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Abstract.
A new transformation method is developed using the general sine-Gordon travelling

wave reduction equation and a generalized transformation. With the aid of symbolic com-
putation, this method can be used to seek more types of solutions of nonlinear differential
equations, which include not only the known solutions derived by some known methods
but new solutions. Here we choose the double sine-Gordon equation, the Magma equa-
tion and the generalized Pochhammer-Chree(PC) equation to illustrate the method. As
a result, many types of new doubly periodic solutions are obtained. Moreover when using
the method to these special nonlinear differential equations, some transformations are
firstly needed. The method can be also extended to other nonlinear differential equations.
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1. Introduction

It may be difficult to seek directly solutions of nonlinear differential equations in nonlin-
ear science because of the complexity of theirs. It is a natural way to establish relationships
among some simple and solvable equations and many complexly nonlinear equations. These
relationships and the known solutions of these simple and solvable equations can be used to
get the corresponding solutions of other complexly nonlinear differential equations.

From the famous sine-Gordon equation

∂2u

∂x∂t
= α sinu, (1.1)

which appears in many branches of nonlinear science[1], one can use the travelling wave
transformation u(ξ) = 2w(ξ), ξ = k(x − λt), b = α/(kλ) to reduces (1.1) to the first-order
ODE

dw(ξ)/(dξ) = µ

√
a + b sin2 w(ξ), µ = ±1, (1.2)

where a is an integration constant. For different parameters a, b, (1.2) may possess abundant
different solutions. To use solutions of (1.2) to express the corresponding solutions of other
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nonlinear differential equations, the first step is to seek some solutions of (1.2), which may
be simple to solve. We have the following proposition:

Proposition. The general sine-Gordon travelling wave reduction equation (1.2) possesses
these solutions in the following cases:

(1) In the case a = 0, b = 1, (1.2) reduces to the first-order ODE

dw(ξ)/(dξ) = sin w(ξ), (1.3)

which has the solutions:

sin[w(ξ)] = sech(ξ), or cos[w(ξ)] = − tanh(ξ). (1.4)

and
sin[w(ξ)] = icsch(ξ), or cos[w(ξ)] = − coth(ξ), (1.5)

where i =
√−1.

(2) In the case a = 1, b = −m2, (1.2) becomes the first-order ODE

dw(ξ)/(dξ) = ±
√

1−m2 sin2 w(ξ), (1.6)

where m is the modulus of Jacobi elliptic functions[2,3], which has the solutions

sin[w(ξ)] = sn(ξ;m), or cos[w(ξ)] = cn(ξ;m), (1.7)

and
sin[w(ξ)] = ns(ξ;m)/m, or cos[w(ξ)] = ids(ξ;m)/m, (1.8)

(3) In the case a = m2, b = −1, (1.2) becomes the first-order ODE

dw(ξ)/(dξ) = ±
√

m2 − sin2 w(ξ), (1.9)

which has the solutions

sin[w(ξ)] = m sn(ξ;m), or cos[w(ξ)] = dn(ξ;m). (1.10)

and
sin[w(ξ)] = ns(ξ;m), or cos[w(ξ)] = ics(ξ;m). (1.11)

Remark 1. We may obtain other types of solutions of (1.2), which will lead to other kinds
of nonlinear differential equations.

According to the solution (1.4) of (1.3), the transformation

u(ξ) = u(w(ξ)) = A0 +
n∑

j=1

cosj−1 w[Aj sinw + Bj cos w] (1.12)
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was proposed to seek solitary waves of many nonlinear evolution equations[4-6]. Obviously
(1.3) is a special case of (1.2). This may lead to obtain only solitary wave solutions using
(1.4) and (1.12). In fact, we can also use the solution (1.5) of (1.3) and (1.12) to seek the
singular solitary wave solutions of nonlinear wave equations.

