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Abstract. We present two criteria for the existence of telescopers for bivariate
hyperexponential-hypergeometric functions. One is for the existence of telescopers with
respect to the continuous variable, the other for telescopers with respect to the discrete
one. Our criteria are based on a standard representations of bivariate hyperexponential-
hypergeometric functions, and two additive decompositions.

1. Introduction

The termination problem of Zeilberger’s algorithms for creative telescoping has been
extensively studied in the last two decades. The algorithms terminates if the existence of
telescopers is guaranteed. Zeilberger [47] has shown that the holonomicity guarantees the
success of his algorithms. In particular, Wilf and Zeilberger have provided an elementary
proof, based on the ideas of Fasenmyer [19] and Verbaeten [44], that telescopers always exist
for proper hyperexponential-hypergeometric functions [47, 46]. However, holonomicity is
only a sufficient condition, i.e., there are cases in which the input functions are not holonomic
but Zeilberger’s algorithm still terminates [16]. Therefore, the challenge is to find theoretical
criteria, which enable us to algorithmically detect the existence of telescopers.

In view of the theoretical difficulty, special attention has been focused on the subclass
of hyperexponential-hypergeometric functions. In the continuous case, the work by Bern-
stein [12] and Lipshitz [34] shows that every hyperexponential function has a telescoper.
This implies that Zeilberger’s algorithm always success on those inputs. However, the sit-
uation in other cases turns to be more involved. In the discrete and its q-analogue case,
the first complete solution to the termination problem is Abramov and Le’s criterion [33, 7],
which decides whether telescopers exist for a given bivariate rational functions in the discrete
variables m and n. According to their criterion, the rational function

f =
1

m2 + n2
,

has no telescoper. Soon, the criterion was extended to the general case of bivariate hyper-
geometric terms by Abramov [4, 5]. Basically, Abramov proves that a hypergeometric term
can be written as a sum of a hypergeometric-summable term and a proper one if it has a
telescoper [5, Theorem 10]. Similar results have been obtained in the general q-shift case
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by Chen, Hou and Mu [15]. These results are fundamental for detecting the termination of
Zeilberger’s algorithm.

The continuous-discrete analogue of Zeilberger’s algorithm is presented by Almkvist and
Zeilberger [11]. This analogue has been shown to be very useful in the study of orthogonal
polynomials [30, Chapter 10-13].

In the bivariate continuous-discrete case, not all hyperexponential-hypergeometric func-
tions have telescopers. For example, we will show in this chapter that the simple rational
function in the continuous variable x and the discrete variable n

f =
1

x+ n

has no telescoper with respect to either the continuous variable x or the discrete variable n.
Therefore, an Abramov-like criterion is also needed in this mixed setting.

The main contribution in this chapter is two criteria for the existence of telescopers
for bivariate hyperexponential-hypergeometric functions. Our criteria are of the same type
as Abramov’s, which say that a hyperexponential-hypergeometric function can be written
as a sum of a hypergeometric-summable (integrable) function and a proper one if it has
a telescoper with respect to the discrete (continuous) variable. The key ingredients of our
proof are: a standard representation of bivariate hyperexponential-hypergeometric functions
in [21], and two additive decompositions: one is the Abramov-Petkovšek algorithm [9, 10]
with respect to the discrete variable; and the other is the Hermite-like reduction [23] with
respect to the continuous one.

The rest of this paper is organized as follows. We describe an algebraic setting for bi-
variate hyperexponential-hypergeometric functions in Section 2.. The existence problem of
telescopers for hyperexponential-hypergeometric functions is stated in Section 3.. A stan-
dard representation of hyperexponential-hypergeometric functions is introduced in Section 4..
Then, the Abramov-Petkovšek decomposition and the Hermite-like reduction are adapted to
the continuous-discrete setting in Section 5.. Our criteria for the existence of telescopers are
presented in Section 6..

2. Preliminaries

In his papers [40, 41], Risch based his algorithm on Ritt’s theory of differential fields
and their extensions. From then on, differential algebra [42, 27, 31] has been the algebraic
foundation of symbolic integration [13]. The analogized investigation [28, 29] has been carried
out for summation problems via difference algebra [17]. In this section, we describe an
algebraic setting for hyperexponential-hypergeometric functions, which permits us to deal
with the telescoping problem in an algebraic way.

Let k be an algebraically closed field of characteristic zero, and k(x, n) be the field of
rational functions in x and n over k.

Definition 2.1. A polynomial p ∈ k[x, n] is said to be split if it is of the form p1(x)p2(y)
with p1 ∈ k[x] and p2 ∈ k[n].

For a nonzero element f ∈ k(x, n), the denominator and numerator of f are denoted
by den(f) and num(f), respectively. Both den(f) and num(f) are polynomials in k[x, n]
with gcd(den(f),num(f)) = 1. A rational function f can be decomposed as f1(x)f2(n)f3(x, n),



The existence of telescopers for hyperexponential-hypergeometric functions 241

where f1 ∈ k(x), f2 ∈ k(n) and both num(f3) and den(f3) have no split factors. The prod-
uct f1f2 is called the split part of f . On the field k(x, n), the derivation δ and shift operator σ
are defined as

δ(f(x, n)) =
∂f

∂x
and σ(f(x, n)) = f(x, n+ 1)

for all f ∈ k(x, n), respectively. A ringR is called a differential-difference extension of k(x, n)
if R contains k(x, n), δ can be extended to a derivation on R, σ can be extended to a
monomorphism from R to itself, and, moreover, δ and σ commute with each other. An
element c of R is called a constant with respect to δ if δ(c) = 0; it is called a constant with
respect to n if σ(c) = c. A constant in R is a constant with respect to both δ and σ. The
constants of R form a subring. For example, k is the field of constants in k(x, n).

Recall that a nonzero element h of R is said to be hyperexponential-hypergeometric if
there exist a, b in k(x, n) such that δ(h) = ah and σ(h) = bh. We call a the certificate of h
with respect to x, and b the certificate of h with respect to n. Note that b is nonzero since h
is nonzero and σ is injective. By the commutativity of δ and σ, the two certificates of a
hyperexponential-hypergeometric element satisfy the following integrability condition:

σ(a)b = δ(b) + ab. (1)

On the other hand, a hyperexponential-hypergeometric function is a nonzero solution of
a first-order fully integrable system over k(x, n), which has the form{

δ(z) = az,

σ(z) = bz,
with a, b ∈ k(x, n) satisfying b ̸= 0 and (1). (2)

By [14, Theorem 2], the system (2) has a Picard-Vessiot extension R of k(x, n), in which
any hyperexponential-hypergeometric function is invertible.

2.1. Ring of sequences

To be more concrete, we embed the Picard-Vessiot ring of the system (2) into a sequence
space over a universal differential field. We follow the construction of the ring of sequences
from [20, 22].

LetK be the universal Picard-Vessiot field [43, Chapter 10] of the differential field (k(x), δ).
Then (K, δ) is a differential field extension of (k(x), δ). Furthermore, the constants in K with
respect to δ are exactly the elements of k, since k is algebraically closed. Let KN be the ring
of infinite sequences over K, where the addition and multiplication of sequences are defined
termwise. For a sequence

s = (s0, s1, s2, . . .)

in KN, define
δ′(s) = (δ(s0), δ(s1), δ(s2), . . .).

Then δ′ is a derivation operator on KN. Let I ⊂ KN be the ideal consisting of sequences
with finitely many nonzero terms. Since I is closed under δ′, the quotient ring S of KN/I is
a differential ring whose derivation δ̄ is induced by δ′. In other words:

δ̄(s+ I) = δ′(s) + I.
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We define a map σ̄ : S → S by sending

s+ I 7→ (s1, s2, s3, . . . , ) + I.

It is easy to verify that σ̄ is a well-defined automorphism, and δ̄ and σ̄ commute with each
other.

We now embed the field k(x, n) of rational functions into S. For an element f ∈ k(x, n),
there existsm ∈ N such that f(x, i) is well-defined when i ≥ m. Define a map ϕ : k(x, n) → S
by sending

f(x, n) 7→ (0, . . . , 0︸ ︷︷ ︸
m

, f(x,m), f(x,m+ 1), f(x,m+ 2), . . .) + I.

By the definition of I, ϕ is a well-defined monomorphism such that ϕ ◦ δ = δ̄ ◦ϕ and ϕ ◦σ =
σ̄ ◦ϕ. Let us identify k(x, n) with ϕ(k(x, n)). Then δ̄ and σ̄ can be viewed as extensions of δ
and σ, respectively. Hence, we may also identify δ̄ with δ and σ̄ with σ. Consequently, S is
a differential-difference ring extension of k(x, n), and k is the set of constants in S.
Lemma 2.2. Let a and b be in k(x, n) with b ̸= 0. If (1) holds, then there exists an invertible
hyperexponential-hypergeometric function in S such that its x-certificate is equal to a and its
n-certificate is equal to b.

