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Abstract An algorithm for computing parametric order bases for univariate polynomial matrices
with parameters is first presented in this paper. Starting from the non-parametric univariate polynomial
matrix, our key idea is to construct a special module and module order. Then based on Grébner
basis theory for modules, we present that the order basis can be obtained by computing a minimal
Grobner basis for this module under this order. Further, we extend the definition of the order basis
to the parametric polynomial matrix, and give the concept of comprehensive order basis systems.
More importantly, the method based on Groébner bases for modules can be naturally generalized to
the parametric case by means of comprehensive Grobner systems for modules. As a consequence, we
design a new algorithm for computing comprehensive order basis systems. The proposed algorithm has

been implemented on the computer algebra system Singular and Maple.
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1 Introduction

The concept of order basis can be traced back to the proof of the transcendence for e
presented by Hermite [1] in 1873 . Let F € K[[z]]™*™ be a matrix of power series and given a

non-negative integer o, we are concerned with the problem of finding a vector p such that
F-p=0 mod z°,

which is involved in the well-known Hermite-Padé approximations defined by Padé [2]. In fact,
all vectors satisfying the above equation form a free module over K[z]. The researchers focus
on how to find a specific basis to represent the whole free module. Beckermann and Labahn [3]
gave a type of minimal degree property, named reduced order basis, and they also used the order
basis to construct the Padé related rational interpolation tables. Meanwhile, the order basis
is widely used in the inversion of structured matrices, normal forms of polynomial matrices,
matrix inversion, column reduction, determinant, and nullspace basis computation [4-7].

Many researchers are committed to developing efficient algorithms for computing order
bases. In 1994, Beckermann and Labahn [8] proposed a rapid algorithm that transforms the
matrix problem into a higher-order vector problem (refer to as the Power Hermite-Padé prob-
lem). In 2003, Giorgi [6] introduced a divide-and-conquer approach for computing order bases,
which converts the high-dimensional matrix order problem into a lower-dimensional vector
problem of higher orders. This method has proven to be highly effective when the matrix is
nearly square. In 2006, Storjohann [9] presented a novel algorithm that effectively reverses
the construction established by Beckermann and Labahn. They transform the low-dimensional
order basis problem into a high-dimensional one with the reduced order. These works reach
complexity bounds that are deemed satisfactory in the most interesting cases, and return a ba-
sis in a so-called shifted reduced form. Subsequently, in 2013 Zhou [10] extended Storjohann’s
transformation to address limitations in Storjohann’s method without sacrificing efficiency. In
recent years, significant advancements have been achieved in the rapid computation of Popov
form, which is a more stringent canonical representation compared to order basis [11-13]. Their
algorithms are designed to accommodate arbitrary shifts without compromising efficiency.

Several algorithms have been devised to compute fraction-free order bases. For example,
Beckermann and Labahn [14, 15] presented the FFFG algorithm for computing matrix rational
interpolants by means of the Mahler systems they defined. They showed that type 2 Mahler
systems at normal indices generate all the solutions to a simultaneous Padé problem of a given
type for any order, and those solutions constitute an order basis. The main purpose of using a
fraction-free approach is to avoid coefficient growth.

Although there are many fast algorithms for computing order bases of univariate polynomial
matrices, there is still a blank in the study of parametric order basis. In practice, we always
encounter situations with parametric matrices. For example, Danik and Dmitriev [16] consider
the stabilizing regulators for a family of nonlinear control systems with a small positive pa-
rameter. They used Padé representation with parameters and limited the parameters so that

they could discuss different situations to solve this representation, which can be done by the
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algorithm in this paper without any limitations for parameters. The parametric order basis for
univariate polynomial matrices with parameters is precisely the issue we are considering and
paying attention to.

Given a matrix F € K[U][z]™*" with parameters U = {uq,--- ,ux} and variable z. We
expect to find all the order bases of the matrix F after each parameter takes any value in
the algebraic closure L of K. This is different from [14, 15] that give fraction-free order bases
over an integral domain. In addition, the above mentioned algorithms for computing order
bases for non-parametric polynomial matrices can not be simply extended to the case with
parameters. This paper focuses on finding finite sets O = {(A41,01),---,(4;,0¢)} such that
for all a € A; C LF, after specializing U induced by a (i.e., U takes the value a, denoted by
7a), Ta(O;) is an order basis of m,(F). {A,---,A;} represents the partition of parameter
space. In fact, for each branch A;, F shares the same expression of order basis for U taking any
values in A;. This finite set is defined by us as a comprehensive order basis system which is
parallel to the concept of comprehensive Grébner system proposed by Weispfenning [17]. For
the comprehensive Grobner system, many improved algorithms have been proposed [18-24].

