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Abstract

The computation of approximate greatest common divisors (GCD) of univariate

polynomials given with limited accuracy is of importance in control theory, network

theory and computer aided design. As a class of fundamental problem in the field of

symbolic-numeric hybrid computations, the problem of approximate GCD is expected

to be resolved by transforming such a problem of numerical polynomial algebra into

a problem on matrices, which can be treated by numerical techniques ensuring nu-

merically stability in numerical computations. The notion of displacement structured

matrices is an effective bridge to build a link between numerical computations and

polynomial algebra computations.

The notion of displacement structured matrix was firstly introduced by Kailath,

Kung and Morf in 1979. In numerical computations, with respect to displacement

structured matrices, it is possible to develop fast algorithms with much lower complex-

ity compared to those classic algorithms; As a result, based on displacement structured

matrices, it is possible to solve problems in numerical polynomial algebra much more

efficiently.

In this thesis, we investigate fast algorithms related to the computation of ap-

proximate GCD of univariate polynomials and propose two new fast algorithms as

follows:

1. We derive a fast rank-revealing algorithm for the Sylvester matrix and discuss

its application on the computation of singular values of the Sylvester matrix. The
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numerical rank of the Sylvester matrix is closely related to an upper bound on the

degree of approximate GCD [23]. As to the computation of numerical rank of the

Sylvester matrix, the most reliable method is by applying the singular value decompo-

sition (SVD). However, the manipulation of SVD involves cubic amount of work and is

costly. Considering the displacement structure of the Sylvester matrix S, we propose

to reveal the numerical rank of S through pursuing numerical rank of ST S, which is

efficiently achieved by performing fast Cholesky factorization based on the generalized

Schur algorithm. Such a rank-revealing algorithm is of quadratic complexity.

2. We implement fast low rank approximation of a Sylvester matrix. For two

given polynomials, in [53] the authors proposed to find minimal perturbed polynomials

with a GCD, which is of degree not less than a given integer, through computing

low rank approximation of their Sylvester matrix. This algorithm can be directly

used to compute approximate GCD. For their algorithm, the overall computation time

depends on solving a sequence least squares problems (LSP). The complexity of the

classic algorithms for solving LSP is O(st2), here s and t denote the row dimensions

and column dimensions of those least squares systems. Using a displacement structured

matrix approach, we can solve LSP with quadratic complexity O(s2).

Keywords: approximate greatest common divisor, displacement struc-

tured matrix, fast algorithm, numerical rank, structured low rank approximation.
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4Uq ℄ P
 AF/P&�wJUaMs���5LX#I� �wJUaMs����~�[�wJUaM6s%�==gPn�r/B6�L�eR���vnz�sf^!�qJg. �~P& �f^s�vqvnJg.

§1.1 2WhJps/C�+ i CtJTRQ	tJ i× i t-x�bN Zi Ce��-S{tbN

Zi =







0
1 0

. . .
. . .
1 0







, (1.1.1) Zi t{ta�=7&℄ 1, lh&℄ 0.tJ n× n 8�ObN R t1V���-

∇R = R− ZRZT , (1.1.2)lo Z CtJ n × n t-�=bN. Z t`�v��bN R	��	�h R CtJ

Toeplitz N	T=`� Z tJ-x�bN Zn. Vt;t	+ ∇R tk r, �h rD� n 6{l� R tEQ n �^	T=O R ^��x (1.1.2) ttJgIor	�O r  R t1V�. �Ot ∇R �u}(MP�-S>

∇R = R− ZRZT = GJGT , (1.1.3)lo G CtJ n× r tbN	� J CtJ2obN

J =




Ip 0

0 −Iq



 , p + q = r,lo p r q (0h. ∇R tTtsO^tJQr=tsO^tJQ.

1



2 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^+ zi, i = 1, . . . , n C Z t�=&℄	T="T (1.1.3) u}�tz
� R, bo Z:	

1− zizj 6= 0.���Ot�Stq4u7�5 [52]). �bN G O R t�$�or	bN�

(G, J) O R t�$�7. JC��JmtJA8
7 Z t��-	"T (1.1.3) t�tM R ��u}� G r J �
�.�xKVbNtB\pu}�?o%�ObN R #. _6	R t1Vo��J-�=bN Z r A ���	
∇R = R− ZRAT . (1.1.4)�J�e�xk r t%�O1V∇R (MP

∇R = R − ZRAT = GBT , (1.1.5)J� G r B �C n× r tbN	O R t�$�bN. �\t	�x"T (1.1.5) u}�tz
� R, bo Z r A t�=&℄:	

1− ziaj 6= 0.�xKVtB\�8C� Kailath, Kung r Morf 7� [49, 50] ouYt. ��bNt�x	u}� Stein Q�xb����	�# (1.1.3) r (1.1.4) g��t�x	lo9�tKVbNO Toeplitz Q (Toeplitz-like) bN��x	u}� Sylvester Q�xb����	_6�x △R = ZR − RAT [43]. Sylvester Q�xb�t�����

Hankel Q (Hankel-like) bNt�x. �8C Heinig r Rost 7� [43] o:*zg_#
Sylvester Q�xb�g��t�xKV6uY	Z# Hankel bN}�	Cauchy bNr Vandermonde bNp�L� Hankel QbN. �8*#	g� Toeplitz Qr HankelQbN��COt Toeplitz+Hankel Q (Toeplitz-plus-Hankel) bNtsJ�S	:7�5 [52].�xKVB\tuY;rk�h"E&℄tKVbNu}�bk�7UE&℄t0P�bN�
�. ��_	̂ �KVbNtb�	�bN? R�	bN�=(M	bN�Zvu}bKVbNt0P�bNY��83. Jm�?o�tb�	�\Cb(bNY�g+(t℄�b�%ZoOxt94�	ZP}_b�.



	 h 3�xKVbNttJ%JrotUlC	1VgI`gIor. Schur �'a'. M�tJbN R,

R =




R11 R12

R21 R22



 , (1.1.6)lo R11 C R ttJS℄w�bN	6{CuZt	T= S = R22 −R21R
−1
11 R12 O

R ^� R11 tSchur �. KVbNtJtUl� z���KVbN}_b�o	%�	� Schur b� [52], t& Bézout bNtKVbNb� [13], ��(�m[C3tKVbN}_b� [16, 65, 27, 70, 77].� 1.1.1 �xKVbNt0P�bN:C�tt. }tJ�OKVbN R �	A8#	��tJ J-ueor Θ,  Θ :	 ΘJΘT = J , �h G CtJ:	 (1.1.3)t0P�bN	T= GΘ �.� 1.1.2 �8QbN�\t	�xKVbNt��pu}�o Hermitian r%
Hermitian t9bN# [52].

1. \DY�.gIor.1VgI�xKVtB\w�~��O Toeplitz bNJNY�. + R h.tJ�Ot
Toeplitz bN	R = [ t|i−j| ]ni,j=1, t0 = 1, �~kW R − ZnRZT

n tk 2�Z%g�t
ti, i 6= 0 )�	u}Eo R ttJ0P�� (G, J) :	


R− ZnRZT
n =











1 0

t1 t1
...

...

tn−1 tn−1














1 0

0 −1















1 0

t1 t1
...

...

tn−1 tn−1











T

= GJGT . (1.1.7)

�\t	+ R CtJ%�Ot Toeplitz bN	R = [ ti−j ]ni,j=1, T= R − ZnRZT
ntk 2 � R t0P�bN (G, B) u}Æ�-V:


R− ZnRZT
n =











t0 1

t1 0
...

...

tn−1 0





















1 0

0 t−1

...
...

