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Abstract. The research on constructing algebraic blending surfaces between given
surfaces is one of the most important problems in geometric modeling and computer
graphics. To solve the problem better, this paper gives novel methods using theories
of Gröbner bases to construct the required blending surfaces. According to the main
theorems, we obtain the algorithms for constructing the blending surface, which meets
the given surfaces with G0, G1, or G2 continuity along given algebraic curves and has
lower degree. Finally, some examples are given to illustrate the correctness and efficiency
of our methods.
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1. Introduction

The problem of constructing a system of surfaces that meet smoothly arises in a wide
variety of applications in CAGD. For example, constructing representations for a free-form
surface such as propeller usually requires the construction of a collection of surfaces. Another
application in constructing representations for relatively simple mechanical objects. Thus,
in constructing these objects, the designer always adds surfaces whose function is to provide
a smooth transition between functional features of the object. Such surfaces are referred
to as blending surfaces. Constructing these blending surfaces is much more important in
facilitating the design process.

We concentrate on the problem of blending algebraic surfaces. Algebraic surfaces are
important for several reasons, for example, it is easy to decide positions of points relative to
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given surfaces. There are a lot of well-known algorithms for manipulating theses surfaces(e.g.,
root finding, symbolic manipulation).

In the following, we introduce algebraic surfaces and their relevant mathematics, we next
propose a relative measure of smoothness known as geometric continuity.

Definition 1.1(Warren, 1989) Let R[x, y, z] denote the ring of polynomials in x, y, z
with real coefficients. If f ∈ R[x, y, z], the set of all real solutions to f = 0 is referred to as
an algebraic surface, denoted S(f).

The importance of algebraic surfaces is their flexibility in modeling surface shapes.
Definition 1.2(Warren, 1989) f1, · · · , fk are polynomials in R[x, y, z], whose common

zero set over R is one dimension, then the common zero set is called algebraic curve, denoted
S(f1, · · · , fk).

Algebraic curves arise naturally as the intersection of algebraic surfaces.
Definition 1.3(Warren, 1989) An algebraic curve S is said to be reducible, if it is the

union of two distinct algebraic curves, neither of which is S. Otherwise S is said to be
irreducible.

Any reducible curve can always be represented as the union of irreducible curves.
Definition 1.4(Warren, 1989) The surfaces S(f1) and S(f2) intersect transversally if

there exists a point P on each irreducible component of S(f1, f2) such that tangent planes
to S(f1) and S(f2) at P are distinct.

Definition 1.5(Warren, 1987) Algebraic Surfaces S(g1) and S(g2) are given, algebraic
curves S(g1, h1), S(g2, h2) do not intersect. The algebraic surface S(f) is called the blending
surface between S(g1) and S(g2), if S(f) meets S(g1) and S(g2) respectively along curves
S(g1, h1), S(g2, h2) with G0(G1, G2) continuity. S(h1) and S(h2) are referred to as clipping
surfaces. If S(h1) and S(h2) are planes, then they are called clipping planes.

In the past decades, many authors worked on the algebraic blending surfaces. Warren
(1989) presented the definition of algebraic blending surfaces with Gk continuity; Bajaj
and Ihm (1992) worked on the algebraic blending surfaces with given degree using Hermite
interpolation, and derivative constrains on algebraic blending surface are translated into
a homogeneous linear system, where the unknowns are the coefficients of the polynomial
defining the algebraic blending surface; Bajaj, Ihm, and Warren (1993) characterized the
solution of low-degree , implicitly defined, algebraic surfaces which interpolate and/or least-
square approximate a collection of scattered point and curve data in three-dimensional space;
Wu, W. T. (1994, 2000) gave the necessary and sufficient conditions about smooth blending
surfaces using the irreducible ascending sets, which is of great value to CAGD; Wu T. R.
(1995) presented conditions about existing cubic blending surface to meet other two quadratic
algebraic surfaces with G1 continuity, when there exists quadratic blending surface; he (2002)
also discussed the Gk blending between two algebraic surfaces. Until now, the research of
algebraic blending surfaces has been the important subject of some researchers, See e.g.,
Chen et al.(2000), Gao and Li (2002, 2004), Sederberg (1985, 1990), Hoffmann and Hopcroft
(1986, 1987), Hoffmann (1993), Bloomenthal (1988, 1997), Hartmann (2001), Garrity and
Warren (1991) and references therein.

