ is
a δ-chain. A δ-chain G is said to be δ-separable(resp. δ-complete) if each Γp(G) is δ-
separable(resp. δ-complete) w.r.t. δ, p = 1, 2, · · · ,m.

Definition 4.3 Let G be a δ-chain, and f a d-pol. We say that f is δ-reduced w.r.t. G, if
the following conditions are satisfied

1. No multiplicative derivatives of G appear in f ;

2. If the leader Dσup of a d-pol g in G appears in f , then the degree of f w.r.t. Dσup is
lower than deg(g).

The separants and initials of a δ-chain G are all δ-reduced w.r.t. G. If G is a chain, then
a d-pol f is reduced w.r.t. G implies that f is δ-reduced w.r.t. G, But the converse is not
true.

Lemma 4.4 If G is a complete δ-chain, then a d-pol f is δ-reduced w.r.t. G iff f is reduced
w.r.t. G.

Proof. If f is not reduced w.r.t. G, then either there exists a proper principal derivative
Dαup of G which appears in f , or there exists the leader Dαup of some element g in G
such that the degree of f w.r.t. Dαup is not lower than deg(g). In the latter case, f is
not δ-reduced w.r.t. G by the definition. In the first case, Dαup must be a multiplicative
derivative of G since Γp(G) is complete, this means that f is not δ-reduced w.r.t. G.
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4.2. Fine combination and δ-division
For any d-pol f,Dσf is called the prolongation of f . For a d-pol g in a δ-chain G, with

leader Dαup, if σ + α ∈ P
Γp

δ (α), then Dσg is called a multiplicative prolongation of G. If i
is a non-multiplier of g, then Dig is called a non-multiplicative prolongation of G.

Definition 4.5 Let G : g1 < g2 < · · · < gl be a δ-chain. A combination of elements in
G :

∑
α,i hα.iDαgi is said to be fine, if

1. the Dαgi’s appear in the sum satisfy that ld(Dαgi) = ld(Dβgj) iff α = β and i = j;

2. either α 6= 0, Dαgi is a multiplicative prolongation of G and hα,i is a polynomial in
ld(Dαgi) with coefficients of d-pols the multiplicative derivatives appear in which are
lower than ld(Dαgi);

3. or α = 0, hα,i is a polynomial in ld(gi) involving no multiplicative derivative appears
in which, and hα,i is reduced w.r.t. gj for j > i.

It is clear that a fine combination of G can be separated into two parts :∑
α,i

hα,iDαgi =
∑

i,α 6=0

hα,iDαgi +
∑

i

higji (4.2.1)

The first part is called the M-part and the second part is called the N-part.
For a δ-chain G, any finite product of the factors of the separants or initials of G is called

an si-product of G. K∞
G denotes the set of all si-products of G, which is a monoid containing

H∞
G . But [G] : K∞

G = [G] : H∞
G

Theorem 4.6 Let G : g1 < g2 < · · · < gl be a δ-chain, f a d-pol. Then there is an
si-product J of G, such that

Jf =
∑
α,i

hα,iDαgi + r (4.2.2)

where the right side sum is a fine combination of G, r is zero or a d-pol which is δ-reduced
w.r.t. G.

We give the following algorithm to prove Theorem ??.

Algorithm 4.7 δ-Division

Input f , a d-pol; G, a δ-chain.

Output r, δ-remainder of f modulo G.

begin r := f ;

while some multiplicative derivatives of G appear in r, do

choose the highest one of them, say Dβup;

pick out the highest one gi ∈ G, s.t.
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ld(gi) = Dαup and β ∈ P
Γp

δ (α)\Γp, say, β = α + σ;

r :=
[S(gi), I ′(r)]

I ′(r)
· r − [S(gi), I ′(r)]

S(gi)
· (Dβup)k−1 ·Dσgi (4.2.3)

where [P,Q] stands for the least common multiple of P and Q.

end

while some leaders of G appear in r with degree not lower than

the degree of the polynomial in G with the same leader, do

choose the highest one of them, say, Dβup = ld(gi);

pick out gi ∈ G with the leader Dβup;

r :=
[I(gi), I ′(r)]

I ′(r)
· r − [I(gi), I ′(r)]

I(gi)
· (Dβup)k−deg(gi) · gi (4.2.4)

end

end

where I ′(r) and k are respectively the leading coeffecient and degree of r w.r.t. Dβup. The
output r is denoted by Reδ(f/G), and is called the δ-remainder of f modulo G.

Note that a δ-division is just the pseudo-division on ordinary polynomials when δ is null
direction, and is just the pseudo-division on d-pols with refinement metioned in the Remark
?? when δ is full direction[?]. So δ-division is the generalization of pseudo-division.