0 t−n+1











T

= GBT . (1.1.8)



4 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^s0t	�htJbN R ;r R − ZnRZT
n tk 2, T=OJJbN� Toeplitz

(quazi-Toeplitz) bN. ��	Toeplitz bNtZbN`CtJX Toeplitz bN [52].-IQ'$J HankelQ�xKVbN. + H CtJ HankelbN	H = [ hi+j ]
n−1
i,j=0,T=

ZnH −HZT
n =











0 1

h0 0
...

...

hn−2 0





















1 0

0 −h0

...
...

0 −hn−2











T

= GBT .

Zoy�tC	H ot&℄ {hn−1, . . . , h2n−2} 6�Y37�#t0P�bNo	g}\C�J�t0P�bN��Æ9Y H . � [52] oq4#$JDt&x�v3JJ�U.

Cauchy QbNC7g_�-OE^�wr)�Æ46J"ott�bN. tJ
n× n t Cauchy QbN R t&℄��-S>


R =

[

uiv
T
j

fi − aj

]n−1

i,j=0

,lo ui r vj h.�J 1 × r tT? 	{fi, aj} C8t, 6{�g�t i, j :	
fi − aj 6= 0. m r = 1, ui = 1 = vj , i, j = 0, . . . , n− 1, rotbNC Cauchy bN. �~kW	Cauchy QbN R :	

FR−RAT =











u0

u1

...

un−1





















v0

v1

...

vn−1











T

,

lo
F = diag(f0, . . . , fn−1), A = diag(a0, . . . , an−1),Zl�xk r. s0t	m R C Cauchy bN6	l�xk 1.��tJ��C Vandermonde bN	V =

[
xj

i

]n−1

i,j=0
, l�xk 1: �� A =



	 h 5

diag(1/x0, . . . , 1/xn−1) (.+ xi 6= 0), T=
AV − V ZT

n =











1/x0

1/x1

...

1/xn−1





















1

0

0

0











T

.

� 1.1.3 Toeplitz �D	Hankel �D	Cauchy �Dj Vandermonde �D9Tk	M�DÆ%	�D9<	KIZ|%
`�D. n�=	?6&�o6	Toeplitz �D9<Z#{; Toeplitz �D9
`�D. ,x	Hankel �D9<Z$Z Bézout �D [92].

Bézout �DZ$Z Hankel � (Hankel-like) |%
`�D [13]. S a(x) j b(x) Z)Z-_R�{ n j m 9$4I�Y	B% n ≥ m	:2 a(x) j b(x) 9 Bezoutian ZM�B(9K4I�Y

a(x)b(y)− b(y)a(x)

x− y
=

∑

0≤i,j≤n−1

θi,jx
iyj;J�D B(a, b) = (θi,j), i, j = 0, . . . , n− 1, =#{ a(x) j b(x) 9 Bézout �D.

§1.2 hJpsjUg8B�- �/UF^_2oQ^�u(bCX4$[�?t%��/ttJg_"?. �tV(��Q^(bo\ÆbNt&x	}eDF6Q^��z\ÆQ^�>>hQot�w	C2oQ^�u(b+!gog_ttJwoV�. 8*#	�>>hQrQ^(b[1���tH�xKVbNg�)�	%�
Toeplitz bN	Hankel bN	Cauchy bNr Vandermonde bN. V(��JHbNt�xKV	�x��DO-DFz\Æ�>>hQot�w.rR`	KVbN7}_�Mt&�>>hQtu��!�wo��#ro��	��fS���w [12, 14, 13, 73, 77, 94], �ÆE^�w [1, 2, 8, 15, 83, 83, 39, 38,

69, 70],hQM7�w [71, 72]v. ��tC	}#Z��!t�xKVbN	u}9�z� [74, 77]. Jm	�tJ\Ctn\C	u}�?�ttKVbN}_b� [52, 77]._�	Vandmonde bNr Cauchy bNtz�^){����}_�M�>>E^r



6 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^�}7^�w	:7 [77, 82, 89, 35, 36, 4]. �� Cauchy bNt�xKV7%;
rT;
-�U:+ts}	Toeplitz bN� Cauchy bNtz�^){����}_���t�M)QN Toeplitz bNt7U"T
r�D�R�w [34, 42, 33].7�M�>>�fS���woKVbNt��wo�}-�J"I
{t	SylvesterbNt��.MY�JaQ(0 mr ntt&�>> a(x), b(x) ∈
R[x], a(x) =

∑m
i=0 aix

i, b(x) =
∑n

i=0 bix
i, a(x) r b(x) tK>bN� Sylvester bNC

S ∈ R(m+n)×(m+n):

S = S(a, b) =

















am · · · a1 a0

. . .
. . .

. . .

am · · · a1 a0

bn · · · b1 b0

. . .
. . .

. . .

bn · · · b1 b0

















. (1.2.1)

Sylvester bNC�>>hQowrott��xKVbN
5w 1.2.1 [94] Sylvester�D S Z$Z; Toeplitz�D	w
|% S−Zm+nSZT
m+n9P{ 2.

Sylvester bN�t&�>>�fS��Fy9^. s0C	7� [62] oWN#	�Jt&�>>�fS��t)Qu}b Sylvester bN QR (Mo#�=bN R t��tJ%)T	Y. ��JtKh	� [94] ouY#tJ�Mt&X\�fS��t}_b�	Jt}_b�v��� Sylvester bN QR (Mt}_83	J�t
Sylvester bNCM��>>t Sylvester bN	�HC7+
 x→ 1/x -rot���>>t Sylvester bN [24]. exU�	�� Sylvester bNtX Toeplitz bNKV	� [94] o����t� Schur b� [20] �}_83�-�xKVbNt�=(M

M5 =




ST S ST

S 0



 ,}ro S t QR (M	J� S h.tJ Sylvester bN. Jm	RJX\�fS��b�t94�v��83 Sylvester bN QR (Mt94���M��>>aQrth"a�J%��℄�t QR (Mb� (�
Householder +
r Givens _z) t94�xtE.



	 h 7{�	BeźoutbNr HankelbNt��. 7� [13]o	�H�� [12]o^� Han-

kelbNtKh�o#�tJQ!r BézoutbNt�S	��J�>>t BézoutbNB(a, b)MY#�fS��(btbN.?S>	WN#�fS��u}� JB(a, b)Jtp (kernel) ottJ? �
�	lo J h.tJg
bN	l��=7&℄ 1,lh&℄). ��}#;�� Bézout bNt�xKV	� [13] o+(Y#tJ�M�fS��t6Tb�	Zo O(log2
n) 6T;	n2pF(n)qF(n)/log n t\Æq	lo n h.�J�>>aQo�ftaQ	�h! F XU}_:�r+
 FFT , T=

pF(n) = 1, 0< pF(n) = log log n; �h! F ou}� n! ÆZ�	T= qF(n) = 1, 0<	qF(n) = n.{�	Padé #Xt��. MY�JaQ(0 m r n tt&�>> a(x) r b(x),l�fS�� g(x) :	v>

g(x) =

a(x)

ω(x)
=

b(x)

z(x)
, (1.2.2)lo (ω(x), z(x)) CG"Q h(x) =

∑∞
i=0 hix

i = a(x)
b(x)

t (m, n) Padé #X. J�	:3t�Ut	u}.+ b(0) 6= 0. ��}#Kh	� [73, 76] uY	a(x) r b(x) t�fS��u}�j(b�-�J�>>ro

1. hN(x) = h(x) mod xN+1, N = m + n,

2. ω(x) r z(x),  hN(x) t (m, n) Padé #X	
3. (1.2.2) ot g(x).M�tJTQ ε, ��#N;�(b a(x) r b(x) t ε- �fS��6	Zo�{ 2, 3 ;ÆtHXA [73, 76], Jmrotb��\��MX\�fS��t�K>"� [75]. m���?a$�qb��(b Padé #X6	RJb�t94�

O(n log2 n)[17, 14, 75]. (b Padé #X%���t"�C��lbN.?S>	 �MtJ Toeplitz bN)QNt7U"T
 [17, 14]; Jmt"T
u}N [77] o9�t}_b���M._�	�DZp7�6[�(b-	�>>S>t�?a$�q�}_�b�CQ^:��t. 7� [77] o	�H��>>S>t�?a$�qb�z�P#}�K>bN)QNtKVbN7U"T
t�}_��M�w	b�7t�T�#�W#Q^��U. �7� [13] o�H��?a$�qb�z�P#tJ^�t& Bézout



8 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^bNtKVbN�w	bQ^��t=�U	Jtb�O��.U [77].^�KVbN7t&�>>hQoOt��u?7�5 [52, 75, 77].