In this paper, we mainly use the theories of Gröbner bases, combined with other tech-
niques in CAGD, to do some research on constructing algebraic blending surfaces. In Sec-
tion 2, we presented some related theories of Gröbner bases; Section 3 specifically gives the
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Gröbner bases method for constructing all the algebraic blending surfaces with G0(G1, G2)
continuity, and the corresponding algorithms of computing the algebraic blending surfaces
are given; in Section 4, some example are given to illustrate the correctness and efficiency of
our method. Finally, we state some remarks on the advantages of our methods.

2. Gröbner Bases

Let R[x1, · · · , xn] denote the ring of polynomials in x1, · · · , xn with real coefficients.
When term order is fixed, then any f ∈ R[x1, · · · , xn] can be written as

f =
∑
α

aαxα,

where xα = xα1
1 · · ·xαn

n , and some notations are given as follows

multideg(f) = max{α ∈ Zn>0 : aα 6= 0},
deg(f) = max{|α| : aα 6= 0},

LC(f) = amultideg(f),

LM(f) = xmultideg(f),

LT (f) = LC(f)LM(f).

Suppose polynomials f1, · · · , fs ∈ R[x1, · · · , xn], and let I =< f1, · · · , fs > denote the ideal
generated by polynomials f1, · · · , fs, and the set F = {f1, · · · , fs} ⊂ R[x1, · · · , xn] are called
generating set or basis of the ideal I. When a term order is fixed on R[x1, · · · , xn], we have
the following Lemma. (Adams, W. W., Loustaunau, P., 1994)

Lemma 2.1 Fix a term order on R[x1, · · · , xn] and let F = {f1, · · · , fs} ⊂ R[x1, · · · , xn].
Then any f ∈ R[x1, · · · , xn] can be written in the following form

f = a1f1 + · · ·+ asfs + r,

where ai, r ∈ R[x1, · · · , xn], and r = 0 or no power product that appears in r is divisible by
any one of LM(fi), i = 1, · · · , s. Moreover, if aifi 6= 0, then

multideg(f) ≥ multideg(aifi) (1 ≤ i ≤ s).

Now, we can define the Gröbner bases as follows.
Definition 2.1 A set of non-zero polynomials G = {g1, · · · , gt} contained in an ideal

I is called a Gröbner bases of ideal I, if for all 0 6= f ∈ I, there exists i ∈ {1, · · · , t}, such
that LM(gi) divides LM(f).

Definition 2.2 Fix a monomial order and let G = {g1, · · · , gs} ⊂ k[x1, · · · , xn]. Given
f ∈ k[x1, · · · , xn], we say that f reduces to zero modulo G, written f →G 0, if f can be
written in the form

f = a1g1 + · · ·+ asgs,

such that whenever aigi 6= 0, we have

multideg(f) ≥ multideg(aigi).



Algebraic Blending Surfaces in CAGD 231

The following Lemma is much more important for our methods and algorithms.
Lemma 2.2 Let I be a non-zero ideal of R[x1, · · · , xn], G = {g1, · · · , gt} be a Gröbner

basis for the ideal I. Then f ∈ I if and only if f →G 0.
Now, we can use the relevant theories of Gröbner bases and the above theories to construct

the required algebraic blending surfaces.

3. Main Methods and Algorithms

Let n = 3, so that we shall consider real curves and surfaces with real traces in the
ordinary real space R3. Let us replace x1, x2, x3 with x, y, z respectively, and let x > y > z.

