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Abstract. In this paper, new types of Yang-Mills gauge fields in Euclidean space are
presented using the method of mathematics mechanization. Two fundamental concepts
are introduced: the special Yang-Mills equation and the characteristic transformation
of Yang-Mills gauge fields. Based on the two concepts, the specializations of SU(2) and
SU(3) gauge fields are realized, that is, the linearizations of special Yang-Mills equations
are obtained via characteristic transformations. Thus, the existence of Yang-Mills gauge
fields is proved and a mathematical model of unified theory is established.
Keywords. Mathematics Mechanization, Yang-Mills Gauge Fields, Special Yang-
Mills Equations, Characteristic Transformation, Mathematical Model of Unified The-
ory.

A tremendous amount of development of the gauge field theory has been made since
the Yang-Mills gauge fields was first introduced in [4]. Some advances in Grand Unified
Theory (GUT) are obtained. S.L. Glashow, S. Weinberg, A. Salam made great success in
establishing the unified model of electroweak interaction (GWS).

The importance of Yang-Mills equations is generally acknowledged because these equa-
tions can be used to describe weak interaction as well as strong interaction. Many predictions
based on Yang-Mills equations are proved by a large number of experiments in many labo-
ratories in different countries. However the existence of the Yang-Mills gauge fields remains
uncertain.

"Physics and mathematics are one family", said Professor S.S. Chern in a poem
which is printed on the front page and the back cover of his collected works (both in Chinese
and in English) [6]. This poem describes the close relationship between Physics and Math-
ematics. Professor C.N. Yang said that gauge field theory in physics is precisely the fiber
bundle theory in mathematics (see [5]).

From the point of view of potential field we know that potential field is determined by a
potential function. First, the potentials of field are certain differential forms of a potential
function; second, the strengthes of field are certain differential forms of the potentials. Yang-
Mills gauge fields are potential fields, hence their potential function play a fundamental role
in Yang-Mills gauge field theory.

On the other hand, from the theory of fiber bundles, we know that the connections are
certain exterior differential forms of the section of bundle and the curvatures are certain exte-
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rior differential forms of the connection of bundle. Therefore, we can obtain the connections
and curvatures of bundle if the sections of bundle are available.

Notice that Yang-Mills equations are nonlinear differential equations of connections A of
bundle (or equivalently, potentials of field). The elementary problem is proposed naturally:
whether certain differential relations between connections A and sections u of bundle can be
discovered such that some simpler differential equations of sections (the potential functions
of field , equivalently) can be deduced from the Yang-Mills equations of the connections of
bundle (the potential of field, equivalently).

To construct the differential relations between connections A and sections u of bundle
and to realize the specialization of Yang-Mills equations are the main ideas in this paper.

The connections of bundle are differential 1-forms valued in Lie algebra and the curvatures
of bundle are differential 2-forms. It is well known that there are two kinds of bases in the
representation of Lie algebra su(2) and su(3), i.e., Hermitian bases and anti-Hermitian
bases. Based on these two kinds of bases, there are two definitions of curvature (see formulae
(1.1.3) and (1.1.4)) called special curvature and general curvature respectively .

Yang-Mills equations are deduced from curvatures of bundle. By different definitions
of curvature, we obtained two types of Yang-Mills equations. The Yang-Mills equations
deduced from general curvature are called general Yang-Mills equations and are extensively
employed in the theory of gauge fields today. The Yang-Mills equations deduced from special
curvature are called special Yang-Mills equations which is first basic concept in this paper .

Characteristic transformation is introduced as another basic concept in this paper. Differ-
ential transformations are popular tools used in differential equation solving ([8]). Character-
istic transformations are linear differential transformations leading to some explicit relations
between sections and connections of bundle, or more accurately, connections are linear dif-
ferential combinations of sections. Characteristic transformations are used to realize the
specialization of special Yang-Mills equation in this paper.

Yang-Mills gauge field in 4-dimensional Euclidean space are considered in this paper
by using the method of Mathematics Mechanization. There are 5 sections in this paper.
Section 1 is on the specialization of SU(2) gauge field. Section 2 is on the specialization
of SU(3) gauge field. Section 3 is on the specialization of U(1) gauge field. In Section 4,
a mathematical model of unified theory is formulated. Section 5 is on the specialization of
SU(n) gauge field.

§1. The specialization of SU(2) gauge field.
The SU(2) gauge fields in Euclidean space are considered in this section. The formu-

lation of this section follows [9].
Let E4 be the 4-dimensional Euclidean space, and let the coordinates be x = (x1, x2, x3, x4) .

The metric matrix of E4 is denoted by (gij) , i, j = 1, 2, 3, 4 in which gii = 1, i =

1, 2, 3, 4, gij = 0, i 6= j. We employ the notations ∂k =
∂

∂xk
, k = 1, 2, 3, 4.

1.1. The special curvature.
The dimension of Lie algebra su(2) is denoted by d(2) = 3. Let Bα, α = 1, 2, 3 be the
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Hermitian bases of the representation of su(2). We have

Bα
t = Bα, α = 1, 2, 3,

in which Bα
t is the conjugated transpose of Bα .

The connection A of bundle is defined as differential 1-forms valued in Lie algebra su(2):

A =
4∑

j=1

Aj dxj ,

in which

Aj =
3∑

α=1

Aα
j Bα . (1.1.1)

In the differential 2-forms can be defined from formula (1.1.1) as following

dA + A ∧A =
4∑

j,k=1

Fjk dxj ∧ dxk , (1.1.2)

the coefficients Fjk , k, j = 1, 2, 3, 4 are the curvature of bundle. There are two ways to
define the curvature.