§1.3 �5/NnG
!�
�X\�fS��t�M�w	�r�e� Sylvester QKVt�xKVbN�w	Æ#�-g_

1. 7{�Bo, �DuY#tJ�M Sylvester bNQ^kt}_b�	6q4l7(b Sylvester bNtm�^"It��. Sylvester bNtQ^k�t&X\�fS��taQ#OFy9^ [23]. (b Sylvester bNtQ^k���t"�C(b Sylvester bNtm�^(M�lJmÆth/CZo O((m + n))3 t1b 	J�

m + n h. Sylvester bNtEQ. �� Sylvester bNt�xKV	�D7!BuY#�� Schur b�83}_ Cholesky (M�(b ST S tQ^k	V�ro S tQ^kt}_b�. Jtb�e�94� O((m + n))2, 9%�m�^(M�U94�xtE. !BtP��-

(1) +N$# Hankel � Sylvester �D	=1 Sylvester �D/Æ9�Q. �B?6$Z`; Sylvester �Dj Hankel � Sylvester �D9xA	X79l0&FR�'�5b( Schur iM9f:sL.

(2)Ht0b( SchuriM9 f CholeskyR�\+�m� R�. B{,- CholeskyR�E�_JP9iM\+�!9W�.

(3) \� Raleigh Q�D9$0	,-�G9 Cholesky *X"yi Sylvester �D99�>)J76+�9ÆH� .

(4) 9 Maple O�RV
+�>jo*9 fiM.

2. 7{ZBo	�D�}_b��M# Sylvester bNtKVxk#X�w. �DtP�C�}_b�83#� [53] ogMb�tpM<(V�	 �M^��xKVbNt�D�R�w��3�xKV	�℄�tb��MJt�wZo94�
O(st2), J� s r t (0h.�D�R�w)QNtTQr%Q: +MYt�>>taQ(0 m r n	T= s = 2m+2n− k +3, t = 2m+2n− 2k +3. �j(#�D�R�w)QNt�xKV	��lxkt0P�bN	�D�h"Et94� O(s2) �



	 h 9M#Jt�w. !BtP��-

(1) R�[�K%�q�_D9|%
`	�`;9/��Fyi��/�9� 9T$X�D.

(2) o*[�K%�q9 f�M	R�iM9k$�	�HiM\+�?� R�.

(3) 9 Maple O�RV
+�>jo*9 fiM	�1} [53] R��iM9
eÆ�+��.

3. 7{�Bo, �D�!�Æ#3kt�K, 6�R�tP�Æ#?�.
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4:q f�y� A2jP&"b� Schur a�, �k� �8℄ssG� ��q�. b�
Schur a���$I)>s�����it||^72d��wJUs HermitianaMq$ Hermitian aMs�<'L [52]. �2)n6�I�aP& �fYns�s��b� Schur a��72�NJUaMs�<'L�Is�NJUaM9�R� (1.1.3) s�w!S�5zkns�<aM Z BdG,�<s.

§2.1 LY Schur &>+tJ n× n 8�O�xKVbN R CuMt	 
R tg�S℄w�bN�C:kt	6{ R :	�-t�x"T

R − ZRZT = G




Ip 0

0 −Iq



GT , p + q = r, Z CeH-�=t, (2.1.1)T=���-�ÆJNt� Schur b�u}ro R tS� LDLT t�=(M	J� L CtJ-�=bN	D CtJ2obN.5w 2.1.1 [52] (b( Schur iM) [*$Z n× n 9�F�D R ∈ Rn×n	=1Z|%O& (2.1.1). :2 R a0= i − 1 �`�UX�D9 Schur � Si "EZ
`�D	�B Si 1ZM�9|%O&
Si − Z(i)SiZ

(i)T = GiJGT
i , (2.1.2)=R Z(i) Z. Z(i−1) RFA>$�j>$,m769 (n − i + 1) × (n − i + 1) X�D	JT$X�D Gi .�6f&?d`;
S S1 = R, G1 = G, Z(1) = Z, H i ≥ 1Æ�?d.

(1) S9> i ��4/ Gi j Z(i). S gi 1� Gi 9>$�.

(2) �<$Z J- F��D Θi	lX7 giΘi RMg/$ZQ-4d δi: 4 giJgT
i > 0U, �4#{F�	δi *
9?69 p Z|NR�4 giJgT

i < 0 U	�4#{U
11



12 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^�	δi *
9m69 q Z|NR (R 9�F�ÆG+ giJgT
i = 0 9C��r*
). 
�PS δi *
9> j Z|N


giΘi = [ 0 · · · 0 δi
(j)

0 · · · 0 ]. (2.1.3)

(3) ��M��Tyi Gi+1

1. - Θi F% Gi;

2. H0 GiΘi, ++> j ,x	=k,Æ'���
3. - Φi = Z(i) %' GiΘi 9> j ,�
4. B yi769�Z Gi+1.-�D"7℄R℄f&M�





0

Gi+1



 = ΦiGiΘi








0j−1 0 0

0 1 0

0 0 0r−j








+ GiΘi








Ij−1 0 0

0 0 0

0 0 Ir−j








. (2.1.4)

(4) P�R� R = LDLT 9*X.�YHB
S li j di R�1� L 9> i ,j D9> i ZH�4	:2
li =




0

l̄i



 , l̄i = GiΘi








0

1

0








(j), di = Jjj. (2.1.5)7�P# n ;#N|e;�	� Schur b�ro#�=(M:

R = LDLT =

n∑

i=1

dilil
T
i , (2.1.6)JtjTZot4}1b  O(rn2). 9��t	��DWA&�<Zo O(n3) t1b . u7	m r C R t+% n Dr�t�xk6	� Schur b�83�=(Mt1b %DWA&�xtJQ ". m R CT�bN6	LDLT (M P Cholesky(M. 7��� Schur b��(b Cholesky (M6	:�"o=;	JC� R tT�U�W#�Æ 2.1.1 o (2) t giJgT

i < 0 t�S:�Y3.



#�Y9 13�Æ 2.1.1 o�{ i J0P�bN Gi �PtbN GiΘi, AÆ Gi tV�J�
(proper form)	�D�j)Æ Ḡi�9�t	� giΘi (2.1.3) AÆ gi tuDS>. y�o
J- T;bN Θi :	
ΘiJΘT

i = J , �D�
ḠiJḠT

i = GiΘiJΘT
i GT

i = GiJGT
i , (2.1.7)g} Ḡi pC{ i J Schur 8 Si t0P�bN. Jmt J- T;bN Θi �u}�W7	̂ � J- T;bNtV::7�5 [52] ot{ 4.4 G.:3t�U	�Du}`;��Jmt J- T;bN Θi, j;r (2) o giΘi t%)&℄ δi 7 giJgT

i > 0 6Y37 giΘi t{tJ�g�7 giJgT
i < 0 6Y37 giΘi t{ r J�g. Zoy�tC	78*��� Schur b�6	�6[�-t(b;rv> (2.1.7) 6:WeHP���DbWYuWz;l7tJDt"F�
-P�. ��

[19, 20] ogN	�j=�Dmt"��V:r�� J- T;+
 Θi u}�WJt}._�Db� [20] otÆ�V: Θi �JT;+
rtJWv Hyperbolic _zt9u. ex�U	783T;6	
(1) `;$ZF��q Θi,1�M Householder �q�	� Gi 9? p ,�q6k[�Y	w
gi




Θi,1 0

0 Iq



 9? p Z4dRM/$ZQ-4d	�*
9>$Z|N.