Proof. View a and b as rational functions in n. Let N be a sufficiently large integer such that
for any j > N , a(x, j) and b(x, j) are well-defined and b(x, j) ̸= 0. There exists a nonzero
element v ∈ K such that

δ(v) = a(x,N)v.

Let hi = 0 for all i with 0 6 i 6 N − 1, hN = v, and hi+1 = b(x, i)hi for all i > N . We claim
that

h = (h0, h1, . . . , hN , hN+1, . . .) + I

is an invertible hyperexponential-hypergeometric function with x-certificate a and n-certificate b.
Invertibility follows from the fact hi ̸= 0 for all i > N . We now verify that σ(h) = bh by

the following calculation:

σ(h) = (0, . . . , 0︸ ︷︷ ︸
N−1

, hN , hN+1, hN+2, · · · ) + I

= (0, . . . , 0︸ ︷︷ ︸
N−1

, hN , b(x,N)hN , b(x,N + 1)hN+1, · · · ) + I

= (0, . . . , 1︸ ︷︷ ︸
N

, b(x,N), b(x,N + 1), · · · )(0, . . . , 0︸ ︷︷ ︸
N−1

, hN , hN , hN+1, · · · ) + I

= bh.

Next, we verify that δ(hi) = a(x, i)hi for i > N , which implies δ(h) = ah. When i = N , the
equality clearly holds. Assume that the equality holds for N 6 ℓ. By (1), we have

δ(b(x, ℓ)) = a(x, ℓ+ 1)b(x, ℓ)− a(x, ℓ)b(x, ℓ).
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It follows that

δ(hℓ+1) = δ(b(x, ℓ)hℓ) = δ(b(x, ℓ))hℓ + b(x, ℓ)δ(hℓ)

= (a(x, ℓ+ 1)b(x, ℓ)− a(x, ℓ)b(x, ℓ))hℓ + b(x, ℓ)a(x, ℓ)hℓ

= a(x, ℓ+ 1)b(x, ℓ)hℓ = a(x, ℓ+ 1)hℓ+1.

The claim is proved for ℓ+ 1, and so is the lemma by induction.

Example 2.3. Assume that β(x) is a nonzero element of k(x). Then the pair (nδ(β)/β, β)
satisfies (1). It follows that (

1, β, β2, . . .
)
+ I

is a hyperexponential-hypergeometric function in S with certificates nδ(β)/β and β. For later
convenience, this element is denoted as βn.

Let a and b be the same as in Lemma 2.2, and assume that (1) holds. Recall that

H(a, b) , {h ∈ S | δ(h) = ah and σ(h) = bh}.

Proposition 2.4. The set H(a, b) is a one-dimensional vector space over k, in which every
nonzero element is invertible in S.

Proof. By Lemma 2.2, H(a, b) contains an invertible element, say h. Let g be another
element of H(a, b). Then δ(gh−1) = 0 and σ(gh−1) = gh−1 by a straightforward calculation.
Hence, gh−1 is a constant. The lemma follows from the fact that k is the set of constants
in S.

This proposition implies that every first-order fully integrable system over k(x, n) has a
one-dimensional solution space over k. For later use, we show three formulas for H(a, b).

Corollary 2.5. (i) For any hyperexponential-hypergeometric function g ∈ S, we have

gH(a, b) = H
(
a+

δ(g)

g
, b
σ(g)

g

)
;

(ii) For all a, b, a′, b′ ∈ k(x, n) with bb′ ̸= 0 such that both (a, b) and (a′, b′) satisfy (1), we
have

H(a, b)H(a′, b′) = H(a+ a′, bb′);

(iii) δ(H(a, b)) = aH(a, b) and σ(H(a, b)) = bH(a, b).

From now on, we assume that all hyperexponential-hypergeometric functions belong to S,
unless mentioned otherwise.



244 S. Chen, F. Chyzak, R. Feng and Z. Li

2.2. Ring of differential-recurrence operators

Let k(x, n)⟨Dx, Sn⟩ be the ring of differential-recurrence operators whose commutation
rules are

SnDx = DxSn, Dxf = fDx + δ(f), and Snf = σ(f)Sn,

for all f ∈ k(x, n). In this ring, we denote ∆n the forward difference operator Sn − 1. For
every s ∈ S, define two actions: Dx(s) = δ(s) and Sn(s) = σ(s). Then S becomes a left
module over k(x, n)⟨Dx, Sn⟩. Assume that h is a hyperexponential-hypergeometric function
with x-certificate a and n-certificate b. Then the compatibility condition (1) can be rewritten
as SnDx(h) = DxSn(h).

Two hyperexponential-hypergeometric functions h1 and h2 are said to be similar if the
ratio h1/h2 is in k(x, n). It is easy to verify that similarity defines a equivalent relation
between hyperexponential-hypergeometric functions.

Lemma 2.6. Let h1 and h2 be two hyperexponential-hypergeometric functions over k(x, n).
If h1 and h2 are similar, then

(i) h1 + h2 is is either equal to zero or similar to h1;

(ii) L(h1) is either equal to zero or similar to h1 for any L ∈ k(x, n)⟨Dx, Sn⟩.

Proof. Let r ∈ k(x, n) be the nonzero ratio h1/h2. Then the first assertion follow from the
equality h1 + h2 = (1 + 1/r)h1. Since h1 is hyperexponential-hypergeometric over k(x, n),
successive derivatives and shifts of h1 are all similar to h1. By the first assertion, the second
one follows.

Algorithms for computing rational solutions of linear differential and difference equations
with polynomial coefficients have been presented by Abramov [2, 6, 3]. The lemma below
concerns the shape of denominators of rational solutions of linear differential and difference
equations with the leading coefficients split.

Lemma 2.7. Let L be an operator either in k[x, n]⟨Dx⟩ or in k[x, n]⟨Sn⟩ and p a polynomial
in k[x, n]. If the leading coefficient of L is split, so is the denominator of rational solutions
of L(y(x, n)) = p.

Proof. Let f ∈ k(x, n) be any rational solution of L(y(x, n)) = p and q ∈ k[x, n] be the
leading coefficient of L. If L is in k[x, n]⟨Dx⟩, the splitness of den(f) follows from the well-
known fact that any root of den(f) in k(n) is also a root of q, see [2]. If L is in k[x, n]⟨Sn⟩,
the denominator of f is a divisor of the product Q(x, n) := q(x, n)q(x, n − 1) · · · q(x, n − d)
for some finite d ∈ N according to Abramov’s algorithm for computing denominator bound
in [3]. If q is split, so is the product Q. This further implies that den(f) is split.

2.3. Differential and Shift rational normal forms

We review two normal forms for rational functions in [10, 8, 23]. Those normal forms
play a important role in the symbolic solving of linear differential or difference equations for
hyperexponential or hypergeometric solutions [24, 11, 37, 32].

Definition 2.8 (Squarefree, shift-free). A polynomial P ∈ F [y] is said to be squarefree with
respect to y over F if gcd(P, δ(P )) = 1. If gcd(P, σi(P )) = 1 for all i ∈ Z \ {0}, then it is
said to be shift-free with respect to y over F .
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The following fact are well-known in the literature [1, 35, 25, 26], which shows the differ-
ential and difference properties of a rational function with its denominator being squarefree
or shift-free.

Lemma 2.9. Let f = P/Q be a rational function in F (y) with gcd(P,Q) = 1 and deg(P ) <
deg(Q). Then

(i) If Q is squarefree and f = δ(g) for some g ∈ F (y), then f = 0.

(ii) If Q is shift-free and f = σ(g)− g for some g ∈ F (y), then f = 0.

Definition 2.10 (Differential-reduced, shift-reduced). A nonzero rational function f =
P/Q ∈ F (y) is said to be differential-reduced with respect to y over F if gcd(Q,P−iδ(Q)) = 1
for all i ∈ Z. If gcd(P, σi(Q)) = 1 for all i ∈ Z, then it is said to be shift-reduced with respect
to y over F .

Definition 2.11 (Differential rational normal form). For f ∈ F (y), call a pair (K,S) ∈
F (y)× F (y) a differential rational normal form (DRNF) of f if f = K + δ(S)/S and K is
differential-reduced with respect to y over F . If, in addition, the denominators of K and S
are coprime, then the pair (K,S) is said to be a strict DRNF of f .

