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Based on Chinese Remainder Theorem
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Summary. The well-known RSA method for open public-key cryptography depends
highly on factorization of large integers. The later one is a very delicate problem. Thus, for
an integer of 100 positions, it is estimated that, in using the usual method of Euler functions,
it requires nearly one century of time on a computer of million operations per second. On
the contrary the present paper introduces a new method of factorization based on the well-
known Chinese Remainder Theorem. Simple examples show that the new method is easily
carried out. Further much more delicate examples are in course of carrying out.
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1. Introduction

In recent years there appears in cryptology a fascinating story which involves difficult
and complicate factorization of large integers. The usual western method depends on the so-
called Euler function. Simple examples show that it involves complicate calculations almost
imposdible for a modern computer. For describing it we refer to e.g. [CIP], [KOB], and
[RSA].

The present author discovers however a method of factorizing large integers in a quite
easy way which depends on the well-known Chinese Remainder Theorem (abbr. CRT). In
Sect.2 we shall give a description of this theorem. In Sect.3 we show how factorization
of integers may be actually carried out according to this method. In Sect.4 we give some
concrete examples of integers and the details how their factorization are actually carried out.
In final Sect.5 we give some discussions about the method and our future attempts of further
trials.
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2. Chinese Remainder Theorem

To begin with, let us make some brief introduction to the so-called Chinese Remainder
Theorem (abbr. CRT) in our ancient mathematics. This theorem was known usually in
some amusing character in our ancient popular writings, including the mathematics treatises.
However, it arises in fact from some serious problems for calender-making since quite remote
times in our history. We shall leave this aside to relevant articles like [L-Y]. On the other
hand we shall describe in some details the theorem from purely mathematical aspects as
given below.

For convenience we shall reproduce the statement as well as proof(s) of CRT as given in
[KNU2] of the great computer scientist D.E.Knuth. Thus, let us consider the mathematics
problem as follows. Suppose we are given a set of n positive integers m1,m2, · · · ,mn mutually
prime to each other. Let M = m1 ∗m2 ∗ · · ·mn. Remark in passing that in original proof of
Knuth the product of all such mj is denoted by small m, while we here denote this product
by capital M . Let u1, u2, · · · , un be now any n known positive integers ≤ m1,m2, · · · ,mn

respectively, then there is one and only one positive integer u such that

0 < u ≤ mj , and u ≡ uj mod mj , 1 ≤ j ≤ n. (2.1)

Knuth gives two proofs for the above-formulated CRT, one is merely existential or non-
constructive in character, while the other is a constructive one. Let us reproduce his con-
structive proof as follows.

For the sake of reproducing his constructive proof let us first of all recall the notion of
Euler function. For any positive integer n let φ(n) be the number of positive integers less
than n and prime to n. If n is decomposed in prime factors as

n = pe1
1 ∗ · · · pes

s , (2.2)

in which p1, · · · , ps are primes different from each other, then it is known that (see e.g. [KOB],
p.20)

φ(n) = n ∗ (1− 1
p1

) ∗ · · · ∗ (1− 1
ps

). (2.3)

In particular, in case n is itself a prime p, then

φ(p) = p− 1. (2.4)

For example, for the prime 83 we have φ(83) = 82, while for a non-prime like n = 225600 =
26 ∗ 3 ∗ 52 ∗ 47, we shall have

φ(225600) = 26 ∗ 3 ∗ 52 ∗ 47 ∗ 1
2
∗ 2

3
∗ 4

5
∗ 46

47
= 58880. (2.5)

In short, as integer factorization is not quite trivial, and the value of φ(n) will be quite large
so far n is a little large, which will influence the calculations in our interested problem. It
may even surpass the ability of a modern computer.