Recently, Fu et al[7] used the same transformation (1.12) and the only solution (1.10)
of (1.9) to seek some doubly periodic solutions of some nonlinear evolution equations in the
form

u(ξ) = A0 +
n∑

i=1

dni−1(ξ;m)[Aimsn(ξ;m) + Bidn(ξ;m)]. (1.13)

In fact the formal solution is equivalent to a special case of our extended Jacobi elliptic
function method[8,9].

Moreover we can also apply solutions (1.7), (1.8) of (1.6) or another solution (1.11) of
(1.9) and (1.12) to search for more types of solitary wave solutions and doubly periodic
solutions of nonlinear evolution equations.

To use solutions of (1.2) to construct more types of nonlinear differential equations, we
would like to improve the transformation (1.12) to be new form, and then use the new form
and three special cases (1.3), (1.6) and (1.9) of (1.2) to seek more types of new solitary wave
solutions and doubly periodic solutions of nonlinear wave equations.

2. The new sine-Gordon equation expansion method

Consider the following nonlinear evolution equation, say, in two variables x, t

F (u, ut, ux, uxx, uxt, utt, ...) = 0, (2.1)

we seek its travelling wave solution of physical significance, if available, in the form u(x, t) =
u(ξ), ξ = k(x + λt). We assume that (2.1) has the solution in the form

u(ξ) = A0 +
n∑

i=1

cosi−1 w(ξ)
[R + P sinw(ξ) + Q cos w(ξ)]i

[Ai sinw(ξ) + Bi cos w(ξ)], (2.2)

where Ai(i = 0, 1, ..., n), Bj(j = 1, 2, ..., n), R2 + P 2 + Q2 6= 0 are constants to be determined
later and w = w(ξ) satisfies (1.2)

According to (1.2) and (2.2), we define a polynomial degree function as D(u(w)) = n,
thus we have

D
(
up(w)

(
dsu(w)/(dξs)

)q)
= np + q(n + s). (2.3)

Therefore we can determine the parameter n by balancing the highest order derivative
term with nonlinear terms in (2.1). The method is summed up as follows:

Step i: Reduce the given nonlinear partial differential equation (2.1) to an ordinary
differential equation (ODE) using the travelling wave transformation u(x, t) = u(ξ), ξ =
k(x + λt).

Step ii: Fix the parameter n in (2.2) by balancing the highest order derivative terms
and nonlinear terms and thus give the formal solution (2.2) (Remark: If n is not a positive
integers, then we need to make the transformation u = vn).
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Step iii: Substitute (2.2) with the fixed parameter n along with (1.2) into the obtained
ODE to yield the polynomial equation in w′s sini w cosj w.

Step iv: Set to zero the coefficients of w′s sinhi w coshj w(i = 0, 1; s = 0, 1; j = 0, 1, 2, ...)
to get a set of algebraic equations Cijs(R, P,Q, As, Bs) = 0 with respect to the unknowns
k, λ,R, P,Q, Aj(j = 0, 1, ..., n) and Bj(j = 1, 2, ..., n).

Step v: Solve the set of algebraic equations, which may not be consistent to derive soli-
tary wave solutions and doubly periodic solutions of the given nonlinear equations using
u(x, t) = u(ξ), ξ = k(x−λt) and the known solution (1.4),(1.5), (1.7),(1.8),(1.10) and (1.11).

Remark 2. (1) Since when m → 1, sn(ξ;m) → tanh ξ and cn(ξ;m),dn(ξ;m) → sechξ;
while when m → 0, sn(ξ;m) → sin ξ, cn(ξ;m) → cos ξ and dn(ξ;m) → 1, thus it is easy
to see that the method is used to obtain both solitary wave solutions and Jacobi elliptic
function solutions.

(2) It is easy to see that the solutions derived from the above-mentioned method in-
clude both the results of the sine-cosine method[4-6], the Riccati method[10-12], the Fu’s
method[7], the sinh-Gordon equation expansion method[13], the algebraic method without
Weierstrass elliptic function solutions[14], the projective Riccati equation method[15,16] and
the sn- and cn-function method[17] and new solutions.