(2) `;$ZF��q Θi,2�M Householder �q�	� Gi 9m q ,�q6k[�Y	w
gi




Θi,1 0

0 Iq








Ip 0

0 Θi,2



 9m q Z4dRM/$ZQ-4d	�*
9[m$Z|N.

(3) ,-$Z): Hyperbolic �V Θi,3 �F gi




Θi,1 0

0 Iq








Ip 0

0 Θi,2



 R[m$Z|NR9Q-4d.

(4) Θi,1, Θi,2 j Θi,3 9Tk[S� Gi �o$+k[�Y

Ḡi = Gi




Θi,1 0

0 Iq








Ip 0

0 Θi,2



Θi,3. (2.1.8)=;t83e����\tS>	bZo� (3) A
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(3) ,-$Z): Hyperbolic �V Θi,3 �F gi




Θi,1 0

0 Iq








Ip 0

0 Θi,2



 R>$Z|NR9Q-4d.tJ 2× 2 Wv Hyperbolic _z Θ �tJ8tT? [ a b ] +
P

[ a b ] Θ =

[

±
√

a2 − b2 0
] �h |a| > |b|, (2.1.9)

[ a b ] Θ =
[

0 ±
√

b2 − a2
] �h |a| < |b|. (2.1.10)+ [ a′ b′ ] h. (2.1.9) r (2.1.10) o� [ a b ] +
�tT? 	T=7J�q�~-��


[ a′ b′ ]J [ a′ b′ ]
T

= [ a b ]J [ a b ]T , (2.1.11)lo J =




1 0

0 −1



 . �-V:t J- T;+
 Θ(ΘJΘT = J) `CtJWv Hyperbolic_z+
	j�T? [ a b ] (0+
P (2.1.9) � (2.1.10) ov>�tT? :

Θ =
1

√

1− ρ2




1 −ρ

−ρ 1



 , J� ρ =
b

a
, a 6= 0, |a| > |b|, (2.1.12)

Θ =
1

√

1− ρ2




1 −ρ

−ρ 1



 , J� ρ =
a

b
, a 6= 0, |a| < |b|. (2.1.13)o�Wv> (2.1.7)7tJDt"F��-P�	\C��Wv Hyperbolic_zC:NitÆ�. JwoC��6[�(bo ‖Θi,3‖uW�wf [11, 19, 20]. ^���Wv Hyperbolic _zt��"�	u}=� [19] ouYt OD ;t (OD-procedure).Jt83"�Q^��tsUC��	9��tJWv Hyperbolic _z�jt)%T;bNr�=bNt���83. Jv���ttJS� (2.1.12) t Hyperbolic _z���-tsO(M


Θ =
1√
2




1 1

−1 1









√
a+b
a−b

0

0
√

a−b
a+b








1 −1

1 1




1√
2
, (2.1.14)



#�Y9 15lo	bN
1√
2




1 1

−1 1



 (2.1.15)CT;bN. extU	� OD ;t�83S� (2.1.12) t Hyperbolic _z Θ u�-Ib�JN. ^�S� (2.1.13) t Hyperbolic _z��\t83"�.%= 2.1.1 (OD ;t) [19] MYtJS� (2.1.12) t Hyperbolic _z Θ rtJW<T? [ x y ]. + [ x′′′ y′′′ ] C� [ x y ] ℄ Hyperbolic _z Θ ���rotT? 	T= [ x′′′ y′′′ ] u}Æ�-;t(b

[ x′ y′ ]← [ x y ]




1 1

−1 1



 ,

[ x′′ y′′ ]← [ x′ y′ ]





1
2

√
a+b
a−b

0

0 1
2

√
a−b
a+b



 ,

[ x′′′ y′′′ ]← [ x′′ y′′ ]




1 −1

1 1



 .^���z��Wv Hyperbolic _zt"�	Z##N OD ;t}�	u}?7� [7, 11] ouYt�u - |V (mixed-downdating) ;t, �H [19] ouYt H ;t
(H-procedure).� 2.1.2 �Æ 2.1.1 V:UzWN#	tJKVbNt Schur 8�CKVbN.��� Schur b�u}|ez�Y?J Schur 8t0P�bN	V�ro(bNt�=(M��.� 2.1.3 b�Æ 2.1.1 u}nY	�J Schur 8 Si r Si+1 u}�j Schur -�;�)o� [20]:

Si − dil̄il̄
T
i =




0 0

0 Si+1



 , (2.1.16)lo l̄i h. li t%)<(.
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§2.2 Z�6YU6x

1. Y�5X^�t&�>>X\�fS��t(b	{�%�*?tg_Kh [86, 68, 23, 54,

29, 41, 55, 18, 76, 24, 93, 53]. 7JHP�o��X\�fS��t��wo�}-$q. G0C A.Schönhage � 1985 [ [86] uYtX�fS�� (quasi-GCD) tB\�l�Mb�. Jtb�.+K��>>t)Qt[�u}d��KYKht~
�to���6=K. laC N. Kamarkar r Y. N. Lakshman �X\�fS���weK���w	� 1996 [ [54] uYt��fS��tB\. T=�J�H:�	!�o�D.+MYt�Jt&�>> a(x), b(x)	l)Qe��6[�	��>> a(x)r b(x) tX\�fS��	_tCJ�J�>>t ε- �fS�� [23], lo ε CtJM�tTQ.5X 2.2.1 [23, 91] [B$ZF_ ε, �4# d(x) Z a(x) j b(x) 9 ε- [0℄*X	MelZ1Z
d = gcd(a∗, b∗), ‖a− a∗‖2 ≤ ε, ‖b− b∗‖2 ≤ ε (2.2.1)9-_[W9I�Y	=R a∗ j b∗ R�Z -_�"f deg(a(x)) j deg(b(x)) 9I�Y.N#It��	�J�>>tX\�fS��C7l���\�
V ( ε (!V) t�J�>>t~
�fS��. �6	�J�>>t ε- �fS��:C�tt. y 2.2.2 [*$4I�Y a(x) = x2 + 3.999x + 4 j b(x) = x + 2, vJDL�F

ε = 0.001. �'�*	JDI�Y a(x) {
a + ∆a = a(x) + 0.001x = x2 + 4.000x + 4,�476 gcd(a + ∆a, b) = x + 2. 0Z	x + 2 Z a(x) j b(x) 9$Z ε- [0℄*X.