Definition 2.12 (Shift rational normal form). For f ∈ F (y), call a pair (K,S) ∈ F (y)×F (y)
a shift rational normal form (SRNF) of f if f = K · σ(S)/S and K is differential-reduced
with respect to y over F . Let k1 = num(K), k2 = den(K), s1 = num(S) and s2 = den(S).
If, furthermore,

gcd(k1, σ(s2)s1) = gcd(k2, σ(s1)s2) = 1,

then the pair (K,S) is said to be a strict SRNF of f .

3. Existence problems

The fact that differential and difference cases can be treated in similar-looking ways has
been observed for a long time in mathematics. Once a result is obtained in one side, it
can often be analogized in the other one. In the sequel, our presentation will reflect the
symmetry between the two counterparts of differential and difference variables.

The method of differencing under the integral sign was first formulated by Almkvist and
Zeilberger in [11], which can be used to find a linear recurrence equation for the integral (if
exists)

H(n) :=

∫ +∞

0
h(x, n) dx,

where h(x, n) is a hyperexponential-hypergeometric function over k(x, n). Here, we suppose
integrals are well-defined over k, say C. The key step of Almkvist and Zeilberger’s algorithm
tries to find a nonzero linear recurrence operator L(n, Sn) in k(n)⟨Sn⟩ such that

L(n, Sn)(h) = Dx(g), (3)

for some hyperexponential-hypergeometric function g over k(x, n). Such a linear recurrence
operator L(n, Sn) is called a telescoper for h with respect to x. After that, applying the
integral sign to both sides of (3) yields

L(n, Sn)(H(n)) = g(+∞, n)− g(0, n).
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This further implies that L(n, Sn) indeed is the recurrence relation satisfied by H(n) under
certain nice boundary condition, say g(+∞, n) = g(0, n). For example, consider the integral

A(n) =

∫ +∞

0
xn−1 exp(−x) dx.

Almkvist and Zeilberger’s algorithm brings us a pair (L, g) with

L = Sn − n and g = −xn exp(−x).

Note that g(+∞, n) = g(0, n) = 0, which implies that L(A(n)) = A(n+ 1)− nA(n) = 0. So
we recognize that A(n) = n! since the value A(1) is equal to 1.

The differential analogue of Almkvist and Zeilberger’s algorithm tries to construct a
linear differential equation L(x,Dx) ∈ k(x)⟨Dx⟩ such that

L(x,Dx)(h) = ∆n(g), (4)

for some hyperexponential-hypergeometric function g over k(x, n). Such a linear differential
operator L(x,Dx) is called a telescoper for h with respect to n. Both the g’s in (3) and (4)
are either zero or similar to h by Lemma 2.6. This analogue can be used to construct a linear
differential equation for the sum

H(x) :=

+∞∑
n=0

h(x, n).

For more interesting examples, see the appendix of [11] or Koepf’s book [30, Chapter 10-13].
As in the discrete case, not all hyperexponential-hypergeometric functions have telescop-

ers with respect to x or n. That is, Almkvist and Zeilberger’s algorithm does not terminates
on all hyperexponential-hypergeometric inputs.

Example 3.1. The non-existence phenomenon is well illustrated by the rational function

f =
1

x+ n
.

Let us show that f has no telescoper with respect to either x or n.
Differential case: Suppose that f has a telescoper with respect to x, i.e., there exists
a nonzero L in k(n)⟨Sn⟩ such that L(f) = Dx(g) for some g ∈ k(x, n). Write L =∑ρ

i=0 ℓi(n)S
i
n with ρ ∈ N and ℓi ∈ k(n). Then we have

L(f) =

ρ∑
i=0

ℓi(n)S
i
n

(
1

x+ n

)
=

ρ∑
i=0

(
ℓi(n)

x+ n+ i

)
=

A

D
,

where D divides the product (x+n)(x+n+1) · · · (x+n+ρ), which is squarefree with respect
to x, and A ∈ k(n)[x] with degx(A) < degx(D) and gcd(A,D) = 1 as polynomials in x.
Since A/D = Dx(g), A = 0 by Lemma 2.9 (i). So f is a rational solution of the linear
difference equation L(z) = 0. By Lemma 2.7, the denominator of f should be split in k[x, n]
since the leading coefficient of L is free of x, but x+ n is not split, a contradiction.
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Difference case: Suppose that f has a telescoper with respect to n, i.e., there exists
a nonzero L in k(x)⟨Dx⟩ such that L(f) = ∆n(g) for some g ∈ k(x, n). Write L =∑ρ

i=0 ℓi(x)D
i
x with ρ ∈ N and ℓi ∈ k(x). Then we have

L(f) =

ρ∑
i=0

ℓi(x)D
i
x

(
1

x+ n

)
=

ρ∑
i=0

(
(−1)iℓi(x)

(x+ n)i+1

)
=

A

D
,

where D is a factor of (x + n)ρ+1, which is shift-free with respect to n, and A ∈ k(x)[n]
with degn(A) < degn(D) and gcd(A,D) = 1 as polynomials in n. Since A/D = ∆n(g), A = 0
by Lemma 2.9 (ii). So f is a rational solution of the linear differential equation L(z) = 0.
By Lemma 2.7, the denominator of f should be split in k[x, n] since the leading coefficient
of L is free of n, but x+ n is not split, a contradiction.

In this chapter, we solve the following problem, which is equivalent to the termination
problem of Almkvist and Zeilberger’s algorithm.

Problem 3.2. Given a hyperexponential-hypergeometric function h(x, n) over k(x, n), decide
whether h has a telescoper with respect to x or n.

4. A standard representation

In this section, we derive a standard representation of hyperexponential-hypergeometric func-
tions, based on Proposition 5 in [21].

Lemma 4.1. Let a and b be two nonzero rational functions in k(x, n) such that the integra-
bility condition (1) holds. Then there exist f ∈ k(x, n) whose split part is trivial, α ∈ k(n),
and β, γ ∈ k(x) such that

a =
δ(f)

f
+

δ(β(x))

β(x)
n+ γ(x) and b =

σ(f)

f
α(n)β(x). (5)

Proof. By Proposition 5 in [21], there exist f ∈ k(x, n), α ∈ k(n), and β, γ ∈ k(x) such
that (5) holds. Write f as f1f2f3 where f1 ∈ k(x), f2 ∈ k(n), and f3 ∈ k(x, n) with the split
part of f3 in k. The lemma is then proved by replacing f by f3, γ by γ + δ(f1)/f1, and α
by ασ(f2)/f2 in (5).

This lemma leads to a unique multiplicative form of hyperexponential-hypergeometric func-
tions.

Proposition 4.2. Let h be a hyperexponential-hypergeometric function in S. Then there
exists f ∈ k(x, n) with trivial split part, α ∈ k(n) with monic numerator and denominator,
and β, γ ∈ k(x) such that

h ∈ f(x, n)β(x)nH(γ(x), α(n)). (6)

Moreover, if
h ∈ f ′(x, n)β′(x)nH(γ′(x), α′(n))

where f ′ ∈ k(x, n) with trivial split part, α′ ∈ k(n) with monic numerator and denominator,
and β′, γ′ ∈ k(x), then f/f ′ ∈ k, α = α′, β = β′, and γ = γ′.
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Proof. Assume that a and b are the x-certificate and n-certificate, respectively. By Lemma 4.1,
there exist f ∈ k(x, n) with trivial split part, α ∈ k(n), and β, γ ∈ k(x) such that (5) By a
straightforward calculation, h and a nonzero element of fβnH(γ, α) have the same certifi-
cates. Hence, (6) holds by Proposition 2.4.

Assume that h belongs to f ′(x, y)β′(x)nH(γ′(x), α′(n)), as given in the statement of the
proposition. Then a and b are, respectively, x-certificates and n-certificates of every nonzero
element f ′(x, y)β′(x)nH(γ′(x), α′(n)). It follows that

δ(f)

f
+

δ(β(x))

β(x)
n+ γ(x) =

δ(f ′)

f ′ +
δ(β′(x))

β′(x)
n+ γ′(x), (7)

and
σ(f)

f
α(n)β(x) =

σ(f ′)

f ′ α′(n)β′(x). (8)

By (7)
δ(f)

f
=

δ(f ′)

f ′ ,
δ(β(x))

β(x)
=

δ(β′(x))

β′(x)
, and γ(x) = γ′(x)

by the uniqueness of the partial fraction decomposition of a and the assumption that both f
and f ′ have trivial split parts. Hence, f = cf ′ and β = c′β′ for some c, c′ ∈ k(n). Again, by
the assumption on f and f ′, c belongs to k. Since β and β′ are free of n, so does c′. It follows
from (8) that α(n) = c′α(n). Thus, c′ is equal to 1 since the numerators and denominators
of α(n) and α′(n) are assumed to be monic.

