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Abstract. The singularity analysis and symmetry reductions of the new (2+1)-
dimensional nonlinear evolution equation, uty + uuxy − uxuy − γuxxy = 0, arising in
a one-dimensional model for the three-dimensional vorticity equation are investigated in
this paper. The singularity analysis of the equation is performed by using the WTC
method such that it is shown that the equation fails to pass Painleve test. And then the
CK direct method is extended to reduce this equation. As a consequence, eleven families
of (1+1)-dimensional symmetry reductions of the equation are obtained which are useful
to further seek the exact solutions of the equation.
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1. Introduction

Studying many properties such as Painleve integrability, Backlund transformation, N -
soliton, symmetry, of nonlinear evolution equations arising in many fields such as physics,
chemistry, biology and mechanics is of important significance[1−17]. In 1985, Constantin
et al.[3] proposed a one-dimensional model for the three-dimensional vorticity equation on
the basis of a marked analogy between the strongly singular integral operator appearing
in the vorticity equation and the Hilbert transformation. The quadratic equation obtained
could be easily solved and the solutions showed some expected behavior typical of the three-
dimensional equation. With the addition of viscosity[4], some unexpected difficulty arose.
For instance energy, bounded in absence of viscosity, could now become unbounded and
, furthermore, the explosion time could become shorter than in the absence of viscosity.
Based on these difficulties, De Gregorio[5] proposed a modified one-dimensional model that
could more properly imitate the three-dimensional vorticity. The modifications consisted
essentially in reintroducing, in a natural way, an advective term, which was, with some
arbitrariness, removed in the model of Constantin et al.[3]

The modified one-dimensional vorticity equation presented by De Gregorio[5] is

ωt + vωx = ωH(ω). (1)

with the viscous version

ωt + vωx = ωH(ω) + γωxx, γ > 0. (2)
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where H(ω) is the Hilbert transformation, for the space variable x, of ω(x)

H(ω)(x) =
1
π

PV

∫ ∞

−∞
ω(x′)
x− x′

dx′ (3)

The velocity v(x) is defined, in this terms of the vorticity, as the Hilbert transformation of
the total vorticity in (−∞, x):

v(x) = H(Ω)(x) =
1
π

PV

∫ ∞

−∞
Ω(x′)
x− x′

dx′, Ω(x) =
∫ x

−∞
ω(x′)dx′. (4)

Recently De Gregorio[6] used the following transformations

ω(x, t) = lim
y→0+

uy(x, y, t), H(ω)(x, t) = lim
y→0+

ux(x, y, t), v(x, t) = lim
y→0+

u(x, y, t), (5)

to Eqs.(1)-(4) such that Eqs.(1)-(4) reduce to be (2+1)-dimensional nonlinear evolution
equation

uty + uuxy − uxuy − γuxxy = 0. (6)

By using the separation of the geometrical variables, De Gregorio changed Eq.(6) into the
generalized heat equation which was used to obtain some solutions of Eq.(6). More recently
Wang et al.[7] studied the solutions in the form of separated variables of Eq.(6) and the
solution for its initial problem.

To our knowledge, other properties of the equation (6) were not studied, such as the
singularity analysis and symmetry reductions. In this paper we would like to try to perform
the singularity analysis of Eq.(6) by using the WTC singularity analysis method[8] which is
a powerful tool to test whether a partial differential equation is Painleve integrable. And
then we consider the similarity reductions of Eq.(6) by using the CK direct method[9] which
does not use the group theory to reduce many equations[9−13] .

The rest of this paper is organized as follows. In section II, the singularity analysis of
Eq.(6) is performed by using the WTC method[8] such that it is shown that Eq.(6) fails to
pass the Painleve test. In section III, eleven families of (1+1)-dimensional symmetry reduc-
tions of Eq.(6) are obtained by using the CK direct method[9−14].