In this paper, we begin to present the idea from the non-parametric case and give the method
by using Grobner bases proposed by Buchberger [25] in 1976 to compute the order basis. For a

mxXn

given matrix F € K]z] and a positive integer list o, we construct a special matrix F/ with

the form of
i
F = F z c K[x](m-‘rn)x(m+n).

L, Onxm

The idea is to calculate the minimal Grébner basis for the module generated by column vectors
of F/ under a special block order. Then we can obtain an order basis directly from this minimal
Grobner basis. Note that Grobner bases for modules have been applied to compute the univari-
ate polynomial matrix forms (Hermite normal form, Popov normal form, shifted reduced forms,
etc.). Further, we extend the definition of the order basis to the parametric polynomial matrix,
and give an exact definition of comprehensive order basis systems. By means of comprehensive
Grobner systems for modules which presented by [26] as the generalization of comprehensive
Grobner systems for polynomial rings, the method based on Grébner bases for modules can be
naturally generalized to the parametric case. Therefore, we design an algorithm for computing
comprehensive order basis systems. Moreover, we have implemented the algorithm on Singular
and Maple, and provide two examples to illustrate the steps of the algorithm.

The rest of the paper is organized as follows. In Section 2, we introduce some notations and
definitions, including the order basis, Grobner basis, and comprehensive Grobner system. In
the last of Section 2, we give a strict definition of a comprehensive order basis system. The main
results are presented in Section 3. We prove that by computing a minimal Grébner basis for
constructed special modules with respect to a specific block order, an order basis directly from
the minimal Grobner basis can be obtained. Then we further extend the idea to the parametric
case. In Section 4, we propose the algorithm for computing comprehensive order basis systems

based on the main theorem. Finally, we end with some concluding remarks in Section 5.



4 YANG RUNHE - SUN YAO - WANG DINGKANG - XIAO FANGHUI - ZHENG XIAOPENG

2 Preliminaries

In this section, we will introduce some basic notations and definitions for further discussion
in this paper.

Let K be a field, K[z] be the polynomial ring with variable x, K[U][z] be the parametric

polynomial ring with parameters U = {uq,--- ,ux} and univariate z, F € K[z]™*" (or F €
K[U][z]™*™) be a m x n matrix with entries in K[z] (or K[U][x]). Let @ = [o1,--- ,0m] be a
non-negative integer list, and ¥ = [$1,*+ ,8n] € Z™ be an integer list.

A subset of K[z]™ is called a module over K[z], if this subset is closed under addition
and scalar multiplication by elements of K[z]. For a finite set of vectors fi,--- ,fs € K[z]",
we consider the set of all polynomial vectors in K[z]™ which can be written as a K|z]-linear
combination of these vectors:

M = {hif; + -+ hfs e K[z]" : h; € K[z] fori=1,---,s}.

Then M is a submodule of K[z]™ generated by {fi,---,fs} and denoted by (f1,---,f5).
The set {f1, - ,fs} is called a generating set of M. However, the generating set of M is not
necessarily linearly independent. If {f, - f;} is K[z]-linearly independent, {f;,--- ,f;} is a
basis of M. Moreover, if a module M has a basis, then M is called a free module. Since K[z]
is a principal ideal domain, any submodule of K[z]™ is free.

First, we introduce the concept of order bases.

Definition 2.1 A column degree for a column vector p = (p1,--+ ,pn)? € Klz]"*!, de-

noted by cdeg p, is just the maximum of the degrees of its elements, that is,
d = d 7
cdeg p = max deg p;

Given an integer list § = [s1,++ ,8,] € Z"(we always call T a shift), a shifted column

degree of p with respect to a shift K (denoted by cdeg— p), or simply the 5 -column degree of
p is

e
cdegy p = max {degp; +s;} = deg(¢” - p),

where
2% = diag([e*, - ,a*]) =

For a matrix P € K[z]™*", we use cdeg P and cdeg- P for the lists of its column degrees

and shifted &-column degrees for all its column vectors.
Next, we give a comparable order for cdeg P and cdegw P. We can rearrange the list

cdeg P = [a1, -+ ,ay] by the entries of the list from small to large. When comparing the two

lists, cdeg P, and cdeg Ps, we first need to rearrange them and then compare the ordered
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lists @ and 3} As for two pre-ordered integer lists @ = [a1,- - ,a,] and ? = [by,- -+ ,bn], we

%
compare @ and b by following rules:

T >b, ifa>b,Viel,--n);
7§€>, if a; <b;,Vie[l,---,nl;
a >Z>, if a; > b;,Vi € [1,--- ,n],and a; > b, for at least one j € [1,--- ,n];
a <€>, ifa; <b;,Vie[l,---,n],and a; < b; for at least one j € [1,---,n].

