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Abstract. In this paper based on a system of Riccati equations with variable coeffi-
cients, we presented a new Riccati equation with variable coefficients expansion method
and its algorithm, which are direct and more powerful than the tanh-function method,
sine-cosine method, the generalized hyperbolic-function method and the generalized Ric-
cat equation with constant coefficient expansion method to construct more new exact
solutions of nonlinear differential equations in mathematical physics. A pair of general-
ized Hamiltonian equations is chosen to illustrate our algorithm such that more families
of new exact solutions are obtained which contain soliton-like solution and periodic so-
lutions. This algorithm can also be applied to other nonlinear differential equations.
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1. Introduction

Nonlinear wave equations are related to nonlinear phenomena in nonlinear science such
as physics, mechanics, biology, chemistry, etc. To further explain some physical phenom-
ena, seeking exact solutions of nonlinear wave equations is of important significance and has
been a major subject[1,2]. Many powerful methods have been developed such as Backlund
transformation[1-3,10], Hirota’s method[4], the famous tanh-function methods[5], the sine-
cosine method[6-9], etc. Recently, Gao and Tian[11] presented the generalized hyperbolic-
function method based on the tanh-function method such that more soliton-like solutions
were obtain. More recently, in order to overcome the disadvantages of the sine-cosine
method[6-9] and Ma’s method[12], we[13] proposed a generalized Riccat equation with con-
stant coefficient expansion method to explore more new exact solutions of WBK equation.
But the method also has its disadvantages. In order to further improve the method, in this
paper we proceed along the same direction as Ref.[13] and propose the Riccati equation with
variable coefficients expansion method.
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Firstly we simply introduce the generalized Riccat equation expansion method[13], that
is, for a given nonlinear differential equation in two variables x, t, A(u, ut, ux, ...) = 0, we
seek its travelling wave solution in the formal solution

u(x, t) = u(ξ) = A0 +
n∑

i=1

W i−1(ξ)[AiW (ξ) + Bi

√
1 + µW 2(ξ)].

with W (ξ) satisfying the Riccati equation with constant coefficients

dW/dξ = R[1 + µW 2(ξ)].

We have obtain many travelling wave solutions of WBK equation[13] by using the method
which is more powerful than the tanh method, sine-cosine method, Ma’s method, but the
method can only be used to construct travelling wave solutions and can not be used to obtain
other types of exact solutions. In order to overcome this disadvantage, we choose the system
of Riccati equations with variable coefficients to study more types of solutions of nonlinear
differential equations. In what follows we firstly introduce our new method (called the Ric-
cati equation with variable coefficients expansion method) and then choose some examples
to illustrate our method.

2. The Riccati equation with variable coefficient expansion method and its
algorithm

In what follows we establish the generalized Riccati equation with variable coefficients
algorithm:

Step A: For a given nonlinear partial differential equation with one physical field u(x, y, t)
in two variables x, t

F (u, ut, ux, uxt, utt, uxx, ...) = 0, (1)

we search for its solution in the form

u(x, t) = A0(x, t) +
n∑

i=1

W i−1(x, t) ·
[
Ai(x, t) · W(x, t) + Bi(x, t) ·

√
1 + µW2(x, t)

]
. (2)

with the new variable W(x, t) satisfying the system of Riccati equations with variable coef-
ficients

Wt(x, t) = Ψt(x, t) · [1 + µW2(x, t)], Ψt 6= 0 (3a)

Wx(x, t) = Ψx(x, t) · [1 + µW2(x, t)], Ψx 6= 0. (3b)

where µ = ±1, n is a parameter to be determined and A0(x, t),Ai(x, t)′s,Bi(x, t)′s, and the
real function Ψ(x, t) are all to be determined.

Remark 1: In higher dimensional spaces, we shall write u = u(x1, ..., xk, t) and the
variable W = W(x1, ..., xk, t) satisfies

Wt(x1, ..., xk, t) = Ψt(x1, ..., xk, t) · [1 + µW2(x1, ..., xk, t)], Ψt 6= 0, (4.0)

Wx1(x1, ..., xk, t) = Ψx1(x1, ..., xk, t) · [1 + µW2(x1, ..., xk, t)], Ψx1 6= 0, , (4.1)
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... ... ...