II. Painleve Singularity Analysis

In order to carry out a singularity structure analysis, we effect a local Laurent expansion
in the neighborhood of a non-characteristic singular manifold, φ(x, y, t) = 0, (φx, φy 6= 0).
Assuming the leading orders of the solutions of Eq.(6) to have the form

u = u0φ
α, (7)

where u0 is an analytic function of x, y, t and α an integer to be determined later, Substituting
Eq.(7) into Eq.(6) and balancing the nonlinear terms against the dominant linear terms give
rise to

α = −1, u0 = −6γφx. (8)
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In what follows, considering the Laurent series expansion of the solutions in the neighborhood
of the singular manifold[8]

u =
∞∑

j=0

ujφ
j−1, (9a)

Substituting Eq.(9a) into Eq.(6), yields a formula

uj−3,ty + (j − 3)uj−2,tφy + (j − 3)uj−2,yφt + (j − 3)uj−2φty + (j − 2)(j − 3)uj−1φtφy

−γ[(j − 1)(j − 2)(j − 3)ujφ
2
xφy + 2(j − 2)(j − 3)uj−1φxφxy + (j − 2)(j − 3)uj−1φxxφy

+(j − 2)(j − 3)uj−1,yφ
2
x + 2(j − 2)(j − 3)uj−1,xφxφy + 2uj−2,xyφx + (j − 3)uj−2,xxφy

+2(j − 3)uj−2,xφxy + (j − 3)uj−2,yφxx + (j − 3)uj−2φxxy + uj−3,xxy]

−
j∑

i=0

[uj−i,y(ui−2.x + (i− 2)ui−1φx + (j − i− 1)uj−iφy(ui−1,x + (i− 1)uiφx]

+
j∑

i=0

uj−i[ui−2,xy + (i− 2)ui−1,xφy + (i− 2)ui−1,yφx

+(i− 2)ui−1φxy + (i− 1)(i− 2)uiφyφx] = 0. (9b)

the resonance, that is, powers at which arbitrary function enter into the series (9a), can be
evaluated by comparing the coefficients of uj in Eqs. (9b), we get

−γ(j − 1)(j − 2)(j − 3)φ2
xφy + u0(j − 1)(j − 2)φxφy + 2u0jφxφy = 0 (10)

Substituting Eq.(8) into Eq.(10), yields

(j + 1)(j2 − j + 6) = 0 (11)

which generates the resonances

j1 = −1, j2 =
1 + i

√
23

2
, j3 =

1− i
√

23
2

, i =
√−1 (12)

The resonance at j1 = −1 represents the arbitrariness of the singularity manifold φ(x, y, t) =
0. But for the resonances at j2 and j3, it is easy to see that the real parts of two resonances
are larger than zero which indicates the equation (6) has a movable branch point at φ = 0.
Thus equation (6) fails to pass Painleve test.

Remark 1: It is easy to know that differentiating the Burgers equation ut+uux−γuxx =
0 w.r.t. y generates a (2+1)-dimensional Burgers equation

uty + uuxy + uxuy − γuxxy = 0 (13)

Of course Eq.(6) is similar to Eq.(13). Though the only difference is the sign of the third
term between the two equation (6) and (13), some properties of the two equation (6) and
(13) are different. For example, (A) it is easy to test that Eq.(13) is Painleve integrable, but
Eq.(6) is not Painleve integrable from the above proof. (B) Eq.(13) can be changed into the
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heat equation by using the Cole-Hopf transformation, but Eq.(6) can also reduce to the heat
equation by only the separation of the geometrical variables.[6]

III.(1+1)-Dimensional Symmetry Reductions

As is well known, all the similarity solutions of the form

u(x, y, t) = U(x, y, t, P (ξ, η)), ξ = ξ(x, y, t), η = η(x, y, t), (13)

where U, ξ and η are functions of the indicated variables, and P (ξ, η) satisfies a certain
partial differential equation (PDE), may be obtained by substituting Eq.(12) into Eq.(6).
But similar to the direct method used in Ref.[9-13], it is shown that seeking the similarity
reduction of Eq.(6) is also sufficient in the following special form

u(x, y, t) = α(x, y, t) + β(x, y, t)P (ξ, η) = α + βP. (14)

rather than the most general form (13). Where α(x, y, t), β(x, y, t), ξ(x, y, t) and η(x, y, t)
are functions to be determined later and P (ξ, η) satisfies a certain PDE.

