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Abstract. In this paper, we introduce the generalized Stewart platform consisting of
two rigid bodies connected with six distance and/or angular constraints between six pairs
of points, lines and/or planes in the base and moving platform respectively, which could
be considered as the most general form of parallel manipulators with six DOF in certain
sense. We prove that there exist 3850 possible forms of generalized Stewart platforms
which could provide more practical six DOF parallel manipulators. We show that by
using combinations of various joints, all these GSPs can be realized as real mechanisms.
We give the upper bounds for the number of solutions of the direct kinematics for all the
generalized Stewart platforms. We also obtain analytical solutions and the best upper
bounds of real solutions of the direct kinematics for a class of 1120 generalized Stewart
platforms.
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1. Introduction

The Stewart platform, originated from the mechanism designed by Stewart for flight
simulation [18], is a parallel manipulator consisting of two rigid bodies: a moving platform,
or simply a platform, and a base (Figure 1). The position and orientation (pose) of the
base are fixed. The base and platform are connected with six extensible legs via spherical
or revolute joints. For a set of given values for the lengths of the six legs, the position
and orientation of the platform could generally be determined. The Stewart platform is in a

1)Partially supported by a National Key Basic Research Project of China (No.G1998030600) and by a
USA NSF grant CCR-0201253.
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central status in the literature on parallel manipulators in the past twenty years and has been
applied to various fields such as robotics, numerically controlled machine, nano-technology,
etc. Comparing to serial mechanisms, the main advantages of the Stewart platform are its
inherent stiffness and high load/weight ratio. For a recent survey, please consult [4].

Fig. 1. The Stewart platform

Many variants of the Stewart platform were introduced for different purposes. Most of
these variants are special forms of the Stewart platform in Figure 1. In [6], Faugere and
Lazard gave a classification of all special forms of the Stewart platform. An exception is
[3], in which Dafaoui et al introduced a new kind of Stewart platform which is based on
distances between points on the base and planes on the platform. In [1], Baron et al studied
all the possibilities of using three possible joints, the revolute joint, the spherical joint and
the prismatic joint, to connect the legs and the platforms. Another modification is to add
extra sensors to the Stewart platform in order to find a unique position of the platform or
to do calibration. Some recent work on this aspect could be found in [2, 22].

In this paper, we will introduce the generalized Stewart platform, which could be consid-
ered as the most general form of parallel manipulators with six DOFs in certain sense. By
a distance constraint, we mean to assign a distance value between two points, a point and
a line, a point and a plane, or two lines. By an angular constraint, we mean to assign an
angular value between two lines, a line and a plane, or two planes. A generalized Stewart
platform (abbr. GSP) consists of two rigid bodies connected with six distance or/and an-
gular constraints between six pairs of points, lines and/or planes in the base and platform
respectively. Since a rigid body in space has six DOFs, the GSP consists of all possible ways
to determine the pose of one rigid body based on another one.

We prove that there exist 3850 possible forms of GSPs. The original Stewart platform
in Figure 1 is one of them, in which all the six constraints are distance constraints between
points. The Stewart platform introduced in [3] is similar to one of them, in which all
the six constraints are distance constraints between points in the base and planes in the
platform. We show that by using different combinations of revolute, prismatic, cylindrical,
spherical, and planar joints, all these GSPs can be realized as real mechanisms. The purpose
of introducing these new GSPs is to find new and more practical parallel mechanisms for
various purposes.

A large portion of the work on Stewart platform is focused on the direct kinematics: for
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a given position of the base and a set of lengthes of the legs, determine the pose of the
platform. This problem is still not solved completely until now. For the original Stewart
platform, Lazard proved that the number of complex solutions of the direct kinematics is
at most forty or infinite for the case that the base and platforms are planar[11]. The same
bound in the spatial case was proved by Raghavan [16], Ronga and Vust [17], Lazard [12]
and Mourrain [14, 15] with different methods. Dietmair showed that the Stewart platform
could have forty real solutions [5]. On the other hand, Wen-Liang and Zhang-Song gave the
analytical solutions for the Stewart platform with planar base and platforms [19, 21]. For the
general case, Husty derived a set of six polynomial equations which may lead to an equation
of degree forty [10].

In this paper, we give the upper bounds for the number of solutions of the direct kine-
matics for all 3850 GSPs by borrowing techniques from Lazard [12] and Mourrain [14, 15].
One interesting fact is that the direct kinematics for many GPSs are much easier than that
of the Stewart platform. We identify a class of 35 GPSs whose upper bound of solutions
is half of the original Stewart platform. We also show that for a class of 1220 GSPs, we
could find their analytical solutions. From these solutions, we may obtain the best maximal
numbers of real solutions for this class of GSPs.

One specific reason leads us to introduce the GSP is that the direct kinematic problem
for the original Stewart platform is considered a very difficult task [4]. While for some of
the GSPs, the direct kinematic problem is much easier. The difficulty in solving the direct
kinematic problem is considered to be a major obstacle of using the Stewart platform in
many applications. These new GSPs might provide new parallel manipulators which have
the stiffness and lightness of the Stewart platform and with an easy to solve direct kinematic
problem.

The rest of the paper is organized as follows. In Section 2., we define the GSP and
determine the number of possible GSPs. In Section 3., we introduce some of the techniques
used to determine the number of solutions. In Section 4., we give the equations for the
distance and angular constraints. In Section 5., we give the upper bound for the number of
solutions in the direct kinematic analysis. In Section 6., we give the analytical solutions to
a class of GSPs. In Section 7., we show how to realize the GSPs. In Section 8., conclusions
are given.

2. Generalized Stewart platform

To introduce the GSP, we need to consider all geometric constraints among points, lines
and planes.

We consider three types of geometric primitives: points, planes and lines in the three
dimensional Euclidean space and two types of geometric constraints: the distance constraints
between point/point, point/line, point/plane, line/line and the angular constraints between
line/line, line/plane, plane/plane.