Definition 4.3. Let h(x, n) ∈ H(a, b) be a hyperexponential-hypergeometric function. We
say that a quadruple (f(x, n), α(n), β(x), γ(x)) ∈ k(x, n)4 is the standard representation of h
if f ∈ k(x, n) with trivial split part, α ∈ k(n) with monic numerator and denominator,
β, γ ∈ k(x), and (6) holds.

According to the definition in [46], a bivariate hyperexponential-hypergeometric function
is proper if it has a standard representation:

(p(x, n), α(n), β(x), γ(x)), (9)

where p ∈ k[x, n], α ∈ k(n), and β, γ ∈ k(x).

Proposition 4.4. Let h ∈ f(x, n)β(x)nH(γ(x), α(n)) with f ∈ k(x, n), α ∈ k(n), and β, γ ∈
k(x). If the denominator of f is split, then h is proper.

Proof. Write f = p/q with p, q ∈ k[x, n] and gcd(p, q) = 1. Since q is split, q = A(x)B(n)
for some A ∈ k[x] and B ∈ k[n]. By Corollary 2.5 (i), we have

h ∈ p(x, n)β(x)nH
(
γ(x)− δ(A(x))

A(x)
, α(n)

B(n)

σ(B(n))

)
.

Then, h is proper by definition.
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5. Two additive decompositions

For a bivariate hyperexponential-hypergeometric function h(x, n) in the continuous vari-
able x and the discrete one n, we can perform two kinds of additive decompositions: one is
for the continuous variable obtaining h = Dx(h1)+h2, and the other for the discrete variable
obtaining h = ∆n(h1) + h2. The h1’s and h2’s above are hyperexponential-hypergeometric
functions with h2 minimal in some sense. Algorithms for additive decompositions general-
ize the capability of Gosper’s algorithm [24] and its differential analogue [11]. That is, it
return h2 = 0 if h = Dx(g) or h = ∆n(g) with g hyperexponential-hypergeometric. In this
section, we study the special form of the two additive decompositions for a hyperexponential-
hypergeometric function with the standard representation.

In what follows, let F be a field of characteristic zero, either k(n) if the decomposition
is with respect to x or k(x) if it is with respect to n.

5.1. Additive decomposition with respect to x

Hermite reduction [25] or Ostrogradsky and Horowitz’s method [35, 26] decomposes a
rational function f ∈ F (x) into f = Dx(g) + r, where r = a/b is minimal in the sense
that degx(a) < degx(b) and b is squarefree, that is, b has its multiplicity minimal. Hermite
reduction was later extended by Davenport [18] and Geddes, Le and Li [23] with two different
motivations: one is to solve the Risch differential equation

Dx(y) + fy = g, where f and g are in F (x),

and the other is to solve the decomposition problem of hyperexponential functions. Here, we
will use the latter to compute additive decomposition of hyperexponential-hypergeometric func-
tions with respect to x. To this end, we first recall some terminology from [23].

Definition 5.1 (GLL triple). Let u, v ∈ F [x] and w ∈ F (x). We call (u, v, w) a Geddes–
Le–Li triple, in short GLL triple, if the following conditions are satisfied:

1. gcd(u, v) = 1;

2. u is squarefree with respect to x;

3. w is differential-reduced with respect to x;

4. gcd(u,den(w)) = 1.

Definition 5.2 (Hyperexponential-integrable). A hyperexponential function h over F (x) is
said to be hyperexponential-integrable if h = Dx(g) for some g hyperexponential over F (x).

Note that the g in the above definition is similar to h if it exists.

Definition 5.3 (Additive decomposition w.r.t. x). Let h be in H(a, b) with a, b ∈ F (x). An
additive decomposition of h with respect to x is of the form

h = Dx(h1) + h2,

where h1 and h2 are hyperexponential-hypergeometric, and h2 is either zero if h is hyperexponential-
integrable or

h2 ∈
v

u
· H(a2, b2), where b2 ∈ F (x) and (u, v, a2) is a GLL triple.
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Remark 5.4. In fact, the h1 and h2 above are similar to h by the same argument in [38,
Prop. 5.6.2].

5.1..1. Geddes–Le–Li’s algorithm

We recall the algorithm from [23] for performing additive decomposition with respect
to x. View a hyperexponential-hypergeometric function h ∈ H(a, b) as a hyperexponential
function with x-certificate a ∈ F (x). Let (K,S) ∈ F (x)× F (x) be a strict DRNF of a, that
is, K is differential-reduced with respect to x and

a = K +
δ(S)

S
, where gcd(den(K),den(S)) = 1.

Immediately, the additive form above for a leads to a multiplicative form for h, that is,

h = S · h̃, where h̃ ∈ H
(
K, b

S

σ(S)

)
.

Now comes the Hermite-like reduction, Theorem 2 in [23] shows that there exist S1 ∈ F (x)
such that

S = δ(S1) +KS1 +
v

u · den(K)i
, (10)

where i ∈ {0, 1} and (u, v,K) is a GLL triple. Since Dx(h̃) = Kh̃, the decomposition for S
in (10) further implies that

h = Dx(S1h̃) +
v

u · den(K)i
h̃.

In order to get additive decomposition for h, we still need to decide whether

h2 =
v

u · den(K)i
h̃ (11)

is hyperexponential-integrable or not. A necessary condition is as follows.

Lemma 5.5 (Geddes–Le–Li, 2004). If h2 in (11) is hyperexponential-integrable, then u is
in F .

Proof. For the proof, see [23, Theorem 4].

Assume that u belongs to F . Then, Theorem 4 in [23] shows that it suffices to decide
whether the first-order differential equation

v

u
= Dx(z) +

(
K − Dx(den(K)i)

den(K)i

)
z (12)

has a polynomial solution in F [x], which further leads to solve a linear system over F . If there
exists a polynomial solution p ∈ F [x] of (12), then set h1 = (S1 + p/den(K)i)h̃ and h2 = 0.
Otherwise, the additive decomposition of h is

h = Dx(h1) + h2, where h1 = S1h̃ and h2 =
v

u · den(K)i
h̃.
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5.1..2. Additive decompositions with respect to x from the standard representa-
tion

Let (f(x, n), α(n), β(x), γ(x)) be the standard representation of h ∈ H(a, b), that is,

h ∈ f(x, n)β(x)nH(γ(x), α(n)),

where f ∈ k(x, n) has a trivial split part, α ∈ k(n) has monic numerator and denominator,
and β, γ ∈ k(x). We show how to obtain an additive decomposition of h with respect to x
from its standard representation.

First, we compute a strict DRNF for a from the standard representation of h. The
following lemma help us decide whether a rational function in a special form is differential-
reduced.

Lemma 5.6. Let g ∈ k(x, n) be of the form

p

q
+ n

s

t
+

u

v
,

where p, q, s, t, u, v ∈ k[x] with gcd(p, q) = gcd(s, t) = gcd(u, v) = 1. Assume that v | t. Then

(i) the denominator of g is the least common multiple of q and t;

(ii) if p/q is differentially reduced, so is g.

Proof. To show the first assertion, we let M be the least common multiple of q and t,
w1 = M/q, w2 = M/t, and w3 = M/v. The divisibility v | t implies that w2 | w3. Moreover,

g =
W

M
, where W = p · w1 + n · s · w2 + u · w3.

We claim that gcd(W,M) = 1. If w is an irreducible factor of gcd(W,M), then w | gcd(M, s ·
w2) and w | gcd(M,p ·w1+u ·w3) since n is transcendental over k(x). Note that M = q ·w1 =
t·w2 and gcd(s, t) = gcd(p, q) = 1, then gcd(M,p·w1) = w1 and gcd(M, s·w2) = w2. It follows
that w | w2 and then w | w3, which implies w | gcd(M,p · w1) = w1. Since gcd(w1, w2) = 1,
we have w = 1 and then gcd(W,M) = 1. This implies that M indeed is the denominator
of g.

For the second assertion, assume that w is an irreducible factor of gcd(M,W − ℓ · δ(M))
for some ℓ ∈ Z. Then

w | gcd(q · w1, p · w1 + n · s · w2 + u · w3 − ℓ · δ(q · w1)).

As in the proof of the first assertion, one can prove that w | w2, which implies that w | w3,
and, thus w | q, for otherwise gcd(W,M) is nontrivial, a contradiction to the first assertion.
It follows that

w | gcd(q · w1, p · w1 − ℓ · δ(q) · w1) = gcd(q, p− ℓ · δ(q)) · w1

which is equal to w1, since p/q is differentially reduced. Hence, w = 1 since gcd(w1, w2) = 1.
This completes the proof.
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For later use, we recall the definition of pump, used in [10, Page 533].

