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Abstract Among several implicitization methods, the method based on resultant computation is a

simple and direct one, but it often brings extraneous factors which are difficult to remove. This paper

studies a class of rational space curves and rational surfaces by implicitization with univariate resultant

computations. This method is more efficient than the other algorithms in finding implicit equations

for this class of rational curves and surfaces.
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1 Introduction

Implicit and parametric expressions are classic representations of curves and surfaces in
CG (Computer Graphics) and CAGD (Computer Aided Geometry Design). Both implicit and
parametric representations have their advantages in solid modeling: The parametric form is best
suited for generating points along a curve, whereas the implicit representation is most convenient
for determining whether a given point lies on a specific curve or surface. This motivates the
search for a means of converting from one representation to the other. In industry of art and
solid modeling, the originally designed curves and surfaces are often in parametric forms. Thus,
it is necessary to find their implicit forms, this procedure is called implicitization.

A complete implicitization method using Gröbner bases is presented in [1–2]. However, the
computation complexity of the Gröbner basis technique is exponential, it is seldom used in
practice when the degree of the parametrization is not low enough. Another implicitization
method is based on the characteristic set method[3−4]. But it often involves some low dimen-
sional redundant branches. Li[5] and Gao[6] provided some techniques to improve the method.
However, how to simplify a complicated polynomial sets to a simple implicit variety is a fussy
problem. Recently, Sederberg and Chen[7] proposed a new implicitization method using moving
curves and moving surfaces, and improved it to the μ-basis method[8−9]. The μ-basis method
has been implemented efficiently on planar curves and ruled surfaces. But this method needs
to be studied further.
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In 1908, Dixon[10] introduced the resultant method to eliminate variables from polynomials,
which leads to a method for implicitization. However, the computation of resultants on multi-
variate is not easy[11]. When the surfaces have base points, the general resultant formula will
be identical to zero. An alternative method is to select the biggest non-zero minor determinant
as the resultant, but it often involves extraneous factor which is difficult to remove[12]. It is still
an open problem to find the exact resultant formula. Although the resultant method is not a
complete method, it has at least two advantages. First, it is efficient and known better than
the Gröbner basis method and the characteristic set method. Second, the resultant method
can be applied in numerical computations, while the other three methods cannot be used to do
this task. That is why we develop implicitization using the resultant this paper.

Space curves are widely used in art design, cartoon movies, and industry modeling. In
the first part of the paper, we study the implicitization problem of space curves, then give the
implicit variety by univariate resultant computation. In the second part, we discuss the rational
surfaces which can be implicitized using resultant method. Combining the re-parametrization
method with the uni-multivariate decomposition and birational transformation, we get the
rational surfaces which can be projected as planar curves and then obtain the implicit formula
by the successive resultant computations.

2 Rational Space Curves

A rational space curve is defined as

(x, y, z) = P (t) =
(

P1(t)
Q1(t)

,
P2(t)
Q2(t)

,
P3(t)
Q3(t)

)
, (1)

where Pi, Qi ∈ C[t] and gcd(Pi, Qi) = 1, i = 1, 2, 3. Assume that the curve does not degenerate
to a planar curve. Let p = Q1x − P1, q = Q2y − P2, and r = Q3z − P3. Then I = 〈p, q, r〉 is
the corresponding ideal of the curve P (t). So I ′ = I ∩C[x, y, z] is the elimination ideal of P (t).
In [2], we have the following elimination property.

Lemma 1 Let P (t) be a space curve of the form (1). Let I ′ be the elimination ideal of P (t)
and V (I ′) be the common zero set of I ′. Then V (I ′) is the smallest affine variety including
P (t).
2.1 Resultant Method

Let us recall some properties of resultants in [2].
Consider two polynomials f = a0t

s + · · · + as and g = b0t
l + · · · + bl in C[t, x, y, z] where

ai, bi ∈ C[x, y, z]. The Sylvester matrix of f and g with respect to t is defined to be

Syl(f, g, t) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0 b0

a1
. . . b1

. . .
. . . a0

. . . b0

... a1

... b1

as

... bl

...
. . .

