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Abstract. In this paper, we study the modular representations of finite groups which
are the direct products, and verify some famous conjectures for such kind groups if those
conjectures hold for their direct summands.
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1. Introduction

There are many open problems in the modular representation theory of finite groups,
such as McKay Conjecture, Alperin’s Weight Conjecture Dade’s Ordinary Conjecture and
so forth. Since the achievement of the classification theorem of finite simple groups, it is a
natural method to study the major conjectures in modular representation theory to check
whether simples groups satisfy them. These conjectures has been verified for several simple
groups, but another important thing we have to do is to find out a efficient way to reduce
these conjectures to the case of finite simple groups. It is the purpose of this paper to study
the modular representations of finite groups which are direct product. This is maybe the
first step of an attempt of the reduction work.

In the present paper, we prove that the direct product satisfies these conjectures, if each
direct summand satisfies them. The paper is structured as follows. Section 2 contains some
results in modular representation theory of finite groups which are direct products. In section
3, the central open conjectures of modular representation theory are stated. we verify that
if each direct summon of a finite group satisfies them, so does this group. In section 4,
we consider a group invariable, named p-local rank in [8] and generalize a result of G. R.
Robinson.

2. Notations and Preliminaries

Let G be a finite group, p be a prime divisor of |G| and R be a complete discrete valuation
ring with quotient field K of characteristic 0. We assume that the residue field F = R/(π)
has characteristic p, where (π) denotes the unique maximal ideal of R. With this assumption
we refer to the triple (K, R, F ) as a p-modular system, in which K be assumed to have a
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primitive |G|th root of unity . We fix an valuation ν of K such that ν(p) = 1, and denote
by α∗ the image of α ∈ R under the natural map R → F = R/(π).

Given a p-modular system (K, R, F ) for a finite group G, where p is a fix prime, let Bl(G)
denote the set of all p-blocks of G, δ(B) denotes a defect group of a p-block B of G. For
convenience, we also assume that K and F are splitting field of G.

All groups in this paper are assumed to be finite. Our notations are standard and follow
that of [1, 6].

The following lemmas are easy but useful to our results.

Lemma 2.1 Let G = G1 × G2 be a direct product of finite groups G1 and G2, and H =
H1 ×H2, where H1 ≤ G1 and H2 ≤ G2. Then we have the follows

NG(H) = NG1(H1)×NG2(H2).

Lemma 2.2 Let G = G1×G2 be a direct product of finite groups G1 and G2. If C ∈ Cl(G),
then there exist C1 ∈ Cl(G1) and C2 ∈ Cl(G2) such that

C = {(c1, c2)|c1 ∈ C1, c2 ∈ C2} = C1 × C2,

where Cl(G) denote the set of conjugate classes of G.

Proposition 2.3 Let G = G1 × G2 be a direct product of finite groups, G1 and G2. If e1

and e2 are block idempotents of b1 and b2 respectively, where b1 ∈ Bl(G1) and b2 ∈ Bl(G2),
then e1e2 is a block idempotents of G. Consequently, we treat Bl(G) as the follows:

Bl(G) = {bi ⊗ bj |bi ∈ Bl(G1), bj ∈ Bl(G2)} .

Proof. It is obviously that e1e2 is a central idempotent of Z(RG). We only need to show
that e1e2 is primitive. Since G1 ¢ G,G2 ¢ G and [G1, G2] = 1, we have that the inertial
groups of b1 and b2 both are G. So there are two primitive idempotent decompositions

e1 =
∑

eBi Bi ∈ Bl(G)

and
e2 =

∑
eBj Bj ∈ Bl(G),

hence that
e1e2 =

∑
eBk

Bk ∈ Bl(G),

where each Bk covers both b1 and b2. We will show that there is an unique block of G which
covers both b1 and b2. In fact, suppose that b1 and b2 are covered by B,B′ ∈ Bl(G). If
C ∈ Cl(Gp′), then C = C1 × C2 by lemma 2.2, where C1 ∈ Cl((G1)p′) and C2 ∈ Cl((G2)p′).
By the theorem of Passman (see [6, Chapter 5,theorem 5.5] as a reference), we have that

ω∗B(Ĉ) = ω∗B(Ĉ1Ĉ2) = ω∗B(Ĉ1)ω∗B(Ĉ2)
= ω∗b1(Ĉ1)ω∗b2(Ĉ2) = ω∗B′(Ĉ1)ω∗B′(Ĉ2)