Wxk
(x1, ..., xk, t) = Ψxk

(x1, ..., xk, t) · [1 + µW2(x1, ..., xk, t)], Ψxn 6= 0. (4.k)

Remark 2: In the algorithm there is no restriction at all the numbers of physical fields and
variables, so one feels free to add more field(s) and variables whenever needed.

Step B: We can get the value of n in (2) by balancing the highest-order contributions
from such terms in (1). Normally m,n will be positive integer. If they are negative value or
positive fractional number, then we may assume that (2) is taken place by the ansatz

u(x, t) =
{
A0(x, t) +A1(x, t) · W(x, t) + B1(x, t) ·

√
1 + µW2(x, t)

}n

. (5)

Step C: We substitute (2) along with (3) or (4) into (1), and then set to zero the coeffi-
cients of like powers of W and

√
1 + µW2 to get a system of nonlinear differential equations ,

from which we would like to end up with the explicit solutions forA0(x, t),Ai(x, t)′s,Bi(x, t)′s,Ψ(x, t)
and/or the constraint conditions among them.

Step D: It is easily seen that the general solution (3) is
(1) When µ = −1

W(x, t) =
{

tanh[Ψ(x, t) + c],
coth[Ψ(x, t) + c]

(6a)

(2) When µ = 1

W(x, t) =
{

tan[Ψ(x, t) + c],
− cot[Ψ(x, t) + c].

(6b)

where c is an integration constant.
Step E: By using the results in above steps we can obtain many exact solutions of (1),

which include both soliton-like solutions and periodic-like solutions.

3. More powerful than some known methods

The algorithm is more powerful than the typical tanh method and the generalized
hyperbolic-function method, sine-cosine method and the generalized Riccati equation with
constant coefficient expansion method. Because the generalized hyperbolic-function method
has been shown to be more powerful than the the typical tanh method and the generalized
Riccati equation with constant coefficient expansion method has been shown to be more
powerful than sine-cosine method and the typical tanh method, thus we only need to show
that our algorithm is more powerful than the the generalized hyperbolic-function method
and the generalized Riccati equation with constant coefficient expansion method.

(1) We have extended the restriction on Ψ(x, t) as merely a linear function of x, t, so as
to go beyond the travelling waves to get travelling-like wave solutions.

(2) We have generalized the coefficients A0(x, t),Ai(x, t)′s,Bi(x, t)′s, so as to obtain more
types of solutions.

The above two aspects are similar to the the generalized hyperbolic-function method.
(3) When we take W(x, t) = tanh[Ψ(x, t)+c](c 6= 0) and µ = −1 in (5), then our method

becomes the the generalized hyperbolic-function method. However we can take W(x, t) as
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other types of solutions such as coth[Ψ(x, t)+ c], tan[Ψ(x, t)+ c] and − cot[Ψ(x, t)+ c] which
will lead to more new solutions of (1).

(4) It is easily seen that our algorithm is not more complicated than the generalized
hyperbolic-function method. Moreover we can both all the results obtained by using the
generalized hyperbolic-function method and other new results without additional effort.

(5) When Ψ(x, t) = R = const.,A0(x, t) = A0 = const.,Ai(x, t) = Ai = const.,Bi(x, t) =
Bi = const., our algorithm becomes the generalized Riccati equation with constant coefficient
expansion method presented by us before[13].

(6) Our algorithm is simple and can be successfully performed in computer with the aid
of symbolic computation such as Maple or Mathematica.

In what follows we would like to choose the the generalized Hamiltonian equations and the
coupled nonlinear evolution equations used in the generalized hyperbolic-function method
to illustrate our algorithm which is more powerful than the generalized hyperbolic-function
method.