Obviously, the method is applied to the nonlinear differential equation (2.1) with F being
a polynomial in u and its derivatives. Otherwise we need to make some transformations to
reduce (2.1) to a polynomial equation in new variables and its derivative.

If a certain nonlinear differential equation does not possess doubly periodic solutions,
then we may use (2.2) and (1.3) to seek its solitary wave solutions. In the following we
mainly use (2.2) and (1.6) or (1.9) to seek solitary wave solutions and doubly periodic solu-
tions of some special nonlinear wave equations which are needed to be modified, when the
method in Section 2 is used to seek their solutions.

3. Applications

3.1. The double sine-Gordon equation

uxt = sin u + sin 2u, (3.1)

which appears in many physical branches[1]. Some solutions of (3.1) has been given[18].
Here we will seek new solutions of (3.1).

If we make the travelling wave transformation u(x, t) = u(ξ), ξ = k(x + λt), then (3.1)
reduces to

kλ
d2u

dξ2
− sinu− 2 sin 2u = 0. (3.2)

which is not a polynomial in u. If we make the transformation u(ξ) = 2 arctan v, then (3.2)
becomes

kλ(1 + v2)
d2v

dξ2
− 2kλv

(
dv

dξ

)2

− 3v + v3 = 0. (3.3)

According to Step 2, we know that n = 1 in (2.2) and thus suppose that (3.1) has the
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solution in the form

v(ξ) = A0 +
A1 sinw(ξ)

R + P sin w(ξ) + Q cos w(ξ)
+

B1 cos w(ξ)
R + P sinw(ξ) + Q cos w(ξ)

, (3.4)

and w(ξ) satisfying (1.2).
With the aid of Maple, substituting (3.3) into (3.2) along with (1.2), we have the poly-

nomial of sini w cosj w(i = 0, 1; j = 0, 1, 2, ...). Setting their coefficients to zero yields a set
of algebraic equations (We omit them here).

By solving the set of algebraic equations, we can fix those parameters. Therefore we
have the following doubly periodic solutions of (3.1) from (3.4) and the solutions (1.7),(1.8),
(1.10) or (1.11) of (1.2):

From (3.4) and (1.6), we have the doubly periodic solutions of (3.1)

u1 = 2 arctan
{

sn[k(x + λt);m]
±R + Rcn[k(x + λt);m]

}
, (3.5)

where

R =
√

1/3(1− 2m2 ± 2
√

m4 −m2 + 1), λ = −(1 + 3R2)[km2(1 + R2)].

u2 = 2 arctan {A1sn[k(x + λt);m]} , (3.6)

where

A1 =
√

6m2/[−(1 + m2)±
√

m4 + 14m2 + 1], λ = −1/[k(1 + m2 + 2m2/A2
1)].

u3 = 2 arctan {A1sc[k(x + λt);m]} , (3.7)

where

A1 =
√

1/2(m2 − 2±
√

m4 − 16m2 + 16), λ = (A2
1 + 3)/[km2(A2

1 − 1)].

u4 = 2 arctan
{

cn[k(x + λt);m]
±R + Rsn[k(x + λt);m]

}
, (3.8)

where

R =
√

[−(1 + m2)± 2
√

m4 −m2 + 1]/(3(m2 − 1)), λ = (3R2 + 1)/(km2(1 + R2)).

u5 = 2 arctan {B1cn[k(x + λt);m]} , (3.9)

where

B1 =
√

6m2/[1− 2m2 ±
√

16m4 − 16m2 + 1], λ = 1/[k(2m2 − 1 + 2m2/B2
1 ].

u6 = 2 arctan {1/P cs[k(x + λt);m]} , (3.10)
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where

P =
√

1/6[(2−m2)±
√

m4 − 16m2 + 16], λ = −(3P 2 + 1)/[km2(P 2 − 1)].