2. Y�5w#��tZo, �D3oQ'bN(bom�^(Mt�!Z:.



3�HW 175w 2.2.3 [30] S A {$V m× n �D	=�/9F��D
U = [u1, . . . ,um] ∈ Rm×m, V = [v1, . . . ,vn] ∈ Rn×n,X7

UT AV = diag(σ1, . . . , σp) = Σ ∈ Rm×n, p = min{m, n},=R σ1 ≥ · · · ≥ σp ≥ 0.�Æot σi O At{ iftm�^	9�t	ui r vi (0O At{ iJm�? r{ i J�m�? 	1 ≤ i ≤ min{m, n}. �j%� AV = UΣ r AT U = V ΣTt��%u}ro, � 1 ≤ i ≤ min{m, n} �	
Avi = σiui, ATui = σivi.Vt;t	�h σ1 ≥ · · · ≥ σr > σr+1 = · · · = σp = 0, T= A tk r. J� A tk_tC A t^!y1tÆQ	 

rank(A) := dim(span{a1, . . . , an}),lo A = [a1, . . . , an] C A ttJ%(�.+ A ∈ Rm×n, T=
‖A‖2F = σ2

1 + · · ·+ σ2
p, p = min{m, n},

‖A‖2 = σ1,

min
x 6=0

‖Ax‖2
‖x‖2

= σn (m ≥ n).m�^(M��/^ttJ"ICju}��Dwnz\ÆbNQ^ktB\.7Q^(bo	�D�J^MbNt ε- k. M�tJbN A, �M�tTQ ε, �J��bN A t ε- k
rank(A, ε) := min

‖A−B‖2≤ε
rank(B).bNtQ^ ε- ku}�m�^(Mwnzw�, JC�m�^u}.NtJM�bN�%lkxtbNtrXT�




18 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^5w 2.2.4 [30] S A ∈ Rm×n 9>)JR�.B$ 2.2.3 [*. Me k < r =

rank(A), B
Ak =

k∑

i=1

σiuiv
T
i ,:2

min
rank(B)=k

‖A−B‖2 = ‖A−Ak‖2 = σk+1.N�Æ 2.2.4, �h rε = rank(A, ε), T=
σ1 ≥ · · · ≥ σrε

> ε ≥ σrε+1 ≥ · · · ≥ σp, p = min{m, n}.



4�q �j Sylvester ps {�/UEv$&> AtX"sI�L Sylvester aMP℄js|^a�. Is|^a��� ST S� HTH s|^ Cholesky 'L�kn�S q H '/g- Sylvester aMqsI
Hankel Ps Sylvester aM. �|^ Cholesky 'Ls72B��b� Schur a� [19]. a�83�� O((m + n)2), I� m + n g- Sylvester aMsDP. P℄Jg-M�Is|^a����LSGd�ws�js Sylvester aMsP℄jB$?�Es.

§3.1 ℄ P+t&�>> a(x), b(x) ∈ R[x], a(x) = amxm +am−1x
m−1 + · · ·+a1x+a0, am 6= 0,

b(x) = bnxn + bn−1x
n−1 + · · · + b1x + b0, bn 6= 0. a(x) r b(x) t Sylvester bNC

S(a, b) ∈ R(m+n)×(m+n):

S(a, b) =























am bn

am−1 am bn−1 bn

... am−1
. . .

... bn−1
. . .

a1
...

. . . am b1
...

. . . bn

a0 a1 am−1 b0 b1 bn−1

a0
. . .

... b0
. . .

...
. . . a1

. . . b1

a0 b0























︸ ︷︷ ︸

n

︸ ︷︷ ︸

m

. (3.1.1)

.+MYt�J�>> a(x) r b(x) t)QCe��6[�t, 6M�tJTQ ε	jd�#J�J�>>t���\�
. (b�J�>>t ε– �fS��CX4$[2oQ^�u(botJ�Btg_xw. ��J�5b:�t=�uY# ε– �fS��tb�	� [23, 29, 94, 93, 53, 24]. ��JHb�, $0ro ε– �fS��aQ
19
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Æ.N, Sylvester bNt ε- k� ε– �fS��taQ#OFy9^.\w 3.1.1 [23] S σi, i = 1, . . . , m + n Z Sylvester �D S(a, b) 9>)J, �B
σ1 ≥ · · · ≥ σr > ε

√
m + n > ε ≥ σr+1 ≥ · · · ≥ σm+n (q�pa, Sylvester �D9_J

ε– P{ r), :2Me d̂ Z a+△a j b+△b 9[0℄*X, �B deg(d̂) ≥ m+n−r+1,:2sA/ ‖△a‖2 > ε sA/ ‖△b‖2 > ε $(, B% ‖ · ‖2 1�I�Y9�_�* 2-N_.��(btJbNtQ^ ε– k, bNtm�^(M�yC�urt"�; lJmÆth/C94�%�D. %���o Sylvester bN#6, gZt4}1b 
O((m + n)3). 7� [63] ouY#tJ<(m�^(Mtb�, Jtb�C^��httJxK��. MYtJbNrtJm�^t'O^ δ, Jtb�u}(bY�D� δ tTHm�^}�JHm�^g��tm�? . m��otJQ^k r t
Sylvester bN#6, �h|/ σr/σr+1 CN1t (�
103), T=�J7�a�h�, Jtb�u}dol��. �, ��Jtb�7W<;6Zo�K�tbNÆtJ:t
QR (M, ;rRJb�t94��K�bNEQt�"a.5� Sylvester bNCtJX ToeplitzbN [94], !BuY#tJ�M Sylvester bNQ^kt}_b�	b�94� O((m + n)2). Jt}_b�v��� T = STS� HT H t}_ Cholesky (M	lo H CtJ Hankel Qt Sylvester bN. �D
� Hankel Qt Sylvester bNC#7:Zo`w&t�~-, �u}ro:�t
Cholesky (M. �}_ Cholesky (Mt83	C�j��tJXTtQ^��t�
Schur b� [19, 20].exU�	�D7�j83 T t Cholesky (M��M ST S tQ^ ε2– kV�ro Sylvester bNt ε– k. Jt;��*�tJ�!tA8
Sylvester bNtQ^
ε– k� ST S tQ^ ε2– kC9vt. 3.+ R̂i C�P i ;� Schur b��rottJ Cholesky ��,

R̂i =




R̂

(i)
11 R̂

(i)
12

0 0



 ,J� R̂
(i)
11 CtJ i×i#�=bN. T=m ‖T−R̂T

r R̂r‖2	WD6, �DO rC SylvesterbNt�`tQ^ ε– k.



D� Sylvester �C^IO8#Y�ehL 21b�5 [11, 19, 20, 45, 46] o"F(#t&x	�D��}_ Cholesky (MVT#?�"F(#. J�D7(b Sylvester bNtQ^k6+� Cholesky (Mt}`~<Æ#&ot~�.!Bl�KGb�-: §3.2 �D(## ST S r HT H t�xKV, _�	�jq4�T�bN ST S r HT H tS℄w�bNtUl, Eo#tJV: Sylvester bNr Hankel Q Sylvester bNt&x	;r7t�T�#u}(H� Schur b�tj8}`; §3.3 �DVTtH"F(#�§3.4 MY�M Sylvester bNQ^kt}_b��§3.5 MYQ^8kKh.

§3.2 ��LY Schur &>/Qk+|�D{℄Zp	Sylvester bN S CtJX Toeplitz bNt�xKVbN. 7-It�Æo	�DB?# ST S t�xKV.5w 3.2.1 [94] ST S a0|% ST S − ZSTSZT 9|%P�"f 4	B%
Z = diag(Zn, Zm).A8#	�Du}V:0P�� (G, J), J =




I2 0

0 −I2



, ;r
ST S − ZSTSZT = GJGT , (3.2.1)J� G = [x1 x2 x3 x4], lo

x1 = STS(:, 1)/‖S(:, 1)‖,

x2 = STS(:, n + 1)/‖S(:, n + 1)‖, x2[1] = 0,

x3 = x1, Z# x3[1] = 0,

x4 = x2, Z# x4[n + 1] = 0.Jm	�Du}�� Schur b�\C���0P�� (G, J) �83 ST S t}_ Cholesky (M.+tJ Sylvester bN S tQ^ ε– k r. m��� Schur b��83 ST S t
Cholesky (M6	� Schur b��uW��� ST S t{tJ r× r w�bN:CV(T��:WS�z�Ps r JT;.
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a(x) = 2x2 + 3x− x4 − 2x3,

b(x) = 3x + 2 + x2,�'�G	Sylvester �D S(a, b) 9P{ 5, J S(a, b)T S(a, b) 9>$Z 5 × 5 UX�D9P{ 4. 4,-b( Schur iM"yi S(a, b)T S(a, b) 9 Cholesky R�U	iM`&y$+?bZF�G9V
>��URG.��#It��	� Schur b�usoÆt(�`C	S(a, b)T S(a, b) t{tJ
5× 5 w�bNCk�t. ��Jmt�T�bN S(a, b)T S(a, b), u}��bN(bÆ4o`w&t"��83 Cholesky (M�ro RT