For a constraint c, the valence of c is the number of scalar equations required to define
c. Besides some special cases, all constraints mentioned above have valence one. One of the
special cases is “two planes form an angle of zero”, which needs two equations to describe.
Another special case is that “two points is of distance zero”, which needs three equations.
These special cases could be omitted since they only occur in rare or special cases. Therefore,
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we assume that every constraint has valency one.
A rigid body in the space has six DOFs. Therefore to determine its position and orien-

tation, we need six geometric constraints. This leads to the following definition.

Definition 2.1 A generalized Stewart platform (abbr. GSP) consists of two rigid bodies
connected with six geometric constraints. One of the rigid body called base is fixed and the
other rigid body called platform is movable driven by the values of the six constraints.

The values of the six constraints are used as driving parameters to determine the position
and orientation of the platform. The GSP can be divided into four classes:

3D3A The GSP has three distance and three angular constraints.

4D2A The GSP has four distance and two angular constraints.

5D1A The GSP has five distance and one angular constraints.

6D The GSP has six distance constraints.

We cannot have more than three angular constraints due to the fact that a rigid body in the
space need at most three angular constraints to determine its directions.

Figure 2 is one of the simplest GSPs where l1, l2 are two lines on the platform and l3, l4
are two lines on the base. Lines l1, l2 and l3, l4 are connected with six geometric constraints
represented by lines marked with an “a” or a “d”. A line marked with an “a” or a “d”
represents an angular constraint or a distance constraint respectively. Therefore, this is a
3D3A GSP. It is proved that this platform has at most four solutions [9]. Note that this is
a special case of GSP. In the general case, there should exist six lines in the base and the
platform respectively and the six constraints are between six pairs of different lines.

l1 l2

l3
l4

a d
ada d

Fig. 2. A special 3D3A generalized Stewart platform

Proposition 2.2 If we assume that the geometric primitives in the base and platform are
distinct, there are 1120 types of 3D3A GSPs, 1260 types of 4D2A GSPs, 1008 types of 5D1A
GSPs and 462 types of 6D GSPs . Totally, there are 3850 types of GSPs.

Proof. Let di, i = 3, 4, 5, 6 be the number of possible ways to assign i distance constraints
between the platform and the base and ai, i = 1, 2, 3 the number of possible ways to assign
i angular constraints between the platform and the base.
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There are three types of angular constraints: line/line, line/plane, plane/plane. For the
line/plane constraint, we need to consider two cases: line/plane and plane/line meaning
that the line is on the platform and the base respectively. Since the base is fixed and the
platform is moveable, the two cases are different. Therefore, we need to consider four types of
angular constraints. Similarly, we need to consider six types of distance constraints between
point/point, point/line, line/point, point/plane, plane/point, and line/line.

It is known that the number of possible ways to select m objects from n types of objects
is Cm

m+n−1. Then the number of possible types of jDiA GSPs is:

aidj = Ci
i+4−1 · Cj

j+6−1 = Ci
i+3 · Cj

j+5.

By simple computations, the possible types of 3D3A, 4D2A, 5D1A, and 6D are a3d3 = 1120,
a2d4 = 1260, a1d5 = 1008 and d6 = 462 respectively.

One interesting question is to count all the possible GSPs assuming that the geometric
primitives in the base and platform could be the same, as done for the original Stewart
platform in [6]. Another possible extension is to consider all possible joints connecting the
platform (base) and the legs as done in [1].

3. The rigid motion varieties of Lazard and Mourrain

In order to find the maximal number of solutions to the direct kinematics, we need the
rigid motion varieties introduced by Lazard and Mourrain. A rigid motion in space can be
described by (R, T ), where R is a 3 × 3 matrix representing a rotation and T is a vector
in R3 representing a translation. R satisfies the following equations RT R = RRT = I and
det(R) = 1.

Lazard introduced a representation of rigid motions as an algebraic variety in R15 [12].
The coordinates are the elements of the matrix R, vectors T and U = RT T . The defining
equations of this variety are

RT R = RRT = I, det(R) = 1, U = RT T. (1)

We call this variety the Lazard variety and the variables Lazard’s coordinate system. By
computing the Hilbert function of this ideal, it is easy to see that the variety is of dimension 6
and of degree 20[12]. The rotation R and the translation T corresponding to usual description
of rigid motions are the projection of this variety onto the space of the elements of the matrix
R and vector T .

In a different way, Mourrain defined the set of rigid motions in the space R3 as an algebraic
variety in R16. Let Rj = (r1,j , r2,j , r3,j)T be the jth column of R, R∗

i = (ri,1, ri,2, ri,3)T the
ith row of R, and T = (t1, t2, t3). These vectors satisfy

det([R1, R2, R3]) = 1, [Ri, Rj ] = [R∗
i , R

∗
j ] = δi,j , (2)

where [X, Y ] represents the internal product of X and Y , δi,j = 1 for i = j, and δi,j = 0 for
i 6= j. Introducing new variables U = (u1, u2, u3) and ρ which satisfy the following equations

U = RT T, ρ = [T, T ], (3)
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the set of rigid motions is described as a variety in R16 defined by the above equations. The
variables are ri,j , ti, ui, ρ. A variable z of homogenization is introduced in order to work in
the projection space P16. Setting z = 0 in the ideal generated by the previous equations, we
obtain the part of the variety at infinity. In order to eliminate the component of the variety
at infinity in P16, Mourrain introduced the new variables

(i, j|k, 4) = ri,k · tj − rj,k · ti. (4)

Now the variables are ri,j , ti, (i, j|k, 4), ui, ρ(1 ≤ i, j, k ≤ 3). The equations (2), (3) and (4)
define a variety in R25. We call it Mourrain variety and the variables Mourrain’s coordinate
system. This variety is of dimension 6 and of degree 40 [15]. Mourrain proved that the
rotation R and translation T corresponding to usual description of rigid motions are the
projection of this variety in P 16 [15].