Note that not all integer lists are comparable by the above rules. For example, the lists [1, 4]
and [2, 3] can not be comparable. Moreover, cdeg P1 > cdeg P if and only if the corresponding
ordered lists @ > ).

Definition 2.2 A matrix P € K[z]™*" is said to be column reduced if cdeg P < cdeg PU
for any unimodular matrix U. Note that this includes the comparability for cdeg P and
cdeg PU. More generally, for a shift & € Z", a matrix P € K[z]™*" is said to be & -column
reduced if cdeg» P < cdeg» PU for any unimodular matrix U.

Lemma 2.3 A matriz P € K[z]™*™ with no zero columns is column reduced if and only

if lcoeff P has full column rank. The lcoeff P is the leading column coefficient matriz of P,
defined as

lcoeff P = [lcoeff p1,--- ,lcoeff py)
= [Coeﬁ(p17 Cdeg pl)a e ,COQH (pm Cdeg pn)]a

coeff(p14,cdeg(pi)) P1i
where coeff (p;, cdeg p;) = [ : ] for p; = [ Ll € K[z]™>1,

Pmi

coeft (pms,cdeg(pi))
Definition 2.4 A column vector p € K[z]"*! has order (F,?) if F-p=0 mod x7,
which means the following matrix equation holds for some r € K[x]™*1.

g1

X

F~p:x?r: r.

xom

Particularly, if @ = [o,---,0], we say p has order (F,o). All vectors which have order
(F, ) form a free K[z]-module, denoted by ((F,7)).

Definition 2.5 A polynomial matrix P is called an order basis of F with respect to the
order @ and shift &, denoted by (F,?,?)—basis, if the column vectors of P is the basis
of module ((F, ?)), and P has minimal -column degree. Or precisely, the following three
conditions hold:

1) Each column vector of P has (F, d) order;

2) P is a nonsingular matrix of dimension n, and is & -column reduced;
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3) Vq € ((F, ?)}, q can be K[z]-linearly expressed as a combination of column vectors of P.

Remark 2.6 For the definition of order bases in [10], F € K[[z]]™*" is a matrix of formal
power series. But for computing a (F, o, ?)—basis with input matrix F € K[[z]]™*", shift <,
and order o one can view F as a polynomial matrix with degree o — 1, as higher order terms
are not needed in the computation. Then for convenience, throughout this paper we consider
F € K[z]™*™.

Now we introduce Grobner bases and comprehensive Grobner systems for modules.

Let > be a monomial order on K[z], and =7, be a module order by extending > to K[z]".
By convention, ey =1, ez >1, -+ =71, €n, where ey,...,e, are unit vectors in K[z]". For
p € K[z]™, the leading term, leading coefficient and leading monomial of p with respect to >,
are denoted by LT(p), LC(p), LM(p). We say p >, q if LM(p) >, LM(q) or LM(p) =
LM(q) and (p — LT(p)) -, (a — LT(q)).

The definition of Grobner bases for modules is as follows.

Definition 2.7 Let M be a submodule of K[z]", and >, be a monomial order on K[z]™.

1) We denote (LT(M)) the monomial submodule generated by the leading term of all p € M
with respect to >, .

2) A finite set G = {g1,...,8s} C M is called a Grobner basis of M, if (LT(M)) =
(LT(g1), .-, LT(gs))-

3) A Grobner basis G of M is said to be minimal, if LM(g) ¢ (LM(G\ {g})) for all g € G.

Next, we introduce some definitions for parametric univariate polynomials.

Let L be the algebraic closure of K, a specialization of R is a homomorphism 7 : K[U] — L.
In this paper, we consider the specializations induced by the elements in L*, which means for an
element a € L*, there is a homomorphism defined as 7, : f — f(a) for a polynomial f € K[U].
Every specialization 7 : K[U] — L extends canonically to a homomorphism 7 : K[U][z] — L[z]
or K[U][z]™*™ — L[z]™*™ by applying 7 coefficient-wise. We denote the variety defined by
FCK[U]as V(F)={a€ Lk | f(a) =0,Vf € F} C L*. We can use the following definition to

group parametric specializations, called a parametric constraint.

