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Differential spectrum

Ring = commutative, associative, and with an identity
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Differential spectrum

Ring = commutative, associative, and with an identity
A-ring = ring + A = {01,...,0m}  0;0; = J;0;
X = Spec® R

Construction

Or(U ) = regular functions in U
R = Or(X) X = Spec® R
:R—R i X — X
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Differential spectrum

Ring = commutative, associative, and with an identity
A-ring = ring + A = {01,...,0m}  0;0; = J;0;
X = Spec® R

Construction

ol w

r(U) = regular functions in U

¥ X — X is a homeomorphism
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Auxiliary sheaf

Construction

. K»)
(;);?(U) = regular functions in U B
R' = Ok(X) X' =Spec® R
iR — R L’::j\(’—>X @
X
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Auxiliary sheaf

Construction

ol w

OR(U) = regular functions in U
R' = Ok(X) X' =Spec® R
uv:R—R X =X

tr: R— D C R'. Then tt: Spec® D — Spec® R is a homeomorphism.
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Auxiliary sheaf

Construction

k(p)

ol w

OR(U) = regular functions in U
R' = Ok(X) X' =Spec® R
uv:R—R X =X

tr: R— D C R'. Then tt: Spec® D — Spec® R is a homeomorphism.

The mapping v} : X' — Xisa homeomorphism.
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Keigher rings

Definition (Keigher ring)
I C Risa A-ideal = r(/) is a A-ideal.
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R is a Keigher ring, .- R — D C R. Then
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Keigher rings

Definition (Keigher ring)
I C Risa A-ideal = r(/) is a A-ideal.

R is a Ritt algebra (Q C R) = R is a Keigher ring.

R is a Keigher ring, .- R — D C R. Then
*: Spec® D — Spec® R

is @ homeomorphism.

Corollary
R is a Keigher ring. Then

is @ homeomorphism.

v
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Iterative derivations

Definition

Let 6 = {5k}k>0, 0x: R — R:
1) 8%(x) = x 3) 6%(ab) = 3=, 1,k 9*(2)8" (b)
2) 5k(a+ b) _ 5k(a) + 5k(b) 4) Skem — (k-ll;m)dk-i-m
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Iterative derivations

Definition
Let 6 = {5k}k>0, 0x: R — R:
1) 0°%(x) = x 3) 6K(ab) = 3=, = 6"(a)8"(b)

2) 0(a+ b) = 6%(a) + d¥(b)  4) 6%o™ = (F{m)ok+m

Construction

ol W

ORr(U) = regular functions in U
R = Ogr(X) X =Spec®R
t:R—R i X — X
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Iterative derivations

Definition
Let 6 = {5k}k>0, 0x: R — R:
1) 0°%(x) = x 3) 6K(ab) = 3=, = 6"(a)8"(b)

2) 0(a+ b) = 6%(a) + d¥(b)  4) 6%o™ = (F{m)ok+m

A\

Construction

ol W

ORr(U) = regular functions in U
R = Ogr(X) X =Spec®R
t:R—R i X — X

\

Theorem

The mapping ¢*: X — X is a homeomorphism.

4
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The structure sheaves

R—R
X<—>3\<

p<—>ﬁ
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The structure sheaves

Does Og coincide with O?
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Does Og coincide with O?

O~

Rp May contain more nilpotent elements than Og ,,
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The structure sheaves

Does Og coincide with O?

O~

Rp May contain more nilpotent elements than Og ,,

If R is reduced. Then Or = O.
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Differential integral dependence

What do we want?
Properties of the integral dependence in commutative case:
(Integral dependence = ID)

@ Noether's normalization = ID appears often

@ ID has simple geometric behavior

© ID describes universally closed morphisms of affine schemes (complete
affine varieties)
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Differential integral dependence

What do we want?