4. Applications of our algorithm

The first pair of the hierarchy of the coupled degenerate Hamiltonian equations[11,14],
i.e.,

ut = ux + 2v,
vt = 2εuv, ε = ±1.

(7)

which possesses such features as an infinitely many conserved densities and the nondegenerate
Hamiltonian structure. Gao and Tian gave three types of solitonic solutions[11].

In what follows we would like to study (7) with our algorithm. First we balance the
highest-order linear term and nonlinear term in (7), we assume that (7) has the solution in
the form

u(x, t) = A0(x, t) +A1(x, t) · W(x, t) + B1(x, t) ·
√

1 + µW2(x, t). (8a)

v(x, t) = C0(x, t) + C1(x, t) · W(x, t) +D1(x, t) ·
√

1 + µW2(x, t)

+C2(x, t) · W2(x, t) +D2(x, t) · W(x, t) ·
√

1 + µW2(x, t). (8b)

where W(x, t) satisfies (3).
We substitute (8) along with (3) into (7) with the aid of Maple and have

A0,x −A0,t + 2C0 +A1Ψx −A1Ψt + [A1,x −A1,t + 2C1]W

+[B1,x − B1,t + 2D1]
√

1 + µW2 + [µA1Ψx − µA1Ψt + 2C2]W2

+[µB1Ψx − µB1Ψt + 2D2]W
√

1 + µW2 = 0, (9)

[2εC2A1 + 2εµB1D2 − 2µC2Ψt]W3 + [−2µD2Ψt + 2εA1D2

+2εB1C2]W2
√

1 + µW2 + [−C2,t − µC1Ψt + 2εC1A1 + 2εC2A0 + 2εµB1D1]W2

+[−D2,t − µD1Ψt + 2εC1B1 + 2εD2A0 + 2εµA1D1]W
√

1 + µW2



The Riccati equation with variable coefficients expansion algorithm 279

+[−C1,t − 2C2Ψt + 2εD2B1 + 2εC1A0 + 2εµA1C0]W + [−D1,t −D2Ψt

+2εC0B1 + 2εD1A0]
√

1 + µW2 + [−C0,t − C1Ψt + 2εD1B1 + 2εC0A0] = 0. (10)

Setting to zero the coefficients of W i
√

1 + µW2)j(i = 0, 1, ..., j = 0, 1) in (9) and (10) yields

A0,x −A0,t + 2C0 +A1Ψx −A1Ψt = 0,

A1,x −A1,t + 2C1 = 0,

B1,x − B1,t + 2D1 = 0,

µA1Ψx − µA1Ψt + 2C2 = 0,

µB1Ψx − µB1Ψt + 2D2 = 0,

2εC2A1 + 2εµB1D2 − 2µC2Ψt = 0,

−2µD2Ψt + 2εA1D2 + 2εB1C2 = 0,

−C2,t − µC1Ψt + 2εC1A1 + 2εC2A0 + 2εµB1D1 = 0,

−D2,t − µD1Ψt + 2εC1B1 + 2εD2A0 + 2εµA1D1 = 0,

−C1,t − 2C2Ψt + 2εD2B1 + 2εC1A0 + 2εµA1C0 = 0,

−D1,t −D2Ψt + 2εC0B1 + 2εD1A0 = 0,

−C0,t − C1Ψt + 2εD1B1 + 2εC0A0 = 0.

(11)

From the set of differential equations, we have
Case 1: When µ = −1, Ψt 6= 0, we have

A1 = −1
2
εΨt, B1 = ±1

2
iΨt, A0 =

εΨtt

2Ψt
,

C2 =
1
4
εΨt(Ψt −Ψx), C1 = −1

4
ε(Ψtt −Ψxt),

D2 = ∓1
4
iΨt(Ψt −Ψx), D1 = ±1

4
i(Ψtt −Ψxt),

C0 = −1
4
εΨt(Ψt −Ψx) +

1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(12)

with Ψ satisfying

Ψ4
t (Ψtt −Ψxt)−Ψ3

tt + 2ΨtΨttΨttt + 3Ψ2
ttΨxt −ΨtΨttΨxtt
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−Ψ2
t Ψtttt −ΨxΨxtΨttt + Ψ2

t Ψxttt = 0. (13)