Definition 5.7 (Pump). Let p, q ∈ F [x] be such that p | q. A factor p̃ of q is said to be the
pump of p in q if gcd(q/p̃, p̃) = 1, p | p̃, and any irreducible factor of p̃ divides p.

For a rational function f ∈ k(x, n), denote f∗ the the squarefree part of num(f) ·den(f).
From the definition, any polynomial and its pump have the same squarefree part. Now, we
show how to compute a strict DRNF of a(x, n) from that of γ(x).

Lemma 5.8. Let (f(x, n), β(x), γ(x), α(n)) be the standard representation of a hyperexponential-
hypergeometric function h ∈ H(a, b). If (K̃, S̃) is a strict DRNF of γ, then there exists a
polynomial T ∈ k[x] with T dividing the denominator of S̃ such that(

K̃ + n · δ(β)
β

− δ(T )

T
, f · S̃ · T

)
(13)

is a strict DRNF of a with respect to x.

Proof. Let (K̃, S̃) be a strict DRNF of γ(x). Then by definition, we have

a =
δ(f)

f
+ n

δ(β)

β
+ γ =

δ(f)

f
+ n

δ(β)

β
+

δ(S̃)

S̃
+ K̃.

Let u = gcd(den(S̃), β∗) and T be the pump of u in den(S̃). Then we claim that the
pair (K,S) of the form (13) is a strict DRNF of a with respect to x.

Note that the denominators of δ(β)/β and δ(T )/T are β∗ and T ∗, respectively. By the
definition of pump and u | β∗, u is the squarefree part of T , which implies T ∗ | β∗. Hence, K
is differential-reduced by Lemma 5.6 (ii).

It remains to show gcd(den(K),den(S)) = 1. By Lemma 5.6 (i), den(K) = lcm(β∗,den(K̃)).
The definition of pump implies that den(S̃) = T ·w with w ∈ k[x] and gcd(w, T ) = 1. On the
other hand den(S) = den(f) · den(S̃T ) = den(f) ·w, since num(f) · den(f) has no nontrivial
factor in k[x]. The same reason implies

gcd(den(K),den(S)) = gcd(den(K),den(f) · w) = gcd(den(K), w).

By the definitions of u and w, gcd(β∗, w) = 1. Since (K̃, S̃) is the DRCF of γ and w is
a factor of den(S̃), gcd(den(K̃), w) = 1. It follows that gcd(den(K), den(S)) = 1. So the
claim holds.

We apply Geddes–Le–Li’s algorithm to a hyperexponential-hypergeometric function with
standard representation and obtain a special form of its additive decomposition with respect
to x.

Theorem 5.9. Let (f(x, n), α(n), β(x), γ(x)) be the standard representation of a hyperexponential-
hypergeometric function h ∈ H(a, b). Then there exists a hyperexponential-hypergeometric func-
tion h1 and γ̃(x) ∈ k(x) such that

h−Dx(h1) ∈
v

u
· H
(
γ̃ + n

δ(β)

β
, βα

)
(14)

where u, v are in k(n)[x] and (u, v, γ̃ + nδ(β)/β) is a GLL triple.
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Proof. By Lemma 5.8, the x-certificate a of h has a strict DRNF (K,S) of the form(
K̃ + n · δ(β)

β
− δ(T )

T
, f · S̃ · T

)
,

where (K̃, S̃) is a strict DRNF of γ(x) and T ∈ k[x]. This corresponds to a multiplicative
form of h, that is,

h = Sh̃, where h̃ ∈ H(K,βα).

Now, Hermite-like reduction decomposes S into

S = δ(S1) + S1K +
v

uden(K)i
,

where i ∈ {0, 1}, S1 ∈ k(x, n) and (u, v,K) is a GLL triple. It follows that

h = Dx(S1h̃) +
v

uden(K)i
h̃.

Since den(K) = lcm(β∗,den(K̃)), den(K) is in k[x] and then

v

uden(K)i
H(K,βα) =

v

u
H
(
K − δ(den(K)i)

den(K)i
, βα

den(K)i

σ(den(K)i)

)
=

v

u
H
(
K − δ(den(K)i)

den(K)i
, βα

)
.

Setting h1 = S1h̃ and γ̃ = K̃− δ(T )
T − δ(den(K)i

den(K)i
yields (14). It remains to show

(
u, v, γ̃ + n δ(β)

β

)
is a GLL triple. Note that

a2 := γ̃ + n
δ(β)

β
= K − δ(den(K)i

den(K)i
.

Since K is differentially reduced, so is a2 by definition. Moreover, u and den(a2) are coprime
with respect to x, as u and den(K) are coprime. It follows that (u, v, a2) is a GLL triple.

Remark 5.10. An additive decomposition with respect to x can be computed based on the
algorithm ReducedCert in [23].

5.2. Additive decomposition with respect to n

In the discrete case, the algorithms in [1, 3, 39, 36] decompose a rational function f ∈ F (n)
into f = ∆n(g) + r, where r = a/b is minimal in the sense that degn(a) < degn(b) and b is
shift-free, that is b has its dispersion, introduced in [1], minimal. Those decomposition algo-
rithms are extended to the case of hypergeometric terms by Abramov and Petkovšek [9, 10].
This extension also generalize the capability of the well-known Gosper algorithm [24], which
decides whether the indefinite sum of a hypergeometric term is hypergeometric. More pre-
cisely, for a given hypergeometric term H(n) over F (n), Abramov and Petkovšek’s algorithm
computes two hypergeometric terms H1(n) and H2(n) such that H(n) = ∆n(H1(n))+H2(n),
where H2 is minimal in the some sense. In particular, H2 is identically zero if H(n) has
a hypergeometric indefinite sum. Here, we will use Abramov and Petkovšek’s algorithm to
compute additive decompositions of hyperexponential-hypergeometric functions with respect
to the discrete variable n. To this end, we recall some terminology from [10].
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Definition 5.11 (AP triple). Let u, v ∈ F [n] and w ∈ F (n). We call (u, v, w) an Abramov–
Petkovšek triple, in short AP triple, if the following conditions are satisfied:

1. gcd(u, v) = 1;

2. u is shift-free with respect to n;

3. w is shift-reduced with respect to n;

4. gcd(u, σ−ℓ(num(w))) = gcd(u, σℓ(den(w))) = 1 for all ℓ ∈ N.

Definition 5.12 (Hypergeometric-summable). A hypergeometric term h over F (n) is said
to be hypergeometric summable if h = ∆n(g) for some g hypergeometric over F (x).

Note that the g in the above definition is similar to h if it exists.

Definition 5.13 (Additive decomposition w.r.t. n). Let h be in H(a, b) with a, b ∈ F (n).
An additive decomposition of h with respect to n is of the form

h = ∆n(h1) + h2,

where h1 and h2 are hyperexponential-hypergeometric, and h2 is either zero if h is hypergeometric-
summable or

h2 ∈
v

u
· H(a2, b2), where a2 ∈ F (n) and (u, v, b2) is an AP triple.

Remark 5.14. In fact, the h1 and h2 above are similar to h by the same argument in [38,
Prop. 5.6.2].

5.2..1. Abramov and Petkovšek’s algorithm

We recall the algorithm from [9, 10] for performing additive decomposition with respect
to n. View a hyperexponential-hypergeometric function h ∈ H(a, b) as a hypergeometric
term with n-certificate b ∈ F (n). Let (K,S) ∈ F (n) × F (n) be a strict SRNF of b, that is,
K is shift-reduced with respect to n and

b = K · σ(S)
S

,

where gcd(num(K), σ(den(S)) · num(S)) = gcd(den(K), σ(num(S)) · den(S)) = 1. Immedi-
ately, the additive form above for b leads to a multiplicative form for h, that is,

h = S · h̃, where h̃ ∈ H
(
a− δ(S)

S
,K

)
.

Now comes Abramov and Petkovšek’s reduction, Lemma 9 in [10] shows that there exist S1 ∈
F (n) such that

S = σ(S1)K − S1 +
v

u · (σ−1(k1))i · kj2
, (15)

where i, j ∈ {0, 1}, k1 and k2 are the numerator and denominator of K, respectively,
and (u, v,K) is an AP triple. Since Sn(h̃) = Kh̃, the decomposition for S in (15) further
implies that

h = ∆n(S1h̃) +
v

u · (σ−1(k1))i · kj2
h̃.
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In order to get additive decomposition for h, we still need to decide whether

h2 =
v

u · (σ−1(k1))i · kj2
h̃ (16)

is hypergeometric-summable or not. A necessary condition is as follows.

Lemma 5.15 (Abramov–Petkovšek, 2002). If h2 in (16) is hypergeometric-summable, then u
is in F .