5 R5, lo
R5 =




R

(5)
11 R

(5)
12

0 0



 , (3.2.2)J� R
(5)
11 CtJ 5× 5 :kt#�=bN. _6	RT

5 R5 CbN ΠT S(a, b)T S(a, b)Π t
Cholesky (M, lo Π CtJg
bN. u}nY	�xKV��`w&��i��	�_!�o�D(H��Jt"�. �D�3	�hV: Sylvester bN S(b, a),T= ST (b, a)S(b, a) t{tJ 5× 5 w�bNC:kt	_6��� Schur b�	s�JT;�S��P	u}(bY ST (b, a)S(b, a) tS� (3.2.2) t Cholesky ��.t�z	�D��-�Æ
5w 3.2.3 S S(a, b)Z$4 m-I�Y a(x)j$4 n-I�Y b(x)9 Sylvester�D. {B

a(x) = xp(amxm−p + · · ·+ ap), ap 6= 0,

b(x) = xq(bnxn−q + · · ·+ bq), bq 6= 0.Me 0 ≤ p ≤ q �B rank(S) = m + n− d =R p ≤ d ≤min{m, n}, :2 S(a, b) 9?
m + n− d Z,�*�Z,1P9.v� y�o rank(S) = m + n− d 2l� gcd(a, b) taQ d. .+ S(a, b) ts
m + n− d %:C%:kt	N-Itv>

(xn−1a, xn−2a, . . . , a, xm−1b, . . . , b) = (xm+n−1, . . . , xm, . . . , 1)S(a, b),



�L Sylvester aMP℄jssI|^a� 23&7:�)tJQ si, tj ;r
(sn−1x

n−1 + · · ·+ s0)a + (tm−1x
m−1 + · · ·+ tdx

d)b = 0. (3.2.3)+ a′ = a/gcd(a, b), b′ = b/gcd(a, b), T= gcd(a′, b′) = 1, a′ r b′ taQ(0 m− dr n− d. �6	� (3.2.3) �
(sn−1x

n−1 + · · ·+ s0)a
′ + xd(tm−1x

m−d−1 + · · ·+ td)b
′ = 0. (3.2.4)�� p ≤ q, g} x ∤ a′. Jm� (3.2.4) u}ro

a′ | (tm−1x
m−d−1 + · · ·+ td)b

′.y�o gcd(a′, b′) = 1, �D� a′|(tm−1x
m−d−1 + · · · + td), � deg(a′) = m − d, g}

tj = 0, j = d, . . . , m− 1. V�� (3.2.3) ro	si = 0, i = 0, . . . , n− 1, J�sI si, tj:�)t.+H0<�. �_	S(a, b) ts m + n− d %&C%:kt. ���#It�Æ	#(H� Schur b�783 STS t Cholesky (MjToj8}`	�DV: Sylvester bN S(a, b), lo a(x) 9%� b(x) �O%tX\)t�>. lC	mMYt�J�>>��%�Dt�>)Q6	9wU�RtJ�>>�O%tD�>. #\ÆJmt�>>�	�D-I
� Hankel Qt SylvesterbN.

1. Hankel I. Sylvester or+ Pi h.tJ i× i g
bN

Pi =




1

q

q

q

1



 ,
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H(a, b) = S(a, b) diag (Pn, Pm)

=























am bn

q

q

q

am−1 q

q

q

bn−1

am q

q

q
... bn q

q

q
...

am am−1 a1 bn bn−1 b1

am−1
... a0 bn−1

... b0

... a1 q

q

q
... b1 q

q

q

a1 a0 b1 b0

a0 b0























.

︸ ︷︷ ︸

n

︸ ︷︷ ︸

m

Hankel Q Sylvester bN� Sylvester bN�9\tUl.�) 3.2.4 S H = UΣV T Z H(a, b) 9>)JR�	B% U j V Z)ZF��D	Σ = diag (σ1(H), σ2(H), . . . , σm+n(H)) Z$Z. H(a, b) 9>)Jj`$9H��D	:2 S = UΣ(PV )T Z S(a, b) 9>)JR�, =R P = diag (Pn, Pm).v� b Hankel Q Sylvester bNt��~W. �-} 3.2.5 Hankel � Sylvester �D H(a, b) 1 Sylvester �D S(a, b) /Æu9P. 5w 3.2.6 HTH a0|% HT H − ZHT HZT 9|%P�"f 4	B%
Z = diag (Zn, Zm) .v� �Du}V:tJ0P�� (G, J) ;r

HTH − ZHTHZT = GJGT ,



�L Sylvester aMP℄jssI|^a� 25J� J =




I2 0

0 −I2



, G = [x1,x2,x3,x4], lo
x1 = HTH(:, 1)/‖H(:, 1)‖,

x2 = HTH(:, n + 1)/‖H(:, n + 1)‖, x2[1] = 0,

x3 = x1, Z# x3[1] = 0,

x4 = x2, Z# x4[n + 1] = 0.

�5w 3.2.7 S H(a, b)Z$4 m-I�Y a(x)j$4 n-I�Y b(x) 9 Hankel� Sylvester �D. Me H(a, b) 9P{ m + n − d, B% 0 < d ≤ min{m, n}, :2
H(a, b) 9? m + n− d Z,�*�Z,1P.v� y�o H(a, b) tk m + n− d 2l� gcd(a, b) aQ d. .+ H(a, b) ts m + n− d J%? C7U9^t	T=N-%v>

[
a, x a, . . . , xn−1 a, b, . . . , xm−d−1 b, . . . , xm−1 b

]

=
[
xm+n−1, . . . , xm, . . . , 1

]
H(a, b),&7 m + n− d J:�)tJQ si, tj , ;r

(s0 + s1x + · · ·+ sn−1x
n−1)a + (t0 + t1x + · · ·+ tm−d−1x

m−d−1)b = 0. (3.2.5)+ a′ = a/gcd (a, b), b′ = b/gcd (a, b), T= gcd(a′, b′) = 1,

(s0 + s1x + · · ·+ sn−1x
n−1)a′ + (t0 + t1x + · · ·+ tm−d−1x

m−d−1)b′ = 0. (3.2.6)�C	
a′ | (t0 + t1x + · · ·+ tm−d−1x

m−d−1)b′.y�o gcd(a′, b′) = 1,�Dro a′ | (t0+t1x+· · ·+tm−d−1x
m−d−1),� deg(a′) = m−d	g} tj = 0, j = 0, . . . , m − d − 1. �6	b (3.2.5) �D�u}ro si = 0, i =