. . .
as bl

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The resultant of f and g with respect to t, denoted by Res(f, g, t), is the determinant of the
above Sylvester matrix:

Res(f, g, t) = det(Syl(f, g, t)).
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Then we have the following lemma.
Lemma 2 1) Res(f, g, t) is in the elimination ideal of 〈f, g〉 in C[x, y, z].
2) For any X0 = (x0, y0, z0), Res(f, g, t) is zero at X0 if and only if either f and g decrease

the degrees of t at X0, or f and g has a common solution for t at X0.

2.2 Compute Varieties with Univariate Resultants

Consider the ideal I = 〈p, q, r〉 of P (t). Then the resultant system[11] can be used to compute
the elimination ideal, but the resultant systems often contain many redundant elements. We
now consider a direct method, that is, finding the variety of the parametric curve by the
resultant computations of any two polynomials in I.

For a rational space curve P (t) of the form (1), consider the resultants

f = Res(p, q, t), g = Res(p, r, t), h = Res(q, r, t) ∈ C[x, y, z].

Then 〈f, g, h〉 ⊂ I ′ and V (I ′) ⊂ V (〈f, g, h〉). However, the inverse inclusion

V (I ′) ⊃ V (〈f, g, h〉) (2)

is not true in general, as illustrated by the following counterexample.
Example 1 Let P (t) be the cubic space curve

(t2 (t − 2) , (t − 1)2 (t + 1) , t (t − 1) (t − 2)).

One can verify that the point (−1, 1, 0) is in V (〈f, g, h〉) but not in V (I ′).
We now study the situation for (2). Note that p = Q1x − P1 is linear in x. Then

p = (Q1, 0, 0,−P1) · (x, y, z, 1),

where · denotes the inner product of two vectors. Set p = (Q1, 0, 0,−P1) and deg(p) = degt(p).
Similarly, q = (0, Q2, 0,−P2) for q and r = (0, 0, Q3,−P3) for r. Then

[p, q, r] = Q1Q2Q3

(
P1(t)
Q1(t)

,
P2(t)
Q2(t)

,
P3(t)
Q3(t)

, 1
)

, (3)

where [p, q, r] is the exterior product of p, q, and r.
Denote by Lcv(·) the leading coefficient vector with respect to t. The following lemma is a

generalization of Theorem 1 of [8].
Lemma 3 Let X0 be a point in V (〈f, g, h〉). Then X0 belongs to V (I ′) if one of the following

conditions is satisfied
i) p, q and r decrease the degrees of t at X0, and, Lcv(p), Lcv(q) and Lcv(r) are linearly

independent.
ii) the polynomials p, q and r have a common solution for t at X0.
Proof Note that for convenience we can regard p as its vector form p when needed.
i) Let X0 = (x0, y0, z0). Suppose that p, q, and r decrease the degrees of t. This means that

the leading terms of p, q and r become zeros at X0, i.e.,

(x0, y0, z0, 1) · Lcv(p) = (x0, y0, z0, 1) · Lcv(q) = (x0, y0, z0, 1) · Lcv(r) = 0,

where Lcv(p) = (q1n, 0, 0,−p1n), Lcv(q) = (0, q2n, 0,−p2n) and Lcv(r) = (0, 0, q3n,−p3n).
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By the assumption, Lcv(p), Lcv(q) and Lcv(r) are linearly independent. Then (x0, y0, z0, 1)
must be a nonzero scalar multiple of their exterior product

[Lcv(p), Lcv(q), Lcv(r)] = q1nq2nq3n

(
p1n

q1n
,
p2n

q2n
,
p3n

q3n
, 1
)

.

Writing in affine form, we have (x0, y0, z0) = (p1n

q1n
, p2n

q2n
, p3n

q3n
).