Proof. For the proof, see [10, Theorem 11].

Assume that u belongs to F . Then, Theorem 11 in [10] shows that it suffices to decide
whether the first-order difference equation

v

u
= K

w

σ(w)
· Sn(z)− z, where w = (σ−1(k1))

i · kj2, (17)

has a polynomial solution in F [n], which further leads to solve a linear system over F . If
there exists a polynomial solution p ∈ F [n] of (17), then set h1 = (S1 + p/w)h̃ and h2 = 0.
Otherwise, the additive decomposition of h is

h = Dx(h1) + h2, where h1 = S1h̃ and h2 =
v

u · w
h̃.

5.2..2. Additive decompositions with respect to n from the standard representa-
tion

Let (f(x, n), α(n), β(x), γ(x)) be the standard representation of h ∈ H(a, b). We show
how to obtain an additive decomposition of h with respect to n from its standard represen-
tation.

The next lemma relates a strict SRNF of the n-certificate b of h to its standard repre-
sentation.

Lemma 5.16. Let (f(x, n), β(x), γ(x), α(n)) be the standard representation of a hyperexponential-
hypergeometric function h ∈ H(a, b). If (K̃, S̃) is a strict SRNF of α(n) with respect to n,
then (βK̃, fS̃) is a strict SRNF of the n-certificate a of h.

Proof. Since (K̃, S̃) is a strict SRNF of α(n), α = K̃σ(S̃)/S̃. It follows that

b =
σ(h)

h
= βα

σ(f)

f
= β

(
K̃

σ(S̃)

S̃

)
σ(f)

f
= βK̃ · σ(fS̃)

fS̃
.

The product βK̃ is shift-reduced with respect to n, because K̃ is shift-reduced and β is
in k(x). Write K = k1/k2 and S = s1/s2 with gcd(k1, k2) = gcd(s1, s2) = 1 in k[x, n]. It
remains to verify the GCD condition

gcd(k1, σ(s2)s1) = gcd(k2, σ(s1)s2) = 1 (18)

for (K,S) with K = βK̃ and S = fS̃. Since β ∈ k(x) and K̃ ∈ k(n), we have

k1 = num(β) · num(K̃) and k2 = den(β) · den(K̃).
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Similarly, since S̃ ∈ k(n) and f has a trivial split part, we have

s1 = num(f) · num(S̃), and s2 = den(f) · den(S̃).

Hence, the condition (18) holds, because (K̃, S̃) is a strict SRNF, and every nonzero poly-
nomial in k[n] is coprime with both num(f) and den(f).

We now apply Abramov–Petkovšek’s algorithm to a hyperexponential-hypergeometric func-
tion with standard representation and obtain a special form of its additive decomposition
with respect to n.

Theorem 5.17. Let (f(x, n), β(x), γ(x), α(n)) be the standard representation of a hyperexponential-
hypergeometric function h ∈ H(a, b). Then there exists γ̃(x) ∈ k(x), α̃ ∈ k(n), and a
hyperexponential-hypergeometric function h1 such that

h−∆n(h1) ∈
v

u
· H
(
γ̃ + n

δ(β)

β
, βα̃

)
where u, v ∈ k(x)[n] and (u, v, βα̃) is an AP triple.

Proof. By Lemma 5.16, the n-certificate b of h has a strict SRNF (K,S) of the form(
βK̃, fS̃

)
,

where (K̃, S̃) is a strict SRNF of α(n). This corresponds to a multiplicative form of h, that
is,

h = Sh̃, where h̃ ∈ H(γ + n
δ(β)

β
,K).

Write K = k1/k2 and S = s1/s2 with gcd(k1, k2) = gcd(s1, s2) = 1 in k[x, n]. Now,
Abramov–Petkovšek ’s reduction [10] decomposes S into

S = δ(S1)K − S1 +
v

u(σ−1(k1))ik
j
2

,

where i, j ∈ {0, 1}, S1 ∈ k(x, n) and (u, v,K) is an AP triple. It follows that

h = ∆n(S1h̃) +
v

u(σ−1(k1))ik
j
2

h̃.

Set T = (σ−1(k1))
ikj2 ∈ k[x, n]. Note that the variables of K = β(x)K̃(n) are separated.

Then the polynomial T is split in k[x, n]. By Corollary 2.5, we have

v

u · T
h̃ ∈ v

u · T
H(γ + n

δ(β)

β
,K) =

v

u
H
(
γ + n

δ(β)

β
− δ(T )

T
,K

T

σ(T )

)
.

Set h1 = S1h̃, γ̃ = γ − δ(T )
T , and α̃ = K̃ T

σ(T ) . Since T is split, γ ∈ k(x), and K̃ ∈ k(n), we

have that γ̃ ∈ k(x) and α̃ ∈ k(n) hold. It remains to show that (u, v, βα̃) is an AP triple.
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We only need to verify the last two conditions in Definition 5.11. Since i, j ∈ {0, 1}, βα̃
is in the set {

k1
k2

,
σ−1(k1)

k2
,

k1
σ(k2)

,
σ−1(k1)

σ(k2)

}
.

Then βα̃ is shift-reduced, because K = k1/k2 is. Note that the numerator and denominator
of βα̃ are just some shifts of that of K, respectively. Then the last gcd condition follows
from that on u and k1, k2.

Remark 5.18. An additive decomposition with respect to n can be computed based on the
algorithm dterm in [10].

5.3. Applying operators to additive decompositions

In this section, we apply an operator in k(x)⟨Dx⟩, resp. in k(n)⟨Sn⟩, to an additive
decomposition with respect to n, resp. x, and prove that the application results in another
additive decomposition. To this end, we need a simple lemma.

Lemma 5.19. Let u and v be in k(x)[n] and let w be any factor of um with m ∈ N. Then

(i) if u is shift-free with respect to n, so is w;

(ii) for all i ∈ Z, if gcd(u, σi(v)) = 1, then gcd(w, σi(v)) = 1.

Proof. A polynomial in k(x)[n] is shift-free with respect to n if and only if the largest integer
distance of its roots is equal to zero [1]. This fact implies the first assertion. For any i ∈ Z,
if gcd(u, σi(v)) = 1, then gcd(um, σi(v)) = 1 for all m ∈ N, which implies gcd(w, σi(v)) = 1.
The second assertion holds.

Proposition 5.20. With the notation introduced in Theorem 5.9, assume that h2 = h −
Dxh1, and that L belongs to k(n)⟨Sn⟩ such that L(h2) is nonzero. Set

A2 = γ̃ + n
δ(β)

β
− ρ

δ(den(β))

den(β)
and B2 = βα,

where ρ denotes the order of L. Then

L(h2) =
V

U
H(A2, B2)

for some U, V ∈ k(n)[x], and (U, V, A2) is a GLL triple.

Proof. Setting a2 = γ̃ + nδ(β)/β. we get A2 = a2 − ρδ(den(β))/den(β).
By Theorem 5.9, h2 ∈ v

u · H (a2, B2) . An easy calculation implies

L(h2) =
v′

u′den(β)ρ
· H (a2, B2) ,

where v′ ∈ k(n)[x] and u′ is the least common multiple of u, Sn(u), . . . , S
ρ
n(u) in k(n)[x].

Since u is squarefree with respect to x, so are its shifts. Consequently, u′ is squarefree with
respect to x. Set

U = den(v′/u′) and V = num(v′/u′).
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Then L(h2) = (V/U) · H(A2, B2).
It remains to show that (U, V,A2) is a GLL triple. First, U and V are coprime by their

definition. Second, U is squarefree with respect to x, as u′ is squarefree with respect to x.
We observe that the squarefree part of den(β)num(β) is the denominator of δ(β)/β, and
that the squarefree part of den(β) is the denominator of ρδ(den(β))/den(β), which divides
the former denominator. This observation enables us to apply Lemma 5.6. Third, A2 is
differentially reduced by Lemma 5.6 (ii) and since γ̃ is differentially reduced. At last, we
verify that U and den(A2) are coprime over k(n). By Lemma 5.6 (i), den(a2) = den(A2).
Since (u, v, a2) is a GLL triple, gcd(u,den(a2)) = 1. It follows from the fact den(a2) ∈ k[x]
that

gcd
(
Si
n(u),den(a2)

)
= 1

for all i ∈ N, and, consequently, gcd(u′,den(a2) = 1. This concludes that gcd(U,den(a2)) =
1, that is, gcd(U,den(A2)) = 1.

Proposition 5.21. With the notation introduced in Theorem 5.17, assume that h2 = h −
∆n(h1), and that L belongs to k(x)⟨Dx⟩ such that L(h2) is nonzero. Set

A2 = γ̃ + n
δ(β)

β
and B2 = βα̃.

