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An Algorithm for Approximate Factorization of

Bivariate Polynomials 1)

Zhengfeng Yang and Lihong Zhi2)

Abstract. In this paper, we propose a new numerical method for factoring approxi-
mate bivariate polynomials over C. The method relies on Ruppert matrix and singular
value decomposition. We also design a new reliable way to compute the approximate
GCD of bivariate polynomials with floating-point coefficients. The algorithm has been
implemented in Maple 9. The experiments show that the algorithms are very efficient
and stable for approximate polynomials with medium degrees.

1. Introduction

We consider the problem of the absolutely irreducible factorization of a bivariate poly-
nomial in C[x, y]. Due to the introduction of floating-point arithmetic or through a physical
measurement, the coefficients of the input polynomial may only known to a fixed precision.
If the approximate polynomial is not far from a factorizable polynomial, one may generally
assume that the polynomial has a factorizable structure.

Inspired by the recent work of Ruppert[8], Gao[4], and Kaltofen and May[3], we compute
the irreducible factorization of a bivariate polynomial by solving a system of linear equations
and computing approximate GCD of bivariate polynomials.

In Section 2, we will briefly introduce Ruppert and Gao’s method to factorize exact
bivariate polynomials over C[x, y]. In Section 3, we show that their method can be modified
to be applied to polynomials with inexact coefficients. We present a new way for computing
approximate GCD of bivariate polynomials. In the last Section, we describe the main steps
of our algorithms and illustrate them on a simple example. Some experimental results are
reported.

2. Ruppert Matrix

We consider the problem of the absolutely irreducible factorization of a bivariate poly-
nomial f in C[x, y]. The coefficients of f may be only known to a fixed precision. Inspired
by the recent work [8, 4, 3], we compute the irreducible factorization of a bivariate polyno-
mial by solving a system of linear equations and computing approximate GCD of bivariate
polynomials.

We assume that f is nonconstant and gcd(f, fx) = 1. If this is not the case, then we can
reduce f to f/gcd(f, fx) which is squarefree. Here fx = ∂f

∂x . Suppose

f = f1f2 · · · fr, (1)
1)This work was supported in part by the NSF Grant. This report is part of the join work with Erich

Kaltofen and John May of North Carolina State University, USA.
2)Institute of Systems Science, AMSS, Academia Sinica Beijing 100080, email: {zyang,lzhi}@mmrc.iss.ac.cn



An Algorithm for Approximate Factorization of Bivariate Polynomials 403

where fi ∈ C[x, y] are distinct and irreducible over C. Define

Ei =
f

fi

∂fi

∂x
∈ C[x, y], 1 ≤ i ≤ r, (2)

then
fx = E1 + E2 + · · ·+ Er and EiEj = 0 mod f for all i 6= j.

Factoring f is equivalent to computing Ei, 1 ≤ i ≤ r, and using g =
∑

λiEi to split f , where
λi ∈ C.

Theorem 2.1 (Ruppert 1999) Let a squarefree polynomial f ∈ C[x, y] have bidegree (m,n),
i.e., degx f = m,degy f = n. Then f is absolute irreducible if and only if the following
equation

∂

∂y

(
g

f

)
=

∂

∂x

(
h

f

)
, (3)

has no nonzero solutions g, h ∈ C[x, y] with

deg g ≤ (m− 1, n),deg h ≤ (m,n− 1). (4)

Since differentiation is linear over C, the equation (3) can be written as a Ruppert matrix
for the unknown coefficients of g and h. Define

G = {g ∈ C[x, y] : (3) and (4) hold for some h ∈ C[x, y]} (5)

Theorem 2.2 (Gao 2000) Let a squarefree polynomial f ∈ C[x, y] have bidegree (m,n).
Suppose f has the irreducible factorization as in (1), then dim(G) = r and each g ∈ G is of
the form g =

∑
λiEi.

The following theorem by Gao presents a way to compute λi that give a proper factor of
f .

Theorem 2.3 (Gao 2000) Suppose that g1, . . . , gr form a basis for G over C. Pick ai ∈ C
uniform randomly and independently, 1 ≤ i ≤ r, and let g =

∑r
i=1 aigi. There is a unique

r × r matrix A = (aij) over C such that

ggi ≡ aijgjfx mod f. (6)

Furthermore, let Eg(x) = det(Ix− A), the characteristic polynomial of A. Then the proba-
bility that

f =
∏

λ∈C
gcd(f, g − λfx) (7)

gives a complete factorization of f over C is at least 1− r(r − 1)/(2|S|).
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3. Approximate Factorization of Bivariate Polynomials

The above theory about absolutely irreducible factorization of bivariate polynomial with
exact coefficients can be extended to the polynomials with approximate coefficients. Three
main problems arise when we try to factor approximate polynomials:

1. Define the numerical dimension of G.

2. Compute the Eg which has only simple roots.

3. Compute the approximate GCDs: gcd(f, g − λifx).

For the first problem, we can turn to the singular value decomposition of the Ruppert
matrix [5]. Suppose the computed singular values of a matrix have a tolerance ε > 0 and a
convention that the matrix has numerical rank r if the singular values σi satisfy

σ1 ≥ · · · ≥ σr > ε ≥ σr+1 ≥ · · · ≥ σn.