4. Distance constraints and angular constraints

We use P, L and H to represent a point, a line and a plane respectively. Then there
exist six kinds of distance constraints in the GSPs: DPP, DPL, DLP, DPH, DHP, DLL.
For instance, DPL represents a distance constraint between a point on the platform and
a line on the base. Since there exist angular constraints between line/line, line/plane and
plane/plane, there exist four kinds of angular constraints in the GSPs: ALL, ALH, AHL,
AHH. For instance, AHL represents an angular constraint between a plane on the platform
and a line on the base. In this section, we will give the equations for these constraints in
Lazard’s and Mourrain’s coordinate systems .

DPP. This is the usual distance constraint in the Stewart platform between two points.
Suppose that a point Y (represented by its coordinate vector) is fixed on the platform and a
corresponding point X is fixed on the base. After performing a rotation R and a translation
T to the platform, the image of point Y is RY + T . The distance between X and the image
of Y under the rigid motion (R, T ) is given by the norm of RY + T −X:

d2 = [RY + T −X, RY + T −X],

where [X, Y ] represents XT Y . In Lazard’s coordinate system, we have

d2 = [RY + T −X, RY + T −X]
= [Y, Y ] + [T, T ] + [X, X] + 2[T,RT Y ]− 2[X, T ]− 2[RY,X]
= [Y, Y ] + [T, T ] + [X, X] + 2[Y, RT T ]− 2[X, T ]− 2[RY,X] (5)
= [Y, Y ] + [T, T ] + [X, X] + 2[Y, U ]− 2[X, T ]− 2[RY,X].

This is a quadratic equation in the variables R, T, U . In Mourrain’s coordinate system, we
have

d2 = [RY + T −X, RY + T −X]
= [Y, Y ] + ρ + [X, X] + 2[Y, U ]− 2[X, T ]− 2[RY,X]. (6)

This is a linear equation in the variables R, T, U, ρ



70 Xiao-Shan Gao, Deli Lei, Qizheng Liao, Gui-Fang Zhang

DPL. A point Y is fixed on the platform. A line L is fixed on the base. Let A be a point
on L, and u a unit vector parallel to L. Then under the rigid motion (R, T ), the distance
between the image of Y and L is the norm of (RY + T − A) × u. The distance constraint
can be represented by

d2 = [(RY + T −A)× u, (RY + T −A)× u].

It is clear that the above expression is independent of the choices of A and u. This is a
quadratic equation both in the variables R, T, U and variables R, T, U, ρ.

DLP. A line L is fixed on the platform, and a point X is a fixed on the base. Let B be
a point on L, and v a unit vector parallel to L. Then under the rigid motion (R, T ), the
distance between the image of L and X is the norm of (RB + T −X) × Rv. The distance
constraint can be represented by

d2 = [(RB + T −X)×Rv, (RB + T −X)×Rv].

This is a quartic equation both in the variables R, T, U and variables R, T, U, ρ.
DPH. A point Y is a fixed on the platform, and π a plane on the base. Let v be the

unit normal vector of π. The equation of π can be represented in the form vT X = D, where
D is the distance from the origin point to π. The distance constraint can be represented by

d = ±(vT · (RY + T )−D) (7)

This constraint can be represented by two linear equations or a quadratic equation both in
the variables R, T, U and variables R, T, U, ρ.

DHP. A plane π is a fixed on the platform. A point X is fixed on the base. Let B be a
point on π and v the unit normal vector of π. The equations of π and the image of π under
the rigid motion (R, T ) are vT (Y − B) = 0 and (Rv)T (Y − RB − T ) = 0 respectively. The
distance constraint can be represented by

d = ±((Rv)T · (X −RB − T )).

This constraint can be represented by two quadratic equations or a quartic equation both in
the variables R, T, U and variables R, T, U, ρ.

DLL. The last distance constraint is between two lines. Let L1 be a line on the platform,
and L2 a line on the base. Let Mi be a point on Li, and ui a unit vector parallel to Li.
The distance constraint between L2 and the image of L1 under a rigid motion (R, T ) can be
represented by

d2 · [Rv1 × v2, Rv1 × v2] = ((RM1 + T −M2) · (Rv1 × v2))2.

This is a quartic equation both in the variables R, T, U and variables R, T, U, ρ.
ALL. Let L1 be a line on the platform, and L2 a line on the base. Let ui be a unit vector

parallel to Li. The angular constraint between L2 and the image of L1 under a rigid motion
(R, T ) can be represented by

(Ru1)T · u2 = cos α

where α is the angle formed by the two lines. This is a linear equation in R.
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ALH. Let L be a line on the platform, and H a plane on the base. Let u1 and u2 be
the unit normal vectors of L and H. The angular constraint between H and the image of L
under a rigid motion (R, T ) can be represented by

(Ru1)T · u2 = cos(π/2− α)

where α is the angle formed by L and H. This is a linear equation in R.
AHL. Let H be a plane on the platform, and L a line on the base. Let u1 and u2 be

the unit normal vectors of H and L. The angular constraint between L and the image of H
under a rigid motion (R, T ) can be represented by

(Ru1)T · u2 = cos(π/2− α).

This is a linear equation in R.
AHH. Let H1 be a plane on the platform, and H2 a plane on the base. Let ui be the

unit normal vector of Hi. The angular constraint between H2 and the image of H1 under a
rigid motion (R, T ) can be represented by

(Ru1)T · u2 = − cos α.

This is a linear equation in R.
If the equation for a constraint is of degree s, we say that the constraint is of degree s.

In summary, we have the following result.

Proposition 4.1 Angular constraints are of degree one. DPL and DPH constraints are of
degree two. DLP, DHP and DLL constraints are of degree four. A DPP constraint is of
degree one in Mourrain’s variable system, and is of degree two in Lazard’s variable system.

5. Direct kinematics of GSP

The direct kinematic problem of a GSP is to find the pose of its platform supposing that
the pose of the base is known and the values for the six constraints connecting the base and
the platform are given. One of the major concerns in the direct kinematics is to find the
maximal number of solutions for the platform. Since the base of the GSP is always considered
to be fixed, the problem is to find the maximal number of solutions for the platform with
respect to the six constraints. In the original Stewart platform, this is to find the maximal
number of solutions for the platform with respect to the the values of the six distances.