On the other hand, from (3) and Lcv([p, q, r]) = [Lcv(p), Lcv(q), Lcv(r)], we have that
(p1n

q1n
, p2n

q2n
, p3n

q3n
) is a point on P (t) corresponding to t = ∞. So (x0, y0, z0) ∈ V (I ′).

ii) Suppose p, q, and r have a common solution at X0. Then

(x0, y0, z0, t0) ∈ V (〈p, q, r〉) = V (I).

By the elimination theory, we have (x0, y0, z0) ∈ V (I ′).
Now, we are ready to give the implicit varieties for space curves by resultant computation.

Actually, except the element t, here p(x, t), q(y, t), and r(z, t) involve only x, y and z respectively.
Theorem 1 Let P (t) be a rational space curve of the form (1). If deg(Pi/Qi) = 1 for

some i, then P (t) is an intersection curve of two surfaces.
Proof Without loss of the generality, we assume deg(P3/Q3) = 1. We will show that

V (I ′) = V (〈g, h〉).
Given a point (x0, y0, z0) ∈ V (〈g, h〉), we have g(x0, z0) = h(y0, z0) = 0. By Lemma 2, g is

zero if and only if either p and r decrease the degrees of t, or, p and r have a common solution.
Similarly, h is zero if and only if either q and r decrease the degrees of t, or, q and r have a
common solution.

Let S = {i| deg(Qi) < deg(Pi), i = 1, 2, 3} and the cardinality of S be #S.
If #S ≥ 2, then at least two polynomials of {p, q, r} cannot decrease the degrees of t at X0.

Moreover, degt r(z0, t) ≤ 1, so we can find a solution of the system {p = q = r = 0} at X0.
According to Lemma 3, X0 ∈ V (I ′).

If #S ≤ 1, then Lcv(p), Lcv(q) and Lcv(r) are linearly independent. We consider the
following two cases.

Case 1: The polynomials p, q and r decrease the degrees of t at X0. Then X0 ∈ V (I ′) by
Lemma 3.

Case 2: {p = r = 0} has a solution and {q = r = 0} has a solution. Since r(z0, t) = 0 is a
linear equation, {p = q = r = 0} has a solution at X0. By Lemma 3, X0 ∈ V (I ′).

Finally, we show no other cases happen. Otherwise, we must have degt r(z0, t) = 0 and
r(z0, t) = 0. Therefore, Q3z0 − P3 is identical to zero, a contradiction to gcd(P3, Q3) = 1.

Example 2 For the twist curve P (t) = (t3, t2, t), we can get its variety

V (〈x − z3, y − z2〉)

by computing the resultants between p, q, and r, respectively.

3 Rational Surfaces

A rational surface is defined as

(x, y, z) = P (s, t) =
(

P1(s, t)
Q1(s, t)

,
P2(s, t)
Q2(s, t)

,
P3(s, t)
Q3(s, t)

)
, (4)

where Pi, Qi ∈ C[s, t] and gcd(Pi, Qi) = 1 for i = 1, 2, 3.



808 LIYONG SHEN · CHUNMING YUAN

As introduced, one can implicitize the above rational surface by Gröbner basis method
theoretically which cannot be really implemented in practice. Another way is based on the
multivariate resultant computation, which is incomplete.

In this section, we will consider the rational surfaces which can be projected as planar curves.
We first give some preliminary results. For the implicitization of planar curves, we have the

following lemma.
Lemma 4[13] Let P (t) =

(
P1(t)
Q1(t) ,

P2(t)
Q2(t)

)
be the parametrization of a planar curve in reduced

form and f(x, y) be its defining polynomial. Then f(x, y)index(P ) is equal to Res(Q1(t)x −
P1(t), Q2(t)y − P2(t), t) up to multiplication by nonzero constants.