Definition 1.1.1. The special curvature of bundle is defined as

Fjk = ∂jAk − ∂kAj + [Aj , Ak], j, k = 1, 2, 3, 4, (1.1.3)

Definition 1.1.2. The general curvature of bundle is defined as

F g
jk = ∂jAk − ∂kAj + i [Aj , Ak], j, k = 1, 2, 3, 4. (1.1.4)

The difference between definition 1.1.1 and 1.1.2 is only the factor i =
√−1 in front of

the degree 2 terms. However, the two definitions have very much different geometric meaning
when they are used to deduced Yang-Mills equations.

The general curvature defined by (1.1.4) are extensively employed in the theory of gauge
field today. The special curvature defined by (1.1.3) is introduced as basic concept in this
paper.

Remark 1.1.1. Definition 1.1.2 is based on the anti-Hermitian bases of the representa-
tion Lie algebra su(2) . In fact, formula (1.1.4) can be written as

F g
jk = −i

(
∂j (iAk)− ∂k (iAj) + [iAj , iAk]

)
, j, k = 1, 2, 3, 4. (1.1.5)

And from formula (1.1.1) we have

i Aj =
3∑

α=1

Aα
j (i Bα), j = 1, 2, 3, 4, (1.1.6)

in which iBα , α = 1, 2, 3 are the anti-Hermitian bases of the representation of Lie algebra
su(2) .
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1.2. The special Yang-Mills equation.
The Lagrangian of SU(2) Yang-Mills gauge field is

L =
1
2

∫
Tr

4∑

j,k=1

(FjkF jk
t
)dx (1.2.1)

in which F jk
t
= gjigk`Fi`

t = gjjgkkFjk
t and gij are the elements of inverse matrix (gij) =

(gij)−1, i, j = 1, 2, 3, 4 .
The Euler-Lagrange equations of L given by (1.2.1) are just Yang-Mills equations of

SU(2) gauge field.
From Definition 1.1.2 of general curvature it is easy to see that

F g
jk

t
= F g

jk.

Then the Yang-Mills equations deduced by general curvature are

Y Mj =
4∑

k=1

gkk(∂kF
g
jk + [Ak, F

g
jk]) = 0, j = 1, 2, 3, 4, (1.2.2)

called general Yang-Mills equations.
From Definition 1.1.1 of special curvature we have

Fjk
t = ∂jAk − ∂kAj − [Aj , Ak],

therefore the Lagrangian density in (1.2.1) is

Tr

4∑

j,k=1

gjjgkk(∂jAk − ∂kAj + [Aj , Ak])× (∂jAk − ∂kAj − [Aj , Ak]).

The Yang-Mills equations deduced by special curvature are

Y Mj =
4∑

k=1

gkk(∂k(∂jAk − ∂kAj)− [Ak, [Aj , Ak]]) = 0, j = 1, 2, 3, 4. (1.2.3)

They can be written as

Y Mj =
3∑

α=1

Y Mα
j Bα = 0, j = 1, 2, 3, 4. (1.2.4)

The equations in (1.2.3) are called special Yang-Mills equations .
The difference between general and special Yang-Mills equations is quite clear. The

special Yang-Mills equations do not include the degree 2 terms [Ak, ∂jAk − ∂kAj ] and
∂k[Aj , Ak].

Remark 1.2.1. One of the elementary properties of exterior algebra is the anti-
commutativity of the wedge product of 1-forms. On the other hand the transpose (AB)t
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of two matrices A and B satisfies (AB)t = BtAt, so we have [A,B]t = −[At, Bt].
Obviously, the special strengthes of field possess this property of exterior algebra. Thus the
special Yang-Mills equations possesses proper geometric meaning.

1.3. The Characteristic transformation.
The main goal of this subsection is to determine the differential relation between connec-

tions and sections of bundle. For this purpose, three unknown functions vα(x), α = 1, 2, 3
are introduced as three independent sections of bundle. We define

Aα
1 = i ∂3v

α + ∂4v
α,

Aα
2 = −∂3v

α + i ∂4v
α,

Aα
3 = −i ∂1v

α + ∂2v
α,

Aα
4 = − ∂1v

α − i ∂2v
α,

α = 1, 2, 3, (1.3.1)

Formula (1.3.1) provides the differential relations between connections Aα
j , α = 1, 2, 3, j =

1, 2, 3, 4. and sections vα(x), α = 1, 2, 3 of bundle. The transformation given by (1.3.1) is
called the characteristic transformation of SU(2) Yang-Mills gauge field.

Remark 1.3.1. Formula (1.3.1) indicates

Aα
2 = i Aα

1 , Aα
4 = −i Aα

3 ,

and by formula (1.1.1), we have

A2 = i A1, A4 = −i A3. (1.3.2)

It is known that four potentials Aj , j = 1, 2, 3, 4 of electro-magnetic field are not inde-
pendent of each other, therefore a lot of gauge conditions are presented, such as Coulomb’s
gauge, Lorentz’s gauge, and so on. The case of Yang-Mills gauge field is exactly the same, the
functions Aα

j , α = 1, 2, 3, j = 1, 2, 3, 4 are not independent of each other either. Formula
(1.3.2) provides a gauge condition for Aα

j , α = 1, 2, 3, j = 1, 2, 3, 4 . This is a new type of
gauge condition for gauge fields.

