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Abstract. In this paper we study the uniform general solutions of first order algebraic
differential equations from the algorithmic point of view, and polynomial algorithms are
presented.

Introduction

The study of first order algebraic differential equations can be dated back to C. Briot
and T. Bouquet [3], L. Fuchs [12] and H. Poincaré [26]. M. Matsuda [23] gave a modern
interpretation of the results using the theory of differential algebraic function field of one
variable, and Eremenko [11] studied the bound of the degrees of the rational solutions of a
first order algebraic differential equation by using the approach of [23].

From an algorithmic point of view, many authors have been interested in the construc-
tions of closed form solutions for differential equations (this problem can be traced back to
the work of Liouville). In [27], Risch gave an algorithm for finding closed forms for inte-
gration. In [16], Kovacic presented a method for solving second order linear homogeneous
differential equations. In [32], Singer proposed a method for finding liouvillian solutions of
general linear differential equations. All these works are limited to linear cases.

For algebraic (nonlinear) differential equations there are some studies in this direction.
For Riccati equations, polynomial solutions are considered in [5] and algorithms for the
computation of rational solutions are given in [4, 16]. The rational general solution of a first
order algebraic differential equation with constant coefficients studied in [3]. The algebraic
general solution of first order algebraic differential equations free from movable critical points
were studied in [26] by using the theory of Riemann surfaces and an efficient algorithm was
presented in [9]. In [6], the algebraic solutions of a general class of first order and first degree
algebraic differential equations was studied and the degree bound of algebraic solutions in the
nondicritical case was given. In [10], the authors studied the rational general solutions of first
order algebraic differential equations by using methods from algebraic geometry. The authors
give an necessary condition for a first order algebraic differential equation admitting a rational
general solution: the algebraic genus of the equation should be zero. Combining with Fuchs’
conditions for first order algebraic differential equations without movable critical points,
the authors obtain an algorithm for the computation of rational general solutions under



184 Yujie Ma and Shentian Zhou

the assumption that a rational parametrization is provided. It is based on an algorithmic
reduction of first order algebraic differential equation of algebraic genus zero and without
movable critical point to classical Riccati equations. In [7, 8, 9, 18, 19, 21], the algebraic
geometry approach is also used to obtain bounds of the degree of rational solutions of a first
order algebraic differential equation and the enumeration of the rational solutions of a first
order algebraic differential equations.

Another motivation of our work is differential algebraic geometry. In the series papers
of Wu [37, 38, 39], the author studied algebraic differential geometry from several different
points of view. In [39], the author presents an algorithmic method of solving arbitrary
systems of algebraic differential equations by extending the characteristic set method to
differential case. The Devil’s problem of Pommaret is solved in details as an illustration.

In this paper, we study the uniform general solutions of first order algebraic differential
equations from the algorithmic point of view, and polynomial algorithms are presented. This
paper is organized as follows. In Section 1, we present Hermite Theorem and Fuchs Theorem,
and the proof of Hermit Theorem is presented for the completeness of the paper. In section
2, we present a constructive proof of Hermite Theorem by using the theory of algebraic
curves. According to the constructive proof of Hermite Theorem, we have the algorithms for
the genus zero case and genus one case in Section 3 and Section 4, respectively. In Section
5, we present two examples to illustrate our algorithms. At the end, we present conclusion
and future work in Section 6. Partial results of this paper were presented at ASCM 2005
[20].

1. Hermite Theorem and Fuchs Theorem

In this section, we present Fuchs Theorem and Hermite Theorem [1, 13, 14]. We present
Fuchs Theorem and its reduced form in subsection 1.1, and present a proof of Hermite
Theorem for the completeness of this paper in subsection 1.2.

Definition 1.1 A general solution w = w(z, λ) is called a uniform general solution of first
order algebraic differential equation F (w, w′) = 0, if w = w(z, λ) is a single-valued function
both in z and the arbitrary constant λ.

Recall that the algebraic genus of a first order algebraic differential equation F (z, w, w′) =
0 is defined to be the genus of F (z, w, w′) = 0 with respect to w and w′ [10].