We need the following well-known result [7].

Theorem 5.1 (Bezout’s Theorem) Let fi = 0, i = 1, . . . , m be polynomial equations in
n variables such that the variety defined by fi = 0, i = 1, . . . , k, (k < m) is of degree d and
the variety V defined by fi = 0, i = 1, . . . , m has a finite number of solutions. Then V
contains at most d

∏m
j=k+1 deg(fi) solutions, where deg(fi) is the (total) degree of fi in the

n variables.

Theorem 5.2 For a GSP with m distance constraints of degree two and s distance con-
straints of degree four in Mourrain’s coordinate system, if the direct kinematic problem has
a finite number of complex solutions, then the number of solutions is at most 40 · 2m · 4s.
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Proof. We illustrate the proof with a special case. Consider a GSP with five DPP distance
constraints and one DPL constraint. Five points Y1, . . . , Y5 on the platform are imposed
with the DPP constraints with five points X1, . . . , X5 on the base respectively. Point Y6 on
the platform is imposed a DPL constraint with a line L on the base. Let X6 be a point on
L and v the unit normal vector of L. Following Mourrain’s treatment [18], we need to find
the common solutions of equations (2), (3), (4) and the following equations in R25.

[RYi + T −Xi, RYi + T −Xi] = d2
i , (i = 1, . . . , 5),

[(RY6 + T −X6)× v, (RY6 + T −X6)× v] = d2
6.

(8)

By (6), the first five equations are linear in the variables R, T, U, ρ. By (??), the last equation
is of degree two. According to Section 3., as a variety in R25, the Mourrain variety is of
degree 40. By Bezout’s theorem, if the direct kinematic problem has a finite number of
complex solutions, the problem has at most 40 · 2 = 80 solutions. The general case can be
proved similarly. Note that constraints of degree one do not affect the number of solutions.

Theorem 5.3 For a GSP with m distance constraints of degree two other than the DPP
constraint and s distance constraints of degree four. Suppose that the direct kinematic prob-
lem has a finite number of complex solutions. If there exist DPP constraints in the GSP,
then the number of solutions is at most 40 · 2m · 4s. Otherwise, the number of solutions is at
most 20 · 2m · 4s.

Proof. We still use the special case in the proof of Theorem 5.2 to illustrate the case that
there exist DPP constraints. In this example, m = 1, s = 0. Following Lazard’s treatment
[18], we need to find the common solutions of equations (1) and the following equations in
R15.

[RYi + T −Xi, RYi + T −Xi] = d2
i , (i = 1, . . . , 5),

[(RY6 + T −X6)× v, (RY6 + T −X6)× v] = d2
6.

(9)

We may set Y1 = X1 = (0, 0, 0). The first equation in (9) becomes [T, T ] = d2
1. Then for

i = 2, 3, 4, 5, we have

d2
i = [RYi + T −Xi, RYi + T −Xi]

= [Yi, Yi] + [T, T ] + [Xi, Xi] + 2[Yi, U ]− 2[Xi, T ]− 2[RYi, Xi]
= [Yi, Yi] + d2

1 + [Xi, Xi] + 2[Yi, U ]− 2[Xi, T ]− 2[RYi, Xi] (10)

Then these equations are linear in R, T, U . The last one in (9) is of degree two. According
to Section 3., as a variety in R15, the Lazard variety is of degree 20. By Bezout’s theorem, if
the direct kinematic problem has a finite number of complex solutions, the problem has at
most 20 · 2 · 2s · 2k = 80 solutions. If there exist no DPP constraints, the result is a direct
application of the Bezout theorem and the fact that the Lazard variety is of degree 20.

In general, Theorems 5.2 and 5.3 give the same bound except that the DPP distance
constraint is not imposed. Because in that situation the equation system does not contain
equation [T, T ] = l1 in Lazard’s coordinate system, the bounds given by Lazard’s method is
half of the bound given by Mourrain’s method. We will use this property to give a class of
GSPs the maximal number of solutions for which is 20. This bound is half of the bound of
the original Stewart platform, and as a consequence, the direct kinematic problem is easier.



Generalized Stewart Platforms and their Direct Kinematics 73

Fig. 3. A 6D GSP driven by point/plane distances

We first examine the constraint DPH, which can be represented by two linear equations
(7). The two equations represent the fact that the point is on different sides of the plane
on the base. Since in a real mechanism we know in which side of the base the platform is
located, we thus need only one of the linear equations. We call solutions obtained in this
way feasible solutions. The GSP in Figure 3 is a GSP with six DPH distance constraints.
The solid dots in the base mean that the legs are perpendicular to the corresponding planes
and the hollow dots in the platform represent sphere joints. Since the DPH constraint is of
degree two, by Theorem 5.3, this GSP could have at most 20 · 26 = 1280 solutions. But, we
will show that it has at most 20 feasible solutions.

Theorem 5.4 If we assume that the geometric primitives in the base and platform are dis-
tinct, there are 35 types of GSPs using DPH distance constraints and angular constraints.
The direct kinematic problem for these 35 GSPs has at most 20 feasible solutions or an
infinite number of solutions.

Proof. Use the notations introduced in Proposition 2.2. Let ai, i = 1, 2, 3 be the number
of possible ways to assign i angular constraints between the platform and the base. Since
there is only one type of distance constraint, the number of possible GSPs mentioned in the
theorem is

1 + a1 + a2 + a3 = 1 + C1
4 + C2

5 + C3
6 = 35.

Since the equation for the feasible solutions of constraint DPH is linear and angular con-
straints are all linear, by Bezout’s theorem the maximal number of solutions, if finite, is no
more than the degree of Lazard’s variety, which is 20.

6. Analytical solutions to the direct kinematics of 3D3A GSPs

For 3D3A GSPs, we may solve the direct kinematic problem in two steps. First, we
impose three angular constraints to determine the three rotational DOFs of the platform. It
is clear that imposing translation constraints will not break the three rotational constraints
imposed previously. Then, we may impose the three distance constraints to determine the
position of the platform. This allows us to find the analytical solutions to all the 1120 GSPs.