1.4. The specialization of SU(2) gauge field.
The main result of this Section is
Theorem 1.4.1. The linearization of special Yang-Mills equations can be realized by us-

ing characteristic transformation (1.3.1), that is, via (1.3.1) the special Yang-Mills equations
become

4(Aα
j ) = 0, α = 1, 2, 3, j = 1, 2, 3, 4, (1.4.1)

in which 4 = ∂2
1 + ∂2

2 + ∂2
3 + ∂2

4 is the Laplace operator.
Theorem 1.4.1 realizes the specialization of SU(2) Yang-Mills gauge field.
Proof of Theorem 1.4.1. The special Yang-Mills equations consist of two parts, the

linear part Lj and the nonlinear part Nj ,that is

Y Mj = Lj −Nj , j = 1, 2, 3, 4,

in which

Lj =
4∑

k=1

∂k(∂jAk − ∂kAj), (1.4.2)



41

Nj =
4∑

k=1

[Ak, [Aj , Ak]]. (1.4.3)

For j = 1, the linear part is

L1 = ∂2(∂1A2 − ∂2A1) + ∂3(∂1A3 − ∂3A1) + ∂4(∂1A4 − ∂4A1), (1.4.4)

but

Aj =
3∑

α=1

Aα
j Bα j = 1, 2, 3, 4.

By substituting Aα
j , given by formula (1.3.1) into Aj , we obtain directly

L1 =
3∑

α=1

4(Aα
1 )Bα.

For j = 2, 3, 4 the proof is almost the same.
Now we prove the nonlinear part. For j = 1, N1 is

N1 = [A2, [A1, A2]] + [A3, [A1, A3]] + [A4, [A1, A4]].

By formula (1.3.2) we have A2 = i A1, thus

[A2, [A1, A2]] = 0.

By A4 = −i A3 we know

[A4, [A1, A4]] = [−i A3, [A1,−i A3]] = −[A3, [A1, A3]].

Therefore, N1 = 0.
The proof of N2 = 0 is almost the same.
For j = 3, nonlinear part N3 is

N3 = [A1, [A3, A1]] + [A2, [A3, A2]] + [A4, [A3, A4]].

From A4 = −i A3, we have
[A4, [A3, A4]] = 0.

Similarly, by A2 = i A1 we know

[A2, [A3, A2]] = [i A1, [A3, i A1]] = −[A1, [A3, A1]].

Hence N3 = 0.
The proof of N4 = 0 is almost the same.
Theorem 1.4.1 is proved.

1.5. The existence of Yang-Mills gauge fields.
As a consequence of Theorem 1.4.1 the existence of Yang-Mills gauge fields is obtained.
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Notice that Laplace operator is a linear differential operator. From the characteristic
transformation formulae (1.4.1), we get

4(Aα
1 ) = 4(i ∂3v

α + ∂4v
α) = i ∂34(vα) + ∂44(vα) = 0,

4(Aα
2 ) = 4(−∂3v

α + i ∂4v
α) = −∂34(vα) + i ∂44(vα) = 0,

4(Aα
3 ) = 4(−i∂1v

α + ∂2v
α) = −i ∂14(vα) + ∂24(vα) = 0,

4(Aα
4 ) = 4(−∂1v

α − i ∂2v
α) = −∂14(vα)− i ∂24(vα) = 0,

(1.5.1)

in which α = 1, 2, 3.
Therefore, it is only necessary to consider solving the equations of sections vα(x), α =

1, 2, 3:
4(vα) = 0, α = 1, 2, 3. (1.5.2)

From (1.5.1), the solutions of (1.4.1) can be obtained if the solutions of (1.5.2) are obtained
first. Thus we have the following conclusion

Proposition 1.5.1. There exist 3 independent SU(2) Yang-Mills gauge fields if the
special Yang-Mills equations are taken as equations of Yang-Mills gauge field. Those SU(2)
Yang-Mills gauge fields are determined by the sections vα(x), α = 1, 2, 3 which satisfy
(1.5.2).

The solving of homogeneous Laplace equation (1.5.2) is given in every PDE textbook.
The fundamental solution of homogeneous Laplace equation is well known as

ρ =
λ

(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 + (x4 − a4)2
.

This is just the monopole solution of Yang-Mills gauge field. Thus we have
Proposition 1.5.2. There exists the monopole solution for each independent SU(2)

Yang-Mills gauge field when the special Yang-Mills equations are taken as equations of field.
For equations (1.5.2) of sections vα(x), α = 1, 2, 3,the inhomogeneous Laplace equation

can be written as
4(vα) = fα(x), α = 1, 2, 3. (1.5.3)

The solving of (1.5.3) is given in every PDE textbook. Thus we have
Proposition 1.5.3. The SU(2) Yang-Mills gauge fields are fields with source when the

special Yang-Mills equations are taken as equations of field. In fact, the potential functions
of field with source can be obtained by solving equations (1.5.3) if the source functions
fα(x), α = 1, 2, 3 are provided.

The character equations of Laplace equation are well known. If the characters λi and
the corresponding character function fλi are given, then

4(fλi) = λi fλi , (1.5.4)

and the spectrum ∧ = (λ1, λ2, · · · , λn, · · · ) of Laplace operator follows. We have
Proposition 1.5.4. The source functions fα(x), α = 1, 2, 3 of SU(2) Yang-Mills

gauge fields can be given separately. That means the sources of SU(2) Yang-Mills gauge
fields possess some "gaps".