1.1. Fuchs Theorem
For a first order algebraic differential equation F (z, w, w′) = 0, Fuchs Theorem presents

necessary conditions for the equation to be free from movable critical point. By the Painlevé
Theorem, we know that Fuchs’ conditions are sufficient (see [12, 15, 24, 26]).

Let D(z, w) be the p–discriminant of the equation F (z, w, w′) = 0, it is a polynomial in
w, whose coefficients are analytic functions of z [15].

Theorem 1.2 (Fuchs Theorem) The conditions, necessary to guarantee that the first order
differential equation

F (z, w, w′) = 0

of degree m, has no movable critical point, are:
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1. The coefficient A0(z, w) is independent of w and therefore it can be reduced to a function
of z alone or to a constant. The equation may then be divided throughout by A0 and
takes the form

w′m + ψ1(z, w)w′m−1 + · · ·+ ψm−1(z, w)w′ + ψm(z, w) = 0

in which the coefficients ψ are polynomials in w, and analytic, except for isolated
singular points, in z.

2. If w = η(z) is a root of D(z, w) = 0, and p = ω(z) is a multiple root of F (z, η, η′) = 0,
such that the corresponding root of F (z, w, w′) = 0, regarded as a function of w− η(z)
is branched, then

ω(z) =
dη

dz
.

3. If the order of any branch is α, so that the equation is effectively of the form

d

dz
{w − η(z)} = ck{w − η(z)} k

α

then k ≥ α− 1.

We only deal with first order algebraic differential equations with constant coefficients in
the sequel, the following reduced form of Fuchs Theorem is needed.

Theorem 1.3 (Fuchs Theorem – reduced form) The conditions, necessary to secure that the
first order differential equation

F (z, w, w′) = 0

of degree m, has no movable critical point, are:

1. The coefficient A0(w) is independent of w and therefore it can be reduced to a constant.
The equation may then be divided throughout by A0 and takes the form

w′m + ψ1(w)w′m−1 + · · ·+ ψm−1(w)w′ + ψm(w) = 0

of which the coefficients ψ are polynomials in w, and analytic.

2. If w = η(z) is a root of D(w) = 0, and p = ω(z) is a multiple root of F (η, η′) = 0,
such that the corresponding root of F (w, w′) = 0, regarded as a function of w− η(z) is
branched, then

ω(z) =
dη

dz
.

3. If the order of any branch is α, so that the equation is effectively of the form

d

dz
{w − η(z)} = ck{w − η(z)} k

α

then k ≥ α− 1.
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1.2. Hermite Theorem

Theorem 1.4 If the general solution of F (w, w′) = 0 is uniform, then its algebraic genus is
zero or one.

Proof. By the assumption that F (w, w′) = 0 admits uniform general solution, the equation
is free from movable critical point, and hence the Fuchs’ conditions are satisfied.

By Fuchs’ condition iii), the expansion of w′ on the neighborhood of the algebraic critical
points

w′ = s0 + bk(w − w0)
k
m + bk+1(w − w0)

k+1
m + · · · (1)

satisfies
w′0 = s0.

Since the variable z is absent from the differential equation under consideration, w0 and
s0 are all constants. We have w′0 = 0, and hence (1) has the following form

w′ = bk(w − w0)
k
m + bk+1(w − w0)

k+1
m + · · · , (2)

namely, the critical points must be zeros of w′ when regarded as a function of w. Furthermore,
By Fuchs’ condition iv) we have k ≥ m − 1, i.e., the multiplicity of the zeros not less than
m − 1, where m is the order of the algebraic critical points. Because it is possible that w′

is holomorphic at some zeros, if denotes qk the order of the critical points, we have that the
zeros of w′ when regarded as a function of w are greater than or equal to