Definition 2.8 For E, N C K[U], we call a pair (E, N) a parametric constraint and
the set A =V(E)\ V(N) an algebraically constructible set defined by (E, N).

For parametric systems, by the upper description, we review the definitions of comprehensive

Grobner systems and minimal comprehensive Grobner systems for modules.

Definition 2.9 Let F C K[U][z]", Ay, ..., A; be algebraically constructible subsets of L*
and G1,...,Gy be subsets of K[U][x]", and S be a subset of L* such that S C A; U---U A;.
A finite set G = {(A41,G1), -+, (A;,G))} is called a comprehensive Grobner system(CGS)
on S for F if ,(G;) is a Grobner basis of the submodule (7, (F)) C L[z]™. Each pair (A;, G;)
is called a branch of G.

Definition 2.10 A comprehensive Grobner system G = {(A1,G1), -+, (A;,Gy)} on S for
F C K[U][z]™ is said to be minimal if for each i = 1,...,1, the following properties holds.
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1) A; #0, and furthermore, for each i,j =1,...,l, A; N A; = 0 whenever i # j;
2) m,(G;) is a minimal Grébner basis of (7, (F)) C L[z]™ for all a € A;;

3) for each g € G;,m,(LC,(g)) # 0 for all a € A;, where LC,(g) denotes the leading
coeflicient of g with respect to the variable z under the order >7,,.

Finally, we define the comprehensive order basis system, which is analogical to the compre-

hensive Grobner system.

Definition 2.11 Let F € K[U][z]™*", o and § be integer lists. Let A;,---,4; be
subsets of L* and Oy, ---,0; be polynomial matrices in K[U][z]"*", and S be a subset of L*
such that S C A1U---UA;. A finiteset O = {(41,01), -+, (4;, 0;)} is called a comprehensive
order basis system on S for F with respect to & and  if m,(0;) is a (74(F), @, 5 )-basis
fora e A; and i =1,---,1. Each (4;,0;) is called a branch of O.

3 Order Basis and Comprehensive Order Basis System

In this section, we study the order basis based on Grébner bases for modules. That is, we
can construct a special module, and compute a minimal Grobner basis of this module to obtain
an order basis directly. Then, we will extend the method to parametric cases for computing

comprehensive order basis systems.
3.1 Order basis for non-parametric matrices

First, we introduce a block term order.

Definition 3.1 Let K be a field, and K[z] be a polynomial ring. Let e, -+, €min be
the unit vectors of K[z]™*", the symbol deg be the normal degree on K[z] about variable .
For two monomials 2%e; and r’e; on K[z]™™", we define a block order >, on Klz]™+"

satisfying:
1) z%¢ > xﬁej forl<i<mandm-+1<j<m+n;
2) x%e >1,,, zPej for 1 <i,j <m,ifi < j, or i =j and deg(z®) > deg(z");

3) x%ei >1,,, zPej for m+1 < i,j < m + n, if deg(x®) > deg(2?), or deg(z®) = deg(z”)
and ¢ < j.
The block order >

mln

is a term order on module K[z]™*" and we can describe the main
theorem now.

Theorem 3.2 Let F € K[z]™*™ be a polynomial matriz of size m X n, and 7 be an
integer list. Consider a new polynomial matriz F' with size of (m +n) x (m +n) as follows:

7
F =z
F' = € K[z]mFTmxm+n) - where 1, is the n x n identity matriz.
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Let M be a module generated by the column vectors of F'. Assume G = {g1, - ,8s} IS a

minimal Grébner basis of M with respect to >, . gi; € Klz] and g; = ST gijes with

m

LM(g;) >7,,,, LM(g;) for 1 <i,j <s. Then G is a (F,?, 0) basis, where
gm+1,m+l e gm+1,m+n
é =
g7n+n,m+1 et g7n+n,m+n
nxn

Proof Let G = [gi;] € K[z]™+™"** corresponding to the Grobner basis G. We first
claim s = m + n. On the one hand, it is easy to conclude that the column vectors of F’ are
K[z]-linear independent, so the minimal Grobner basis G has at least m + n elements, which
means s > m + n. On the other hand, for any g;,g; € G, ¢ # j, suppose LM(g;) = z%e, and
LM(g;) = xbe; are the leading monomials of g; and g;. Then we claim that s # ¢t. Otherwise,
we have LM(g;) € (LM(g;)) or LM(g;) € (LM(g;)). This is inconsistent with the minimal
property of G. Therefore, each element in G corresponds to a distinct unit vector e;. Since
there are at most m + n unit vectors in K[z]™*", so we have s < m + n.