From Lemma 2.2 in Section 2, we have the following theorem.
Theorem 3.1 Let f, f1, f2 ∈ R[x, y, z], and G be a Gröbner basis for the ideal <

f1, f2 >. Then the surface S(f) contains the whole curve S(f1, f2) if f →G 0.
Proof. Since G is a Gröbner basis for the ideal < f1, f2 >, and f →G 0, then from

Lemma 2.2 in Section 2, we know that f ∈< f1, f2 >, thus S(f) ⊇ S(f1, f2).
Now, the corresponding algorithm can be obtained as follows
Algorithm 3.1
Input: f1, f2 ∈ R[x, y, z]
Output: f ∈ R[x, y, z], S(f) will contain the whole curve S(f1, f2)
Step 1. Let r = 0, G = Φ, L = Φ
Step 2. Compute G, which is the Gröbner basis of the ideal < f1, f2 > using fixed

term order
Step 3. Compute the remainder r of f with respect to G
Step 4. Get the set L, which consists of all the coefficients of r with respect to x, y, z
Step 5. Solve the linear system L, the unknowns are all the coefficients of polynomial

f
Until now, we have got the required algebraic surfaces S(f), it has some free parameters,

which are part of coefficients of polynomial f . So that we can control the shape of Surface
S(f) according to all these free parameters.

By the related theories of algebraic varieties and ideals of the polynomial rings(Cox, D.,
Little, J., O

′
Shea, D., 1992), we have the following result.

Corollary 3.1 Let < f1, f2 > be a prime ideal. Then S(f) contains the curve S(f1, f2)
if and only if f →G 0.

Proof. First assume that S(f) contains the whole curve S(f1, f2), i.e., S(f) ⊇ S(f1, f2),
thus f ∈ √< f1, f2 >, which is the radical ideal of the ideal < f1, f2 >. So there exists n ∈
N>0 (N>0 is the set of nonnegative integers), such that fn ∈< f1, f2 >. Then f ∈< f1, f2 >
since < f1, f2 > is a prime ideal, and by the Lemma 2.2 in Section 2, we get f →G 0.

Conversely, it is obvious from Theorem 3.1.
Immediately, we have got Theorem 3.2 and its algorithm by Theorem 3.1 and the Lemma

2.2 in Section 2.
Theorem 3.2 Suppose that algebraic curve S(f1, f2) is contained in the given algebraic

surface S(f), and S(g) is another algebraic surface, and let G be a Gröbner basis for the
ideal < f1, f2 >. Let

fx =
∂f

∂x
, fy =

∂f

∂y
, fz =

∂f

∂z
,
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gx =
∂g

∂x
, gy =

∂g

∂y
, gz =

∂g

∂z
,

and they form a system of polynomials

d1 = fxgy − fygx,
d2 = fxgz − fzgx,
d3 = fygz − fzgy.

Then S(f) meets S(g) along the curve S(f1, f2) with G1 continuity if the following conditions
are all satisfied

1) g →G 0.
2) di →G 0 for i = 1, 2, 3, which is defined by f and g as above.
Proof. From condition 1) and Theorem 3.1, we obtain that S(g) contains the curve

S(f1, f2). Similarly by 2) and Theorem 3.1, since di →G 0, i = 1, 2, 3, then S(di) also contains
the whole curve S(f1, f2), thus for any regular point P ∈ S(f1, f2), we have di(P ) = 0 for
i = 1, 2, 3. i.e.,

d1(P ) = fx(P )gy(P )− fy(P )gx(P ) = 0,
d2(P ) = fx(P )gz(P )− fz(P )gx(P ) = 0,
d3(P ) = fy(P )gz(P )− fz(P )gy(P ) = 0,

so that
fx(P )
gx(P )

=
fy(P )
gy(P )

=
fz(P )
gz(P )

,

which implies S(f) and S(g) have the same tangent plane at any regular point P ∈ S(f1, f2),
thus S(f) and S(g) have the same tangent planes along the whole curve S(f1, f2). Conse-
quently, The theorem is true.