From now on we assume that δ is an involutive direction. A d-pol f is said to be fine
w.r.t. a δ-chain G if there exists an si-product J of G such that Jf can be expressed as a
fine combination of G.

Lemma 4.8 Let G be a non-trivial δ-chain. If two d-pols f1, f2 are both fine w.r.t. G, then
f1 + f2 is also fine w.r.t G.

Proof. Assume that J1, J2 are the si-products of G such that J1f1, J2f2 can be expressed
as fine combinations, then J1J2(f1 + f2) can be expressed as

∑
i,α 6=0

hα,iDαgi +
l∑

k=1

hkgik (4.2.5)

where thte first sum is fine, the polynomials gk in the second sum satisfy that gi1 < · · · < gil ,
and no multiplicative dedrivatives appear in any hk. Suppose g be the highest of elements
in G with the property that there is an hk which is not reduced w.r.t. g and gik < g. For
each hk not reduced w.r.t. g, by δ-division, there exists a product Jk of I(g) such that
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Jkhk = h̄kg + r̄k, whence Jkhkgik = (h̄kgik)g + r̄kgik . Let J ′ be the product of all the Jk’s,
then J ′1J1J2(f1 + f2) can be expressed as

∑
i,α 6=0

h′α,iDαgi +
l′∑

j=1

h′jgij + h′g (4.2.6)

where l′ ≤ l and the first sum is still a fine combination of G, but the highest element g′ in
G with the property that there is an h′j which is not reduced w.r.t. g′ and gij < g′, is lower
than g. Thus the Lemma can be proved by induction.

Lemma 4.9 If G is a separable δ-chain, g ∈ G and Dσg is a multiplicative prolongation of
G, then f ·Dσg is fine w.r.t. G for any d-pol f .

Proof. We suppose first that σ 6= 0 and prove the proposition by induction on the
multiplicative derivatives of G that appear in f . If no multiplicative derivative of G that is
higher than ld(Dσg) appears in f , then f ·Dσg is itself a fine combination of G. Now suppose
that Dαup is a multiplicative derivative of G which appears in f and ld(Dσg) < Dαup.
Then, by the separability of G, there is unique gk ∈ G, such that Dτgk is a multiplicative
prolongation of G and Dαup = ld(Dτgk). By δ-division, there is a product of some factors
of S(gk), such that

J ′f = hτ,kDτgk + r

where hτ,kDτgk is a fine combination of G and r is a d-pol that multiplicative derivatives of
G appear in which are lower than Dαup. So

J ′fDσg = (hτ,kDσg)Dτgk + rDσg

By the inductive hypothesis, There exists an si-product J ′′ such that J ′′rDσg can be ex-
pressed as a fine combination of G.

Second, we suppose that σ = 0. By the proof for the first case, there exists an si-product
J ′ of G such that

J ′fg =
∑

k,τ 6=0

hτ,kDτgk + rg

where r is a d-pol in which no multiplicative derivatives appear. If r is not reduced w.r.t.
some g′ in G which is higher than g, we can choose the highest of such g′, say gl. By
δ-division, there exists a product Jl of some factors of I(gl), such that Jlr = hlgl + rl. Hence

JlJ
′fg =

∑
k,τ 6=0

Jlhτ,kgk + (hlg)gl + rlg

where the right side, except the last summand, is a fine combination of G. But the highest
element in G (if there exists), which is not reduced w.r.t. rl and higher than g, is lower than
gl. The proof can be completed by induction.
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4.3. Involutive bases
There exist interesting work on constructing bases for d-pols, such as the differential

Gröbner bases found in [?] and in [?], the involutive differential bases found in [?]. Here we
adhere to the passivity used in Wu-Ritt characteristic set method[?], and define the involutive
basis for arbitrary DPEs systems.

Definition 4.10 A δ-chain G is said to be passive if, for each g ∈ G, σ ∈ Nn, the prolon-
gation Dσg can be expressed as a fine combination of G.

Theorem 4.11 Let δ be an Artinian direction and G a separable and complete δ-chain.
G is passive if each non-multiplicative prolongation Dig of G can be expressed as a fine
combination of G.

Proof. We will prove the theorem by induction on the leading derivative of Dαg. By the
hypothesis the prolongation Dig/G) can be expressed as a fine combination of G for any
non-negative integer i and any g ∈ G. Now we consider the prolongation Dαg with |α| ≥ 2,
and assume that Dβgi can be expressed as a fine combination of G for every prolongation
Dβgi satisfying ld(Dβgi) < ld(Dαg), gi ∈ G, β ∈ Nn.