The tolerance ε should be consistent with the machine precision. However, if the general
level of relative error in the data is larger, then ε should be correspondingly bigger. If σr À ε,
then the numerical rank is unambiguously. On the other hand, σ1, . . . , σn might not clearly
split into subsets of small and large singular values, making the determination of r somewhat
arbitrary. In our algorithm, we look for the biggest gap in the singular values rather than
just look for a gap of a given size. Determining the rank r based on the biggest gap is proven
to be more reliable than the one depended on a given tolerance ε. Especially in those cases,
where input polynomials have big relative errors.

Now let us consider the second problem. Suppose we have computed the numerical
dimension of G(i.e., rank deficiency r of the Ruppert matrix), the coefficients of g1, . . . , gr

can be read from the singular vectors corresponding to the last r small singular values. By
theorem 2.3, we choose a1, . . . , ar ∈ C uniform randomly and let g =

∑r
i=1 aigi. As pointed

in [4], we can substitute a value of α ∈ C for y such that f(x, α) is still squarefree. The
matrix A can be formed by the divisions of the approximate univariate polynomials [12].
Let Eg(x) = det(Ix−A), the characteristic polynomial of A. We compute all the numerical
roots λi, 1 ≤ i ≤ r of the univariate polynomial Eg over C, and check the smallest distance
between these roots:

distance = min{|λi − λj|, 1 ≤ i < j ≤ r.}
If the distance is small, i.e., Eg has a cluster of roots, then we should choose another set of
ai and try to find a separable Eg.

Finally, let us explain how to compute the approximate GCD of two bivariate polynomi-
als. We have already considered the problem in [11]. But the algorithm available does not
work well when the polynomials have large error. In the following, we extend the method in
[10] to compute the approximate GCD of bivariate polynomials. There are three main steps:

1. Estimate the degree k of the approximate GCD.

2. Compute the last singular vector for the k− th bivariate Sylvester matrix. The coeffi-
cients of the cofactors of the approximate gcd(f, g − λfx) w.r.t. f and g − λfx can be
read from the singular vectors.
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3. Compute the approximate GCD by polynomial divisions.

We can estimate the degree of the approximate GCD by testing the degree of the approx-
imate GCD of univariate polynomials. We reduce the bivariate polynomials to univariate
polynomials by choosing random linear transformations:

x −→ a1u− b1, y −→ a2u− b2

here a1, a2, b1, b2 ∈ C. We compute the singular value decomposition of the Sylvester matrix
of f̂(u) and ĝ(u)− λf̂x(u). The numerical rank of the Sylvester matrix tells us the degree of
the approximate GCD of the univariate polynomials f̂(u) and ĝ(u)− λf̂x(u). The reduction
should be repeated several times to obtain a roughly correct estimation of the degree of the
approximate GCD of the bivariate polynomials.

Suppose we have an estimated degree k of the approximate GCD, we check the rank
deficiency of the k − th bivariate Sylvester matrix Sk by computing the last several small
singular values[10]. We shall update the k according to rank deficiency of Sk. If the rank
deficiency is 1 then we compute the last singular vector, otherwise k = k − 1 if Sk is of full
rank and k = k + 1 if the rank deficiency is larger than 1.

Once we have computed correct degree of the approximate GCD of bivariate polynomials,
it is easy to compute the GCD by the last two steps above.

Suppose we have obtained a proper approximate factorization of f over C:

f ≈
r∏

i=1

gcd(f, g − λifx),

we can check the backward error of the approximate factorization:

||f −
r∏

i=1

gcd(f, g − λifx)||2.

If the backward error is reasonable small compared with the relative error in the coefficients
of f , we have found a valid factorization of f . Otherwise, we can form a minimization
problem as in [6], and try to improve the approximate factors.

4. Algorithm and Experiments

AFBP: Approximate Factoring Bivariate Polynomials.

Input: A normalized polynomial f ∈ C[x, y] with gcd(f, fx) = 1, deg(f) = (m,n),mn ≥ 1,
and a subset S ∈ C with |S| ≥ mn.

Output: The list of all absolutely irreducible approximate factors of f .

Step 1. [Ruppert matrix]

1.1 Form the Ruppert matrix from the linear equations (3) and (4).
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1.2 Compute the singular value decomposition of the Ruppert matrix, and find the
singular values σ.

1.3 Find the biggest gap in the singular values maxi{σi/σi+1} and decide the numer-
ical rank deficiency r of the Ruppert matrix, suppose r ≥ 2.