In Lemma 4, index(P ) is defined to be the number of parameters corresponding to a generic
point of f(x, y) and called the improper index of P (t). The improper index of a rational surface
is defined similarly[14]. A rational parametrization is proper if and only if its improper index is
equal to one[13−14].

We now consider the rational surfaces of the following form:

(x, y, z) = P (s, t) =
(

P1(s, t)
Q1(s, t)

,
P2(s, t)
Q2(s, t)

,
P3(s)
Q3(s)

)
. (5)

Obviously, the surface (5) can be regarded as a planar curve on C(s)2:

(x, y) = P s(t) =
(

P1(s; t)
Q1(s; t)

,
P2(s; t)
Q2(s; t)

)
. (6)

Clearly, we can write

Res(Q1(t)x − P1(t), Q2(t)y − P2(t), t) = l(s)L(x, y, s),

where l(s) ∈ C[s] is the content of the resultant with respect to parameters x, y. Hence, L(x, y, s)
is the primitive part of the resultant. Then l(s)L(x, y, s) is not zero since gcd(Pi, Qi) = 1 and
deg(Pi/Qi) ≥ 1 for i = 1, 2. Let f(x, y; s) ∈ C[x, y, s] be the irreducible defining polynomial
of (6). By Lemma 4, we have

L(x, y, s) = f(x, y, s)index(Ps). (7)

If degs(L) = 0, then the surface (5) is exactly a cylinder over the xy plane and f(x, y) = 0 is
its irreducible implicit equation. Since it is not difficult to determine whether a rational surface
is a cylinder over a coordinate plane or not, it suffices to consider the non-degenerate case with
degs(L) ≥ 1. Before the implicit theorem, we give a preparative lemma.

Lemma 5 Let M(z, s) and N(s) be two irreducible polynomials in R[z, s], where R is a
unique factorization domain. Suppose that Res(M(z, s), N(s), s) = a ∗ g(z)k, where a ∈ R, g is
irreducible and k ∈ N. If M(z, β) is square-free for every root β of N(s) and z0 is a generic
zero of g, then k is the degree of GCD(M(z0, s), N(s)).

Proof Let b be the initial of N(s) and d1 = deg(M, s), d2 = deg(N, s). Then

a ∗ g(z)k = Res(M(z, s), N(s), s)M(z, s̄) = bd1

d2∏
i=1

M(z, si),

where si, i = 1, 2, · · · , d2 is the conjugate roots of N(s). Let z0 be a generic zero of g, then the
multiplicity of zero z0 at both sides of the above equation is k. Note that M(z, si) is square-
free for every si. If z0 is the root of M(z, si), then the multiplicity of z0 in M(z, si) is one.
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Hence, there exist i1, i2, · · · , ik among 1, 2, · · · , d2, such that M(z0, sij ) = 0 and M(z0, sl) �= 0
for l �∈ {i1, i2, · · · , ik}. So M(z0, s) and N(s) have exactly k common roots. The conclusion
follows.

Theorem 2 Let P (s, t) be a rational surface of the form (5) and its defining polynomial
be F (x, y, z) �∈ C[x, y]. Then up to multiplication by nonzero constants,

F (x, y, z)index(P ) = Res
(
Q3(s)z − P3(s), L(x, y, s), s

)
. (8)

Proof Consider the resultant,

Res
(
Q3(s)z − P3(s), L(x, y, s), s

)
= F̃ (x, y, z).

First, we show that F̃ (x, y, z) is some power of F (x, y, z) up to multiplication by nonzero
constants. Since F (x, y, z) �∈ C[x, y], we have degs(L) ≥ 1. And since degs(r) ≥ 1 and
gcd(P3, Q3) = 1, we know that F̃ (x, y, z) is not identical to zero. Let (x0, y0, z0) be a generic
point on F̃ (x, y, z). By Lemma 2, F̃ (x0, y0, z0) = 0 if and only if there exists s0 ∈ C such that

L(x0, y0, s0) = 0 and Q3(s0)z0 = P3(s0).