Properties of the integral dependence in commutative case:
(Integral dependence = ID)
@ Noether's normalization = ID appears often
@ ID has simple geometric behavior
© ID describes universally closed morphisms of affine schemes (complete
affine varieties)

We are seeking universally closed morphisms of affine A-schemes

From now all differential rings are Ritt algebras (Q C R)
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Valuation rings and integral dependence

Let K be a field and A, B C K be local rings with maximal ideals m,n
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Valuation rings and integral dependence

Let K be a field and A, B C K be local rings with maximal ideals m,n

Definition
B dominates A: A< BiffACBandnnNA=m

Fact (Valuation ring)

Let A C K. The following condition are equivalent:
o Vx # 0 either x € A or x™1 € A (or both)

@ A is a maximal element with respect to <
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Definition
B dominates A: A< BiffACBandnnNA=m

Fact (Valuation ring)

Let A C K. The following condition are equivalent:
o Vx # 0 either x € A or x™1 € A (or both)

@ A is a maximal element with respect to <
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Valuation rings and integral dependence

Let K be a field and A, B C K be local rings with maximal ideals m,n

Definition
B dominates A: A< BiffACBandnnNA=m

Fact (Valuation ring)

Let A C K. The following condition are equivalent:
e Vx # 0 either x € A or x 1 € A (or both)

@ A is a maximal element with respect to <

Let A C B be integral domains and K = Q(B).

B is integral over A iff B C () Aa, where A, are all valuation rings in K
containing A.
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Differential integral dependence

The notion of differential valuation ring.

Definition

@ AC K is an extremal ring if A is a maximal local A-ring with respect
to < and m is differential

o AC K is A-valuation if 3 L D K and extremal A’ C L such that
A=ANK
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Differential integral dependence

The notion of differential valuation ring.

Definition

@ AC K is an extremal ring if A is a maximal local A-ring with respect
to < and m is differential

o AC K is A-valuation if 3 L D K and extremal A’ C L such that
A=ANK

The notion of differential integral dependence.

Definition

@ AC B is A-integral if B C A’ whenever AC A’ and A’ is a
A-valuation ring

e A — B is A-integral if Vp C B, A/p€ C B/p is A-integral
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Properties of differential integral dependence

Let f: A— B be A-integral. Then
Q@ bCB a=b°= A/a— B/b is A-integral.
Q@ SCA=S1A-51Bis A-integral.
@ A, B, C are D-algebras = A®p C — B ®p C is A-integral.
@ f*: Spec® B — Spec® A/ ker f is surjective.
© The going up property holds for f.
@ f*: Spec® B — Spec® A/ is closed.
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Properties of differential integral dependence

Let f: A— B be A-integral. Then
Q@ bCB a=b°= A/a— B/b is A-integral.
Q@ SCA=S1A-51Bis A-integral.
© A, B, C are D-algebras = A®p C — B ®p C is A-integral.
@ f*: Spec® B — Spec® A/ ker f is surjective.
© The going up property holds for f.
@ f*: Spec® B — Spec® A/ is closed.

Theorem
f: A— B is A-integral iff
V A-algebra C : (f ® 1)*: Spec® B®4 C — Spec? C is closed.
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Universally closed morphisms

Reduced A-rings = Reduced A-schemes = Fiber products exist
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Reduced A-rings = Reduced A-schemes = Fiber products exist

Fiber products of affine A-schemes < Tensor products + quotient by the
nilradical
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Universally closed morphisms

Reduced A-rings = Reduced A-schemes = Fiber products exist

Fiber products of affine A-schemes < Tensor products + quotient by the
nilradical

Definition (Universally closed morphism)

Let X, Y be reduced A-schemes. The morphism X — Y is universally
closed if VZ — Y the mapping X xy Z — Z is closed.
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Universally closed morphisms

Reduced A-rings = Reduced A-schemes = Fiber products exist
Fiber products of affine A-schemes < Tensor products + quotient by the
nilradical

Definition (Universally closed morphism)

Let X, Y be reduced A-schemes. The morphism X — Y is universally
closed if VZ — Y the mapping X xy Z — Z is closed.

Theorem

Let A — B be reduced A-rings.
Then Spec® B — Spec® A is universally closed iff A — B is A-integral.

v
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Examples

A A-integral extension of a field need not be a field
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Examples

A A-integral extension of a field need not be a field

o C(t), t'=1
e z=1/t
o CCC[z] c C(t)

Then C[Z],) is A-integral closure of C in C(t).
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A A-integral extension of a field need not be a field

o C(t), t'=1
e z=1/t
o CCC[z] c C(t)
Then C[Z],) is A-integral closure of C in C(t).

v
Theorem

o CCL trdegcL=1
eVceC=c=0

@ A; C L are valuation rings such that m; are differential

Then C is either C or N;A;.