∑
(qk−1), namely,

equals to ∑
(qk − 1) + δ (3)

where δ ≥ 0.
Now we count the poles. We write the equation F (w, w′) = 0 in detail. Since the equation

satisfies Fuchs’ condition, it has the following form

(w′)(m) + p2(w)w′m−1 + · · ·+ p2m(w) = 0, (4)

where pk(w) are polynomials of which degree less than or equal to k.
Note that, if apply the linear fractional transformation

w =
mW + n

pW + q

to (4), it will have the same form.
We shall apply this to (4), all of its critical points lie at the finite part of the plane.
Now we search for the poles of w′ when regarded as a function of w. Obviously, from

(4), w′ will be infinity only when w is infinity. Let w = 1
t and w′ = s. By reducing the

transformation, equation (4) becomes

smt2m + q2(t)sm−1t2m−2 + · · ·+ q2m(t) = 0, (5)

where q2k(t) are polynomials of which the degrees are less than or equal to 2k.
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Substituting st2 = σ, we have

σm + q2(t)σm−1 + · · ·+ q2m(t) = 0. (6)

In order to study the behavior of s when w = ∞, we now consider the roots of (6) on
the neighborhood of t = 0. When t = 0, we have

σm + q2(t)σm−1 + · · ·+ q2m(t) = 0 (7)

It suffices to study (7) when all its roots are distinct, hence σ has the following m expansion
on the neighborhood of t = 0,

σk = α
(k)
0 + α

(k)
1 t + · · · (k = 1, 2, · · · ,m).

Therefore,

sk =
σk

t2
=

α
(k)
0

t2
+

α
(k)
1

t
+ α

(k)
2 + · · · .

Then, each branch of the function s has a pole of degree less than or equal two when w = ∞
(i.e., t = 0). The totality of the poles is not greater than 2m, and in this case we count a
pole of degree two as two simple poles.

Since the number of poles is equal to the number of zeros for the algebraic functions on
a Riemann surface, we then have the following inequality

∑
(qk − 1) + δ ≤ 2m,

hence ∑
(qk − 1)

2
−m + 1 ≤ 1− δ

2
or

g ≤ 1− δ

2
.

Since δ ≥ 0, then the genus g equals to zero or one. We are done.

2. Constructive Proof of Hermite Theorem

In this section, we present a constructive proof of Hermite Theorem in order to reduce
first order algebraic differential equations admitting uniform general solutions to Riccati
equation or Weierstrass form.

Theorem 2.1 Let F (w, w′) = 0 be a first order algebraic differential equation admitting
uniform general solution. If the algebraic genus of F (w, w′) = 0 is zero, then its general
solution is rational function in z or eaz (tan az).

Proof. Let F (w, w′) = 0 be a differential algebraic curve with algebraic genus 0. Then we
have the following rational parametrization as follows

{
w = r1(t) (1)
w′ = r2(t) (2)
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with t a parameter.
Differentiating (1) with resect to z, we have

dw

dz
=

∂r1

∂t

dt

dz

Then,

dt

dz
=

r2

∂r1
∂t

. (3)

We have the right hand of (3) is a rational function of t and z in virtue of the r1 and
r2 are rational functions. If F (w, w′) = 0 has no movable critical singularity, then (3) is a
Riccati differential equation. By the inversion of rational curves we know that t is rational
function in z, x and y. For algorithm on parametrization and inversion of rational curves we
refer to [2, 28, 29, 30, 31, 33, 35]. One has

dt

dz
=

(
r2(t, z)− ∂r1

∂z

)
/
∂r1

∂t
=

P (t, z)
Q(t, z)

, (8)

where P and Q are polynomials in t. Since F (w, w′) = 0 has no movable critical point, one
knows that (8) is also has no movable critical point as t is rational function in x and y. By
Fuchs Theorem, we have that equation (8) is a Riccati equation ([13] Chapter II, S7), that
is

dt

dz
= at2 + bt + c, (9)

where a, b, c are constants. We distinguish two cases according to a.
Case 1. When a 6= 0, by the transformation t = αu+β, z = mz, Equation (9) either can

be transformed to
u′ = u2 + 1

then

u = tan(z + C) =
1
i

e(z+C)i − e−(z+C)i

e(z+C)i + e−(z+C)i

or can be transformed to
u′ = u2

then
u = − 1

z + C

Case 2. When a = 0, the Equation (9) has the form

u′ = u

then
u = Cez.