Then z0 = P3(s0)/Q3(s0) because gcd(Q3, P3) = 1. Here, since (x0, y0, z0) is generically chosen,
the degree reduction cannot occur in Lemma 2. Similarly, L(x0, y0, s0) = 0 if and only if there
exists t0 such that

Q1(s0, t0)x0 − P1(s0, t0) = 0 and Q2(s0, t0)y0 − P2(s0, t0) = 0.

Assume that (s0, t0) is a base point. Then l(s0) must be zero. Otherwise, L(x, y, s) ≡ 0 because
x0, y0 are generic, a contradiction. But l(s) is removed as the content, this case cannot happen.
Therefore, (s0, t0) is not a base point. Hence,

x0 =
P1(s0, t0)
Q1(s0, t0)

, y0 =
P2(s0, t0)
Q2(s0, t0)

, and z0 =
P3(s0)
Q3(s0)

.

So far, we have proved that a generic point on F̃ corresponds to the pair (s0, t0) in the
rational parametrization P (s, t) whose irreducible implicit polynomial is F (x, y, z). That means
there exits an integer h ≥ 1 such that F̃ (x, y, z) = F (x, y, z)h up to multiplication by nonzero
constants. Next, we show that h is exactly the improper index of P (s, t).

By the properties of resultants, we have

F (x, y, z)h = Res
(
Q3(s)z − P3(s), L(x, y, s), s

)

= Res
(
Q3(s)z − P3(s), f(x, y, s), s

)index(ps)

.

We choose (x0, y0, z0) as a generic point of F (x, y, z). By Lemma 5, the number of s
corresponding to (x0, y0, z0) is

� := deg
(
gcd
(

Res
(
Q3(s)z0 − P3(s), f(x0, y0, s), s

)))
=

h

index(P s)
.

Suppose that they are si, i = 1, 2, · · · , �. Then for each i, the number of t corresponding to
(x0, y0, si) is index(P s). Hence, for a generic point (x0, y0, z0) of F (x, y, z), the number of
points (si, ti) corresponding to the generic zero is index(P s) · h

index(ps) = h. So index(P ) = h.
The conclusion follows.

By Theorem 2, we can implicitize a rational surface of the form (5) rapidly, since only
successive univariate resultants with two steps need to be computed.
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3.1 Birational Transformation and Rational Decomposition

In this subsection, we will study the rational surfaces which can be transformed to the
form (5). The decomposition method for rational functions[15] will be used and more specifically,
we only concern about uni-multivariate decomposition.

Let f, h ∈ C(s, t), and g be a univariate polynomial over C such that f = g(h). We call
(g, h) a uni-multivariate decomposition of f , and h a decomposition factor.

Lemma 6 A rational function f ∈ C(s, t) can be transformed to g(S) birationally if and
only if f has the decomposition (g, h) and there exists a rational function h̃ such that C(h, h̃) =
C(s, t).

Proof If the uni-multivariate decomposition is g(h(s, t)) and there exists an associated
rational function h̃(s, t) such that C(h, h̃) = C(s, t), then the transformation S = h, T = h̃ is
birational.

Conversely, suppose that S = S(s, t), T = T (s, t) is a birational transformation such that
the reparametrization is g(S). Then g(S, T ) = g(S) is a uni-multivariate decomposition of f .

Consider the fractional linear transformations in the following.
Lemma 7 Let P (s, t) be a rational surface of the form (4). Then a reparametrization

P (S, T ) by the parameter transformations
⎧⎨
⎩

S = s

T =
T1(s)t + T2(s)
T3(s)t + T4(s)

and

⎧⎨
⎩

S =
S1(t)s + S2(t)
S3(t)s + S4(t)

T = t

is an equivalent parametrization of P (s, t), where Ti(s) ∈ C[s], Si(t) ∈ C[t] and T1T4 − T2T3 �=
0, S1S4 − S2S3 �= 0.