Algorithm 3.2
Input: f1, f2, f ∈ R[x, y, z]
Output: g ∈ R[x, y, z], S(g) meets S(f) along the whole curve S(f1, f2) with G1 con-

tinuity
Step 1. Let r = 0, r1 = 0, r2 = 0, r3 = 0, G = Φ, L = Φ
Step 2. Compute G, which is the Gröbner basis for the ideal < f1, f2 > using fixed

term order, ; and compute the corresponding di for i = 1, 2, 3 defined by f and g as in
Theorem 3.2

Step 3. Compute the remainder r of g with respect to G
Step 4. For i from 1 to 3 do

Compute the remainder ri of di with respect to G
end do

Step 5. Get the set L, which consists of all the coefficients of r, ri with respect to x, y, z
for i = 1, 2, 3

Step 6. Solve the set L, the unknowns are all the coefficients of the polynomial g
So we got the general representation of the surface S(g), which meets S(f) along curve

S(f1, f2) with G1 continuity, and there are enough free parameters to adjust the shape of
surface S(g) to the required surface.

Corollary 3.2 Let < f1, f2 > be a prime ideal. Then S(f) meets S(g) along the curve
S(f1, f2) with G1 continuity if and only if the following conditions are all satisfied
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1) g →G 0.
2) di →G 0 for i = 1, 2, 3, which is defined by f and g as in Theorem 3.2.
Proof. First assume that S(f) meets S(g) along the curve S(f1, f2) with G1 continuity,

then by Corollary 3.1, we have g →G 0. By the definition of G1 continuity, we have di(P ) = 0
for i = 1, 2, 3 at all regular point P on the curve S(f1, f2), which means S(di) ⊇ S(< f1, f2 >
), so that di ∈

√
< f1, f2 >. Then < f1, f2 >=

√
< f1, f2 > since < f1, f2 > is a prime ideal,

thus di ∈< f1, f2 >. From Lemma 1.2, we know that di →G 0, for i = 1, 2, 3. Conversely, it
is obviously true by Theorem 3.2.

For algebraic Surface, the curvature K at a regular point is given by (Wu Wentsun, 1994)

K =
V

H2
,

where
H = f2

x + f2
y + f2

z ,

V = fxxfyyf
2
z + fxxfzzf

2
y + fyyfzzf

2
x ,

− 2fxfyfxyfzz − 2fxfzfxzfyy − 2fyfzfyzfxx,
+ 2fxfyfxzfyz + 2fxfzfxyfzy + 2fyfzfyxfzx,
− f2

xf2
yz − f2

y f2
xz − f2

z f2
xy,

in H and V all the partial derivatives fx = ∂f
∂x

, fxx = ∂2f
∂x2 , etc., and take values at regular

points.
Theorem 3.3 Suppose that S(f), S(g) are two algebraic surfaces, let S(f1, f2) be an

algebraic curve on the surface S(f), and G be a Gröbner basis for the ideal < f1, f2 >. Then
S(g) meets S(f) along the curve S(f1, f2) with G2 continuity if the following conditions are
satisfied

1) g →G 0.
2) di →G 0 for i = 1, 2, 3, which is defined by f and g as in Theorem 3.2.
3) H2V ∗ −H∗2V →G 0, where H∗, V ∗ are polynomials for g similar to H, V for f .
Proof. By conditions 1), 2), Theorem 3.1 and Theorem 3.2, S(g) meets S(f) along

the curve S(f1, f2) with G1 continuity. For any regular point P of S(f1, f2), and by con-
dition 3), H2V ∗ − H∗2V →G 0, which implies H2V ∗ − H∗2V ∈< f1, f2 >. Therefore,
S(H2V ∗−H∗2V ) ⊇ S(< f1, f2 >). For regular point P on the curve S(f1, f2), we have that
H2(P )V ∗(P )−H∗2(P )V (P ) = 0, thus

H2(P )
V ∗(P )

=
H∗2(P )
V (P )

,

which implies KP = K∗
P , where KP and K∗

P are curvatures of Surfaces S(f) and S(g) at the
point P respectively. For P is any point on the curve S(f1, f2), S(g) meets S(f) along the
curve S(f1, f2) with G2 continuity.