We are done.
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Theorem 2.2 Let F (w, w′) = 0 be a first order algebraic differential equation admitting
uniform general solution. If the algebraic genus of F (w, w′) = 0 is one, then its general
solution is rational function of elliptic function or Weierstrass P-function.

Proof. Let F (z, w, w′) = 0 be a differential algebraic curve with algebraic genus one. Then
we have have the following birational transformations

{
w = r1(t, u, z) (8)
w′ = r2(t, u, z) (8′)

and {
t = ρ1(w′, w, z) (9)

ρ2 = r2(w′, w, z) (9′)

with r1 and r2 are rational functions of t and u, at the same time, ρ1 and ρ2 are rational
functions of w and w′, where the coefficients are some analytic functions of z.

By the birational transformations, we then transform F (z, w, w′) = 0 to the equation

u2 = (t− a1(z))(t− a2(z))(t− a3(z))(t− a4(z))

Differentiating (8) with respect to z, we have

w′ =
∂r1

∂z
+

∂r1

∂t

dt

dz
+

∂r1

∂u
{∂u

∂t

dt

dz
+

∂u

∂z
} (10)

where ∂r1
∂z , ∂r1

∂t , ∂r1
∂u , ∂u

∂t and ∂u
∂z are rational functions of t and u which can be get from (7)

and (8).
Substituting (10) with (8′) and solving dt

dz , we have an equation

dt

dz
= R(t, u, z) (11)

with R is a rational function of t and u.
By (7), we can write (11) as

dt

dz
=

A(t, z) + B(t, z)u
C(t, z) + D(t, z)u

(11′)

where A, B, C and D are rational functions of t since the even power of u can be expressed
as the rational function of t.

By multiplying C(t, z) − D(t, z)u on the numerator and the denominator of the right
hand of (11′), then equation

dt

dz
= M(t, z) + B(t, z)u (12)

with M and N are rational functions of t.
We claim that the equation (12) has no movable critical singularity for t is rational

functions of w and w′ by (9) and w has no movable critical singularity.
Writing the rational functions M and N of t as the following form

M(t, z) =
M1(t, z)
Q(t, z)

and N(t, z) =
N1(t, z)
Q(t, z)
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with M1, Q and N1 are polynomials in t. Then we can write the equation (12) as

Q2(t, z)(
dt

dz
)2−2Q(t, z)M1(t, z)

dt

dz
+{M2

1 (t, z)−N2
1 (t, z)(t−a1(z))(t−a2(z))(t−a3(z))(t−a4(z))}

(13)
Since the equation (13) has no movable critical singularity, the Fuchs’ criteria holds.
(1) Q(t, z) involves no t. Then, M and N are polynomials in t in (12).
(2) Q(t, z)Mi(t, z) is polynomial in t with degree less than 2. Therefore, M1(t, z) or

M(t, z) is polynomial in t with degree less than 2.
(3) M2

1 (t, z)−N2
1 (t, z)(t− a1(z))(t− a2(z))(t− a3(z))(t− a4(z)) is polynomial in t with

degree less than 4.
Since M2

1 (t, z) is a polynomial in t with degree less than 4, we have N1(t, z) and N(t, z)
involves no t.

Finally, we derive the following form of the equation (12).

dt

dz
= [b0(z)t2 + b1(z)t + b2(z)] + φ(z)

√
[t− a1(z)][t− a2(z)][t− a3(z)][t− a4(z)]. (14)

Poincaré gave a significant simplification of the above equation. By the simplification,
we can integrate the equation by quadrature. Choose a fractional linear transformation on
t, such that a1(z), a2(z) and a3(z) corresponding to three distinct constants c1, c2 and c3

respectively. Suppose that the transformations take the following form

t =
α(z)τ + β(z)
γ(z)τ + δ(z)

. (15)

These functions satisfy

ak(z) =
α(z)ck + β(z)
γ(z)ck + δ(z)

(k = 1, 2, 3). (16)

From the above formulae and the following condition

αδ − βγ = 1.