Remark 3. When m → 1 in (3.5), we have the solitary wave solution

u′1 = 2 arctan

{√
3 tanh[k(x− 3/(2k)t)]

sech[k(x− 3/(2k)t)]± 1

}
. (3.11)

When taking the sign +, (3.11) is a regular solitary wave solution, while taking the sign −,
(3.11) is a singular solitary wave solution.

In addition, if we use (3.4) and (1.9) to investigate (3.3), then we have

u7 = 2 arctan
{

msn[k(x + λt);m]
±R + Rdn[k(x + λt);m]

}
, (3.12)

where

R =
√

1/(3m2)[m2 − 2± 2
√

m4 −m2 + 1], λ = −(1 + 3R2)/[k(R2 + 1)].

u8 = 2 arctan {msd[k(x + λt);m]} , (3.13)

where

A1 =
√

1/(2m2)[1− 2m2 ±
√

16m4 − 16m2 + 1], λ = −(A2
1 + 3)/[k(A2

1 − 1)].

u9 = 2 arctan
{

dn[k(x + λt);m]
±R + Rmsn[k(x + λt);m]

}
, (3.14)

where

R =
√

3(m2 − 1)/[m2 + 1±
√

m4 −m2 + 1], λ = (3R2 + 1)/[k(R2 − 1)].

u10 = 2 arctan {1/(mP )ds[k(x + λt);m]} , (3.15)

where

P =
√

1/(6m2)/[2m2 − 1±
√

16m4 − 16m2 + 1], λ = (3R2 + 1)/[k(R2 − 1)].

Remark 4. According to other solutions of (1.2), we may obtain other types of solutions
of (3.1). Moreover when m → 0, we can obtain the corresponding periodic solutions of (3.1)
from (3.4) and solution (1.7) of (1.6). We omit them here.
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3.2. The Magma equation
ut = [un(u−mut)x − un]x, (3.16)

where u(x, t) is mean volume fraction of liquid phase which should be non-negative for any x
and t. The exponents m and n denote the dependency of permeability and effective viscosity
characterizing thee rate of matrix compaction and distension on u[19].

For differential parameters m and n, some exact solutions of (3.16) has been obtained[19,20].
In the following we consider the case m = 0, n = 4, in which (3.16) reduces to

ut = u4uxxt + 4u3uxuxt − 4u3ux, (3.17)

We seek the travelling wave solution u(x, t) = u(z), z = k(x + λt). Then (3.17) becomes

k2λ

(
du

dz

)2

− u + λu−2 + au−3 + b = 0, (3.18)

where a, b are integration constants.
If we introduce the new independent variable ξ defined by

ξ =
∫ z

u−3/2(z)dz, (3.19)

then (3.18) can be rewritten as

k2λ

(
du

dξ

)2

− u4 + bu3 + λu + a = 0, (3.20)

According to Step 2, we assume that (3.20) has the solution

u(ξ) = A0 +
A1 sinw(ξ)

R + P sinw(ξ) + Q cos w(ξ)
+

B1 cos w(ξ)
R + P sinw(ξ) + Q cos w(ξ)

, (3.21)

with w satisfying (1.2).
The substitution of (3.21) into (3.20) with (1.6) yields a set of algebraic equations in

unknowns A1, B1, A0, R, P, Q, k, λ, a, b. By solving the set of equations, we get the doubly
periodic solutions of (3.16)

u1(ξ) =
3
√

3/(−4 + 8m2)
k2(−1 + 2m2)

sn(ξ;m)
R±Rcn(ξ;m)

− 3
2k2(−1 + 2m2)

, (3.22)

where λ = 27/[k6(−1 + 2m2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
1 (ξ)dξ.

u2(ξ) =
3m

k2(m2 + 1)
√

8(m2 + 1)/3
sn(ξ;m)− 3

4k2(m2 + 1)
, (3.23)

where λ = 27/[8k6(m2 + 1)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
2 (ξ)dξ.

u3(ξ) =
1

k2(m2 − 2)

√
27(m2 − 1)
16− 8m2

sc(ξ;m)− 3
4k2(m2 − 2)