Now, we are ready to prove that G satisfies the following three properties.

1) Any column vector in G has (F, o")-order.

We claim g¢;; = 0 for any ¢ < m, 7 > m + 1. We have proved that there is a one-to-one
correspondence between elements (leading terms) in G and unit vectors e of K[z]|™t™.
Since the block order >r, |~ compare the position firstly by items 1) and 2) of Definition
3.1, then g1, -+ ,gm correspond to ey, -- ,ey,. Assume that there exist i, € Z1,i <
m,j > m+ 1, such that g;; # 0, According to Definition 3.1, LM(g;) = z%e;. That is,
(g;) is corresponding to e;, which contradicts that (g;) corresponds to e; since i < m.
Therefore, we have
Gl Omxn

~ 3

Go G

G:

where Gy € K[z]™*™ and G2 € K[z]"*". Since G C M, the elements in G can be
K[z]-linear expressed by the column vectors of F'. Thus, there exists a matrix C €
K[z](m+m)x(m+n) guch that
F'C=aG. (1)
That is
F 27 | |C G| [Gi Opxn

= ~ ) (2)
In 0n><m CB C4 G2 G

where C; € K[z]"*™, Cy € K[z]"*", C3 € K[z]™*™, and C, € K[z]™*". Tt followed by
F.Cy+27Cy =0y and I - Co + 0 - Cs = G, (3)

which means F - G = 27 - (—Cy4). So any column vector of G has (F, & )-order.
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~

2) G is a nonsingular matrix and & -column reduced.

So far, we know that the leading term of {gm+1, - , Em+in} are corresponding to distinct
emn+i, 1 < i < mn. According to Definition 3.1, the leading terms of column vectors in G
correspond to the leading terms of {gm+1," - , Em+n}, then the leading terms of column
vectors in G are in different positions. It means that Gisa nonsingular matrix, and
the leading coefficient matrix of Gisa triangle matrix after suitable column exchanges.

According to Lemma 2.3, G is ¥-column reduced.

3) For any q € ((F, @)), q can be K[x]-linear expressed by the column vectors of G.

Since q € ((F, 7)), there exists r € K[z]™*! such that Fq = 27 r. Then the following
equation holds:

F F 27T ol
mxn _ mxnd _ _ r (4)
Onxn On><1 0n><1 On><m
From above, we have
07ﬂ><1 Fan F'VVLX" Fan x?
= q- q= q- re M. (5)
q Lixn Onxn Lixn O0nxm
0
Since G is the minimal Grdbner basis of M, "™ e M can be K[z]-linear expressed
q
0,1 m+n
by G. Suppose = > B8, B € K[z]. According to the proof of item 1), g;; =0
q i=1
for : <m,j > m+ 1, then
m n
0, %1 Omx1
dBig=1| "= > Bm=]| " (6)
i=1 q i=m+1 v
with v € K[z]"*!. By the above analyses, we have LM(g;) = z%e; for i = 1,...,m.
Therefore, it is easy to obtain 8; = 0 for ¢ = 1,...,m from Equation (6), which implies
that
0 L m—+n
=D B
q i=m

In other words, q can be K[z]-linear expressed as a combination of the column vectors in

~

G.

~ —

According to Definition 2.5, we have proved that G is a (F, o, 0) basis.
In Theorem 3.2, we assume that 5 = [0, - - - ,0]. Now we consider the shift § = [s1,-- , s,,]
with at least one s; # 0. Similar to Definition 3.1, we define a new block order >7,,,F 88

follows.
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Definition 3.3 Let €1, -+ ,emin be the unit vectors of K[z]™™". For two monomials
r%e; and z°e; on K[z]™*", we define a block order >, % With respect to the integer list 5
satisfying:

1) z%¢ > T @ xﬁej forl<i<mandm+1<j<m+mn;
2) «%; >, 7 zPej for 1 <i,j <m,ifi<j,ori=jand deg(z®) > deg(z");

3) x%e; > 2Pej for m +1 < i,j < m+ n, if deg(x®) + si—m > deg(z?) + s, or
deg(z®) + si—m = deg(2”) + sj_p, and i < j.