Thus, the following algorithm can be obtained clearly now.
Algorithm 3.3
Input: f1, f2, f ∈ R[x, y, z]
Output: g ∈ R[x, y, z], S(g) meets S(f) along the whole curve S(f1, f2) with G2 conti-

nuity
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Step 1. Let r = 0, r1 = 0, r2 = 0, r3 = 0, R = 0, G = Φ, L = Φ
Step 2. Compute G, which is the Gröbner basis of the ideal < f1, f2 > under the fixed

term order; ; and compute the corresponding di for i = 1, 2, 3, which is defined by f and g
as in Theorem 3.2

Step 3. Compute the remainder r of g with respect to G
Step 4. For i from 1 to 3 do

Compute the remainder ri of di with respect to G
end do

Step 5. Compute the remainder R of H2V ∗ −H∗2V with respect to G
Step 6. Get the set L consisting of all the coefficients of r, ri, and R with respect to

x, y, z for i = 1, 2, 3
Step 7. Solve the system L, the unknowns are all the coefficients of polynomial g
The above method can construct any algebraic blending surface to meet the given surface

along given curve with G2 continuity. The free parameters are important for the shape of
blending surface.

Corollary 3.3 Suppose that < f1, f2 > is a prime ideal. Then S(g) meets S(f) along
the curve S(f1, f2) with G2 continuity if and only if the following conditions are satisfied

1) g →G 0.
2) di →G 0 for i = 1, 2, 3, which is defined by f and g as in Theorem 3.2.
3) H2V ∗ −H∗2V →G 0, where H∗, V ∗ are polynomials for g similar to H, V for f .
Proof. We first assume that S(g) meets S(f) along the curve S(f1, f2) with G2 conti-

nuity. Then by the definition of G2 continuity, we have two results: one is that S(g) meets
S(f) along the curve S(f1, f2) with G1 continuity, by Corollary 3.1 and 3.2, we obtain that
g →G 0 and di →G 0, for i = 1, 2, 3, which is defined in Theorem 3.2; the other is that for
any regular point P on the curve S(f1, f2), if KP = K∗

P , which are the curvatures of surfaces
S(f), S(g) at the point P , then

V (P )
H2(P )

=
V ∗(P )
H∗2(P )

,

which implies
H2(P )V ∗(P )−H∗2(P )V (P ) = 0,

so that S(H2V ∗ − H∗2V ) ⊇ S(< f1, f2 >) since P is any point on the curve S(f1, f2),
then H2V ∗ − H∗2V ∈ √

< f1, f2 >. Because < f1, f2 > is a prime ideal, < f1, f2 >=√
< f1, f2 >. So we obtain that H2V ∗ −H∗2V ∈< f1, f2 >, from Lemma1.2, it follows that

H2V ∗ −H∗2V →G 0, where H∗, V ∗ are polynomials for g similar to H, V for f .
Conversely, by Theorem 3.3, it is correct clearly.
To illustrate the correctness and efficiency of our methods, some examples will be given

in the following section.

4. Examples

In this section, we provide several examples to demonstrate the correctness and efficiency
in constructing algebraic blending surfaces.

Example 4.1 Given two circular cylinders whose axes are perpendicular to each other

f1 = y2 + z2 − 1, f2 = x2 + y2 − 1 = 0,
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and two auxiliary planes h1 = x − 2 = 0 and h2 = z − 2 = 0. Now, we are going to find
a cubic algebraic surface g = 0, which meets fi with G1 continuity along circular sections
Ci = S(fi, hi) for i = 1, 2.

It is easy to check the Gröbner bases for the ideals < f1, h1 > and < f2, h2 > are
grb1 = [x− 2, y2 + z2 − 1] and grb2 = [z − 2, x2 + y2 − 1] respectively.