If Dαg is a multiplicative prolongation of G, then it is itself a fine combination of G.
Now assume that Dig is a non-multiplicative prolongation of G and α = β + δ(i). Then
Dαg = Dβ(Dig) and, by the hypothesis, there exists an si-productJ1 of G, such that J1Dig
can be expressed as a fine combination of G:

J1Dig =
∑
j,σ

hj,σDσgj (4.3.1)

Differentiate two sides of (4.3.1) by Dβ and then translate some terms from left to right:

J1Dαg = −
∑

β′+β′′=β,β′ 6=0(Dβ′J1)Dβ′′Dig

+
∑

j,σ

∑
γ′+γ′′=β,γ′ 6=0(Dγ′hj,σ)Dγ′′Dσgj +

∑
j,σ hj,σDβDσgj

(4.3.2)

Let ld(g) = Dξup and assume that ld(Dσ(1)gj1) = ld(Dig) = DiDξup(since G is com-
plete). By the separability of Γp(G), Dig and Dσ(1)gj1 are of degree one, whence the
derivatives appear in hj1,σ(1) and

∑
σ 6=σ(1) hj,σDσgj are lower than DiDξup. This implies

that ld(DβDσ(1)gj1) = ld(Dαg) is the highest principal derivative appears in the right side of
(4.3.2), and it does not appear in any summand except hj1,σ(1)DβDσ(1)gj1 . Set α(1) = β+σ(1).
(4.3.2) can be rewritten as

J1Dαg = hj1,σ(1)Dα(1)gj1 +
∑
j,σ

hj,σDσgj (4.3.3)

where ld(Dα(1)gj1) = ld(Dαg), ld(Dσgj) < ld(Dαg), the principal deriatives of G appear in
hj,σ is lower than ld(Dαg) and Dσ(1)gj1 is a multiplicative prolongation of G.

If Dα(1)gj1 is not a multiplicative prolongation of G, we assume that α(1) = β′ + δ(i′)

and Di′gj1 is a non-multiplicative prolongation of G. By the hypothesis, there exists an
si-product J ′1 of G such that J ′1Di′gj1 = hj2,σ(2)gj2 +

∑
j′,σ′ hj′,σ′Dσ′gj′ , where ld(Di′gj1) =

ld(Dσ(2)gj2), Dσ(2)gj2 is a multiplicative prolongation of G. We can derive as above that

J ′1Dα(1)gj1 = h̄j2,α(2)Dα(2)gj2 +
∑
j′,σ′

h̄j′,σ′Dσ′gj′ (4.3.4)



28 Y. Chen and X.S. Gao

where α(2) = σ(2) + β′. Substituting (4.3.4) into (4.3.3) we have

J2Dαg = hj2,α(2)Dα(2)gj2 +
∑
j,σ

hj,σDσgj (4.3.5)

where J2 = J1J
′
1, ld(Dα(2)gj2) = ld(Dαg), ld(Dσgj) < ld(Dαg), the principal derivatives

appear in hj,σ are lower than ld(Dαg), and Dσ(2)gj2 is an multiplicative prolongation of G.
If Dα(2)gj2 is not yet a multiplicative prolongation of G, we can discuss about it as about

Dα(1)gj1 and so on. We claim that such process must stop in a finite number of steps, and
arrive finally that

JkDαg = hjk,α(k)Dα(k)gjk
+

∑
j,σ

hj,σDσgj (4.3.6)

where Jk is an si-product of G, ld(Dα(k)gjk
) = ld(Dαg), ld(Dσgj) < ld(Dαg), the princi-

pal derivatives of G appear in hj,σ is lower than ld(Dαg), and Dα(k)gjk
is a multiplicative

prolongation of G.
In fact, let ld(gj1) = Dηup, then ld(Dσ(1)gj1) = ld(Dig) implies that

ξ + δ(i) = η + σ(1) ◦ δΓp(η) (4.3.7)

since Dσ(1)gj1 is a multiplicative prolongation of G. But Dig is a non-multiplicative prolon-
gation of G, i.e. i is a non-multiplier of ξ in Γp = Γp(G). So η is a pseudo-divisor of ξ in Γp.
Similarly, let ld(gj2) = Dζup, then ld(Dσ(2)gj2) = ld(Di′gj1), and the fact that Dσ(2)gj2 is a
multiplicative prologation of G and Di′gj1 is a non-multiplicative prolongation of G implies
that ζ is a pseudo-divisor of η. And likewise for each Dσ(k)gjk

, there would be a infinite
pseudo-divisor sequence

ξ, η, ζ, · · ·

in Γp, which is a contradiction with the Artinity of δ.
We note that the sum

∑
j,σ hj,σDσgj in (4.3.7) need not to be a fine combination of G,

since any Dσgj need not to be a multiplicative prolongation of G. But each ld(Dσgj) is lower
than ld(Dαg). By the inductive hypothesis, there exists an si-product Jj,σ of G such that
Jj,σDσgj can be expressed as a fine combination of G. Hence there exists an si-product J
such that JDαg can be expressed as a sum in which each summand is of the form hj,σDσgj ,
where Dσgj is a multiplicative prolongation of G. By using Lemma ?? and Lemma ??, The
proof can be completed.