We reproduce now the constructive proof of CRT by Knuth (see [KNU2],p.250) as given
below:
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Let us put

Mj = (
M

mj
)φ(mj), 1 ≤ j ≤ n, (2.6)

Then by Euler’s theorem (see e.g. [KNU1], p.41, Exercise 1.2.4-28), any integer u satisfying
the congruence

u ≡ (u1 ∗M1 + · · ·un ∗Mn) mod M (2.7)

will satisfy also the congruences

u ≡ uj mod mj , 1 ≤ j ≤ n. (2.8)

As the uniqueness is evident, so this proves the theorem CRT.
In our ancient mathematics there is no concept of prime numbers, not to say anything

of number theory or Euler function. However, we had solved the problem involved in CRT
based on simple principles with significantly simple computations. It settles even the general
case for which the numbers mj are not necessarily prime to each other. For simplicity we
shall consider below the mutually prime case alone.

Thus, as before let mj , j = 1, · · · , n be positive integers prime to each other and M =
m1 ∗ · · ·mn. Let uj , j = 1, · · · , n be as in (2.1) which we reproduce below:

u ≡ uj mod mj , 1 ≤ j ≤ n. (2.1)

The problem is as before to find integers and usually a least positive one to satisfy
above (2.1). Instead of taking Mj as in (2.6) in western method, our ancestor Qin Jiushao of
Southern-Song Dynasty (1127-1279 A.D.) in his gigantic treatise [MTNC] solved the problem
by some DaYan Seeking 1 Algorithm which determines at first integers kj called multiplicative
ratios such that

kj ∗ M

mj
≡ 1 mod mj , j = 1, · · · , n. (2.9)

Next take in contrast to Mj as in (2.6), QIN takes

Nj = kj ∗ M

mj
, j = 1, · · · , n, (2.10)

to be called remaining numbers in what follows, then the required u will be given by the
equation (2.11) below:

u = Σj=1,···,n uj ∗Nj , or

u = Σj=1,···,n uj ∗ kj ∗ M

mj
. (2.11)

For any solutions we have

u = Σj=1,···,n uj ∗ kj ∗ M

mj
+ λ ∗M (2.11)′,
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where λ is any integer, positive, negative, or zero.
To get some idea in comparing the two methods western and our own let us consider

some concrete problem taken from [MTNC]. The problem may be stated as follows.
Three thiefs steal rices from some rice-shop. The thiefs are finally arrested with amounts

of rices remained and the rice-containers all known. This leads to the pure mathematics
problem above treated by CRT with datas given below:

u1 = 1, u2 = 14, u3 = 1;

m1 = 19, m2 = 17, m3 = 12.

The problem is to determine u such that

u ≡ 1 mod 19, u ≡ 14 mod 17, and u ≡ 1 mod 12.

By Qin Jiushao’s method we get successively

M = m1 ∗m2 ∗m3 = 3876;

M

mj
= 204, 228, 323;

kj = 15, 5, 11;

Nj = 15 ∗ (17 ∗ 12), 5 ∗ (19 ∗ 12), 11 ∗ (10 ∗ 17).

We have then

u ≡ u1 ∗N1 + u2 ∗N2 + u3 ∗N3 or

u ≡ 15 ∗ (17 ∗ 12) + 5 ∗ (19 ∗ 12) + 11 ∗ (19 ∗ 17) mod 3876.

The least possible positive u is readily found.
If we use the western method, then we shall have successively

N1 = (17 ∗ 12)φ(19) = 20418, N2 = (19 ∗ 12)φ(17) = 22816, N3 = (19 ∗ 17)φ(13) = 32312;

and finally u ≡ 20418 + 14 ∗ 22817 + 32312 mod 3876.