In what below, we will use Wu-Ritt’s characteristic set method [20, 13] which is a general
method to solve systems of algebraic equations. It may be used to represent the solution set
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of a polynomial equation system as the solution sets of polynomial equations in triangular
form, that is, equation systems like

f1(U, x1) = 0, f2(U, x1, x2) = 0, . . . , fp(U, x1, . . . , xp) = 0

where the U could be considered as a set of parameters and the xi are the variables to be
determined. Variable xi is called the leading variable of fi. As shown in [20], solutions for
an equation system in triangular form are well-determined. For instance, the solution of
an equation system in triangular form can be easily reduced to the solution of univariate
equations.

6.1. Imposing three angular constraints
According to section 4., the expressions of angular constraints only involve unit vec-

tors parallel to the corresponding lines or perpendicular to the corresponding planes in the
platform or the base. So we need only consider angular constraints between two unit vectors.

From Proposition 2.2, there exist a3 = C3
6 = 20 ways to assign three angular constraints

between the base and the platform. Let us first consider one case. Let L1, L2, L3 be
three lines on the base and L4, L5, L6 three lines on the platform. Assuming that the
rotational matrix is R = (rij)3×3 and the angular constraints are cos(∠(RL1, L4)) = d1,
cos(∠(RL2, L5)) = d2, cos(∠(RL3, L6)) = d3. Let si be the unit vectors parallel to Li(i =
1, · · · , 6). We obtain the following equation system:

RTR = I, det(R) = 1, s1 ·Rs4 = d1, s2 ·Rs5 = d2, s3 ·Rs6 = d3. (11)

If the geometric elements involved in the constraints are planes instead of lines, we may
obtain an equation system with the same form as (11). Therefore, we may use equation (11)
as the general equation system to assign three angular constraints between the base and the
platform.

Since Li are fixed lines on the platform and the base, we may assume without loss of
generality that s1 = (0, 0, 1), s2 = (0,m0, n0), s3 = (l1,m1, n1), s4 = (0, 0, 1)T , s5 =
(0,m2, n2)T and s6 = (l3,m3, n3)T . Equation system (11) can be reduced to the following
triangular form with Wu-Ritt’s characteristic set method [20, 13] under the variable order
r32 < r31 < r23 < r22 < r21 < r13 < r12 < r11 < r33.





h1 = z30r32
8 + z31r32

7 + z32r32
6 + z33r32

5 + z34r32
4 + z35r32

3 + z36r32
2 + z37r32 + z38 = 0

h2 = (z20r
3
32 + z21r

2
32 + z22r32 + z23)r31 + z24r

3
32 + z25r

2
32 + z26r32 + z27 = 0

h3 = ((z10r
3
32 + z11r

2
32 + z12r32 + z13)r2

31 + (z14r
4
32 + z15r

3
32 + z16r

2
32 + z17r32 + z18)r31

+z19r
5
32 + z110r

4
32 + z111r

3
32 + z112r

2
32 + z113r32 + z114)r23 + (z115r

3
32 + z116r

2
32

+z117r32 + z118)r2
31 + (z119r

4
32 + z120r

3
32 + z121r

2
32 + z122r32 + z123)r31 + z124r

5
32

+z125r
4
32 + z126r

3
32 + z127r

2
32 + z128r32 + z129 = 0

h4 = q1r22 + q2r23 + q3r32 + d4 = 0
h5 = ((d2

1 − 1)r22 − r23r32d1)r21 − d1r22r23r31 − r31r32 + r2
23r31r32 = 0

h6 = ((d2
1 − 1)r22 − r23r32d1)r13 + r31r

2
23 + (d2

1 − 1)r31 = 0
h7 = r31r12 − d1r32r22 + (r2

32 − 1)r23 = 0
h8 = r11 + r32r23 − r22d1 = 0
h9 = r33 = d1

(12)
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where d4 = d1n0n2−d2, q1 = m0m2, q2 = m0n2, q3 = n0m2, all the zi,j are polynomials in the
parameters lk,ms, nt, dl, which may be found in http://www.mmrc.iss.ac.cn/ xgao/paper/app-
gsp3a.pdf.

Proposition 6.1 After imposing three angular constraints, the number of solutions for the
direction of the platform is at most eight. This bound is the best in terms of finding real
solutions.

Proof. To solve equation system (11), in general, we need only to solve equation system (12).
Equation system (12) is in triangular form, which means we may find value for variables
r32, r31, r23, r22, r21, r13, r12, r11, r33 sequentially from h1 = 0, h2 = 0, . . . , h9 = 0 one by one.
The variable ri,j is called the leading variable of the equation used to determine it. Since
hi, i = 2, . . . , 9 are linear in their leading variables and h1 is of degree eight in its leading
variable r32, it is clear that the above equation system has at most eight solutions. From
Example 6.2 below, the problem could indeed have eight real solutions. So the bound can
not be improved in the general case.

Example 6.2 Figure 4 represents a 3A3D GSP, where lines connecting the platform and
the base labelled by ′a′ or ′d′ represent angular or distance constraints respectively and Li(i =
1, · · · , 6) are different lines. Let L1L2L3 be on the platform and L4L5L6 on the base. We
further assume that L1, L2, and L3 are perpendicular to each other; L4, L5, and L6 are also
perpendicular to each other.