1.6. The Quantization and renormalization.
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Theorem 1.4.1 shows that the equations of SU(2) Yang-Mills gauge fields are linear
differential equations via characteristic transformation. It is known that a gauge field is able
to be quantized if the equation of the field is linear (see [13]). Therefore we have

Proposition 1.6.1. The SU(2) Yang-Mills gauge fields are able to be quantized if the
special Yang-Mills equations are taken as equations of field.

Theorem 1.4.1 shows the identification of equations of electro-magnetic field and SU(2)
Yang-Mills gauge fields. Hence we have

Proposition 1.6.2. The SU(2) Yang-Mills gauge fields are able to be renormalized by
the same way as the electro-magnetic field when the special Yang-Mills equations are taken
as equations of field.

1.7. Remarks.
Two remarks are given in this subsection.
Remark 1.7.1. The characteristic transformation is discovered by using the method of

Mathematics Mechanization (see [1],[3]).
To discover the relation between the connections Aα

j and sections vα(x) we assume

Aα
1 = r1 (∂3v

α) + r2 (∂4v
α),

Aα
2 = r3 (∂3v

α) + r4 (∂4v
α),

Aα
3 = r5 (∂1v

α) + r6 (∂2v
α),

Aα
4 = r7 (∂1v

α) + r8 (∂2v
α),

α = 1, 2, 3, (1.7.1)

in which ri, i = 1, 2, · · · , 8 are undetermined coefficients.
To determine ri, i = 1, 2, · · · , 8 the computation consists of several steps.
Step 1. Substitute (1.7.1) into the linear part of (1.2.2), then its specialization is realized.

Some relations of ri, i = 1, 2, · · · , 8 are also obtained in this process. Step 2. Substitute
(1.7.1) into the nonlinear degree 3 terms of (1.2.2) and set them to be zero, then a system
of polynomials of ri, i = 1, 2, · · · , 8 are obtained, which consists of several hundreds of
polynomials. Step 3. Solve this system of polynomials by using Wu elimination method (see
[2],[3]). Finally, the solutions of the system of polynomials are obtained, which provide the
relations between ri, i = 1, 2, · · · , 8 .

If we employ the general Yang-Mills equations (1.2.2), the calculations on computer show
that the difficulty of annihilating the degree 2 terms of (1.2.2)cannot be overcome. This
difficulty deduced the discovery of the special Yang-Mills equations which do not including
the degree 2 terms.

Remark 1.7.2. The elementary concepts of characteristic transformation and special
Yang-Mills equations of gauge fields can be used to discuss the specialization of Yang-Mills
gauge fields in Minkowski space (see [11]), and in Artin space (see [12]).

§2. The specialization of SU(3) gauge field.
The formulation of this section follows [10].

2.1. The special curvature.
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The dimension of Lie algebra su(3) is 8. Let Bβ , β = 1, 2, · · · , 8 be Hermitian bases of
the representation of su(3), that is

Bβ
t = Bβ , β = 1, 2, · · · , 8.

The connection Aj of bundle is defined as differential 1-forms valued in Lie algebra
su(3)

A =
4∑

j=1

Aj dxj ,

in which

Aj =
8∑

β=1

Aβ
j Bβ , j = 1, 2, 3, 4. (2.1.1)

Then

dA + A ∧A =
4∑

j,k=1

Fjk dxj ∧ dxk. (2.1.2)

There are two ways to define the curvature.
Definition 2.1.1.The special curvature of bundle is defined as

Fjk = ∂jAk − ∂kAj + [Aj , Ak], j, k = 1, 2, 3, 4. (2.1.3)

Definition 2.1.2. The general curvature of bundle is defined as

F g
jk = ∂jAk − ∂kAj + i [Aj , Ak], j, k = 1, 2, 3, 4. (2.1.4)

2.2. The special Yang-Mills equation.
Similar to Subsection 1.2, the special Yang-Mills equations of SU(3) gauge fields are

Y Mj =
4∑

k=1

gkk(∂k(∂jAk − ∂kAj)− [Ak, [Aj , Ak]]) = 0, j = 1, 2, 3, 4. (2.2.1)

They can be written as

Y Mj =
8∑

β=1

Y Mβ
j Bβ = 0, j = 1, 2, 3, 4. (2.2.2)

Formula (2.2.2) includes 32 equations Y Mβ
j = 0 and 32 unknown functions Aβ

j , β =
1, 2, · · · , 8, j = 1, 2, 3, 4.

As Remark 1.2.1 has emphasized, the special curvature possesses the property of exterior
algebra, and the special Yang-Mills equations possess proper geometric meaning.

2.3. The characteristic transformation .
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To determine the differential relation between connections and sections of bundle, 8
unknown functions uβ(x), β = 1, 2, · · · , 8 are introduced as 8 independent sections of
bundle. The characteristic transformation of SU(2) Yang-Mills gauge field is defined as

Aβ
1 = i ∂3u

β + ∂4u
β,

Aβ
2 = − ∂3u

β + i ∂4u
β,

Aβ
3 = −i ∂1u

β + ∂2u
β,

Aβ
4 = − ∂1u

β − i ∂2u
β ,

β = 1, 2, · · · , 8. (2.3.1)

The characteristic transformation (2.3.1) provides the differential relations between the
connection Aβ

j , j = 1, 2, 3, 4 and the sections uβ(x), β = 1, 2, · · · , 8 of bundle.
Remark 2.3.1. Formula (2.3.1) indicates

Aβ
2 = i Aβ

1 , Aβ
4 = −i Aβ

3 ,

and from formula (2.1.1) we have

A2 = i A1, A4 = −i A3. (2.3.2)

Formula (2.3.2) provides a new type of gauge condition for connection Aβ
j .