Proof The lemma follows from the fact that the two parameter transformations are bira-
tional.

If there exits i such that Pi(s, t)/Qi(s, t) has the form Pi(S)/Qi(S) or Pi(T )/Qi(T ), by a
birational transformation in Lemma 7, then we reparameterize the rational surface and compute
its implicit equation by Theorem 2.

A question then arises on how to determine whether Pi(s, t)/Qi(s, t) can be rewritten in
the form following Lemma 7. In other words, by Lemma 6, we need to find if there exists a
decomposition factor h = T1(s)t+T2(s)

T3(s)t+T4(s) or h = S1(t)s+S2(t)
S3(t)s+S4(t) . That is, min{degs(h), degt(h)} =

1 and we call such h as quasi-linear. Fortunately, we can use the uni-multivariate rational
decomposition method[15] to solve this problem.

We modify the algorithm 2.1 in [15] to find quasi-linear decomposition factors.
Algorithm 1 Input: f = fn(s,t)

fd(s,t) ∈ C(s, t).
Output: the quasi-linear decomposition factor if it exists, and “no quasi-linear decomposi-

tion” otherwise.
A) Factor the symmetric polynomial P = fn(s, t)fd(u, v) − fd(s, t)fn(u, v).
B) Let H be a divisor of P with min{degs(H), degt(H)} = 1.
C) If H is a symmetric near-separated polynomial, that is, there exist N and D in C[s, t]

such that H = N(s, t)D(u, v) − D(s, t)H(u, v), then return N(s, t)/D(s, t).
D) If all divisors are not symmetric near-separated polynomial, then return “no quasi-linear

decomposition”.
For a rational surface (4), we can find its quasi-linear decomposition factor by Algorithm 1

if it has. Indeed, Algorithm 1 finds all rational surfaces which can be reparameterized to the
form of (5) by a birational transformation.
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Example 3 Let (x, y, z) = P (s, t) be a rational surface defined by
(

1 − t2 − 2 s2t

1 + t2
,
2 t + s2 (1 − t)

1 + t2
,
s2t4 + 4 st2 + 1 + s2t2 − 4 s2t + 4 s2 − 4 st + t2

(3 st2 + 3 + st − 2 s + t) (st2 + 1)

)
.

It is not of the form (5), but by Algorithm 1, z has a quasi-linear decomposition

s2t4 + 4 st2 + 1 + s2t2 − 4 s2t + 4 s2 − 4 st + t2

(3 st2 + 3 + st − 2 s + t) (st2 + 1)
=

S2 + 1
S + 3

,

where the birational transformation corresponding the decomposition factor is

S =
s (t − 2) + t

st2 + 1
, T = t.

We can get a reparameterization P (S, T ) to be the following:
(
−−T 4S2 + 2 ST 3 − 8ST 2 + 3 T 2 + 4 T − 4 + T 6S2 − 2T 5S + 4 T 4S + T 4 − 2 T 3 + 2 TS2

(ST 2 − T + 2)2 (1 + T 2)
,

2T 5S2 − 4T 4S + 8 ST 3 + T 3 − 7T 2 + 8 T + S2 − TS2 − 2 ST + 2 ST 2

(ST 2 − T + 2)2 (1 + T 2)
,
1 + S2

3 + S

)
,

which can be implicitized using Theorem 2. Here, we omit the implicit equation with degree
18 since it has a long expression.

Obviously, h̃ is easy to find such that C(h, h̃) = C(s, t) for a quasi-linear decomposition h.
However, it is difficult to determine whether there exist h̃ for a general h, we will focus on this
problem in further work.

3.2 Some Applications

Based on the methods presented above, let us do the implicitization for two classes of rational
surfaces that are frequently occurred in CAGD.