The computations are clearly formidable. In another concrete problem in QIN’s treatise, we
have some Nj = 9253, and some Mj = 225600. By the DaYan 1-seeking algorithm we get
easily from the congruence

kj ∗ 9253 ≡ 1 mod 225600.

the value kj = 172747 and all the remaining computations follow relatively quite simple. On
the other hand for the western method we have to determine some Nj by

Nj = 9253φ(225600) = 925358880,

for which the computation will be quite difficult even for a modern computer.
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3. Some Examples of Integer-Factorization based on Chinese Remainder
Theorem

To see how the Chinese Remainder Theorem may be applied to factorization of integers,
let us consider some particular examples as shown below:

Example 1. Factorize U = 4033.
It is seen that

√
U = 65 approximately and is slightly less than 65. Clearly U has no

factor less than 20. Remark that here U corresponds to the u in Sect.2.
Suppose that U = V ∗W is composite with V the least prime factor so that 20 < V < 65

and then 65 < W < 200, say. Let us take for example mutually prime numbers

m1 = 2, m2 = 3, m3 = 5,

so that

M = m1 ∗m2 ∗m3 = 30.

Then we have

u1 = 1, u2 = 1, u3 = 3. (3.1)

It follows easily that the multiplicative ratios are given by

k1 = 1, k2 = 1, k3 = 1.

Suppose now

V ≡ v1 mod 2, V ≡ v2 mod 3, V ≡ v3 mod 5, (3.1)1

W ≡ w1 mod 2, W ≡ w2 mod 3, W ≡ w3 mod 5. (3.1)2

As V ∗W = U , so the product of the remainders of vj and wj should have remainders w.r.t.
mj equal to uj for each j = 1, 2 or 3. We give the list of all such pairs {vj , wj} below:

{v1, w1} = {1, 1},

{v2, w2} = {1, 1}, or{2, 2},

{v3, w3} = {1, 3}, {3, 1}, {2, 4}, or{4, 2}.
We see that there will be only a finite number of possibilities of triples {v1, v2, v3} with
corresponding {w1, w2, w3} which we list also below:

{v1, v2, v3} = {1, 1, 1}, {w1, w2, w3} = {1, 1, 1},

{v1, v2, v3} = {1, 1, 1}, {w1, w2, w3} = {1, 1, 3},
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{v1, v2, v3} = {1, 1, 3}, {w1, w2, w3} = {1, 1, 1},

{v1, v2, v3} = {1, 1, 2}, {w1, w2, w3} = {1, 1, 4},

{v1, v2, v3} = {1, 1, 4}, {w1, w2, w3} = {1, 1, 2},

{v1, v2, v3} = {1, 2, 1}, {w1, w2, w3} = {1, 2, 3},

{v1, v2, v3} = {1, 2, 3}, {w1, w2, w3} = {1, 2, 1},

{v1, v2, v3} = {1, 2, 3}, {w1, w2, w3} = {1, 2, 1},

{v1, v2, v3} = {1, 2, 2}, {w1, w2, w3} = {1, 2, 4},

{v1, v2, v3} = {1, 2, 4}, {w1, w2, w3} = {1, 2, 2}.
Let us try e.g. the case {v1, v2, v3} = {1, 1, 1}. Applying (2.11) we shall have V = 37. On
dividing 4033 by 37, we find it can be divided with quotient 109. So we see that U = 4033
is composite and can be factored as 37* 109.

Otherwise we can try {v1, v2, v3} = {1, 1, 1} and then {w1, w2, w3} = {1, 1, 3}. By (2.11)’
we find V = 37 and W = 109, 139, 169, or 199 in the range 65 < W < 200. For W = 109 we
find already 37 ∗ 109 = 4033 so we get again the same factorization.

Example 2. Factorize U = 16000001.
Remark first that

√
1600001 = 4000 approximately.

Let us take the mutually prime integers m1, · · · ,m5 to be 2, 3, 5, 7, 11. Then we find the
remainders of U w.r.t. mj to be

u1 = 1, u2 = 2, u3 = 1, u4 = 3, u5 = 6,

and the multilicative ratios to be

k1 = 1, k2 = 2, k3 = 3, k4 = 1, k5 = 1.