Therefore we from (5), (8) and (13) have the family of soliton -like solution of (7):

u1(x, t) =
εΨtt

2Ψt
− 1

2
εΨt tanhΨ(x, t)± 1

2
iΨtsechΨ(x, t),

v1(x, t) =
1
4
εΨt(Ψt −Ψx)sech2Ψ(x, t)− 1

4
ε(Ψtt −Ψxt) tanh Ψ(x, t)

∓1
4
iΨt(Ψt −Ψx) tanh Ψ(x, t)sechΨ(x, t)± 1

4
i(Ψtt −Ψxt)sechΨ(x, t)

+
1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(14)

and new singular soliton-like solution

u2(x, t) =
εΨtt

2Ψt
− 1

2
εΨt cothΨ(x, t)± 1

2
ΨtcschΨ(x, t),

v2(x, t) =
1
4
εΨt(Ψt −Ψx)csch2Ψ(x, t)− 1

4
ε(Ψtt −Ψxt) coth Ψ(x, t)

∓1
4
Ψt(Ψt −Ψx) coth Ψ(x, t)cschΨ(x, t)± 1

4
(Ψtt −Ψxt)cschΨ(x, t)

+
1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(15)

It is easily seen that the solution (14) is just the solution (17) and (18) found by Gao and
Tian[11]. But the solution (15) was not obtained before.

Case 2: When µ = 1, Ψt 6= 0, we have

A1 =
1
2
εΨt, B1 = ±1

2
Ψt, A0 =

εΨtt

2Ψt
,

C2 =
1
4
εΨt(Ψt −Ψx), C1 =

1
4
ε(Ψtt −Ψxt),

D2 = ∓1
4
Ψt(Ψt −Ψx), D1 = ±1

4
(Ψtt −Ψxt),

C0 =
1
4
εΨt(Ψt −Ψx) +

1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(16)

with Ψ satisfying

Ψ4
t (Ψtt −Ψxt)− 3Ψ3

tt + 4ΨtΨttΨttt + 3Ψ2
ttΨxt − 3ΨtΨttΨxtt

−Ψ2
t Ψtttt −ΨxΨxtΨttt + Ψ2

t Ψxttt = 0. (17)
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Therefore we from (5), (8) and (16) have the family of periodic-like solution of (7):

u3(x, t) =
εΨtt

2Ψt
+

1
2
εΨt tanΨ(x, t)± 1

2
Ψt secΨ(x, t),

v3(x, t) =
1
4
εΨt(Ψt −Ψx) sec2 Ψ(x, t) +

1
4
ε(Ψtt −Ψxt) tan Ψ(x, t)

∓1
4
Ψt(Ψt −Ψx) tan Ψ(x, t) sec Ψ(x, t)± 1

4
(Ψtt −Ψxt) sec Ψ(x, t)

+
1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(18)

u4(x, t) =
εΨtt

2Ψt
− 1

2
εΨt cotΨ(x, t)± 1

2
Ψt cscΨ(x, t),

v4(x, t) =
1
4
εΨt(Ψt −Ψx) sec2 Ψ(x, t)− 1

4
ε(Ψtt −Ψxt) cot Ψ(x, t)

∓1
4
Ψt(Ψt −Ψx) cot Ψ(x, t) sec Ψ(x, t)± 1

4
(Ψtt −Ψxt) csc Ψ(x, t)

+
1
4
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(19)

It is easily seen that the solution (18) and (19) were not obtained before.
Case 3: When µ = −1, Ψt 6= 0, B1 = D1 = D2 = 0, we have