Corollary 4.12 Let G be a δ-chain. If for each non-multiplicative prolongation of G, the
δ−remainder of it modulo G is zero, then G is δ-passive.

Definition 4.13 A non-trivial chain G is said to be an involutive basis for a system S of
d-pols if G is a pseudo-basis of S and G+ is δ-passive.

In the following algorithm, we assume that the prolongation direction δ is of separabiliy,
Noetherity, Artinity and constructivity.

Algorithm 4.14 Determine an Involutive Basis

Input G, a finite set of d-pols;
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Output G, an involutive base of S.

begin T := S; S0 := φ;

while T 6= φ do

S0 := S0 ∪ T ; T := φ;

determine a pseudo-base of S0, say G;

if G is trivial, then RETURN(G);

else

determine G+; S0 := S0 ∪G+;

for each g ∈ G+ , and every non-multiplicative

prolongation Dig of G+ do

r := Reδ(Dig/G+);

if r 6= 0, then T := T ∪ {r};

end

end RETURN(G);

end

Remark 4.15 Since G+ is complete w.r.t. δ, any δ-remainder r of a d-pol f modulo G+,
if not zero, must be reduced w.r.t.G+ by Lemma ??. Particularly, r is reduced w.r.t. G.
So, in Algorithm ??, S0 ∪ T has a lower basic chain, as well as a lower pseudo-basis than
G if T 6= φ. Algorithm ?? would terminate in a finite number of steps if δ is Noetherian.
Furthermore, the output G is an involutive basis of S by Corollary ??.

Let G be a non-trivial chain: g1 < g2 < · · · < gl. We call Gk : g1 < · · · < gk the
truncation of G at k, and G̃k : gk < · · · < gl the co-truncation of G at k, 1 ≤ k ≤ l. A d-pol
h is said to be G-trivial if h is either trivial or a d-pol reduced w.r.t. G with lower leader
than ld(gl). G is said to be differential(resp. algebraic) irreducible if, for each gk(1 ≤ k ≤ l),
there exists no Gk-trivial polynomial hk such that

hkgk ≡ gk1gk2 (mod[Gk−1])(resp. mod(Gk−1)) (4.3.8)

where gk1, gk2 are d-pols with the same leader as that of gk.
It is clear that G is irreducible implies that Gk is irreducible for any truncation of G at

k. In addition, that G is differential irreducible implies that G is algebraic irreducible since
(Gk−1) ⊆ [Gk−1] for all k = 1, 2, · · · , l. In [?], Wu proved that the converse is also true and
described the process to factor a non-trivial chain into irreducible chains. For a irreducible
and passive chain, Wu proposed an algorithm to construct the formal power series solution,
which is a generic solution, of the chain. Based on this, Wu derived the variety decomposition
theorem as follows



30 Y. Chen and X.S. Gao

Theorem 4.16 For any set S of d-pols, there is an algorithmic procedure to determine finite
number of irreducible chains G1, · · · , Gl, such that

d-zero(S) = ∪l
kd-zero(Gk)

In Wu-Ritt characteristic method, the notion ‘passive chain’ is just the special case of
our terminology ‘δ-passive chain’ corresponding to that δ is Thomas direction. For a non-
trivial chain G, the passivity guarantees that each prolongation of G+ can be expressed
as the M-polynomials, which is needed in constructing the formal series solution for the
irreducible and passive chain. But the latter requirement would be satisfied as long as G+ is
δ-passive for any prolongation direction δ which is of separability, Artinity, Noetherity and
constructivity. So we can take any such prolongation direction to replace Thomas direction
in Wu-Ritt characteristic method, and we would get analogous results by the analogous
discussion. Here we omit it.

5. Conclusion

We start with a prolongation direction δ on Nn defined by an axiom system and determine
an involutive base for a given set of algebraic PDEs starts. Since we have known many
directions satisfying the axiom system, the algorithm provides more space to choose suitable
schemes to deal with concrete problems.

It is shown that a passive chain is coherent [?]. An interesting problem is to investigate the
relation and compare the effectiveness among various δ-passive chains and coherent chains.
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