, (3.24)
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where λ = 27/[8k6(m2 − 2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
3 (ξ)dξ.

u4 =
3
√

(3m2 − 3)/(4m2 + 4)
k2(m2 + 1)

cn(ξ;m)
R±Rsn(ξ;m)

+
3

2k2(m2 + 1)
, (3.25)

where λ = −27/[k6(1 + m2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
4 (ξ)dξ.

u5 =
3m

√
3/(16m2 − 8)

k2(2m2 − 1)
cn(ξ;m) +

3
4k2(−1 + 2m2)

, (3.26)

where λ = −27/[8k6(2m2 − 1)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
5 (ξ)dξ.

u6 =
3
√

3/(8m2 − 4)
k2(m2 − 2)

[
sn(ξ;m)± icn(ξ;m)

]
+

3
2k2(m2 − 2)

, (3.27)

where λ = −27/[k6(m2 − 2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
6 (ξ)dξ.

In addition, the substitution of (3.21) into (3.20) with (1.9) yields a set of algebraic
equations in unknowns A1, B1, A0, R, P, Q, k, λ, a, b. By solving the set of equations, we get
also the doubly periodic solutions of (3.16):

u7 =
3m2

√
3/(8− 4m2)

k2(m2 − 2)
sn(ξ;m)

R±Rdn(ξ;m)
+

3
2k2(m2 + 1)

, (3.28)

where λ = −27/[k6(m2 − 2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
7 (ξ)dξ.

u8 =
3
√

3/(16− 8m2)
k2(m2 − 2)

dn(ξ;m)− 3
4k2(m2 − 2)

, (3.29)

where λ = 27/[8k6(m2 − 2)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
8 (ξ)dξ.

u9 =
3
√

3/(8m2 − 4)
k2(2m2 − 1)

[
msn(ξ;m)± idn(ξ;m)

]
− 3

2k2(2m2 − 1)
, (3.30)

where λ = 27/[k6(2m2 − 1)3], and the relationship between z and ξ is z =
∫ ξ

u
3/2
9 (ξ)dξ.

Remark 5. The only solution obtained in [20] is just (3.26). One may obtain other
types of solutions of (3.16) using (3.21) and other solutions of (1.2).

3.2. The generalized Pochhammer-Chree(PC) equations

utt − uttxx − (au + bu3 + cu5)xx = 0, (3.31)

When a = 1, b = 1/3, c = 0 or a = 1, b = 0, c = 1/5, (3.31) reduces to the well-known
PC equation[21]. Some solitary wave solutions of (3.31) were also found[22]. Here we will
consider its doubly periodic solutions of (3.31). We seek its more types of travelling wave
solution in the form u(x, t) = u(ξ), ξ = k(x + λt). Thus (3.31) becomes

k2λ2 d2u

dξ2
+ (a− λ2)u + bu3 + cu5 = 0, (3.32)
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According to Step 2, we make the transformation u(ξ) = φ1/2. Thus (3.32) becomes

k2λ2(2φφ′′ − φ′2) + 4(a− λ2)φ + 4bφ3 + 4cφ5 = 0. (3.33)

which has the solution

φ(ξ) = A0 +
A1 sinw(ξ)

R + P sinw(ξ) + Q cos w(ξ)
+

B1 cos w(ξ)
R + P sinw(ξ) + Q cos w(ξ)

, (3.34)

with w satisfying (1.2).
With the aid of symbolic computation, the substitution of (3.34) with (1.6) into (3.33) can

determine these parameters A0, A1, B1, R, P, Q, k, λ. Therefore we have the double periodic
solutions of (3.31):

u1 =
{
±3b

8c
sn[k(x + λt);m]− 3b

8c

}1/2

, (3.35)

where
λ =

√
1/(64cm2)(−15b2m2 + 64acm2 + 3b2),

k =
√
−12b2/(−15b2m2 + 64acm2 + 3b2).