Then

L(x,Dx)(h2) ∈
V

U
· H (A2, B2)

for some U, V ∈ k(x)[n], and (U, V,B2) is an AP triple.

Proof. A straightforward calculation leads to L(x,Dx)(h2) ∈ (V/U)·H(A2, B2) for some U, V ∈
k(x)[n] with gcd(U, V ) = 1. By Theorem 5.17, den(A2) is in k[x]. It follows that U is a
factor of a power of u in k(x)[n]. Thus, (U, V,B2) is an AP triple by Lemma 5.19 and
since (u, v,B2) is an AP triple, as stated in Theorem 5.17.

6. Two existence criteria

The Fundamental Theorem in [46] shows that telescopers exist for proper hyperexponential-
hypergeometric functions. However, properness is just a sufficient condition. For instance,
the rational function f = 1/(x + n)2 is not proper, but it do has a telescoper with re-
spect to x since f = Dx(−1/(x + n)). On the other hand, Example 3.1 indicates that not
all hyperexponential-hypergeometric functions have telescopers. In this section, we present
sufficient and necessary conditions in the following theorems for the existence of telescopers.

Theorem 6.1. Let h be a hyperexponential-hypergeometric function over k(x, n) and h =
Dx(h1) + h2 be an additive decomposition of h with respect to x. Then h has a telescoper
with respect to n if and only if h2 is either zero or proper.

Theorem 6.2. Let h be a hyperexponential-hypergeometric function over k(x, n) and h =
∆n(h1) + h2 be an additive decomposition of h with respect to n. Then h has a telescoper
with respect to n if and only if h2 is either zero or proper.

The proofs below split into two parts: one is for the necessary condition, and the other
is for the sufficient one.
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6.1. Existence of telescopers implies the properness of h2

The lemma below shows that the existence problem for h is equivalent to that for h2.

Lemma 6.3. Let h, h1 and h2 be three hypergeometric functions in the ring of sequence S.

(i) Assume that h = Dx(h1) + h2. Then h has a telescoper with respect to x if and only
if h2 has.

(ii) Assume that h = ∆n(h1) + h2. Then h has a telescoper with respect to n if and only
if h2 has.

Proof. By the same argument in [7, page 3], the first assertion is followed from the commu-
tativity between L(n, Sn) ∈ k(n)⟨Sn⟩ and Dx, which implies the equivalence

L(h) = Dx(g) ⇔ L(h2) = Dx(g − L(h1)).

Similarly, the second one is followed from the commutativity between L(x,Dx) ∈ k(x)⟨Dx⟩
and ∆n, which implies the equivalence

L(h) = ∆n(g) ⇔ L(h2) = ∆n(g − L(h1)).

6.1..1. Proof of the necessary condition of Theorem 6.1

Proof. Assume that h has a telescoper with respect to x, and that h2 is nonzero. Our goal
is to show that h2 is proper. By Theorem 5.9,

h2 =
v

u
H for some H ∈ H (a2, b2) ,

where b2 = β(x)α(n), and (u, v, a2) is a GLL triple. Without loss of generality, we further
assume that u is in k[x, n]. To prove that h2 is proper, it suffices to prove that u is split by
Proposition 4.4. Let L ∈ k(n)⟨Sn⟩ be a telescoper for h with respect to x. By Lemma 6.3, L
is also a telescoper for h2 with respect to x. Then

L(h2) = L
(v
u
H
)
= Dx(g), (19)

for some hyperexponential-hypergeometric function g. Since b2 is split, a direct calculation
yields

L(h2) = M
(v
u

)
H (20)

for some nonzero element M ∈ k(n, x)⟨Sn⟩ whose coefficients are split. On the other hand,
Proposition 5.20 implies

L(h2) ∈
V

U
H(A2, B2). (21)

where U and V are in k(x)[n], and (U, V,A2) is a GLL triple. Since L(h2) is hyperexponential-
integrable by (19), it follows from Lemma 5.5 that U is free of x.
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By Proposition 5.20, A2 = a2 − ρδ(den(β))/den(β) and B2 = b2, where ρ denotes the
order of L. It follows from (21) and den(β) ∈ k[x] that

L(h2) ∈
V

Uden(β)ρ
H(a2, b2),

which, together with (20) and H(a2, b2) = {cH | c ∈ k}, implies that

M
(v
u

)
=

cV

Uden(β)ρ
for some c ∈ k.

Hence, there exists a nonzero operator M ′ ∈ k[x, n]⟨Sn⟩ with leading coefficient in k[n] and
a rational function g ∈ k(x) such that M ′(gv/u) belongs to k[x, n]. Consequently, u is split
by Fact (ii), and, hence, h2 is proper.

6.1..2. Proof of the necessary condition of Theorem 6.2

Proof. Assume that h has a telescoper with respect to n, and that h2 is nonzero. Our goal
is to show that h2 is proper. By Theorem 5.17,

h2 =
v

u
H for some H ∈ H (a2, b2) ,

where a2 = γ̃ + n δ(β)
β for some γ̃ ∈ k(x), and (u, v, b2) is an AP triple. Without loss of

generality, we further assume that u is in k[x, n]. To prove that h2 is proper, it suffices to
prove that u is split by Proposition 4.4.

Let L ∈ k(x)⟨Dx⟩ be a telescoper for h with respect to n. By Lemma 6.3, L is also a
telescoper for h2 with respect to n. Then

L(h2) = L
(v
u
H
)
= ∆n(g), (22)

for some hyperexponential-hypergeometric function g. For all i ∈ N, let fi be the rational
function in k(x, n) such that

Di
x(H) = fiH.

Then den(fi) is in k[x], because den(a2) is in k[x]. It follows from Leibniz’s formula that
there exists Mi ∈ k(x)[n]⟨Dx⟩ such that

Di
x(h2) = Mi

(v
u

)
H.

Moreover, the leading coefficient of Mi is in k. Consequently, there exists M ∈ k(x)[n]⟨Dx⟩
with leading coefficient in k(x) such that

L(h2) = M
(v
u

)
H. (23)

On the other hand, Proposition 5.21 and H(a2, b2) = {cH | c ∈ k} imply,

L(h2) =
V

U
H. (24)

where U and V are in k(x)[n], and (U, V, b2) is an AP triple. Since L(h2) is hypergeometric-
summable by (22), it follows from Lemma 5.15 that U is free of n.

Comparing (23) with (24), we have that M(v/u) = V/U , which is in k(x)[n]. It follows
that there exists a nonzero operator M ′ ∈ k[x, n]⟨Dx⟩ with leading coefficient in k[x] such
that M ′(v/u) belongs to k[x, n]. By Fact (ii), u is split, and, therefore, h2 is proper.
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6.2. Properness implies the existence of telescopers

Wilf and Zeilberger present an elementary proof of the existence of telescopers for proper
multivariate hypergeometric terms [46, Theorem 3.1], and indicate that their argument
should be also valid in the continuous-discrete setting. For the sake of completeness, we
elaborate on the proof of the following theorem.

Theorem 6.4. If h(x, n) is a proper hyperexponential-hypergeometric function over k(x, n),
then h has a telescoper with respect to n and a telescoper with respect to x.

6.2..1. Preparation lemmas

Before the proof of the theorem above, we shall show some lemmas.

Lemma 6.5. Let h(x, n) ∈ H(a, b) be a hyperexponential-hypergeometric function over k(x, n).

(i) If h has a telescoper with respect to n, so does the product H(x)h(x, n) for any hyperexponential-
hypergeometric function H with ∆n(H) = 0.

(ii) If h has a telescoper with respect to x, so does the product H(n)h(x, n) for any hyperexponential-
hypergeometric function H with Dx(H) = 0.

Proof. Assume that H is a nonzero element of H(A,B). If ∆(H) = 0, then B = 1 and a ∈
k(x) by the integrability condition σ(A) − A = δ(B)/B. It is straightforward to verify
that HDx(h) = (Dx −A)Hh, which, together with an easy induction, implies that

HDi
x(h) = (Dx −A)i(Hh) for all i ∈ N.

Let L ∈ k(x)⟨Dx⟩ be a telescoper of h. By the equality above,

HL(h) = M(Hh)

where M is obtained by replacing Di
x in L by (Dx−A)i. Since there exists a hypergeometric

function g such that L(h) = ∆n(g) and ∆n(H) = 0, the equality above implies that

M(Hh) = H∆n(g) = ∆n(Hg).

The first assertion is proved.
To prove the second assertion, Assume thatH is a nonzero element inH(A,B) over k(x, n).