We give the following examples to illustrate the block order >

m|n»

-
Example 3.4 Let m=2n=3,and ¥ = [2,4,1]. Then we have following facts:

1. 2%eq >Tn ® r*es by Rule 1.
2. x%eq > T ® r*es by Rule 2).

3. 2%e4 >1  » z*ez by Rule 3), because deg(z®) + 4 > deg(x?) + 2.

mns S

Theorem 3.5 Theorem 3.2 holds for the block order R with 5 # 6>

Proof  First of all, the reduction process of calculating Grobner bases can be well defined
under the new block order > T This is because the reduction happens on two terms whose
leading terms correspond to the same unit vector e; for modules M. When adding the same
integer s;, it does not affect the usual reduction process.

From the proof of Theorem 3.2, the items 1) and 3) hold since they are not relevant to the
changes of module orders. For the item 2), although the new order changes the leading terms
and reduction when calculating the Grobner basis, the shift 3 does not affect the one-to-one
correspondence between {g;} and {e;} for i = 1,--- ,m + n. Thus, the main result still holds.

Since Theorem 3.2 holds for the new block order > T with & # ﬁ, we can use the same
way to compute a (F, 7, ?)-basis with & # 6> Based on Theorem 3.2 and 3.5, we can design
an algorithm to compute the order basis of (F, ?, ?) That is, we only need to construct the
module M by inputting polynomial matrices F and then compute a minimal Grébner basis for
M with respect to >1

m|n"®
3.2 Comprehensive order basis system for parametric matrices
For parametric univariate polynomial matrices, we can generalize the above non-parametric

method to the parametric case for computing comprehensive order basis systems by means of
the minimal CGSs for modules.

Theorem 3.6 Let F € K[U][z]™*"™ be a polynomial matriz of size m x n with parameters
U= {uy, - ,ur} and variable x, S be a subset of L*, 7 and § be integer lists. Consider a
new parameter polynomial matriz F' with size of (m +mn) x (m +n) as follows:

F = e K[U] [x](m—&-n)x(m—i-n)_
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Let M be the module generated by the column vectors of F'. Assume O = {(A1,01),...,(A;, O}
is a minimal comprehensive Gréobner system of M on S with respect to the order > For
each branch (A;, O;), we can get a matriz Gi by using the method in Theorem 3.2. Then the
set O = {(As, 61), oo (Agy 61)} is a comprehensive order basis system on S for F with respect

to @ and 3.

Proof  Since O is a minimal comprehensive Grébner system of M, in each branch 7, (0;) is a
minimal Grobner basis of 7, (M) for any a € A;. Besides, there is no element in O; specializing
to 0 because the leading coeflicients of all elements in O; are non-zero under specialization.
Thus, it is easy to derive the results that the correspond matrix 7Ta(6i) is a (1,(F), @, )-
basis for all a € A; and i = 1,...,[ from Theorem 3.2 and 3.5.

4 Algorithm and Example

We now give the main algorithm for computing a comprehensive order basis system. The-
orem 3.6 ensures that this algorithm works correctly. The algorithm also terminates, since the

algorithm for computing minimal comprehensive Grobner system terminates.

Algorithm 1 Computing comprehensive order basis systems

Require: integer list ?, non-negative integer list 7, and (E,N,F): E,N C K[U]and F €
K[U][x]™*™.

Ensure: a finite set {(F;, N;, al)ﬁzl} such that {(V(E;) \ V(IV;), 61)i:1} is a comprehensive
order basis system for F on V(E)\ V(N) with respect to & and 5.

1) Construct F’ defined in Theorem 3.6 and the module block order >7, = .

2) Compute a minimal CGS {(4;,0;)!_,} for the module M generated by column vectors
of F/ on V(E) \ V(N) with respect to >7, =, and get {(E;, Vi, 0;)!_,} where A; =
V(E;) \ V(N;) and O; is the corresponding matrix to the parametric Grobuner basis O;.

3) Let 62 be the bottom right n x n submatrix of O; fori=1,--- ,[.

4) Return {(E;,N;,0;),i=1,---,1}.

For the computation of CGSs for modules, there exists an algorithm given by [26] which is
based on the results proposed by [23]. In this paper, we extend the KSW algorithm proposed
in [18] for computing CGSs over polynomial rings to the case of modules and then compute
CGSs for modules since the KSW algorithm generates fewer branches and is the most efficient
algorithm so far.

Below is a brief explanation about algorithm implementation.