Now let normalf(g, grbi, tdeg(x, y, z)) = 0 for i = 1, 2, and let

normalf(di1, grbi, tdeg(x, y, z)) = 0,
normalf(di2, grbi, tdeg(x, y, z)) = 0
normalf(di3, grbi, tdeg(x, y, z)) = 0,

where dij is defined, as described in Theorem 3.2, by fi and g, for j = 1, 2, 3.
Thus we obtain 40 homogenous linear equations with 20 unknowns. The system of

equations have a unique solution up to a constant factor

g = x3 + z3 + zx2 + xy2 + zy2 + z2x− 4x2 − 4y2 − 4z2 − 4zx + 3x + 3z + 4 = 0.

The corresponding figure is shown in Figure 1.
Example 4.2 In this example, we use a quadratic surface S(g) to blend three cylinders
with G1 continuity whose axes are perpendicular to each other

C1 : f1 = y2 + z2 − 1, h1 = x− 2,
C2 : f2 = z2 + x2 − 1, h2 = y − 2,
C3 : f3 = x2 + y2 − 1, h3 = z − 2.

Then for the ideals < f1, h1 >,< f2, h2 > and < f3, h3 >, their Gröbner bases are respectively

grb1 = [x− 2, y2 + z2 − 1], grb2 = [y − 2, z2 + x2 − 1], grb3 = [z − 2, x2 + y2 − 1].

By letting normalf(g, grbi, tdeg(x, y, z)) = 0 for i = 1, 2, 3, and let

normalf(di1, grbi, tdeg(x, y, z)) = 0,
normalf(di2, grbi, tdeg(x, y, z)) = 0,
normalf(di3, grbi, tdeg(x, y, z)) = 0,

where dij is defined, as described in Theorem 3.2, by fi and g for j = 1, 2, 3. We obtain
88 linear equations with 35 unknowns. The system of linear equations has 2 families of
solutions. One such solution is

g = −28 + z2yx + 4x + z3x + 4y + 3yx + xy3 + xy2z + x2yz + x3z
− 4zyx− 4zx2 − 4x3 − 4y2x + 4z + 3zx− 4y3 − 4zy2 − 4z2y + 3zy
− 4z2x− 4yx2 + yz3 + yx3 + y3z + 12y2 + 12z2 + 12x2 − 4z3 = 0.

Figure 2 is the corresponding figure.
Example 4.3 Suppose that

C1 : f1 = y2 + z2 − 1, h1 = x− 2,
C2 : f2 = y2 + z2 − 1, h2 = x + 2,
C3 : f3 = x2 + z2 − 1, h3 = y − 2,
C4 : f4 = x2 + z2 − 1, h4 = y + 2.
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Fig. 1. Blending two cylinders Fig. 2. Blending three cylinders

For the ideals < f1, h1 >,< f2, h2 >,< f3, h3 >, and < f4, h4 >

grb1 = [x− 2, y2 + z2 − 1], grb2 = [x + 2, y2 + z2 − 1],

grb3 = [y − 2, x2 + z2 − 1], grb4 = [y + 2, x2 + z2 − 1],

are their Gröbner bases respectively. By letting normalf(g, grbi, tdeg(x, y, z)) = 0 for i =
1, 2, 3, 4 and let

normalf(di1, grbi, tdeg(x, y, z)) = 0,
normalf(di2, grbi, tdeg(x, y, z)) = 0,
normalf(di3, grbi, tdeg(x, y, z)) = 0,

where dij is defined, as described in Theorem 3.2, by fi and g for j = 1, 2, 3. We obtain 106
linear equations with 35 unknowns. So that a degree four algebraic surface g = 0, which
meets fi along the curve Ci for i = 1, 2, 3, 4 is given by

g = x2z2 + 2x4 + 2y4 − 17x2 − 17y2 − 14z2 + y2x2 + y2z2 − z4 + 47 = 0.