We then can derive the α, β, γ and δ.
By (15) we have

dt

dz
=

1
[γ(z)τ + δ(z)]2

dτ

dz
+

[α′(z)τ + β′(z)][γ(z)τ + δ(z)]− [γ′(z)τ + δ′(z)][α(z)τ + β(z)]
[γ(z)τ + δ(z)]2

and
t− ak(z) =

α(z)τ + β(z)
γ(z)τ + δ(z)

− α(z)ck + β(z)
γ(z)ck + δ(z)

=
τ − ck

[γ(z)τ + δ(z)][γ(z)ck + δ(z)]
.

Substituting the above values into (14), we get the transformed equation as follows

dτ

dz
= A0(z)τ2 + A1(z)τ + A2(z) + Φ(z)

√
(τ − c1)(τ − c2)(τ − c3)(τ − c4). (16)
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Since (16) admits no movable singularity, we have c1, c2, c3 and ψ are singular solutions
of (16). And hence we have

A0(z)c2
1 + A1(z)c1 + A2(z) = 0,

A0(z)c2
2 + A1(z)c2 + A2(z) = 0,

A0(z)c2
3 + A1(z)c3 + A2(z) = 0.

Therefore, we have A0(z) = A1(z) = A2(z) = 0.
Furthermore, we require ψ(z) is the integral of (16), then

dψ

dz
= 0,

namely,
ψ = c4.

Summarizing above, by fractional linear transformation, the equation (14) can be trans-
formed to

dτ

dz
= Φ(z)

√
(τ − c1)(τ − c2)(τ − c3)(τ − c4). (17)

Again by a fractional linear transformation of τ with constant coefficients, we can write
(17) as the simpler canonical form as follows

dτ

dz
= Φ(z)

√
4τ3 − g2τ − g3.

and hence we have
τ = P(

∫
Φ(z)dz) (18)

as desired.
Summarizing the above, we have the following theorem, it is another formulation of

Hermite Theorem.

Theorem 2.3 If first order algebraic differential equation F (w, w′) = 0 has no movable
critical singularity, then its algebraic genus is zero or one and it can be quadratured by
algebraic process and its general solution is rational function, periodic function or double-
periodic function.

3. Algorithm for Genus Zero

Let F (w, w′) = 0 be a first order algebraic differential equation with algebraic genus
zero. According to Theorem 2.2, we have the following algorithm for the determination of
the uniform general solution of F (w, w′) = 0 if it exists.
Algorithm:

Input: F (w, w′) = 0 is a first order algebraic differential equation with algebraic genus
zero.

Output: A uniform general solution of F (w, w′) = 0 if it exists.
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1. Determine the irreducibility of the equation.

If F (w, w′) = 0 is reducible, then factorize it and go to step (2) for each branch curve
of F (w, w′) = 0, else go to step (2) directly.

2. Determine the Fuchs’ conditions of F (w, w′) = 0. If the conditions are not satisfied,
the algorithm terminates, else go to step (3).

3. Compute the algebraic genus g of F (w, w′) = 0. If g 6= 0, then the equation doesn’t
admit uniform general solution by Theorem 1.4, else go to step (4).

4. Find one rational parametrization of F (w, w′) = 0 in the form w = r1(t) and w′ = r2(t)
with r1(t) and r2(t) rational functions in t.

5. Compute the derivative dt
dz = r2(t)/

∂r1(t)
∂t which is a Riccati equation of the form

t′ = at2 + bt + c by Fuchs Theorem.

6. If a = 0, solve t′ = bt + c and we have w = r1(t) rational function in the exponential
function. If a 6= 0, then by the transformation t = αu + β and z = mz reduce the the
equation to u′ = u2 + 1 or u′ = u2, solve the above equations and we have w = r1(t)
rational function in z or exponential function in z.

Remark 3.1 For the rational general solution of a first order algebraic differential equation
with constant coefficients, our algorithm is the same as the classical one, which is for instance
described in [25], Ch. IV, Sec. I (page 62–65).