1.4 Form a basis g1, . . . , gr from the last r right singular vector v1, . . . , vr.

Step 2. [ Separable Eg]

2.1 Pick ai ∈ S, uniform randomly and independently, and set g =
∑r

i=1 aigi.
2.2 Select randomly a proper value for variable y = α which does not change the

degree and squarefree property of f .
2.3 For y = α, compute aij that minimize the univariate remainder of ggi−

∑r
j=1 aijgjfx mod f .

2.4 Let Eg(x) = det(Ix−A), A = (aij), compute the numerical roots λi, 1 ≤ i ≤ r of
Eg and distance = min1≤i<j≤r{|λi − λj|}.

2.5 If the distance is small then go to step 2.1.

Step 3. [Approximate GCD] Compute fi = gcd(f, g − λifx) over C[x, y] for 1 ≤ i ≤ r.

Step 4. [Backward error and correction]

4.1 Compute ||f −∏r
i=1 gcd(f, g − λifx)||2.

4.2 Improve the approximate factors if it is necessary.

Step 5. Output the approximate factors f1, . . . , fr.

Example 4.1 (Nagasaka2002) We illustrate our algorithm by factoring the following poly-
nomial:

f = (x2 + yx + 2y − 1)(x3 + y2x− y + 7) + 0.2x.

Since deg f = (5, 3), the Ruppert matrix is a 37 × 26 matrix. The last several singular
values of the matrix are:

· · · , 0.173234, 0.137482, .0475177, 0.0180165, 0.00168900, 0.203908 · 10−10.

Starting from the last second smallest singular value, the biggest gap is

0.0180165/0.00168900 = 10.6669.

So r = 2 and f is supposed to be close to a polynomial having two irreducible factors. A
basis for G computed from the last two right singular vectors is:

g1 = −0.222225 x4 − 0.249186 yx3 − 0.00669638 x3 − 0.0402726 y2x2

−0.541602 yx2 + 0.265256 x2 − 0.0670575 y3x− 0.00117838 y2x

−0.0515876 yx + 0.341504 x− 0.179952 y3 + 0.0653902 y2

+0.157991 y + 0.0120672,

g2 = 0.186723 x4 + 0.149379 yx3 − 0.000000000146533 x3 + 0.112034 y2x2

+0.224068 yx2 − 0.112034 x2 + 0.0746893 y3x− 0.0746893 yx + 0.522825 x

+0.0746893 y3 − 0.0746893 y2 + 0.261412 y + 0.00746893.
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Take a random linear combination of g = 49
50g1 + 29

40g2 and set y = 1, then A = (aij) can be
computed as [ −0.757129 1.166496

0.726481 0.537448

]
.

Two eigenvalues of the matrix A are

λ1 = −1.23519, λ2 = 1.01551.

Computing fi = gcd(f, g − λifx), i = 1, 2, we obtain two factors of f :

f1 = x3 − 0.0439831 x2 − 0.00187356 yx2 + 0.0379250 yx− 0.0317799 x

+6.92684 + 0.999303 y2x− 0.0299366 y2 − 0.991303 y − 0.00160526 y3

f2 = x2 + 1.01014 yx + 0.0271868 x− 1.00236 + 2.00412 y + 0.00121241 y2.

The backward error of the factorization is:

||f − f1f2||2/||f ||2 = 0.0127385.

The factorization can be corrected once to

f1 = 1.00128 x3 − 0.0203379 x2 − 0.00854539 yx2 − 0.0057040 yx + 0.0137666 x

+0.994041 y2x− 0.977989 y + 6.93638− 0.0034838 y2 − 0.00042572 y3,

f2 = 1.00621 x2 + 0.0304998 x + 1.00869 yx− 1.00922− 0.00373265 y2 + 2.02024 y,

and the backward error
||f − f1f2||2/||f ||2 = 0.00102763,

which is a little bigger than the backward error 0.000753084 of the factorization given in [7].
We have implemented AFBP algorithm in Maple 9. In the following table, we show

the performance for some well known or randomly generated examples on Pentium 4 at 2.0
Ghz for Digits = 10 in Maple 9. Here σr and σr+1 are singular values around the biggest
gap; coeff. error indicates the relative error in the coefficients of the input polynomials;
T1 indicates the timing for obtaining the number of factors; T shows the timing for entire
factorization. Examples 1, 2, 3, 4, 5 come from [7, 9, 1, 2] respectively.

Ex. deg(fi) σr

σr+1
σr+1 coeff. error backward errors T1 T

1 2, 3 10 10−3 10−1 2.6× 10−2 0.016 1.671
2 5, 5 106 10−7 10−5 1.1× 10−5 0.531 4.154
3 10, 10 106 10−7 10−5 8.5× 10−6 20.7 77.62
4 7, 8 108 10−9 10−5 5.9× 10−8 4.7 18.65
5 3, 3, 3 109 10−10 0 3.2× 10−8 0.265 7.615
6 5, 5, 5 105 10−6 10−3 1.8× 10−4 4.69 102.7
7 7, 5, 10 107 10−9 10−4 1.6× 10−6 41.3 327.4
8 10, 10, 10 107 10−9 10−4 4.6× 10−6 241.2 6713
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