A1 = −εΨt, A0 =
εΨtt

2Ψt
,

C2 =
1
2
εΨt(Ψt −Ψx), C1 = −1

2
ε(Ψtt −Ψxt),

C0 = −1
2
εΨt(Ψt −Ψx) +

1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(20)

with Ψ satisfying

2Ψ4
t (Ψtt −Ψxt)−Ψ3

tt + 2ΨtΨttΨttt + 3Ψ2
ttΨxt −ΨtΨttΨxtt

−Ψ2
t Ψtttt −ΨxΨxtΨttt + Ψ2

t Ψxttt = 0. (21)

Therefore we from (5), (8) and (10) have the family of soliton -like solution of (7):

u5(x, t) =
εΨtt

2Ψt
− εΨt tanhΨ(x, t),

v5(x, t) =
1
2
εΨt(Ψt −Ψx)sech2Ψ(x, t)− 1

2
ε(Ψtt −Ψxt) tanh Ψ(x, t)

+
1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(22)
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and new singular soliton-like solution

u6(x, t) =
εΨtt

2Ψt
− εΨt cothΨ(x, t),

v6(x, t) =
1
2
εΨt(Ψt −Ψx)csch2Ψ(x, t)− 1

2
ε(Ψtt −Ψxt) coth Ψ(x, t)

+
1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(23)

It is easily seen that the solution (22) is just the solution (23) and (24) found by Gao and
Tian[11]. But the solution (23) was not obtained before.

Case 4: When µ = 1, Ψt 6= 0, B1 = D1 = D2 = 0, we have

A1 = εΨt, A0 =
εΨtt

2Ψt
,

C2 =
1
2
εΨt(Ψt −Ψx), C1 =

1
2
ε(Ψtt −Ψxt),

C0 =
1
2
εΨt(Ψt −Ψx) +

1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(24)

with Ψ satisfying
−Ψ3

tt + 2ΨtΨttΨttt + 3Ψ2
ttΨxt −ΨtΨttΨxtt

−Ψ2
t Ψtttt −ΨxΨxtΨttt + Ψ2

t Ψxttt = 0. (25)

Therefore we from (5), (8) and (24) have two new families of periodic -like solution of (7):

u7(x, t) =
εΨtt

2Ψt
+ εΨt tanΨ(x, t),

v7(x, t) =
1
2
εΨt(Ψt −Ψx) sec2 Ψ(x, t) +

1
2
ε(Ψtt −Ψxt) tan Ψ(x, t)

+
1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(26)

u8(x, t) =
εΨtt

2Ψt
− εΨt cotΨ(x, t),

v8(x, t) =
1
2
εΨt(Ψt −Ψx) csc2 Ψ(x, t)− 1

2
ε(Ψtt −Ψxt) cot Ψ(x, t)

+
1
2
εΨ−2

t (ΨtΨttt −Ψ2
tt + ΨttΨxt −ΨtΨxtt).

(27)

It is easily seen that the solution (18) and (19) were not obtained before.
Case 5: When Ψt = Ψx Therefore we from (5), (8) and (16) have the family of solution

of (7)
u9(x, t) = F(x + t), v9(x, t) = 0
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where F(x + t) is a arbitrary function of x + t. The solution had been obtained[11].

In addition we can apply the method to the system including three fields u, v, s, that
is[11,15],

ut = ux + 2v,
vt = −2us,
st = −2uv.

(28)

which had been considered by Gao and Tian[11]. It is easy to see that we can find more
solutions by using our method. We omit these results here. The method can be extended to
other nonlinear differential equations.

5. Summary and open question
In summary, based on the system of the Riccati equations with variable coefficients we

present the Riccati equation with variable coefficients expansion method and its algorithm
based on a system of Riccati equations with variable coefficient. The first pair of the hier-
archy of the coupled degenerate Hamiltonian equations is chosen to illustrate our algorithm
such that nine families of exact solutions are obtained, which contain soliton solutions. The
process can be carried out in computerized symbolic computation system such as Maple.
The algorithm can be also applied to a wide class of nonlinear differential equations in math-
ematical physics. In addition, whether we can further improve the algorithm is still an open
question to construct more types of exact solutions of nonlinear differential equations in
mathematical physics.
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