Figure 3 shows us the blending surface
Example 4.4 Now let us consider the case where one of the initial surface is reducible.
Let

C1 : f1 = y4 + 2y2z2 + 6y2 + 9 + z4 − 10z2, h1 = x− 2.
C2 : f2 = y2 + z2 − 2, h2 = x + 2.

We are going to find some suitable quintic surface g = 0 which blends fi for i = 1, 2 with G1

continuity. Let us observe that the surface g = 0 is symmetric about the planes xy and xz,
and the intersection curve S(f1, h1) is the union of two circles since f1 = 0 is the union of
two cylinders (i.e., it is reducible), that is to say, it is reducible.

We can get the Gröbner bases for the ideals < f1, h1 > and < f2, h2 > respectively as
follows

grb1 = [x− 2, y4 + 2y2z2 + 6y2 + 9 + z4 − 10z2], grb2 = [x + 2, y2 + z2 − 2].

By the Algorithm 3.2 and normalf(g, grbi, tdeg(x, y, z)) = 0 for i = 1, 2, and

normalf(di1, grbi, tdeg(x, y, z)) = 0,
normalf(di2, grbi, tdeg(x, y, z)) = 0
normalf(di3, grbi, tdeg(x, y, z)) = 0,



Algebraic Blending Surfaces in CAGD 237

where dij is defined, as described in Theorem 3.2, by fi and g for j = 1, 2, 3. Thus we can
get a solution to the corresponding system of linear equations

g = 1260− 176z2y2x + 7x5 + 7x4 + 7x2 − 88y4x + 7z2x2 − 169y2x2 + 1188z2x
+ 484y2x− 28z2x3 − 88z4x− 28y2x3 − 1124y2 − 1604x− 420z2 = 0.

Figure 4 depics the blending surface.

Fig. 3. Blending four cylinders Fig. 4. Blending along reducible curve

All of the above examples have been computed and checked carefully in Maple8. The
Gröbner bases are also computed using graded reverse lex order with x > y > z, the command
normalf is a function of the Gröbner package in Maple 8, which computes a remainder on
division of a polynomial by any collection of polynomials, and all of the above figures are
plotted in Maple8. .

5. Conclusions

In this paper, we make some attempts to apply Gröbner bases methods to constructing
algebraic surfaces to smoothly blend given algebraic surfaces. Unlike the previous methods,
the Gröbner bases methods not only can find the lowest degree blending surfaces, but also
are much more efficient, Examples in Section 4 suggest these new methods are powerful in
constructing algebraic surfaces for various situations. Currently, we are dependent on a trial-
and-error approach to determine the degree of the blending surface. How to determine the
degree of the blending surface in advantage is a problem worthy further research. Parameters
in the final solutions can exert a great influence on the shape of the blending surface, and
they can be used as user handle to sculpture the shape of blending surfaces. But how to
select the suitable parameters for the solutions such that the algebraic blending surface is
satisfactory in practice also needs further study.

In the following, we give some remarks to state some of the advantages of our methods.
Remark 1. From the previous sections, we can get the general representation f of

algebraic blending surface S(f) using the Gröbner bases methods, that is to say , we can
get all the algebraic blending surfaces for the given surfaces; and there are enough free
parameters for us to be adjusted reasonably.

Remark 2. Using our methods, we can find the conditions on the existence of the
blending surface.

For example, let f1 = y2 + z2 − r2
1 and f2 = z2 + x2 − r2

2 be two cylinders, and let
h1 = x− d1 and h2 = y− d2 be two planes, where ri > 0 and di > 0 for i = 1, 2. Then, using
our methods, we can find that there is a blending surface which blends fi along the curve
S(fi, hi) for i = 1, 2 with G1 continuity if and only if r2

1 + d2
1 = r2

2 + d2
2.
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Remark 3. By our methods, we can also find the lowest degree algebraic blending
surface.

In the future, we will focus on generalizing our methods to the interpolation of scattered
data.
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