With the aid of Mathematica, substituting Eq.(14) into Eq.(6), we get a PDE in P with
respect to ξ and η

−γβξ2
xξyPξξξ − γ(2βξxηyξy + βξ2

xηy)Pξξη − γ(2βξxηxηy + βξyη
2
x)Pξηη

−γβη2
xηyPηηη + [−γ(βxξxξy + βyξ

2
x + βξxξxy + (βξxξy)x) + αβξxξy

+βξtξy]Pξξ + [−γ(ξx(βxηy + βyηx + βηxy) + ηx(βxξy + βyξx + βξxy) + (βξxηy + βξyηx)x)

+α(βξxηy + βξyηx) + βξyηt + βξtηy]Pξη + [−γ(ηx(βxηy + βyηx + βηxy) + (βηxηy)x)

+αβηxηy + βηtηy]Pηη + [−γ(ξxβxy + (βxξy + βyξx + βξxy)x) + α(βxξy + βyξx + βξxy)

−αxβξy − αyβηx + βtξy + βyξt + βξty]Pξ + [−γ(ηxβxy + (βxηy + βyηx + βηxy)x)

+α(βxηy + βyηx + βηxy)− αxβηy − αyβηx + βtηy + βyηt + βηty]Pη

+(−γβxxy + αβxy + βαxy − αxβy − αyβx + βty)P − β2(ξxηy + ξyηx)PξPη

+β2(ξxηy + ξyηx)PPξη − β2ξxξyP
2
ξ − β2ηxηyP

2
η + β(−βxξy − βyξx

+βxξy + βyξx + βξxy)PPξ + β(−βxηy − βyηx + βxηy + βyηx + βηxy)PPη

+(ββxy − βxβy)P 2 + β2ξxξyPPξξ + β2ηxηyPPηη

+αty + ααxy − αxαy − γαxxy = 0. (15)

In order to expediently explain some problems, we rewrite Eq.(15) as

1∑

ij=0

2∑

ik=0

Fi1···i10(Pξξξ)i1(Pξξη)i2(Pξηη)i3(Pηηη)i4(Pηη)i5(Pξξ)i6(Pξη)i7(Pη)i8(Pξ)i9P i10 = 0,

j = 1, 2, ..., 7; k = 8, 9, 10, (16)
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where Fi1···i10 = Fi1···i10(α, αx, αt, αy, β, βξ, βη, βt, ξx, ξy, ξt, ηx, ηy, ηt, · · ·) are coefficients of
the corresponding terms.

According to the idea of the Clarkson and Kruskal’s direct method, one requires that
the function P (ξ, η) satisfies only one reduction. Therefore Eq.(16) should be a (1+1)-
dimensional PDE of P w.r.t. ξ and η only for all the ratios of Fi1···i10 being functions of ξ
and η, which means

Fi1···i10 = Fj1···j10Γi(ξ, η), (17)

should be satisfied for some fixed nonzero Fj1···j10 and Γi are functions of ξ and η.
In order to work on the determinations of α(x, y, t), β(x, y, t), ξ(x, y, t), η(x, y, t), P (ξ, η)

and Γi(ξ, η), for convenience, we can use the following some remarks without loss of gener-
ality:

Remark (i) If α(x, y, t) has the form α(x, y, t) = α0(x, y, t) + β(x, y, t)Q(ξ, η), then one
can take Q(ξ, η) = 0 (by substituting P (ξ, η) → P (ξ, η)−Q(ξ, η)).

Remark (ii) If β(x, y, t) is determined by the form β(x, y, t) = β0(x, y, t)Q(ξ, η), then one
can take Q(ξ, η) = const. = Q0 (by substituting P (ξ, η) → P (ξ, η)Q0/Q(ξ, η)).

Remark (iii) If ξ = ξ(ξ0(x, y, t), η) (or η = η(ξ, η0(x, y, t))), then one can take ξ = xi0 (or
η = η0) (by substituting P (ξ(ξ0, η), η) → P (ξ0, η), or P (ξ, η(ξ, η0)) → P (ξ, η0)).