L1 L2

P1

L3

L4
L5

P2 L6

a

d d

a a
d

Fig. 4. An Example of 3D3A GSP

The angular constraints are cos(∠(L1, L4)) = d1, cos(∠(L2, L5)) = d2 and cos(∠(L3, L6)) =
d3. If taking s1 = (0, 0, 1), s2 = (0, 1, 0), s3 = (1, 0, 0), s4 = (0, 0, 1)T , s5 = (0, 1, 0)T and
s6 = (1, 0, 0)T , we can get r11 = d3, r22 = d2 and r33 = d1 from equation (11). The equation
system(11) can be reduced to the following triangular form with Wu-Ritt’s characteristic set
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1
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5
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1
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1
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5
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5
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1
2
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2

1
1−√5

−1+
√

5
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√
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1
2

1
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√
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√
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√
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1
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1
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√
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4

1
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Table 1. Eight real solutions to the rotation matrix R

method [20, 13] under the variable order: r32 < r31 < r23 < r21 < r13 < r12.




r4
32 − (d2

3 − d2
1 − d2

2 + 1)r2
32 + d2

3 − 2d3d2d1 + d2
2d

2
1 = 0

(d1r
2
32 − d3d2 + d2

2d1)r2
31 + (−d3d2 + d1d

2
3)r

2
32 + d2d

2
1d3 − d1d

2
3 + d3d2 − d2

2d1 = 0
r32r23 + d3 − d2d1 = 0
(d1r

2
32 − d3d2 + d2

2d1)r31r21 + (d2d1 − d3d
2
1 + d2

3d2d1 − d2
2d3)r32 = 0

r31r13 − d1d3 + d2 = 0
(−d1r

3
32 + (d3d2 − d2

2d1)r32)r31r12 + (−d2
3d2 − d3

1d3 + d2d
2
1 + d1d

3
3)r

2
32 + 2d2d

2
1d

2
3

−d1d
3
3 + d2

3d2 + d3
2d

2
1 − 2d2

2d1d3 − d2
2d

3
1d3 = 0

(13)

Let ∠(L1, L4)) = π
3 , ∠(L2, L5) = π

3 and ∠(L3, L6) = π
3 . Then d1 = 1

2 , d2 = 1
2 and d3 = 1

2 .
We obtain eight sets of real solutions to the rotation matrix R, which are listed in Table 1.

6.2. Imposing three distance constraints

Definition 6.3 As mentioned in Section 4., there exist six kinds of distance constraints:
DPP, DPL, DPH, DLP, DHP, DLL. For each of these constraints, say C =DPL, the
locus of the corresponding geometric element e on the platform, that is the set of all possible
points on e, under the three angular constraints and this distance constraint is called the
locus induced by this constraint, and is denoted by LC or LDPL.

Proposition 6.4 Let Di be a distance constraint between a geometric element ei on the
platform and a geometric element on the base. If the direction of the platform is fixed, then
the locus of ei, that is, the set of all possible points on ei, could be a (feasible) plane, a sphere,
or a cylinder.

Proof. The loci induced by the six distance constraints can be determined as follows.
LDPP . Let the constraint be DIS(p1, p2) = d. The locus of p1 induced by the constraint

is a sphere with center p2 and radius d.
LDPH . Let the constraint be DIS(p, h) = d. The locus of the p induced by the constraint

is two planes h1 and h2 which are parallel to the plane h and with distance d to h. Similar
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to Theorem 5.4, we may consider feasible solutions of the platform by treating one of the
planes as feasible.

LDPL. Let the constraint be DIS(p, l) = d. The locus of p induced by the constraint is
a cylinder with axis l and radius d.

Please note that in the three cases mentioned above, the loci have nothing to do with
the three angular constraints. In the following cases, the angular constraints are necessary
to obtain the loci.

LDLP . Let the constraint be DIS(l, p) = d. If we only consider the distance constraint,
then line l could be all the tangent lines of a sphere with center p and radius d. If we further
assume that the direction of line l is fixed, then the locus of l is a cylinder with axis l1 and
radius d, where l1 is the line passing through p and parallel to l.

LDHP . Let the constraint be DIS(h, p) = d. If we only consider the distance constraint,
then plane h could be all the tangent planes of a sphere with center p and radius d. If we
further assume that the direction of h is fixed, then h could only has two solutions: the two
planes which are parallel to h and with distance d to p. Similar to Theorem 5.4, we may
consider feasible solutions of the platform by treating one of the planes as feasible.

LDLL. Let the constraint be DIS(l1, l2) = d. We need consider two cases. (1) The two
lines l1 and l2 are not parallel to each other. If we only consider the distance constraint,
then line l1 could be all the tangent lines of a cylinder c with axis l2 and radius d. If we
further assume that the direction of line l1 is fixed, then the locus of l1 is two planes which
are parallel to l1 and l2 and with distance d to l2. Similar to Theorem 5.4, we may consider
feasible solutions of the platform by treating one of the planes as feasible. (2) If l1 and l2
are parallel, the locus of l1 is the cylinder c.

Proposition 6.5 Let Di be a distance constraint between a geometric element ei on the
platform and a geometric element on the base. If the direction of the platform is fixed, then
the locus of any given point on ei is LDi.

Proof. If ei is a point, Di must be one of the DPP, DPL, DPH. In this case, the statement
is obviously valid. Otherwise, ei is either a line or a plane. From the above discussion we
know that the collection of points on ei is LDi . Hence LDi could be considered as the locus
for a given point on ei.

After the three angular constraints are imposed, the direction of the platform is fixed. To
find the pose of the platform, we need only to find the position of a point on the platform.

Algorithm 6.6 The input includes three distance constraints Di, i = 1, 2, 3 between geo-
metric elements on the platform and the base. We further assume that the directions of the
platform and hence the directions of the lines and planes in Di are known. The output is a
new position for the platform such that the three distance constraints are satisfied.

1. Determine the loci Li(x, y, z) = 0, i = 1, 2, 3 induced by Di as shown in Proposition
6.4.

2. Let Di be a constraint between a geometric element ei on the platform and fi on the
base. If ei is a point, let pi = ei. Otherwise ei is either a line or a plane. Select an
arbitrary fixed point on ei as pi. Let pi = (xi, yi, zi).
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3. By Proposition 6.5, after imposing the distance constraint Di, point pi is on the locus
LDi . Furthermore, since the direction of the platform is fixed, when imposing each
constraint Di, (i = 2, 3), point p1 must also be on the locus L′i, (i = 2, 3) which is the
translation of LDi at the direction p1 − pi. Then after imposing the three distance
constraints, the position p′1 for point p1 must be the intersection of three surfaces L1,
L′2, and L′3:

L1(x, y, z) = 0,
L2(x + x1 − x2, y + y1 − y2, z + z1 − z2) = 0,
L3(x + x1 − x2, y + y1 − y2, z + z1 − z2) = 0. (14)

4. Solving equation (14) with Proposition 6.7, we find the positions for point p1.

5. Moving the platform along the translation vector p1p
′
1 = p′1 − p1, it will satisfy the

three distance constraints.