= ω∗B′(Ĉ)
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for all C ∈ C ∈ Cl(Gp′), where Ĉ is the sum of C, hence our assertion follows from [6,
Chapter 3,theorem 6.24]. So we have that e1e2 = eB for some block, B, of G. Moreover,

1 =
∑

bi∈Bl(G1)

∑

bj∈Bl(G2)

ebi
ebj

is the central primitive idempotent decomposition of 1. Since RG ∼= RG1 ⊗R FG2 by the
following map

RG → RG1 ⊗R RG2

(x, y) 7→ x⊗ y,

where x ∈ G1, y ∈ G2, we are done. ¤

Corollary 2.4 Let G = G1×G2 be a direct product of finite groups G1 and G2.If B = b1⊗Rb2

is a block of G, where b1 ∈ Bl(G1), b2 ∈ Bl(G2), then k(B) = k(b1)k(b2) and l(B) = l(b1)l(b2).

Now we consider the Cartan Matrix of a block B of G.

Proposition 2.5 Let G = G1 × G2 be a direct product of finite groups G1 and G2. If
B = b1 ⊗R b2 is a block of G, where b1 ∈ Bl(G1), b2 ∈ Bl(G2), then it is possible to arrange
the rows and columns of Cartan Matrix CB of B so that it has the form CB = Cb1 ⊗ Cb2,
where ⊗ means the Kronecker product.

Proof. Consider the decomposition matrix DB. Since K and F are the splitting filed
of G, we know that each irreducible character χ ∈ Irr(B) has the form χ = χ1χ2, where
χ1 ∈ Irr(b1), χ2 ∈ Irr(b2), and the same is true for the Brauer character η ∈ Irr(B). By the
definition of decomposition matrix, we have that DB = Db1 ⊗Db2 . Since CB = tDBDB, we
are done. ¤

The following proposition is about defect groups for blocks of finite groups which are
of direct products. We will give the proof in the next section, since a lemma on p-radical
subgroups of finite groups.

Proposition 2.6 Let G = G1 × G2 be a direct product of two finite groups G1 and G2. If
B = b1⊗R b2 is a block of G, where b1 ∈ Bl(G1) and b2 ∈ Bl(G2), then δ(B) = Gδ(b1)×δ(b2).

3. Conjectures for direct products

In this section, our main goal is to investigate some major conjectures in modular repre-
sentation theory for finite groups which direct summands satisfy these conjectures. We will
give some notations and descriptions of these conjectures (see [5]).

There are a number of open problems concerning additional properties of the degrees of
the irreducible representation of a finite group G. Let

{
d1, d2, · · · , dk(G)

}
denote all degrees

of the irreducible representations of G. We know that |G| /di is a positive integer for i =
1, 2, · · · , k(G). Let pδi denote the highest power of p dividing |G| /di. Then δi is called the
p-defect. Fix P ∈ Sylp(G) and write |P | = pa. Then δi ∈ {0, 1, · · · , a} for i = 1, 2, · · · , k(G).
For δ = 0, 1, · · · we denote the number of irreducible representations of p-defect δ of G by
kδ(G).
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Let δ = a, in this case, kδ(G) = ka(G) is the number of irreducible representations of G
whose degree is not divisible by p. There is the following conjecture:

McKayConjecture(MC) : ka(G) = ka(NG(P )) for P ∈ Sylp(G).

For this conjecture, we have the following proposition.

Proposition 3.1 Let G = M × N be the direct product of finite groups M and N . If M
and N satisfy MC, so does G.

Proof. Clearly, if P ∈ Sylp(G), then there exist P1 ∈ Syl(M) and P2 ∈ Syl(N) such that
P = P1×P2. Let a = logp |P |, a1 = logp |P1| and a2 = logp |P2|, then ka(G) = ka1(M)ka2(N).
By lemma 2.1, the followings hold.

ka(G) = ka1(M)ka2(N) = ka1(NM (P1))ka2(NN (P2))
= ka(NM (P1)×NN (P2))
= ka(NG(P )).

So we are done. ¤

Now let us consider the other extreme case δ = 0. Thus we are study irreducible repre-
sentations whose degree is divisible by the order of a Sylow p-subgroup of G. There is the
following conjecture:

Alperin′sWeightConjecture(AWC) : l(G) =
∑

Q

k0(NG(Q)/Q)
|G : NG(Q)| ,

where Q runs over all p-subgroups of G. In order to refine this conjecture, we introduce the
following terminology.

Definition 3.2 Let P be a p-subgroup of G. We call P a radical p-subgroup of G, if
P = Op(NG(P )), where Op(G) is the unique maximal normal p-subgroup of G.