Suppose as in Ex.1 U = V ∗W and the corresponding u’s of V and W be denoted by vj

and wj , j = 1, 2, · · · , 5 as in the preceding example Ex.1. Then we have

{v1, w1} = {1, 1};

{v2, w2} = {1, 2} or {2, 1};
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{v3, w3} = {1, 1}, {2, 3}, {3, 2}, or {4, 4};

{v4, w4} = {1, 3}, {3, 1}, {2, 5}, {5, 2}, {4, 6}, {6, 4},

{v5, w5} = {1, 6}, {6, 1}, {2, 3}, {3, 2}, {4, 7}, {7, 4}, {5, 10}, {10, 5}, {8, 9}, or {9, 8}.
It follows that there are only finite possibilities for {v1, v2, v3, v4, v5} and corresponding
{w1, w2, w3, w4, w5} as in the preceding example which we shall not list for the sake of
saving the space. Among the possibilities we have {v1, v2, v3, v4, v5} = {1, 1, 4, 4, 10} and
corresponding {w1, w2, w3, w4, w5} = {1, 2, 4, 6, 5}, also {1, 1, 4, 5, 9} and {1, 2, 4, 10, 8} for
{v1, v2, v3, v4, v5} and {w1, w2, w3, w4, w5} respectivevely. By (11)′ these will give us the
pairs V = 109,W = 146789 and V = 229,W = 69869 respectively. In dividing U by 109
and 229 it turns out to be divisible with quotient 641 which is easily seen to be itself a
prime. Hence U = 16000001 is factorizable and is completely decomposed into prime factors
109, 229 and 641.

Example 3. Factorize P = 16000001.
Here P is same as in Ex.2 but we shall take the m′s to be 22, 32, 52. Then we get

successively

u1 = 1, u2 = 8, u3 = 1.

k1 = 1, k2 = 1, k3 = 16.

Using same notations as in Ex.2 and suppose that U = V ∗ W with V ≤ 4000. Let vj =
irem(V, mj) and wj = irem(W,mj) for j = 1, 2, 3. Then we have

{v1, w1} = {1, 1} or{3, 3};

{v2, w2} = {1, 8}, {8, 1}, {2, 4}, or{4, 2};

{v3, w3} = {1, 1}, {2, 13}, {13, 2}, {3, 17}, {17, 3}, {4, 19}, {19, 4},

{6, 21}, {21, 6}, {7, 18}, {18, 7}, {8, 22}, {22, 8}, {9, 14}, {14, 9},

{11, 16}, {16, 11}, or {24, 24}.
In all there are only a finite number of possibilities for {vj , wj} and hence for all possible
{v1, v2, v3} and corresponding {w1, w2, w3} and we may try one by one in turn. It turns out
that for {v1, v2, v3} = {1, 4, 4} we have already V = 229 which divides P = 16000001 with
quotient 69869. Hence P = 16000001 is factored into 229 and 69869 as in preceding Ex.2.
We may try other triples of possible v or w and get the same result as before.
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4. Some Discussions and Future Attempts

From the simple examples in Sect.3 we see clearly how the factorization of a positive
integer can be effectively carried out. It is easy to turn our method into a workable program.
However, for a fixed positive integer given there is an infinite possibilities which depends
on the choice of mutually primes m1,m2, · · · ,mn. We are entirely at a loss which choice
would be better. Moreover, it seems there exist other methods besides the preceding ones as
described in the above examples. Of course any such device should depend heavily on the
method of Qin Jiushao which depends in turn on the Chinese Remainder Theorem.

There are an immense number of problems on large integer factorization. For example,
we may mention the so-called Fermat integers, the Mersenne numbers, and the alike. We may
also mention the recently occured formidable large integers which appeared in cryptological
studies. In any way we shall deal with all such kinds of integers in recent times for the
efficiency of our method.

Finally we may made some remark about the interesting and somewhat mysterious al-
gorithm of Da Yan 1-Seeking Algorithm. Very likely our method is, or at least induces a
polynomial algorithm. This is a purely theoretical question which we like to study too.
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