2.4. The specialization of SU(3) gauge field.
Theorem 2.4.1.The linearization of special Yang-Mills equations can be realized by us-

ing characteristic transformation (2.3.1), that is, via (2.3.1) the special Yang-Mills equations
become

4(Aβ
j ) = 0, β = 1, 2, · · · , 8, j = 1, 2, 3, 4, (2.4.1)

in which 4 = ∂2
1 + ∂2

2 + ∂2
3 + ∂2

4 is the Laplace operator.
Theorem 2.4.1 means that the specialization of SU(3) Yang-Mills gauge field is realized.
The proof of Theorem 2.4.1 is the same as the proof of Theorem 1.4.1.

2.5. The existence of Yang-Mills gauge fields.
Notice that Laplace operator is a linear differential operator. From the characteristic

transformation formulae (2.4.1),

4(Aβ
1 ) = 4(i ∂3u

β + ∂4u
β) = (i ∂3 + ∂4)4(uβ) = 0,

4(Aβ
2 ) = 4(−∂3u

β + i ∂4u
β) = (−∂3 + i ∂4)4(uβ) = 0,

4(Aβ
3 ) = 4(−i∂1u

β + ∂2u
β) = (−i ∂1 + ∂2)4(uβ) = 0,

4(Aβ
4 ) = 4(−∂1u

β − i ∂2u
β) = (−∂1 − i ∂2)4(uβ) = 0,

(2.5.1)

in which β = 1, 2, · · · , 8.
Therefore, we should consider only to solve the equations of sections uβ(x), β =

1, 2, · · · , 8,
4(uβ) = 0, β = 1, 2, · · · , 8. (2.5.2)

From (2.5.1), the solutions of (2.4.1.) can be obtained if we have the solutions of (2.5.2).
Thus we have the conclusion:
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Proposition 2.5.1. There exist 8 independent SU(3) Yang-Mills gauge fields. Those
SU(3) Yang-Mills gauge fields are determined by the sections uβ(x), β = 1, 2, · · · , 8 which
satisfy (2.5.2).

The fundamental solution of homogeneous Laplace equation is

ρ =
λ

(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 + (x4 − a4)2
.

This is just the monopole solution of Yang-Mills gauge field. Thus we have
Proposition 2.5.2.There exists the monopole solution for each independent SU(3)

Yang-Mills gauge field.
The inhomogeneous Laplace equations of sections uβ(x), β = 1, 2, · · · , 8 can be written

as
4(uβ) = gβ(x), β = 1, 2, · · · , 8 . (2.5.3)

Thus we have
Proposition 2.5.3. The SU(3) Yang-Mills gauge fields are fields with source when

the special Yang-Mills equations are taken as equations of the field. In fact, the potential
functions of field with source can be obtained by solving equations (2.5.3) if the source
functions gβ(x), β = 1, 2, · · · , 8 are given.

If the characters λi and the corresponding character function gλi are given, then

4(gλi) = λi gλi . (2.5.4)

And the spectrum ∧ = (λ1, λ2, · · · , λn, · · · ) of Laplace operator follows. Thus we have
Proposition 2.5.4.The source functions gβ(x), β = 1, 2, · · · , 8 of SU(3) Yang-Mills

gauge fields can be given separately. This means that the sources of SU(3) Yang-Mills gauge
fields possess some "gaps".

2.6. The quantization and renormalization.
Theorem 2.4.1 shows that the equations of fields become linear differential equations via

characteristic transformation. Therefore we have
Proposition 2.6.1. The SU(3) Yang-Mills gauge fields are able to be quantized if the

special Yang-Mills equations are taken as equations of field.
Theorem 2.4.1 shows the identification of equations of electro-magnetic field and SU(3)

Yang-Mills gauge fields. Hence we have
Proposition 2.6.2. The SU(3) Yang-Mills gauge fields are able to be renormalized by

the same way of electro-magnetic field when the special Yang-Mills equations are taken as
equations of field.

§3. The specialization of U(1) gauge field.
The electro-magnetic field is U(1) gauge field.

3.1. Yang-Mills equation of U(1) gauge field.
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The classical equations of electro-magnetic field are Maxwell’s equations

∇ ·E =
1
ε

ρ ,

∇ ·H = 0 ,

∇×E = −µ
∂H
∂t

,

∇×H = ε
∂E
∂t

+ J .

(3.1.1)

The modern theory of electro-magnetic field is based on four-vector potential A1, A2, A3, A4

of electro-magnetic field. The tensor form of Maxwell’s equations is

4∑

k=1

∂k Fjk = µ0 Jj , j = 1, 2, 3, 4 (3.1.2)

and
∂`Fjk + ∂jFk` + ∂kF`j = 0, j = 1, 2, 3, 4, (3.1.3)

in which
Fjk = ∂jAk − ∂kAj , j, k = 1, 2, 3, 4.

From the point of view of the gauge field, Fjk are the differential 2-forms of sections, and
formula (3.1.2) are the Yang-Mills equations of U(1) bundle. These equations are linear.