There is currently no implementation version of CGS algorithms for modules under the
block order >y, O1 Singular and Maple. During the algorithm implementation process, we
should transform the modules into a specific polynomial ring. A general way can be found in
Chapter 5 of [27], which is adding extra position variables p; to expand the original module, and
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removing the polynomial including two and above degree of position variables in final Grébner
basis. The remainder polynomials can be transformed to the Grébner basis for the original
module. The difficulty is how to define the proper term order on the expanded polynomial ring.
In our implementation, we use the weighted degree lexicographic order about x and position

variables p;, which is defined as
Wdeg(maop?lpSQ .. ~p${"’, [507 o 7877,]) = apSg + -+ apsy.

Note that the weighted degree lexicographic order is a term order on the expanded polynomial
ring, so Grobner bases can be calculated. Also the remainder polynomials are all linear about

position variables, i.e., Y., a; = 1. Let so = 1, assume a; # 0,
wdeg(z*°piipy® -yt [So, 0 Sa]) = a0 + 8 = deg(a®) + 55

This is consistent to the block order > T

The proposed algorithms have been implemented on both Maple and Singular, the codes
and examples are available at http://www.mmrc.iss.ac.cn/ dwang/software.html.

Here we use two simple examples to illustrate the steps.

Example 4.1 (Example 3.21 in [10].) Let K = Z,, U = 0, 5 = [0,1,2,3,3,3], @ =
[8,4,4], and

0 25 26429 24126449 26148 149 4 210 45 4 .8
F = 0 0 x® zt + b zt + b x® + 26
0 z* z° x® zt + z® + 28 x4

Now we use the algorithm to compute the (F, 7, ?)—basis.

Step 1) By Theorem 3.6, we construct F’ as following:

[ 0 28 285+ 2° 24+ 28+2% 20+ 28+ 2%+ 210 25428 28 0 0_
0 0 x° xt 4 28 xt 4 26 428 0 2t 0
0 2* z° x° ot 4+ 2% + 28 x? 0o 0 2ot
1 0 0 0 0 0 0 0 O
FF=] 01 0 0 0 0 0 0 O0f,
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 O
0 0 0 0 0 1 0 0 0 |

and the corresponding order is >, 10.1,2,3,3,3) (under Definition 3.3).
Step 2) Since U = @, then £ = (), N = K. Now we compute the minimal CGS for the
module M generated by column vectors of F on V/(E) \ V() with respect to >, 10,1,2,3.,3,3]
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and get (Ey, N1,01), where By = E,N; = N and

z 0 0 0 0 0 0 0 O

0 2* 0 000 0 0 O

0 0 2* 00 0 0 0 O

0 0 0 1 0 0 0 0 O

O, = 0 0 0 0100 0 O
0 0 0 00 1 1 z 22

1 0 0 000 0 = O

0 0 0 00 1 0 0

1 0 0 000 =z 1 O

Step 3) The corresponding matrix ( the bottom right n X n submatrix of O4) is

10000 0]

01000 0
~ 00 1 1 x 2a2
0, =

0000 z 0

0010 0

L 000 2 1 0]

Step 4) We obtain a system {(E; = 0, Ny = K, Oy)}.

Thus, the comprehensive order basis system for F is {(V(#)\ V(K), O;)}. This result is the
same as [10] after exchanging some columns.

This is an example without parameters, the following example is with extra comprehensive
variables.

Example 4.2 Let K=Q, U = {uy,us}, 5 =[1,2], @ = [4,4], and
22 4+u 2 +1

F =
r+us T+ uUp

Now we use the algorithm to compute a comprehensive order basis system for F with respect

to @ and ¥ .

Step 1) By Theorem 3.6, we construct F’ as following;:

224w 22+1 2t 0
r+uy x4+u; O
1 0 0 O
0 1 0

F =
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and the corresponding order is >Ty05,1,2] (under Definition 3.3).

Step 2) Since U = [u1, us], and E = (), N = K. Now we compute the minimal CGS for the
module M generated by column vectors of F’ on V(E) \ V(N) with respect to >, , (1,2). And
there are three branches with {(F1, N1,01), (E2, N2, O2), (E3, N3,03)}, where By = 0, N =
{u? —us}, By = {uf —ua}t, No = {ug — 1}, B3 = {u1 — 1,ug — 1}, N3 = {1},