4. Algorithm for Genus One

Let F (w, w′) = 0 be a first order algebraic differential equation with algebraic genus one.
According to Theorem 2.1, we have the following algorithm for the determination of the
uniform general solution of F (w, w′) = 0 if it exists.
Algorithm:

Input: F (w, w′) = 0 is a first order algebraic differential equation with algebraic genus
one.

Output: A uniform general solution of F (w, w′) = 0 if it exists.

1. Determine the irreducibility of the equation.

If F (w, w′) = 0 is reducible, then factorize it and go to step (2) for each branch curve
of F (w, w′) = 0, else go to step (2) directly.

2. Determine the Fuchs’ conditions of F (w, w′) = 0. If the conditions are not satisfied,
the algorithm terminates, else go to step (3).

3. Compute the algebraic genus g of F (w, w′) = 0. If g 6= 1, then the equation doesn’t
admit uniform general solution by Theorem 1.4, else go to step (4).

4. Transform F (w, w′) = 0 to Weierstrass form dt
dz = a

√
bt3 − ct− e by birational trans-

formation.
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5. Submit the solution t = P(az + C) of dt
dz = a

√
bt3 − ct− e to w = w( dt

dz , t).

Remark 4.1 We refer to [34] for an algorithm for computing the Weierstrass normal form
of an irreducible algebraic curve of genus one. The algorithm has been implemented by Maple.

Remark 4.2 The algebraic differential equation considered can also be solved by Maple.
When the total degree of the algebraic differential equation is high, the dsolve package of
Maple will terminate for out of memory, but our algorithm still works.

5. Examples

5.1. Example 1
Since our algorithm for the rational general solution of a first order algebraic differential

equation with constant coefficients is also valid for the variable coefficients cases, we present
the following example for the algebraic genus zero.

F (z, w, w′) = w′2 +
2w

z
w′ − 4 zw3 +

(
1 + 12 z2

)
w2

z2
− 12

w

z
+

4
z2

.

Its algebraic genus is zero. One gets the following rational parametrization by Maple:

w = r1 =
t2z2 + 4t2 − 6tz + 1 + 4z2

4z(−z + t)2
,

w′ = r2 = −−4z3 + 13tz2 + t + 2t2z3 − 10t2z + t3z4 + t3z2 + 4t3

4z2(−z + t)3
.

One obtains the following Riccati equation

t′ =
(
z2 + 2

)

2(z2 + 1)
t2 +

z

z2 + 1
t +

3
2(z2 + 1)

,

or
u′ + u2 = Bu + C,

where

B = − z3

(z2 + 1)(z2 + 2)
and C =

3(z2 + 2)
4(z2 + 1)2

.

And finally one obtains the following classical Riccati equation

v′ + v2 = −6(z2 + 2)−2,

which has a rational general solution as follows

v(z) = − z

z2 + 2
+

1
z − λ

+
1

z + 2/λ

with λ the arbitrary constant. One finally has by substitutions the following solution of
equation F (z, w, w′) = 0:

w(z) =
z2λ2 − 2 zλ3 + 4 zλ + 4 + λ4 − 3 λ2

(zλ + 2− λ2)2 z
.

The following example is of the algebraic genus one case.
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5.2. Example 2

w3(z)− 3w2(z) + 2w(z)w′(z) + w′2(z) + 1 = 0

This equation is irreducible and of algebraic genus one. It is easy to see that Fuchs’
conditions are satisfied, therefore its general solution is uniform. One can transform this
equation to Weierstrass form by Maple as follows

t2 = −s3 +
16
3

s +
101
27

The its uniform general solution is

w(z) = P(−z + λ) +
4
3

where λ is the arbitrary constant.

6. Conclusion and Future Work

All of the algorithms involve only polynomial-time operations, and hence our algorithms
are polynomial-time algorithms. It is interesting to consider the generalization of the Hermite
Theorem to variable coefficients, and then the computer algebraic approach for the uniform
general solutions of first order algebraic differential equations will be expected.

Remark 6.1 After this paper was finished, the first author found a generalization of Hermite
Theorem and presented an approach to seek for the uniform general solutions of first order
algebraic differential equations under some assumption [22].

References
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