The summand k0(NG(Q)Q)/ |G : NG(Q)| does not change when Q is replaced by a conjugate
of Q, and Q has exactly |G : NG(Q)| conjugates in G. If there exists no block whose defect is
zero in NG(Q)/Q, then k0(NG(Q)/Q) = 0. On the other hand, if NG(Q)/Q possesses defect
zero block, then Op(NG(Q)/Q) is trivial. Hence that Q is radical in G. Thus AWC can also
be written in the form

l(G) =
∑

Q

k0(NG(Q)/Q)

where this time Q ranges over a set of representatives for the conjugacy classes of radical
p-subgroups of G. To prove the proposition 3.4, we need the following lemma[7].

Lemma 3.3 Let R be a radical p-subgroup of a direct product G1×G2 of two finite groups G1

and G2. Then Ri = R ∩Gi (i = 1, 2) is a radical p-subgroup of Gi. Moreover, R = R1 ×R2.

We denote by Rad(G)/G a set of representatives for the conjugacy classes of radical p-
subgroups of G. Now we state and prove the proposition 3.4.
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Proposition 3.4 Let G = M × N be the direct product of two finite groups M and N . If
M and N satisfy AWC, so does G.

Proof. We know that l(G) is equal to the number of the p-regular conjugacy classes of G,
i.e. l(G) =

∣∣Cl(Gp′)
∣∣, by lemma 2.1,2.2 and 3.3, we have that

l(G) = l(M)l(N)

=


 ∑

Q∈Rad(M)/M

k0(NM (Q)/Q)





 ∑

R∈Rad(N)/N

k0(NN (R)/R)




=
∑

Q∈Rad(M)/M

∑

R∈Rad(N)/N

k0(NM (Q)/Q)k0(NN (R)/R)

=
∑

Q∈Rad(G)/G

k0(NG(Q)/Q)

So we are done. ¤

We will give the proof of proposition 2.6.
Proof of Proposition 2.6. By the theorem of P. Fong (see [6, Chapter 5, Theorem 5.16] as
a reference), we have δ(B) ∩G1 = G1δ(b1) and δ(B) ∩G2 = G2δ(b2). Since δ(B) is a radical
p-subgroups of G, by lemma 3.3, we have δ(B) = Gδ(b1)× δ(b2). So we finish the proof.
Remark. There is also a familiar result for the Dade’s projective conjecture in [2].

Most of the important long standing conjectures in modular representation theory of
finite groups are due to R. Brauer. We now state some of them. For a block B of G, we
denote by d(B) the defect of B and by k(B) the number of irreducible characters in B. It is
well known that k(G) =

∑
B k(B) where B runs over the set Bl(G) of all block of G. There

is the following conjecture:

Brauer′s k(B)− conjecture : k(B) ≤ pd(B)

for any block B of any finite groups G. There are also two conjectures on the Decomposition
Number and the Cartan Invariant.

Brauer’s Decomposition Number Conjecture(BDNC): The decomposition numbers
corresponding to a fixed block B are bounded in terms of the order of a defect groups of B.

Brauer’s Cartan Invariant Conjecture(BCIC): The Cartan invariants corresponding
to a fix block B are bounded in terms of the order of a defect group D of B.

By the proposition 2.3, 2.5 and 2.6, we can get the following proposition easily.

Proposition 3.5 Let G = M ×N is a direct product of two finite groups M and N . If M
and N satisfy k(B)-conjecture, BDNC and BCIC, so does G.

Let Q be a p-subgroups of G and NG(Q) ≤ H ≤ G. There is a bijection via the Brauer
correspondence from Bl(H|Q) to Bl(G|Q):

Bl(H|Q) → Bl(G|Q) (b 7→ bG).
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There is a stronger version of the McKey conjecture mentioned before as follows:

Alperin-McKey Conjecture(AMC): Let B be a block of G, with defect group D, and
let b be the Brauer correspondence of B in NG(D). Then B and b contain the same number
of irreducible characters of height zero.

We can also get the familiar result as before:

Proposition 3.6 Let G = M ×N is a direct product of two finite groups M and N . If M
and N satisfy AMC, so does G.