3.2. The characteristic transformation.
The electro-magnetic field is a potential field. Just like the discussion in the previous

Sections, we know that the potential function of the electro-magnetic field (the section of
bundle, respectively) possesses fundamental importance. Now function w(x) is introduced
as a section of bundle. The characteristic transformation provides the differential relations
between connections and section as follows:

A1 = i ∂3w(x) + ∂4w(x),
A2 = − ∂3w(x) + i ∂4w(x),
A3 = −i ∂1w(x) + ∂2w(x),
A4 = − ∂1w(x)− i ∂2w(x).

(3.2.1)

Remark 3.2.1. The four potentials A1, A2, A3, A4 of electro-magnetic field are not
independent of each other. A new type of gauge condition can be deduced from the charac-
teristic transformation as follows:

A2 = i A1, A4 = −i A3. (3.2.2)

3.3. The specialization of U(1) gauge field.
The homogenous Yang-Mills equations of U(1) bundle are

4∑

k=1

∂k Fjk = 0, j = 1, 2, 3, 4 . (3.3.1)
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Theorem 3.3.1. The specialization of U(1) gauge field can be realized via characteristic
transformation. In fact, substituting (3.2.1) into (3.3.1), then (3.3.1) becomes

4∑

k=1

∂k Fjk = 4(Aj) = 0 , j = 1, 2, 3, 4 (3.3.2)

in which 4 is the Laplace operator.
The proof of Theorem 3.3.1 is the same as the proof of Theorem 1.4.1 by direct compu-

tation.
The fundamental solution of homogeneous Laplace equation is

ρ =
λ

(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 + (x4 − a4)2
.

This is just the monopole solution of Yang-Mills gauge field. Thus we have
Proposition 3.3.2.There exist the monopole solution for U(1) Yang-Mills gauge field

(the electro-magnetic field).
Remark 3.3.1. The monopole solution of electro-magnetic field has been obtained in

[7].

3.4. The determination of U(1) gauge field.
The U(1) gauge field (electro-magnetic field) is determined by four potentials A1, A2, A3, A4

in the modern theory. But the conclusion of this subsection indicates that the U(1) gauge
field is determined by the section (potential function) of the U(1) bundle.

From formula (3.2.1) we know

4(A1) = 4(i ∂3w(x) + ∂4w(x)) = (i ∂3 + ∂4) 4w(x),
4(A2) = 4(−∂3w(x) + i ∂4w(x)) = (−∂3 + i ∂4) 4w(x),
4(A3) = 4(−i ∂1w(x) + ∂2w(x)) = (−i ∂1 + ∂2) 4w(x),
4(A4) = 4(−∂1w(x)− i ∂2w(x)) = (− ∂1 − i ∂2) 4w(x).

(3.4.1)

Therefore, the solutions of 4Aj = 0, j = 1, 2, 3, 4 can be obtained if the solutions of
4w(x) = 0 are obtained first.

From the inhomogeneous equation

4w(x) = h(x) (3.4.2)

in which h(x) is a given source function of field, the inhomogeneous equation of Aj can
be deduced:

4(A1) = (i ∂3 + ∂4) h(x),
4(A2) = (−∂3 + i ∂4) h(x),
4(A3) = (−i ∂1 + ∂2) h(x),
4(A4) = (− ∂1 − i ∂2) h(x).

(3.4.3)

Proposition 3.4.1. The U(1) Yang-Mills gauge field is determined by section w(x)
of field.

This proposition emphasizes the fundamental importance of section of bundle (potential
function) in the U(1) gauge field (electro-magnetic field).
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3.5. The simpler form of characteristic transformation.
Simpler forms of characteristic transformation can be introduced because of the linearity

of Yang-Mills equations (3.3.1). We define

A1 = ∂4w(x),
A2 = −∂3w(x),
A3 = ∂2w(x),
A4 = −∂1w(x),

(3.5.1)

and
A1 = ∂3w(x),
A2 = ∂4w(x),
A3 = −∂1w(x),
A4 = −∂2w(x).

(3.5.2)

Obviously, Aj , j = 1, 2, 3, 4 should satisfy the consistent conditions.
Theorem 3.3.1 and Proposition 3.4.1 can be deduced by using the simpler forms of char-

acteristic transformation (3.5.1) or (3.5.2).

§4. A mathematical model of GUT.
The Grand Unified Theory (GUT) has been studied for a long time (see [15]). Several

models have been provided, such as the Standard Model, SU(5) model, SO(10) model,
and so on (see [14]). Particularly, the Weinberg-Salam Model of the unification of weak and
electromagnetic interaction has got great success. However, the establishment of a model of
GUT is not complete yet.

The specialization of SU(2) , SU(3) and U(1) Yang-Mills gauge fields are presented
in previous sections. The existence of SU(2) and SU(3) Yang-Mills gauge fields has been
proved when the special Yang-Mills equations are taken as the equations of fields. Thus,
there exist 3 independent SU(2) Yang-Mills gauge fields, 8 independent SU(3) Yang-
Mills gauge fields and a U(1) Yang-Mills gauge field. The special Yang-Mills equations of
sections of those gauge fields become identical in form via the characteristic transformations.
Therefore, a mathematical model of GUT can be established.