0, . . . , n−1,Jm`�sI si, tj :�)t.+H0<�. �_	H(a, b) ts m+n−d%&C%:kt. �



26 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^Jt�ÆF`�D	��k r t Hankel Q Sylvester bN H , HTH t{tJ
r×rw�bN�C:kt. �Du}\C��� Schurb��83 HTH t Cholesky(M. Y`�_	�D78*��6	�� Hankel Q Sylvester bNtV:6:Cd�t��D�CV: Hankel Q Sylvester bN H(a, b), lo am ��%�ft�r	 |am|/‖a‖2 %�f. A8#	b�Æ 3.2.7 tWNou}nY�	m�>> a(x) G>)QwD6	�>> a′ taQu}X\zD�v� m− d− 1, N (3.2.6)	Jm�;r H(a, b) ts m + n− d %X\7U9^.� 3.2.8 [*)ZI�Y a(x) j b(x)	H0�M (1.2.1) 9 Sylvester �D S, "/#0B$ 3.2.7 9
0$( (�V.$9B$ A.0.1). B 	H0P{ r 9 S	ST S9 r �`�UX�DZFB9. 39/��Fyi�	}� [24] R9
eXg�4	4[*9)ZI�Y/�HJ00 1 9℄^\U	,-_JyiR��9 QR R�iM�M76a0 S 9P9FH��. ��m0��}� [24, 91, 94]. _J�\�8	,- ST S 9 Cholesky R�t!26#9�q�Æ��J�	,-�M (3.1.1) 9
Sylvester �Dj Hankel � Sylvester �D"\ Cholesky R�=h7I. BZ�}+N
Hankel � Sylvester �D9$Z5*. �6Z$Z~29'X
y 3.2.9 [94]

a(x) = 0.02077971692 x13 + 0.09350872615 x12 + · · ·+ 0.1655883694 x2

−0.09935302169x + 0.000000006520463574,

b(x) = 0.03804013712 x11 − 0.1616705828 x10 + · · ·+ 0.5663225421 x2

+ 0.03233411610 x − 0.1940046900,B% ‖a‖2 = ‖b‖2 = 1. SB Digits = 16, - Maple 9.5 i7 Sylvester �D9>)J

. . . , 0.037, 0.029, 0.42e− 8, 0.22e− 8, 0.43e− 12, (3.2.7)=R�9>)J 0.42e− 8 r
*+ Sylvester �D9_JP��. } [94] Ryi76$ZP-9�[0℄*X�J −5.787684 Z a(x) j b(x) 9$Z (�) ℄^\.�4R�`; Sylvester �D S(b, a) j Hankel � Sylvester �D H(b, a), -b(

SchuriM"V
 ST (b, a)S(b, a) j HT (b, a)H(b, a) 9 CholeskyR�	9y$ 21 ZF�U	- R̂21 1�769P{ 219 Cholesky*X	R��\ ‖ST (b, a)S(b, a)−R̂T
21R̂21‖



�L Sylvester aMP℄jssI|^a� 27j ‖HT (b, a)H(b, a) − R̂T
21R̂21‖ J76 0.6e − 13 j 0.8e − 13	l4(R�
*+

Sylvester �D_JP!{ 3 9��. J,- (1.2.1) R9 Sylvester �D S "yi	Æ,9N_={ 0.1e− 1. 	I3/[*FH9P9��.

§3.3 ;#�=
1. u# Cholesky ?i.CW:"?<!Go.� T = AT A, J� A = H(a, b) �H S(a, b). (G, J) CN�Æ 3.2.1� 3.2.6 (br�t T ttJ0P��	Z Cl�x"Tot-�=bN. .+\C��� Schur b�o (G, J, Z) #	7S��P r ;T;��Dro T t�FÆt�Cholesky (M
T̂r = R̂T

r R̂r. b�5 [11, 19, 20, 45, 46] ot"F(#"�	!G� T t}_ Cholesky (MVT#?�"F(#.+ Ĝi C83� Schur b�{ i ;6t0P�bN	ˆ̄Gi C� Ĝi (brote�uDS>t0P�bN	 
7 ˆ̄Gi t{tTob�tJ%)&℄	{l7 ˆ̄Gi t{t%. 6.+ ˆ̄Gi C���JT;+
rtJWv Hyperbolic _zt���r�	�JJWv Hyperbolic _zt83=�tC OD ;t (7b� 2.1.1). ��SP0P�bN G1 = G 6tW<"F9��RJb�t(�"F�UC	Dt	g}b [19, 20]otX1	�D.+ Ĝ1 = G1.7 §2.1 o�D{uo	�6[�t(b;rv> ˆ̄GiJ
ˆ̄GT

i = ĜiJĜT
i :WeHP�	37+




0

ˆ̄Gi



 J




0

ˆ̄Gi





T

−




0

Ĝi



 J




0

Ĝi





T

i

= Ni, i = 1, . . . , r. (3.3.1)#*�VT"F(#	�D7#>oMbN Ĝi r ˆ̄Gi #z-# i − 1 J)? T	;rJmVPtbNe� m + n T. �#It r Jv>Ær	℄jRÆ��
T̂r − ZT̂rZ

T +




0

Ĝr+1



 J




0

Ĝr+1





T

=

r∑

i=1

Ni + T − ZTZT . (3.3.2)



28 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^y�o Z CG)t (.� m ≥ n	T= Zm = 0), b#>�Dro
T̂r +

m−1∑

k=0

Zk




0

Ĝr+1



 J




0

Ĝr+1





T

(Zk)T = T +
m−1∑

k=0

Zk

(
r∑

i=1

Ni

)

(Zk)T . (3.3.3)+
T̂s =

m−1∑

k=0

Zk




0

Ĝr+1



 J




0

Ĝr+1





T

(Zk)
T
, (3.3.4)

E =

m−1∑

k=0

Zk

(
r∑

i=1

Ni

)

(Zk)T , (3.3.5)�D�
T̂r + T̂s = T + E, (3.3.6)lo T̂s =




0

Ŝr+1



 ,

Ŝr+1 =

m−1∑

k=0

Z(r+1)kĜr+1JĜT
r+1Z

(r+1)k
T

, (3.3.7)J� Z(r+1) C�� Z ts r Trs r %�rot-�=bN. y�o Z(r+1) CeH-�=t	Ŝr+1 C-%�x"Tt�tM

Ŝr+1 − Z(r+1)Ŝr+1Z

(r+1)T = Ĝr+1JĜT
r+1. (3.3.8)Vt;z	� T̂r t��	(3.3.6) .N Ŝr+1 C T + E�^�l r ES℄w�bN�t~
t Schur 8	� T̂s − E C}_ Cholesky (MjTH0t?�"FbN. �D37�X(?�"F ‖T̂s − E‖ ttJ#O.G0	b�5 [11, 20] otX1	�D�nY

‖E‖ ≤ c1u
(

6r3‖R̂T
r ‖2 + (24r + 4)‖T‖

)

+ O(u2), (3.3.9)J� c1 h.tJxEt^� m t�>>	u h.�q[�. �
‖R̂T

r ‖2 = ‖T̂r‖ ≤ ‖T‖+ ‖E‖+ ‖T̂s‖, (3.3.10)



�L Sylvester aMP℄jssI|^a� 29�DV�ro
‖E‖ ≤ c1u

1− 6r3c1u

(

(6r3 + 24r + 4)‖T‖+ 6r3‖T̂s‖
)

+ O(u2). (3.3.11)Jm	�Du}0�?�"FÆ�-O�

‖T − T̂r‖ ≤ ‖E‖+ ‖T̂s‖ ≤

c1u(6r3 + 24r + 4)‖T‖+ ‖T̂s‖
1− 6r3c1u

. (3.3.12)#O� ‖T̂s‖,  ‖Ŝr+1‖, �D� T IP
T = T̃ + ∆T, (3.3.13)J� T̃ C� T �XttJk r t�T�bN. exU�	.�

T = V diag (σ1(T ), . . . , σn+m(T ))V T (3.3.14)C T tm�^(M	T= T̃ ��-bN

T̃ = V diag (σ1(T ), . . . , σr(T ), 0, . . . , 0)V T , (3.3.15)Jm

‖∆T‖ = σr+1(T ). (3.3.16)+ F = ∆T + E	T= T + E = T̃ + F	y�o Ŝr+1 C T + E t Schur 8	T= Ŝr+1pC T̃ + F t Schur 8. 3� T̃ r F Æ�-({

T̃ =




T̃11 T̃12

T̃ T
12 T̃22



 , F =




F11 F12

F T
12 F22



 , (3.3.17)J� T̃11, F11 ∈ Rr×r	b�5 [45] otX1�D�
\w 3.3.1 {S T̃11 Z�<9	:2
Ŝr+1 = F22 − W̃ TF12 − F T