\
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Complete varieties

Let K be a differentially closed field
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Definition (Complete differential algebraic variety)
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Dmitry Trushin () Differential schemes October, 2010 16 / 21



Complete varieties

Let K be a differentially closed field

Definition (Complete differential algebraic variety)
X is complete if VY the mapping X X Y — Y is closed.

e X C K is given by 2/ + z° = 0.

@ R is the ring of regular function of X

Then X is complete and R is A-integral over K.
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Complete varieties

Let K be a differentially closed field

Definition (Complete differential algebraic variety)

X is complete if VY the mapping X X Y — Y is closed.

e X C K is given by 2/ + z° = 0.

@ R is the ring of regular function of X

Then X is complete and R is A-integral over K.

Kolchin = differentially complete = Complete among projective
differential algebraic varieties

Example (Kolchin)

If C C K is a constant subfield. Then the constant projective space IP}: is
differentially complete.
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Differential Krull dimension

K is a A-field VB B = S~1K{xq, ..., %}
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Differential Krull dimension

K is a Afield VB B = S~ 1K{x1, ..., xn}
Definition (Gap)

For p C q C B one defines p(p, q) € Z.
w(p,q) < m, where |A| = m.
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Differential Krull dimension

K is a Afield VB B = S K{x1,...,xn}
Definition (Gap)

For p C q C B one defines p(p, q) € Z.
w(p,q) < m, where |A| = m.

v

o dm? B = sup{k | po S p1 C ... C i, p(pi,pit1) = m}
o ht2p = dim2 B,
o coht®p = dim?® B/p
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Differential Krull dimension

K is a Afield VB B = S K{x1,...,xn}
Definition (Gap)

For p C q C B one defines p(p, q) € Z.
w(p,q) < m, where |A| = m.

Definition
o dm? B = sup{k | po S p1 C ... C i, p(pi,pit1) = m}
o ht2p = dim2 B,
o coht®p = dim?® B/p

| A\

Theorem (Johnson)
coht® p = dim® B/p = trdeg®« B.
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Catenarity

K is a A-field, B is a A-finitely generated over K domain.

Dmitry Trushin () Differential schemes October, 2010 19 /21



Catenarity

K is a A-field, B is a A-finitely generated over K domain.

B is differentially catenary:
V p C q and V saturated chain p =po € ... C px = q we have
k = ht®(q/p) = dim? B/p — dim? B/q.
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Catenarity

K is a A-field, B is a A-finitely generated over K domain.

B is differentially catenary:
V p C q and V saturated chain p =po € ... C px = q we have
k = ht®(q/p) = dim? B/p — dim? B/q.

For every p we have ht® p > dim® B — dim® B/p.

Theorem (Rosenfield)

If p is regular with respect to some ranking. Then the inequality holds.

Dmitry Trushin () Differential schemes October, 2010 19 /21



Regular points

Johnson (1977) = The notion of regular prime ideal
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Regular points

Johnson (1977) = The notion of regular prime ideal
e B=K{xi,....,.xp} and p C B

A=B,and m C A

Gm(A) — @k>0 mk/karl

Kmn=A/m

Sk (V) is the symmetric algebra on V over K
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Regular points

Johnson (1977) = The notion of regular prime ideal
e B=K{xi,....,.xp} and p C B

A=B,and m C A

Gm(A) — @k>0 mk/karl

Kmn=A/m

Sk (V) is the symmetric algebra on V over K

Theorem (Johnson)

® p is regular with respect to some ranking = p is regular
o p is regular then Gy(A) = Sk, (m/m?)
@ B is reduced = The set of all regular primes is open and not empty
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Completions and Catenarity

If Gm(A) = Sk, (m/m?) holds. Then the inequality

ht®p > dim® A — dim® A/p

holds.
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Completions and Catenarity

If Gm(A) = Sk, (m/m?) holds. Then the inequality
ht®p > dim® A — dim® A/p

holds.

Fact
If Ge(A) = Sk, (m/m2) holds. Then A = Ky[[m/m?]]
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Completions and Catenarity

If Gm(A) = Sk, (m/m?) holds. Then the inequality
ht®p > dim® A — dim® A/p

holds.

Fact
If Ge(A) = Sk, (m/m2) holds. Then A = Ky[[m/m?]]

K{ylw"ayk}HA;),a

Pa - Cla<7q’a
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