34 0 0 0
o go1 u§ — dubug + 6utul — dudui +ujs 0 0
1= )
g31 932 0 az*
ga1 ga2 2t 0
1 0 0
o —— 2t x4 ULT — & 0
2 =
—uz? —x —ugx? — 2?2 —ux —1 0
—u1x3 + a3+ U2$2 —z2 4 urxr + 1 u1x3 — u2$3 + u1u2x2 + 2%+ U2 X + U7 xt —U1x
1 0 0 0
— 23 —z24+x+1 2* O 0
O3 =
0 0 0 1
—z2+1 0 z* -1

Step 3) The corresponding matrices (the bottom right n x n submatrices of O, 02, O3)
are
~ 0 z*| A« 0o 2 ~ 0 1
Ol == ’02 = ,03 =
2 0 zt —ugad |
Step 4) We obtain a system {(E; = 0,N; = {u? — up},01),(Ey = {u? — uy}, Ny =
{ur —1},02), (B3 = {u1 — 1,us — 1}, N3 = {1}, 03)}
Thus, the comprehensive order basis system for F with respect to o = [4,4] and & = [1,2]
is {(V(E:) \ V(N:), 00),i = 1,2,3}.

5 Concluding Remarks

In this paper we prove that the order basis can be obtained by computing a minimal Grébner
basis for a constructed special module M with respect to a specific block order > T More-
over, we first give the concept of comprehensive order basis systems for parametric polynomial
matrices. Based on comprehensive Grobner systems for modules, we obtained an algorithm
for computing comprehensive order basis systems. We believe our algorithm can be further
improved and the comprehensive order basis system has more applications for the unimodular

completion or determinant computing.
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6 Appendix

In Example 4.2,

go1 = —34x3 — 34?2 + (17uy — 25uz + 38 + 4u3)x + (S8ulug + 6ul + 24uluy — 24uiu3 — 16ub —
22uSug — T2uiuj + 24udud + 9uf + 40ufus + 26udud + 72udul — 8uquj + 13u — 14udus — 32udul —
10ugu — 24us — 21u — 22u2uy + Sugu3 + Sul — 4ud + 21lugug + u3 + 3duy + 4duy),

gs1 = (8u‘11u2 + 6u‘11 + Su%ug — 34u:{’ — 46“%'&2 + 16uq u% + 75u% +30uiug — 24u§ — 80uq + 8ug +
33)z3 + (—=8ufug — 6uf — 16utug + 8uiud + 22ut + 26ufus + 16uu — 31u3 — 26uiug — 24uius —
13uy — 24ug + 24u? + 48ujug +4) 22 + (Suius + 6ui + 16udus — 8uus — 22u? — 3dudus — 16usus +
25u? + 18uyug + 24u3 + duy — dug — 34)x + (—8ufus — 6u3 — 24utus + 16u3ul + 16uf + 16uius +
48utu3 — 8u1u2 Qu$ — 24uuy — 10u1u2 — 24u3 — 13u? + Sujug + 8u3 + 21ug + Yug + 4),

g32 = (u} 3u1 + 3u} —|—2u1uQ - u1u2 3u1 —2uqup +ul +3u — 1)z + (—ul +ul +2ufus —
ut — 2ufus — udud + 2u3 + udug + ugud — ud — 2ugus + uo)a? + (uf — ui — 2ufus + 2udusy +
wiul — ud)z + (—ub + 3ufus — 3uiud + ul),

ga1 = (Sufug — 16udu3 + 6uf — 4udug — 24udu3 — 28u3 + 22utug + 64uiu3 + 59ud — 30uius —
24u2 — Tluy + dus + 34)2® + (Sufu2 + 1dufus + 16u3ud — Sudud + 6uf — 1dufuy — 3duiul —
16ug uj —28uf — 19uug + 18ugu3 + 24u3 +47u? +28uj uz — 8u3 — 21ug — Yug — 38)x? + (—8ufuz —
6ul — 16ufus + Sudud + 22ut + 3dudug + 16uiu3 — 25uf — 18uluy — 24ugui — 4u? + duqgus +
34uy)z + (8uSug + 6ub + 24ufus — 16uju3 — 16uf — 16utus — 48uu3 + Suius + Juf + 24udus +
10u2u? + 24uqud + 13u3 — Sulug — 8ugu3 — 21u? — Quyug — 4uy + 34),

gao = (uf — 2utug — 2u + 2uius + QU%ug +3u3 — 3ugu3 — 3u? +u2 +uy)zd + (ufug +uf —
utug — 2u1u2 2u} — uug + 2udud + urud + ud + 2udus — ud — uyug)w? + (—ul + uf + 2ufuy —

2uius — utu3 + uru3)x + (uf + 3udu3 — uyud — 3udug).
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