3.2.1 Rational Ruled Surfaces

The rational ruled surfaces appear in many applications. The developable surfaces, a par-
ticular class of ruled surfaces, are widely used in architecture. A ruled surface in affine form is
defined as

(x, y, z) = P (s, t) =
(

a0(s) + a1(s)t
d1(s)

,
b0(s) + b1(s)t

d2(s)
,
c0(s) + c1(s)t

d3(s)

)
, (9)

where ai, bi, ci, i = 0, 1; dj , j = 1, 2, 3, are nonzero polynomials in C[s]. We also assume that
the parametric equations are irreducible fractions, for instance, gcd(a0, a1, d1) = 1.

Obviously, we can transform the ruled surface (9) to the form of (5) by Lemma 7, precisely,
we can write the ruled surface as

P (s, t) =
(

a0(s) + a1(s)t
d1(s)

,
b0(s) + b1(s)t

d2(s)
, t

)
, (10)

where ai, bi, ci ∈ C[s] for i = 1, 2 and 0 �= dj ∈ C[s] for j = 1, 2, 3.
After the reparametrization, we can implicitize the ruled surface only by a univariate resul-

tant computation.
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Corollary 8 Let P (s, t) be a rational ruled surface of the form (10) and its defining
polynomial be f(x, y, z). Then

f(x, y, z)index(P ) = ppx,y(Res(d1x − (a0 + a1t), d2y − (b0 + b1t), s))|t=z ,

where ppx,y takes the primitive part with respect to x and y.
Example 4 Let (x, y, z) = P (s, t) be a ruled surface defined by

(
1 − s2 − 2 ts

1 + s2
,
2 s + t(1 − s2)

1 + s2
, t

)
.

Since the surface is of the form (10), we do not need reparametrization. The resultant for a
projected planar curve can be found

R(x, y; t) = 4 y2 + 4 t2x2 + 4 t2y2 − 8 t2 − 4 t4 + 4 x2 − 4.

Removing the content (4 t2 + 4), one can get the primitive part as −t2 + y2 − 1 + x2. Then the
implicit equation of the ruled surface is

−z2 + y2 − 1 + x2 = 0.

For the same ruled surface, Fioravanti, et al.[16] computed three resultants and their gcd to get
the implicit equation.

3.2.2 Rational Revolution Surfaces

Another class of rational surfaces that are frequently used in porcelain modeling is revolution
surfaces. A rational revolution surface is generated by a space curve circumrotating around the
z-axis. We assume that it has the following form:

P (s, t) =
(

P1(s)
Q1(s)

2t

1 + t2
,
P2(s)
Q2(s)

1 − t2

1 + t2
,
P3(s)
Q3(s)

)
,

where P1/Q1 = P2/Q2. Since it is exactly of the form (5), so we can apply our method directly.
We consider a torus surface as an example. Let

(x, y, z) = P (s, t) =

(
4
(
1 + s2 + s

)
t

(1 + s2) (1 + t2)
,
2
(
1 + s2 + s

) (
1 − t2

)
(1 + s2) (1 + t2)

,
1 − s2

1 + s2

)
.

By successive resultant computation, we can compute its implicit equation

9 − 10 x2 − 10 y2 + 2 z2x2 + 2 z2y2 + 6 z2 + x4 + y4 + 2 x2y2 + z4 = 0.

4 Experiments and Conclusions

To illustrate the efficiency of our method, we give two time costing tables. On each row of
Table 1, we list the average computation time of ten examples of same degree but with some
random integer coefficients in [−10, 10]. The examples are implemented in Maple 10 with IBM
corporation, CPU Intel Pentium 3.0G, RAM 256M. Times of our method and that of Gröbner
bases are given in seconds of CPU.
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Table 1 Time Costing: Implicitization of space curves