Proposition 6.7 Use P, S and C to denote a plane, a sphere and a cylinder. We use
a combination of these three letters to denote the intersection of three such surfaces. For
example, PPP means to find the intersection point of three planes. We have the follow-
ing upper bound for the solutions of their intersections if the number of solutions is finite.
Furthermore, these bounds are the best in terms of finding real solutions.

1. Case PPP. The equation system for PPP can be reduced to a triangular set consisting
of three linear equations. Then it has one solution at most.

2. Cases PPC, PPS, SSS or PSS. The equation system for each of these cases can be
reduced to a triangular set consisting of two linear equations and a quadratic equation.
Then it has two solutions at most.

3. Cases PCC, SSC or PSC. The equation system for each of these cases can be reduced
to a triangular set consisting of two linear equations and one quartic equation. Then
it has four solutions at most.

4. Cases CCC or SCC. The equation system for each of these cases can be reduced to a
triangular set consisting of two linear equations and one equation of degree eight. Then
it has eight solutions at most.

Proof. Let us consider the case PSC, which is to find the intersection of one plane, one
sphere and one cylinder. The equations for the plane, sphere and cylinder are given below.





d1x + d2y + d3z + d4 = 0
x2 + y2 + z2 + d5x + d6y + d7z + d8 = 0
d9x

2 + d10y
2 + d11z

2 + (d12y + d13x + d14)z + (d15z + d16)y + d17x + d18 = 0.
(15)

Without loss of generality, assume that d3 6= 0. The above equation system can be reduced
into the following triangular form under the variable order x < y < z with Wu-Ritt’s method
[20, 13]. 




z6x
4 + z7x

3 + z8x
2 + z9x + z10 = 0

(z1x + z2)y + z3x
2 + z4x + z5 = 0

d3z + d2y + d1z + d4 = 0
(16)
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Table 2. Eight real solutions to a point on the platform

Please refer to http://www.mmrc.iss.ac.cn/˜ xgao/publ.html for the explicit expressions of
zi which are polynomials in di. We still need to show that the above equation system could
have four real solutions. We will give a geometric proof of this fact. The intersection of a
plane and a sphere is a circle c. If we choose the the position of c properly, it could indeed
have four solutions with a cylinder. The explicit formulas for other cases can also be found
on the same web site. The fact that the upper bound given in this proposition is the best for
cases PPP, PPC, PPS, SSS, PSS, PCC, SSC, PSC, and SCC could be proved similarly
as case PSC. The idea is first to find the intersection of two surfaces, which is a line, a circle
or two circles. Then intersect the line or circles with the third surface. Example 6.8 shows
that case CCC could have eight real solutions.

Example 6.8 Continue from Example 6.2. Now we impose three distance constraints to the
GSP in Figure 4. Here we still use the same notations to denote the lines and points on the
base and the platform. We assume that the three angular constraints have been imposed.

Let the three distance constraints be |P1L4| = r1, |P1L5| = r2, and |P1L6| = r3. Without
loss of generality, we may assume that P2 = (0, 0, 0). Assuming that the coordinates of point
P1 become P ∗

1 = (x, y, z) after imposing the three distance constraints. By Algorithm 6.6, P ∗
1

should be the intersection of three cylinders and satisfy the following equation system.




x2 + y2 − r2
1 = 0

x2 + z2 − r2
2 = 0

y2 + z2 − r2
3 = 0

(17)

The above equation can be easily reduced to the following triangular form.




2x2 + r2
2 − r2

3 − r2
1 = 0

2y2 + r2
3 − r2

1 − r2
2 = 0

2z2 + r2
1 − r2

3 − r2
2 = 0

(18)

It is obvious that above equation system has eight complex solution. Furthermore, if
r2
1 < r2

2 + r2
3, r2

2 < r2
1 + r2

3 and r2
3 < r2

1 + r2
2, the equation system has eight real solutions.

If taking r1 = 6, r2 = 4 and r3 = 5, we can obtain eight real solutions, which are listed in
Table 2.

After moving the platform along the translation vector P1P
∗
1 = P1 ∗ −P1, it will satisfy

the three distance constraints.

6.3. Number of Solutions for the 3D3A GSPs
As a direct consequence of Propositions 6.1 and 6.7, we have the following result.
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Theorem 6.9 We generally could have 8 solutions when imposing three angular constraints.
We generally could have 1,2,4, 8 solutions when imposing three distance constraints. There-
fore, a 3D3A GSP generally could have 2k, k = 3, · · · , 6 solutions depending on the types of
the constraints imposed on it. These bounds are the best in terms of finding real solutions.

N1 Type Combination of the three distance constraints
PH PH PH PH PH PH HP HP HP LL

8 PPP PH PH PH HP HP LL HP HP LL LL
PH HP LL HP LL LL HP LL LL LL
PH PH PH PH PH PH HP HP HP HP LL LL

16 PPC PH PH HP HP LL LL HP HP LL LL LL LL
PL LP PL LP PL LP PL LP PL LP PL LP
PH PH PH HP HP LL

16 PPS PH HP LL HP LL LL
PP PP PP PP PP PP
PP

16 SSS PP
PP
PP HP LL

16 PSS PP PP PP
PP PP PP
PH PH PH HP HP HP LL LL LL

32 PCC PL PL LP PL PL LP PL PL LP
PL LP LP PL LP LP PL LP LP
PP PP

32 SSC PP PP
PL LP
PH PH HP HP LL LL

32 PSC PP PP PP PP PP PP
PL LP PL LP PL LP
PL PL PL LL

64 CCC PL PL LP LP
PL LP LP LP
PP PP PP

64 SCC PL PL LP
PL LP LP

Table 3. Maximal Number of Solutions for 3D3A GSPs

Table 3 gives a classification of the 1120 3D3A GSPs according to the three distance
constraints in it and their maximal number of solutions. This classification is possible due
to the fact that the angular constraints do not affect the maximal number of solutions. In
the table, N1 is the maximal number of solutions; the second column is the types of the



Generalized Stewart Platforms and their Direct Kinematics 81

three intersection surfaces; the other columns give all the possible combinations of the three
distance constraints. For instance, PH represents the distance constraint between a point
on the platform and a plane on the base. By Proposition 2.2, there exist d3 = C3

8 = 56 cases
to assign three distance constraints between the base and the platform.