Proof. Let B = b1 ⊗ b2 ∈ Bl(G), where b1 ∈ Bl(M) and b2 ∈ Bl(N). Note that if
χ = χ1χ2 ∈ Irr(B) is height zero, then χ1 and χ2 are also height zero. By lemma 2.1, our
proof are finished. ¤

4. p-local rank of finite groups

In this section, the following results are of independent interest. Let G be a finite group
and p a prime divisor of |G|. Given a chain of p-subgroups

σ : Q0 < Q1 < · · · < Qn (1)

of G, define the length |σ| = n, the final subgroup V σ = Qn, the initial subgroup Vσ = Q0,
the k-th initial sub-chain

σk : Q0 < Q1 < · · · < Qk,

and the normalizer

NG(σ) := Gσ := NG(Q0) ∩NG(Q1) ∩ · · · ∩NG(Qn) (2)

Briefly, we say that a p-subgroup Q of G is radical if Q = Op(NG(Q)), where Op(H) is
the unique maximal normal p-subgroup of H. We say that the p-chain σ is radical if Qi =
Op(NG(σi)) for each i, i.e., if Q0 is a radical p-subgroup of G and Qi is a radical p-subgroup
of NG(σi−1) for each i 6= 0. Write R = R(G) for the set of radical p-chains of G and write
R(G|Q) = {σ ∈ R(G) : Vσ = Q}. Write R(G|Q)/G for a set of orbit representatives under
the action of G. Following [8], the p-local rank plr(G) of G is the length of a longest chain in
R(G). We say that a subgroup H of G is trivial intersection (T.I.) if Hg ∩H = 1 for every
g ∈ G \NG(H). By [8, 7.1] if plr(G) > 0, then plr(G) = 1 if and only if G/Op(G) has T.I.
Sylow p-subgroups.

The p-local rank is first defined in [8]. For convenience, we restate the original definition
below and the lemmas in the next section.

Let G be a finite group with Op(G) = 1. Let P be a subgroup of G with Op(P ) 6= 1.
We say that P is a level 1 p -parabolic subgroup of G if P = NG(Op(P )). We adjoin other
parabolic subgroup of other levels as follows: if Q is a parabolic subgroup of level i and X
is a level 1 p-parabolic subgroup of Q = Q/Op(Q), we call X, the full pre-image of X in Q,
a level (i + 1) p-parabolic subgroup of G.

We define the p-local rank (plr) of finite group H inductively as follows:
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1. if H is a p′-group, then plr(H) = 0;

2. if Op(H) 6= 1, then plr(H) is by definition equal to plr(H/Op(H));

3. if Op(H) = 1, but H is not a p′-group, the plr(H) is by definition equal to

1 + max {plr(P ) |P is a level 1-parabolic of H} .

The following lemmas describe the main properties of p-local rank. In this section, we will
generalize the lemma [8, 7.4].

Lemma 4.1 (G. Robinson[8]) Let U be a radical p-subgroup of a finite group G, and N
a normal subgroup of G. Then U ∩N is a radical p-subgroup of N .

Lemma 4.2 (G. Robinson[8]) Let p be a prime and G a finite group. Then plr(H) ≤
plr(G) for each subgroup H of G. If Op′(G) ≤ H, then plr(H) = plr(G).

Lemma 4.3 (G. Robinson[8]) Let G, p be as above, then whenever N ¢ G, we have
plr(G/N) ≤ plr(G). If plr(N) > 0, then plr(G/N) < plr(G).

Before stating our main result in this section, we need a lemma.

Lemma 4.4 Let G be a finite group and H ≤ G. If H ≤ Z(G), then plr(G/H) = plr(G).

Proof. By the original definition of p-local rank, we can assume that H is a p′-subgroup
of G. Let σ : Q0 < Q1 < · · · < Qn be any radical p-chain of G. We denote by Qi

the quotient group Q1H/H, for i = 0, 1, · · ·n. Clearly, σ : Q0 < Q1 < · · · < Qn is
a p-chain of G = G/H. We claim that σ is also radical. In fact, since H ≤ Z(G),
we have that NG(Q0) = NG(Q0)/H = NG(Q0). Note that H is a p′-subgroup, we have
Op(NG(Q0)) = Q0, in another word, Q0 is radical. By induction, we have that σ is radical.
Hence that plr(G) ≥ plr(G). By lemma 4.3, we have plr(G) = plr(G). So we are done ¤

Now we give our main result in this section.

Corollary 4.5 Let G = M ∗D N be a central product of two finite groups M and N . The
following holds:

plr(G) = plr(M) + plr(N).

Proof. Consider the quotient group G/D. Since M ∩ N = D ≤ Z(G), we have that
plr(G)=plr(G/D). Note that G/D ∼= M/D ×N/D, by [8, 7.4], we have

plr(G) = plr(G/D) = plr(M/D) + plr(N/D) = plr(M) + plr(N).

So we are done. ¤
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