Let us introduce some notations. We assume

F (x) = λw(x) +
3∑

α=1

µαvα(x) +
8∑

β=1

νβuβ(x) , (4.1.1)

in which λ , µα , νβ are given coefficients.
From Theorem 1.4.1, Theorem 2.4.1 and Theorem 3.3.1 we have
Basic Theorem 4.1.1. The unified equations of SU(2) , SU(3) and U(1) Yang-Mills

gauge fields are
4F (x) = 0 , (4.1.2)

in which F (x) is given by formula (4.1.1).
Formula (4.1.2) is the equation of U(1) gauge field if µα = 0 , α = 1, 2, 3 and νβ =

0 , β = 1, 2, · · · , 8.
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Formula (4.1.2) is the equation of SU(2) gauge field if λ = 0 and νβ = 0 , β =
1, 2, · · · , 8. Furthermore, if one of the µα, α = 1, 2, 3 is not zero while all the others are
zeros, then (4.1.2) is the equation of one independent SU(2) Yang-Mills gauge field.

Formula (4.1.2) is the equation of SU(3) gauge field if λ = 0 and µα = 0 , α = 1, 2, 3.
Furthermore, if one of νβ, β = 1, 2, · · · , 8 is not zero while the others are zero, then (4.1.2)
is the equation of one independent SU(3) Yang-Mills gauge field.

For the source functions, we set

S(x) = λh(x) +
3∑

α=1

µαgα(x) +
8∑

β=1

νβfβ(x) , (4.1.3)

in which λ , µα , νβ are given coefficients as in (4.1.1).
Basic Theorem 4.1.2. The unified equations with source of SU(2) , SU(3) and

U(1) Yang-Mills gauge fields are

4F (x) = S(x) , (4.1.4)

in which F (x) is given by formula (4.1.1.) and S(x) is given by formula (4.1.3.).
The explanation of formula (4.1.4) is the same as Theorem 4.1.1.
Remark 4.1.1. Similar to Weinberg Angle, two angles θ, φ can be introduced as polar

coordinates such that formula (4.1.1) and (4.1.3) can be rewritten as

F (x, θ, ϕ) = sin(θ)λw(x) + cos(θ) sin(ϕ)
∑3

α=1 µαvα(x)

+ cos(θ) cos(ϕ)
∑8

β=1 νβuβ(x) ,

(4.1.5)

and
S(x, θ, ϕ) = sin(θ)λh(x) + cos(θ) sin(ϕ)

∑3
α=1 µαgα(x)

+ cos(θ) cos(ϕ)
∑8

β=1 νβfβ(x) .

(4.1.6)

By analogy, from (4.1.2) we have

4F (x, θ, ϕ) = 0 , (4.1.7)

and from (4.1.4. we have
4F (x, θ, ϕ) = S(x, θ, ϕ) , (4.1.8)

in which F (x, θ, ϕ) is given by formula (4.1.5) and S(x, θ, ϕ) is given by formula (4.1.6).
Formulas (4.1.7) and (4.1.8) are equations of U(1) gauge field when θ = π

2 .
Formulas (4.1.7) and (4.1.8) are equations of SU(2) gauge field when θ = 0 and ϕ = π

2 .
Formulas (4.1.7) and (4.1.8) are equations of SU(3) gauge field when θ = 0 and ϕ = 0 .

§5. The specialization of U(n) gauge field.
The specialization of SU(n), n ≥ 4 Yang-Mills gauge field in Euclidean space E4

is discussed in this section. The formulations of this section are entirely based upon the
straightforward generalization of the discussions of Section 1 and Section 2.
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5.1. The special curvature.
The real dimension of Lie algebra su(n) is denoted by d(n) = n2 − 1. Let Bγ , γ =

1, 2, · · · , n2 − 1 be Hermitian bases of the representation of su(n), that is

Bγ
t = Bγ , γ = 1, 2, · · · , n2 − 1.

The connections Aj of bundle are defined as differential 1-forms valued on Lie algebra

A =
4∑

j=1

Aj dxj ,

in which

Aj =
n2−1∑

γ=1

Aγ
j Bγ , j = 1, 2, 3, 4. (5.1.1)

Then

dA + A ∧A =
4∑

j,k=1

Fjk dxj ∧ dxk. (5.1.2)

We define the special curvatures of bundle as
Definition 5.1.1. The special curvatures of bundle are defined as

Fjk = ∂jAk − ∂kAj + [Aj , Ak], j, k = 1, 2, 3, 4. (5.1.3)

5.2. The special Yang-Mills equation.
Similar to subsection 1.2 and 2.2, the special Yang-Mills equations of SU(n) gauge fields

are

Y Mj =
4∑

k=1

gkk(∂k(∂jAk − ∂kAj)− [Ak, [Aj , Ak]]) = 0, j = 1, 2, 3, 4. (5.2.1)

They can be written as

Y Mj =
n2−1∑

γ=1

Y Mγ
j Bγ = 0, j = 1, 2, 3, 4. (5.2.2)

Formula (5.2.2) includes 4 × (n2 − 1) equations Y Mγ
j = 0 and 4 × (n2 − 1) unknown

functions Aγ
j , γ = 1, 2, · · · , n2 − 1, j = 1, 2, 3, 4.