u2 =
{
±3bm

8c
sn[k(x + λt);m]− 3b

8c

}1/2

, (3.36)

where
λ =

√
1/(64c)(3b2m2 + 64ac− 15b2),

k =
√
−12b2/(3b2m2 + 64ac− 15b2).

u3 =
{
±3b

8c
cn[k(x + λt);m]− 3b

8c

}1/2

, (3.37)

where
λ =

√
1/(64cm2)(−12b2m2 + 64acm2 − 3b2),

k =
√

12b2/(−12b2m2 + 64acm2 − 3b2).

u4 =
{
ibc−1Zsn[k(x + λt);m] + bc−1Zcn[k(x + λt);m]

}1/2
, (3.38)

where
λ =

√
1/(96cm2)(−27b2m2 + 96acm2 + (64b2m2 + 128b2)Z2),

k =
√

512b2Z2/(−27b2m2 + 96acm2 + (64b2m2 + 128b2)Z2).

and Z is the solution of equation

4096m2Z4 + 81m2 + (−1152m2 + 2304)Z2 = 0. (3.39)

Moreover we also obtain other types of solutions of (3.31) using (3.34) and other solutions
of (1.2). We omit them here.

4. Conclusions
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In summary, we have presented a new algorithm to seek both solitary wave solutions and dou-
bly periodic solutions of nonlinear wave equations based the sine-Gordon reduction equation
(1.2) and the transformation (2.2). We choose the double sine-Gordon equation, the Magma
equation and the generalized Pochhammer-Chree(PC) equation to illustrate the method. As
a result, many types of new solitary wave solutions, singular solitary wave solutions and
doubly periodic solutions are obtained. Moreover when using the method to these special
nonlinear equations, some transformations are firstly needed.

It is easy to see that we only use the method to consider travelling wave solutions of
nonlinear differential equations. To obtain enlarge the scope of solutions. we may further
extend the method to be a generalized form, which may be used to seek non-travelling wave
solutions.

Let ξ → ψ(x, t), then (1.2) becomes

dw(ψ(x, t))/(dψ(x, t)) = µ

√
a + b sin2 w(ψ(x, t)), (4.1)

where ψ(x, t) is a smooth function of x, t. For different parameters a, b we know that (4.1)
has the similar solutions to (1.2). For example, in the case a = 1, b = −m2, (4.1) becomes
the first-order ODE

dw(ψ(x, t))/(dψ) = ±
√

1−m2 sin2 w(ψ(x, t)), (4.2)

which has the solutions

sin[w(ψ(x, t))] = sn(ψ(x, t);m), or cos[w(ψ(x, t))] = cn(ψ(x, t);m), (4.3)

and

sin[w(ψ(x, t))] = ns(ψ(x, t);m)/m, or cos[w(ψ(x, t))] = ids(ψ(x, t);m)/m, (4.4)

For the given nonlinear partial differential equation (2.1), we do not need to firstly make
the travelling wave transformation u(x, t) = u(ξ), ξ = k(x + λt) to reduce (2.1) to an ODE
with constant coefficients. We directly assume that (2.1) has the generalized formal solution

u(x, t) = u(w(ψ)) = A0(x, t) +
m∑

j=1

cosj−1 w(ψ)[Aj(x, t) sin w(ψ) + Bj(x, t) cos w(ψ)]
[R(x, t) + P (x, t) sin w(ψ) + Q(x, t) cos w(ψ)]j

, (4.5)

where w(ψ) satisfies (4.1), Aj(x, t)′s,Bj(x, t)′s, ψ(x, t), R(x, t)2 + P (x, t)2 + Q(x, t)2 6≡ 0 are
functions to be determined later.

The substitution of (4.5) into (2.1) with (4.1) yields a set of nonlinear differential equa-
tions in unknowns. Solving the set of equations may can determine these unknowns. It is
obvious to see that solving the set of nonlinear differential equations is difficult. But some
special forms of these unknowns may be obtained with the aid of symbolic computation.
This will be studied further.
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