7. Realization of the GSPs

In this section, we will show how to build real mechanisms based on the design for GSPs.
According to Section 2., we consider seven types of constraints: four distance constraints
between point/point, point/line, point/plane, line/line and three angular constraints between
line/line, line/plane, plane/plane. If we could design mechanisms that realize these seven
constraints, then all the 3850 kinds of GSPs can be realized.

Before giving the realization of these constraints, we will show that there exist many pos-
sible variants in these realizations. One variant is that each constraint could be constructed
with different combinations of joints such as revolute, prismatic, cylindrical, spherical, and
planar joints. For instance, the point/plane distance constraint can be constructed by a
spherical and a planar joint as shown in Figure 5 or by a spherical and two prismatic joints
as shown in Figure 6. The arrows in these figures show that the driver is the distance between
the point and the plane.

Fig. 5. Point/point distance constraint Fig. 6. Point/line distance constraint

The second variant is that there exist different arrangements for the driver. For a given
constraint, position of the driver joint can be arranged in different places. For instance, Fig-
ure 7 shows a realization of a point/line distance constraint, where the driver joint is placed
inside the corresponding point and line. Drivers of this kind are called inside drivers. While
Figure 8 shows a realization of the same constraint, where the driver joint is placed outside
the point and line. Drivers of this kind are called outside drivers. Both of the mechanisms
are realizations of the same constraint, but their kinematic problems are different. In this
paper, we only consider the inside driver joint case.

In what below, we will show how to realize all the seven kinds of constraints. In the
corresponding figures, the driver joints are shown by the arrows. As we mentioned before,
each figure is only one kind of possible realization.

1. Figure 9 is a realization for the point/point distance constraint. This is the classical
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Fig. 7. Inside Driver Fig. 8. Outside Driver

case which uses two spherical joints. The driver is a prismatic joint between the two
spherical joints.

2. Figure 7 is a realization for the point/line distance constraint, which consists of a
spherical joint and a cylindrical joint. The driver is a prismatic joint between the
spherical joint and the cylindrical joint.

3. Figure 5 is a realization for the point/plane distance constraint, which consists of a
spherical joint and a planar joint. The driver is a prismatic joint between the spherical
joint and the planar joint.

Fig. 9. Point/point dis-
tance constraint

Fig. 10. line/line distance
constraint

Fig. 11. line/line angular
constraint

4. Figure 10 is a realization for the line/line distance constraint which uses two cylindrical
joints. Between the two cylindrical joints is a revolute joint and a driver prismatic joint.

5. Figure 11 is a realization for the line/line angular constraint, which uses two cylindrical
joints. Between the two cylindrical joints is a prismatic joint and a driver revolute joint.

6. Figure 12 is a realization for the line/plane angular constraint, which consists of a
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Fig. 12. Line/plane angular constraint Fig. 13. Plane/plane angular constraint

cylindrical joint and a planar joint. The driver is a revolute joint between the cylindrical
joint and the planar joint.

7. Figure 13 is a realization for the plane/plane angular constraint, which uses two planar
joints. The driver is a revolute joint between the two planar joints.

Using these mechanisms, all the GSPs can be constructed. A realization for the 3D3A
GSP in Figure 2 is given in Figure 14, where the distance and angular constraints between
line l1 and line l3 are combined into one chain. So in this chain, both the revolute and
prismatic joints are driver joints. The same happens for the constraint between line l2 and
line l4. So there are totally four chains connecting the base and moving platform.

Fig. 14. Realization of the GSP in Figure 2

A realization for the 6D GSP in Figure 3 is given in Figure 15, where the six constraints
are all point/plane distances. From the figure, we can see that all the six spherical joints are
in the same plane. This is different from that given in [3]. Also, the mechanism in [3] uses
outside drivers.
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Fig. 15. Realization of the GSP in Figure
3

Fig. 16. Realization of the GSP in Figure
4

A realization for the 3D3A GSP in Figure 4 is given in Figure 16, where the three distance
constraints are between points and lines and the three angular constraints are between three
pairs of lines.

8. Conclusions

A generalization of the Stewart platform is introduced by considering all possible geo-
metric constraints between six pairs of geometric primitives on the base and the platform
respectively. This gives 3850 types of GSPs with the original Stewart platform as one of
the cases. We also show that all these GSPs could be realized by using combinations of
different joints. The purpose of introducing these new types of Stewart platforms is to find
new and better parallel mechanisms. By the results in Section 5., we see that using angular
constraints and certain types of distance constraints could reduce the number of solutions in
the direct kinematic problems. In Section 6., it is also shown that the analytical solutions to
3D3A general Stewart platforms could be found. So one strategy in designing new parallel
manipulators is to use these kinds of constraints.

We also give the upper bounds for the number of solutions of the direct kinematics for
all the GSPs. We show that for many GSPs, their solution bounds could be reduced. One
related problem is to find the maximal number of real solutions. We show that the upper
bounds given for the 1120 types of 3D3A GSPs are also the best bounds for the GSPs to have
real solutions. It is proved that the original Stewart platform could have 40 real solutions
[5]. It is interesting to see how to extend the technique used in [5] to other GSPs.

Instead of giving the upper bound for the number of solutions to the direct kinematics of
the GSPs, a possible improvement is to give all the possible numbers of solutions as done in
[8] for a similar problem. Besides the direct kinematics, we may also study the workspace,
the singularity, and the dynamic properties of the GSPs in order to fully understand the
GSPs.
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