5.3. The characteristic transformation .
To determine the differential relation between connections and sections of bundle, n2−1

unknown functions tγ(x), γ = 1, 2, · · · , n2 − 1 are introduced as n2 − 1 independent
sections of bundle. The characteristic transformation of SU(n) Yang-Mills gauge field is
defined as

Aγ
1 = i ∂3t

γ + ∂4t
γ ,

Aγ
2 = − ∂3t

γ + i ∂4t
γ ,

Aγ
3 = −i ∂1t

γ + ∂2t
γ ,

Aγ
4 = − ∂1t

γ − i ∂2t
γ ,

γ = 1, 2, · · · , n2 − 1, (5.3.1)
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The characteristic transformation (5.3.1) provides the differential relations between the
connections Aγ

j , j = 1, 2, 3, 4 and the sections tγ(x), γ = 1, 2, · · · , n2 − 1 of bundle.

5.4. The specialization of SU(n) gauge field.
Theorem 5.4.1. The linearization of special Yang-Mills equations can be realized by us-

ing characteristic transformation (5.3.1), that is, via (5.3.1) the special Yang-Mills equations
become

4(Aγ
j ) = 0, γ = 1, 2, · · · , n2 − 1, j = 1, 2, 3, 4, (5.4.1)

in which 4 = ∂2
1 + ∂2

2 + ∂2
3 + ∂2

4 is the Laplace operator.
Theorem 5.4.1 means that the specialization of SU(n) Yang-Mills gauge field is realized.
The proof of theorem 5.4.1 is the same as the proof of Theorem 1.4.1.

5.5. The existence of SU(n) Yang-Mills gauge fields.
Notice that the Laplace operator is a linear differential operator. From the characteristic

transformation formulae (5.4.1),

4(Aγ
1) = 4(i ∂3t

γ + ∂4t
γ) = (i ∂3 + ∂4)4(tγ) = 0,

4(Aγ
2) = 4(−∂3t

γ + i ∂4t
γ) = (−∂3 + i ∂4)4(tγ) = 0,

4(Aγ
3) = 4(−i∂1t

γ + ∂2t
γ) = (−i ∂1 + ∂2)4(tγ) = 0,

4(Aγ
4) = 4(−∂1t

γ − i ∂2t
γ) = (−∂1 − i ∂2)4(tγ) = 0,

(5.5.1)

in which γ = 1, 2, · · · , n2 − 1.
Therefore, we should consider only the solving of the equations of sections tγ(x)

4(tγ) = 0, γ = 1, 2, · · · , n2 − 1. (5.5.2)

From (5.5.1), the solutions of (5.4.1) can be obtained if we have the solutions of (5.5.2).
Thus we have the conclusion:

Proposition 5.5.1. There exist n2 − 1 independent SU(n) Yang-Mills gauge fields.
Those SU(n) Yang-Mills gauge fields are determined by the sections tγ(x), γ = 1, 2, · · · , n2−
1 which satisfy (5.5.2).

The fundamental solution of homogeneous Laplace equation is

ρ =
λ

(x1 − a1)2 + (x2 − a2)2 + (x3 − a3)2 + (x4 − a4)2
.

This is just the monopole solutions of Yang-Mills gauge field. Thus we have
Proposition 5.5.2. There exist monopole solution for each independent SU(n) Yang-

Mills gauge field when the special Yang-Mills equations are taken as equations of field.
The inhomogeneous Laplace equation of sections tγ(x), γ = 1, 2, · · · , n2 − 1 can be

considered as
4(tγ) = rγ(x), γ = 1, 2, · · · , n2 − 1 . (5.5.3.)

Thus we have
Proposition 5.5.3. The SU(n) Yang-Mills gauge fields are field with source when the

special Yang-Mills equations are taken as equations of field. In fact, the potential functions



53

of field with source can be obtained by solving equations (5.5.3) if the source functions
rγ(x), γ = 1, 2, · · · , n2 − 1 are given.

If the characters λi and the corresponding character function rλi are given, then

4(rλi) = λi rλi . (5.5.4)

And spectrum ∧ = (λ1, λ2, · · · , λn, · · · ) of Laplace operator follows. Thus we have
Proposition 5.5.4.The source functions rγ(x), γ = 1, 2, · · · , n2 − 1 of SU(n) Yang-

Mills gauge fields can be given separately. This means that the sources of SU(n) Yang-Mills
gauge fields possess some "gaps".

5.6. The super GUT .
Now we can consider the unification of U(1) , SU(2) , SU(3) , · · · , SU(n) Yang-Mills

gauge fields for arbitrary given n > 3 . Similar to formulas (4.1.1) and (4.1.3) we denote

Fn(x) = λw(x) +
3∑

α=1

µαvα(x) +
8∑

β=1

νβuβ(x) + · · · +
n2−1∑

γ=1

δγtγ(x), (5.6.1)

and

Sn(x) = λh(x) +
3∑

α=1

µαgα(x) +
8∑

β=1

νβfβ(x) + · · · +
n2−1∑

γ=1

δγrγ(x), (5.6.2)

in which λ , µα , νβ and δγ are certain given coefficients.
Like the conclusions in section 4 we have
Theorem 5.6.1. The unified equations of U(1) , SU(2) , SU(3) , · · · , SU(n)

Yang-Mills gauge fields are
4Fn(x) = 0 , (5.6.3)

in which Fn(x) is given by formula (5.6.1).
Theorem 5.6.2. The unified equations with source of U(1) , SU(2) , SU(3) , · · · ,

SU(n) Yang-Mills gauge fields are

4Fn(x) = Sn(x) , (5.6.4)

in which Fn(x) is given by formula (5.6.1) and Sn(x) is given by formula (5.6.2).
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