Remark (iv) If ξ(x, y, t) (or η(x, y, t)) has the form Q(ξ) = ξ0(x, y, t) (or Q(η) = η0(x, y, t)),
where Q is any invertible function, then one can take Q(ξ) = ξ (or Q(η) = η) (by taking
ξ = Q−1(ξ) or η = Q−1(η).

By using the above remarks, we can obtain the following similarity reductions of Eq.(6)
from Eqs.(14)-(17). The computation procedure is similar to the ones dealt with in Ref.[9-
13]. Therefore in what follows we only list the final symmetry reductions:

Family 1: The first family of symmetry reduction of (6) is of the form

u(x, y, t) = k1(k4t + k5)k3−1/2y + k2(k4t + k5)−1x− (k4t + k5)1/2ft

+(k2 − 1
2
k4)(k4t + k5)−1/2f(t) + (k4t + k5)−1/2P (ξ, η), (18a)

ξ(x, y, t) = (k4t + k5)−1/2x + f(t), (18b)

η(x, y, t) = (k4t + k5)k3y, (18c)

where f = f(t) is an arbitrary function of t and ki(i = 1, ..., 5) are constants. The reduction
function P = P (ξ, η) satisfies the (1+1)-dimensional partial differential equation ((1+1)-D
PDE)

−γPξξη + PPξη − PξPη + k4k3ηPηη + [k4η + (k2 − 1
2
k4)ξ]Pξη − k1Pξ

+(k4k3 − 1
2
k4 − k2)Pη + k1(k3 − 1

2
)− k1k2 = 0. (18d)

Family 2: The second family of symmetry solution of (6) has the form

u(x, y, t) = −(k2t + k3)−1(k1y + k2x)− 3
2
k2(k2t + k3)−1/2f(t)

−(k2t + k3)1/2ft + (k2t + k3)−1/2P (ξ, η), (19a)
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ξ(x, y, t) = (k2t + k3)−1/2x + f(t), (19b)

η(x, y, t) = (k2t + k3)−1/2y, (19c)

where f = f(t) is an arbitrary function of t and ki(i = 1, 2, 3) are constants. The function
P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξη + PPξη − PξPη − 1
2
k2ηPηη + (−3

2
k2ξ − k1η)Pξη + k1Pξ − k1k2 = 0. (19d)

Family 3: The third symmetry reduction of (6) can be written as

u(x, y, t) = k1y − k4(k2t + k3)−1x + (
1
2
k2 + k4)(k2t + k3)−1/2f(t)

−(k2t + k3)1/2ft + (k2t + k3)−1/2P (ξ, η), (20a)

ξ(x, y, t) = (k2t + k3)−1/2x + f(t), (20b)

η(x, y, t) = (k2t + k3)1/2y, (20c)

where f = f(t) is an arbitrary function of t and ki(i = 1, 2, 3, 4) are constants. The corre-
sponding function P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξη +PPξη−PξPη− 1
2
k2ηPηη +[−(

1
2
k2 +k4)ξ+k1η]Pξη−k1Pξ +k4Pη +k1k4 = 0. (20d)

Family 4: The fourth family of symmetry reduction of (6) is given by

u(x, y, t) = −k2e
k1t+k4y + (k1 − k3)x− ft + (k1 − k3)f + P (ξ, η), (21a)

ξ(x, y, t) = x + f(t), (21b)

η(x, y, t) = exp(k1t + k4)y, (21c)

where f = f(t) is an arbitrary function of t and ki(i = 1, 2, 3, 4) are constants. The function
P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξη + PPξη − PξPη + k1ηPηη + [(k1 − k3)ξ − k2η]Pξη + k2Pξ + k3Pη + k3 = 0. (21d)

Family 5: The fifth family of symmetry reduction of (6) reads as

u(x, y, t) = −k1[−(k2 + k3)t + k4]−
1
2 y +

1
2
(k3 − k2)[−(k2 + k3)t + k4]−

1
2 x

+[−(k2 +k3)t+k4]−
1
2 [k3f +k6− (−(k2 +k3)t+k4)

1
2 ft]+ [−(k2 +k3)t+k4]−

1
2 P (ξ, η), (22a)