(degt x, degt y, degt z) Resultants Gröbner Bases

(1,2,2) ∼ 0.0 0.141
(1,3,5) ∼ 0.0 3.081
(1,5,6) 0.073 29.78
(1,7,8) 0.126 401.4

Recently, Pérez-Diáz and Sendra[17] gave an implicitization method based on univariate re-
sultant computations for general rational surfaces. The method brought auxiliary parameters
which increases the complexity of computations. For the class of rational surfaces mentioned
in our paper, our algorithm is more efficient than theirs. Using our method, one can quickly
implicitize fourteen of sixteen examples in their paper. On the above computer, the implicitiza-
tion of these examples can be computed quickly using our method but can not be done within
ten minutes using the algorithm in [17]. After switching to a HP workstation xw4600 with CPU
(Dual intel 2.4G) and 4 GB of RAM, we obtain the following time costing of 11 examples in
Appendix of [16] using our method (Time I) and their method (Time II), respectively.

Table 2 Time Costing: Implicitization of rational surfaces

P (s, t) Time I Time II tdeg(F ) Terms of F

P 2(s, t) 0.359 7.828 16 111
P 3(s, t) 0.563 89.593 48 10
P 4(s, t) 0.844 >1000 24 148
P 5(s, t) 0.687 >1000 11 1027
P 6(s, t) 0.249 >1000 9 164
P 7(s, t) 1.375 >1000 17 206
P 8(s, t) 7.453 >1000 42 1321
P 9(s, t) 3.719 >1000 60 1645
P 10(s, t) 0.157 0.782 36 156
P 11(s, t) 7.563 >1000 23 418
P 12(s, t) 2.906 >1000 26 367

where

P 2 =
(
− (s2−1)3

t

s4−2 s2 , t4

s2−1 ,− ts2(s2−2)
s2−1

)
,

P 3 =
(

t4

s2−1 ,
(s2−1)3

t4 , s6
(
s2 + 1

)3 + t

)
,

P 4 =
(

s6

2 s4+3 s2+2 st−8 s+t2−8 t+19 ,
(
2 s2 + 2 st − 8 s

)2
, t3
)

,

P 5 =
(

−6+2 s3+6 t2−10 s
−5+4 t2+9 st , 12 − 32 st + 3 s + 3 s2 − 6 t− 4 s3, s2t + 1

)
,

P 6 =
(
t − (s − t + 3)3 , t3 − 4 s2 − 5 s, s2 − t + 4

)
,

P 7 =
(

7−2 st2−4 st
1−4 s2+2 t , st

st+1−3 s2 ,−54 − 6 s4t − 4 s− 26 s2
)

,

P 8 =
(
t2 +

(
s4 − 1

)−1
, st − 1 + t−2, s−7

)
,

P 9 =
(

t4

s2−1 ,
((

s2 − 1
)2

t4 + 2
)−1

, s6
(
s2 + 1

)3 + t

)
,

P 10 =
(
t6
(
t2 + 1

)3
, s−2, 4t

1+s + t
s

)
,

P 11 =
(

5(t2+1)3

t6 , t(st+t+1)
4(1+s) , t

s2 + 1
)

,

P 12 =
(

5s2

s10+s3t+t ,
s+t

s+5 st+s5 , 5 s2 + t + st + 4
)

.
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For further work, we will find the elimination ideal
√

I ′ of space curves with efficient com-
putation. In addition, we hope to determine a rational function h̃ associated to h such that
C(h, h̃) = C(s, t). This will be very helpful for birational transformation and implicitization of
rational surfaces.
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[14] S. Pérez-Diaz, J. R. Sendra, and J. Schicho, Properness and inversion of rational parametrizations

of surfaces, Applicable Algebra in Engineering, Communication, and Computing, 2002, 13(1): 29–
51.

[15] J. Gutierrez, R. Rubio, and D. Sevilla, On multivariate rational function decomposition, Journal
of Symbolic Computation, 2002, 33(5): 545–562.

[16] M. Fioravanti, L. Gonzalez-Vega, and I. Necula, Computing the intersection of two ruled surfaces
by using a new algebraic approach, Journal of Symbolic Computation, 2006, 41(1): 1187–1205.
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