If Dx(H) = 0, then A = 0 and B ∈ k(n) by the integrability condition σ(A)−A = δ(B)/B.
Since HSn(h) = Sn(Hh)/B, we have that, for all i ∈ N,

HSi
n(h) = BiS

i
n(Hh) for some Bi ∈ k(n).

Let L ∈ k(n)⟨Sn⟩ be a telescoper of h. By the equality above,

HL(h) = M(Hh)

where M is obtained by replacing Si
n in L by BiS

i
n. Since there exists a hypergeometric

function g such that L(h) = Dx(g) and Dx(H) = 0, the equality above implies that

M(Hh) = HDx(g) = Dx(Hg).

The second assertion is proved.
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Lemma 6.6. Let h1 and h2 be two similar hyperexponential-hypergeometric functions over k(x, n).
Let Vn be the vector space spanned by

{
∆i

n(hj) | i ∈ N, j ∈ {1, 2}
}
over k(x), and Vx be the

vector space spanned by
{
Di

x(hj) | i ∈ N, j ∈ {1, 2}
}
over k(n).

1. If both h1 and h2 have telescopers with respect to n, so does any nonzero element in Vn.

2. If both h1 and h2 have telescopers with respect to x, so does any nonzero element in Vx.

Proof. Assume that Lj(hj) = ∆n(gj) for some nonzero Lj ∈ k(x)⟨Dx⟩, some hyperexponential-
hypergeometric function gj , and for j = 1, 2. Then

Lj(∆
i
n(hj) = ∆n(∆

i
n(gj).

Hence, every element of
{
∆i

n(hj) | i ∈ N, j ∈ {1, 2}
}
has a telescoper. If two hypergeometric

functions have telescopers with respect to n, say T1 and T2, then their sum, assumed to
be nonzero, also has a telescoper with respect to n, which can be taken as a common left
multiple of T1 and T2. The first assertion then follows from Lemma 6.5 (ii). The second
assertion can be proved in the same manner.

In the proof of the Fundamental theorem [46], Wilf and Zeilberger neglected the case
that the remainder of a nonzero m-free operator P (n, Sn, Sm) ∈ k(n)⟨Sn, Sm⟩ by Sm − 1
may be zero. Wegschaider used a “noncommutative trick” to deal with this case. Here, we
will apply Wegschaider’s trick and its differential analogue to transform the x-free or n-free
operator to a telescoper with respect to n or x.

Lemma 6.7 (Wegschaider’s trick). Let h be a nonzero hypergeometric function over k(x, n).

(i) If there exists a nonzero operator A ∈ k(x)⟨Sn, Dx⟩ such that A(h) = 0, then h has a
telescoper with respect to n.

(ii) If there exists a nonzero operator A ∈ k(n)⟨Sn, Dx⟩ such that A(h) = 0, then h has a
telescoper with respect to x.

Proof. Assume that there exists a nonzero operator A in k(x)⟨Sn, Dx⟩ such that A(h) = 0.
Since ∆n = Sn − 1, we can write A = ∆m

n (L(x,Dx) + ∆nM), where m is in N, L is nonzero
operator in k(x)⟨Dx⟩ and M is in k(x)⟨Sn, Dx⟩. By Wegschaider’s trick in [45, Theorem 3.2],
there exist w ∈ k(n) and r ∈ k with r ̸= 0 such that

w∆m
n = ∆nQ+ r (25)

for some Q ∈ k(n)⟨Sn⟩. In particular, r = (−1)mm! if we take w = nm. Using the fact r∆n =
∆nr and (25), we find

w

r
A = L+∆nN for some N ∈ k(x, n)⟨Dx, Sn⟩.

Hence, L is a telescoper for h with respect to n.
The second assertion can be proved in a similar way. Instead of (25), we need to find w ∈

k(x) and r ∈ k \ {0} such that
wDm

x = DxQ+ r

for some Q ∈ k(x)⟨Dx⟩. In particular, r = (−1)mm! if we take w = xm.
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6.2..2. Proof of Theorem 6.4

Now, we present the proof of Theorem 6.4.

Proof. Assume that h is a proper hyperexponential-hypergeometric function. Then the
standard representation of h is of the form

(p(x, n), β(x), γ(x), α(n)),

where p ∈ k[x, n], β, γ ∈ k(x), and α ∈ k(n). Writing p as
∑m

i=0 pi(x)n
i with pi ∈ k[x] yields

pβnH(γ, α) =

m∑
i=0

pin
iβnH(γ, α) =

m∑
i=0

βnH
(
γ +

δ(pi)

pi
, α(n)

σ(ni)

ni

)
.

It follows that

h =

m∑
i=0

β(x)nGiHi (26)

for some Gi ∈ H
(
γ(x) + δ(pi)

pi
, 1
)
and Hi ∈ H

(
0, α(n)σ(n

i)
ni

)
.

First, we show that h has a telescoper with respect to n. Note that each Gi in (26) has
n-certificate equal to 1. By Lemmas 6.5 and 6.6, it suffices to show that a hypergeometric
function ĥ ∈ β(x)n · H (0, g(n)) with g ∈ k(n) has a telescoper with respect to n. Let s =
num(β), t = den(β), a = num(g) and b = den(g). Moreover, let v = num(δ(β)/β) and w =
den(δ(β)/β). A straightforward calculation yields that the x-certificate and n-certificate of ĥ
are, respectively,

nv

w
and

sa

tb
.

Note that s, t, v, w are in k[x], and a, b in k[n].
We claim that there exists a nonzero operator A in k(x)⟨Sn, Dx⟩ such that A(ĥ) = 0.

The claim will be proved by a well-known argument used in [34]. The first assertion will
then follow from Lemma 6.7.

Let FN be the linear subspace spanned by {Si
nD

j
x | i + j 6 N} over k(x). Let µ be the

maximum of degrees of a and b in n, and let

WN = spank(x)

{
niĥ

b(n+N − 1) · · · b(n)
| i 6 (µ+ 1)N

}
.

An easy induction on i and j yields

Si
nD

j
x(ĥ) =

q(n, x)ĥ

b(n+ i− 1) · · · b(n)
, where degn(q) 6 iµ+ j.

Hence, Si
nD

j
x(ĥ) belongs to WN if i + j 6 N . Accordingly, there is a k(x)-linear map ϕN

from FN to WN that sends L to L(ĥ) for all L ∈ FN . Since the dimension of FN over k(x)
is
(
N+2
2

)
, while that ofWN is (µ+1)N+1, the kernel of ϕN is nontrivial when N is sufficiently

large. Any nonzero element in the kernel annihilates ĥ. The claim is established.
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Second, we show that h has a telescoper with respect to x. Note that eachH
(
0, α(n)σ(n

i)
ni

)
in (26) has x-certificate equal to zero. By Lemmas 6.5 and 6.6, it suffices to show that any
hypergeometric function ĥ(x, n) of the form

ĥ = β(x)n · H (g(x), 1) with g ∈ k(x)

has a telescoper with respect to x. Let s = num(β), t = den(β),

v = num

(
n
δ(β)

β
+ g

)
and w = den

(
n
δ(β)

β
+ g

)
.

A straightforward calculation yields that the x-certificate and n-certificate of ĥ are, respec-
tively,

v(x, n)

w(x)
and

s(x)

t(x)
.

Note that s, t, and w are in k[x] and v is in k[x, n] with degn(v) = 1.
We claim that there exists a nonzero operator A in k(n)⟨Sn, Dx⟩ such that A(ĥ) = 0.

The second assertion then follows from Lemma 6.7.
Following an argument similar to the one above, we now consider a linear space FN

spanned by {Si
nD

j
x | i + j 6 N} over k(n). Let µ be the maximum of the degrees in x of

s, t, v and w, and let

WN = spank(n)

{
xiĥ

(tw)N
| i 6 2µN

}
.

An easy induction on i and j yields

Si
nD

j
x(ĥ) =

q(n, x)

tiwj
ĥ, where degx(q) 6 (i+ j)µ.

Hence, Si
nD

j
x(ĥ) belongs to WN if i + j 6 N . Accordingly, there is a k(n)-linear map ϕN

from FN to WN that sends L to L(ĥ) for all L ∈ FN . Since the dimension of FN over k(n)
is
(
N+2
2

)
, while that of WN is 2µN + 1, the kernel of ϕN is nontrivial when N is sufficiently

large. Any nonzero element in the kernel annihilates ĥ. The claim is established.
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[38] Marko Petkovšek, Herbert S. Wilf, and Doron Zeilberger. A = B. A K Peters Ltd., Wellesley,
MA, 1996. With a foreword by Donald E. Knuth, With a separately available computer disk.

[39] Roberto Pirastu and Volker Strehl. Rational summation and Gosper-Petkovšek representation.
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