ξ(x, y, t) = [−(k2 + k3)t + k4]−1/2x + f(t), (22b)

η(x, y, t) = y − k5

k2 + k3
ln[−(k2 + k3)t + k4], (22c)

where f = f(t) is an arbitrary function of t and ki(i = 1, ..., 6) are constants. The function
P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξη + PPξη − PξPη + k5ηPηη + [k3ξ − k1η + k6]Pξη + k1Pξ + k2Pη − k1k2 = 0. (22d)
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Family 6: The sixth family of symmetry reduction of (6) has the following form

u(x, y, t) = −k2y − k3x− k3f(t)− ft + k4 + P (ξ, η), (23a)

ξ(x, y, t) = x + f(t), η(x, y, t) = y + k1t, (23b)

where f = f(t) is an arbitrary function of t and ki(i = 1, ..., 4) are constants. The function
P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξη + PPξη − PξPη + k1Pηη + [−k3ξ − k2η + k4]Pξη + k2Pξ + k3Pη − k3k2 = 0. (23c)

Family 7: The seventh kind of symmetry reduction of (6) is given by

u(x, y, t) = f3(t)x + (−f1t + f1f3)y + f2f3 − f2t + P (ξ, η), (24a)

ξ(x, y, t) = x + f1(t)y + f2(t), η(x, y, t) = t, (24b)

with the function P = P (ξ, η) satisfies the (1+1)-D PDE

−γPξξξ + PPξξ − P 2
ξ + f3(t)ξPξξ + Pξt + 2f−1

1 (f1t + f1f3)Pξ

+f−1
1 (−f1f

2
3 − f1tt + f1f3t) = 0. (24c)

where fi(t)(i = 1, 2, 3) are arbitrary functions of t.
Family 8: The eighth kind of symmetry reduction of (6) can be written as

u(x, y, t) = f(t)xy + P (x, t), (25a)

where f = f(t) is an arbitrary function of t and the reduction function P = P (x, t) satisfies

Px − 1
x

P − ft

f
= 0. (25b)

which has the general solution

P (x, t) = x[f−1ft lnx + g(t)] (25c)

with g(t) is an arbitrary function of t.
Family 9: The ninth kind of symmetry reduction of (6) is of the form

u(x, y, t) = ef(x,t)y + P (x, t), (26a)

where f = f(x, t) is an arbitrary function of x, t and the reduction function P = P (x, t)
satisfies

Px − fxP + γ(fxx + f2)− ft = 0. (26b)

which has the general solution

P (x, t) = ef(x,t)[
∫ x

exp(−f(x, t))(ft − γ(fxx + f2)dx + h(t)] (26c)

with h(t) is an arbitrary function of t.
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Family 10: The tenth kind of symmetry reduction of (6) can be written as

u(x, y, t) = x[f(y) + g(t)] + (x + 1)P (y, t), (27a)

where f(y) and g(t) are arbitrary functions of y and t, respectively. The function P = P (y, t)
satisfies the PDE

Pyt − [f(y) + g(t)]Py + fyP = 0. (27b)

Family 11: The eleventh kind of symmetry reduction of (6) reads

u(x, y, t) = f(t)x + g(t)y + h(t) + P (y, t), (28a)

where f = f(t), g = g(t) and h = h(t) are all arbitrary functions of t and the function
P = P (ξ, η) satisfies the PDE

Pyt − f(t)Py + gt − fg = 0. (28b)

Remark 2: We further use the CK method to reduce these obtained (1+1)-dimensional
equations to the corresponding ordinary differential equations. We omit these results.

In summary, we have performed the singularity analysis of (2+1)-dimensional nonlinear
evolution equation (6) arising in one-dimensional model for the three-dimensional vorticity
equation. As a result, the equation fails to pass Painleve test. And then eleven types of
(1+1)-dimensional symmetry reductions PDEs are obtained by using the CK direct method.
In addition we point out that Eq.(6) is of differential properties form (2+1)-dimensional
Burgers equation (13), though the only difference is the sign of the third term between these
two equations (6) and (13).
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