12W̃ + W̃ TF11W̃ + O(‖F‖2), (3.3.18)=R
W̃ = T̃−1

11 T̃12. (3.3.19)



30 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^v� T̃11 tuZU�W# T̃ t Schur 8 T̃22− T̃ T
12T̃

−1
11 T̃12 C���t. �C T̃ + F^�lS℄w�bN T̃11 + F11 t Schur 8 Ŝr+1 u}Æ�-v>(b:

Ŝr+1 = T̃22 + F22 − (T̃ T
12 + F T

12)(T̃11 + F11)
−1(T̃12 + F12)

= T̃22 − T̃ T
12T̃

−1
11 T̃12 + F22 − T̃ T

12T̃
−1
11 F12 − F T

12T̃
−1
11 T̃12 + T̃ T

12T̃
−1
11 F11T̃

−1
11 T̃12 + O(‖F‖2)

= F22 − T̃ T
12T̃

−1
11 F12 − F T

12T̃
−1
11 T̃12 + T̃ T

12T̃
−1
11 F11T̃

−1
11 T̃12 + O(‖F‖2).{�Jv>P�C� T̃ t Schur 8 T̃22 − T̃ T

12T̃
−1
11 T̃12 = 0. � T̃−1

11 T̃12 hyP W̃ `ro#
Æo��tv>. ���
Æ 3.3.1, ℄j3kt(b�Dro

‖T̂s‖ = ‖Ŝr+1‖ ≤ (1 + ‖W̃‖)2‖F‖+ O(‖F‖2),b�	
‖T̂s‖ ≤ (1 + ‖W̃‖)2(‖∆T‖+ ‖E‖) + O(‖F‖2).Ku (3.3.11), �Dro#

‖T̂s‖ ≤ Ω

(
c1u(6r3 + 24r + 4)‖T‖

1− 6r3c1u
+ ‖∆T‖

)

(1 + ‖W̃‖)2 + O(‖F‖2), (3.3.20)J� Ω =
(

1− 6r3c1u
1−6r3c1u

(1 + ‖W̃‖)2
)−1

. ��	� (3.3.20) r (3.3.12) �D`ro#-It�Æ
5w 3.3.2 S T = T̃ + ∆T Z$ZM (3.3.13) jB(9H#�D. � T̃ j ∆T�� (3.3.17) Æ�R�. {B
‖∆T11‖
‖T11‖

= θ,

T11 ZH#FB9	�B1Z

2θκ2(T11) < 1; (3.3.21)8{B

6r3c1u

1− 6r3c1u
(1 + ‖W̃‖)2 < 1/2, (3.3.22):2`&=y$b( Schur iM9? r �m�4r/


‖T − R̂T
r R̂r‖ ≤

c1uζ

1− 6r3c1u
+

2

1− 6r3c1u

(
c1uζ

1− 6r3c1u
+ ‖∆T‖

)

(1+‖W̃‖)2 +O(‖F‖2),
(3.3.23)



�L Sylvester aMP℄jssI|^a� 31=R
W̃ = T̃−1

11 T̃12,

ζ = (6r3 + 24r + 4)‖T‖.v� (3.3.21) ot.+�W# T̃11 tuZU. A8#	
‖T−1

11 ∆T11‖ ≤ ‖T−1
11 ‖‖∆T11‖ = κ2(T11)θ <

1

2
,�C� T11 tuZU�D�Y# T̃11 = T11 − ∆T11 tuZU. Jm�Du}��
Æ

3.3.1 tKh�l9^(#.7S��P� Schur b�ts r ;��Dro (3.3.6)r (3.3.12),}� T +E =

T̃ + F ttJ Schur 8 Ŝr+1. 7��
Æ 3.3.1 ��ro (3.3.20). 37� (3.3.20) r
(3.3.12) Kuo��

‖T − R̂T

r R̂r‖ ≤
c1uζ

1− 6r3c1u
+

Ω

1− 6r3c1u

(
c1uζ

1− 6r3c1u
+ ‖∆T‖

)

(1+‖W̃‖)2 +O(‖F‖2),
(3.3.24)lo

Ω =

(

1− 6r3c1u

1− 6r3c1u
(1 + ‖W̃‖)2

)−1

.����.+ (3.3.22) `ro#�Æo��tKh. �� 3.3.3 N�Æ 3.3.2, ��� Schur b�� T VT}_ Cholesky (Mt?�"FfDv�� ‖W̃‖ tfD. ?�"Fu}X\zO�

‖T − R̂T

r R̂r‖ / (1 + ‖W̃‖)2‖∆T‖. (3.3.25)���`w&t Cholesky (M	‖W̃ ‖ u}�tJwnt#O [45]. �	7!�}_ Cholesky (Mt83jTo	#(Hi�bN T t�xKV�D:u}VT`w&	���DbWMY�� [46] o
Æ 10.12 �\ttJ#O.5w 3.3.4 H0B$ 3.3.2 RjB(9 W̃ , �4/
‖W̃‖ ≤

√

2‖T−1
11 ‖‖T‖. (3.3.26)



32 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^v� y�o T̃ ^� T̃11 t Schur 8v� 0,  : T̃22 − T̃ T
12T̃

−1
11 T̃12 = 0, �D�

‖W̃‖ =
∥
∥
∥T̃−1

11 T̃12

∥
∥
∥ =

∥
∥
∥T̃

−1/2
11 T̃

−1/2
11 T̃12

∥
∥
∥ ≤

∥
∥
∥T̃−1

11

∥
∥
∥

1/2 ∥∥
∥T̃ T

12T̃
−1
11 T̃12

∥
∥
∥

1/2

=

√

‖T̃−1
11 ‖‖T̃22‖.Vt;z	���Æ 3.3.2 ot.+	�D�

‖T−1
11 ∆T11‖ ≤ ‖T−1

11 ‖‖∆T11‖ = κ2(T11)
‖∆T11‖
‖T11‖

< 1/2,b�
‖T̃−1

11 ‖ ≤
‖T−1

11 ‖
1− ‖T−1

11 ∆T11‖
< 2‖T−1

11 ‖.�6	� T̃ t���D�

‖T̃22‖ ≤ ‖T̃‖ = ‖T‖,Jm�D`ro# ‖W̃‖ ≤√2‖T−1
11 ‖‖T‖.

�� 3.3.5 #It�ÆJN# ‖W̃‖ ttJ#O	JJ#O7t�T�#v��
√

κ2(T11). A8#	:UV:Y ‖W̃‖ wft���	_6 ‖W̃‖ CX��ÆoJNt#O. �	7 §3.4 �D9oJNtb� HSylRRA o	�D�� §3.2 o�Æ 3.2.3r�Æ 3.2.7 tKh�V:bN A, A = S(a, b) �H H(a, b). 8kKh.N	��Jmt T = AT A	‖W̃‖ 7w��~-+D�JJ#O.

2. �l�Zz�.TD:"k.+�j83 T = AT A t}_ Cholesky (M�Dro# R̂T
r R̂r, lo R̂r CFÆt Cholesky ��, A = S � H . ℄�tbNsO^Æ4F`�D	σr (R̂r) r R̂r t)y1�y? u}(0��#X σr(A) r σr+1(A).5w 3.3.6 {B9`&y$ r �b( Schur iMm769� { ε̄, w

∥
∥
∥T − R̂T

r R̂r

∥
∥
∥ ≤ ε̄, (3.3.27):2

∣
∣
∣σi(A)− σi(R̂r)

∣
∣
∣ ≤ ε̄/σr(A), i = 1, . . . , r. (3.3.28)



�L Sylvester aMP℄jssI|^a� 33Æ$�=	{B Vr = [vr+1, . . . ,vn+m] j Wr = [wr+1, . . . ,wn+m] Z)Z.�WF�,�*j`$9�D	=R Vr 1Z
AT AVr = VrΛr, B% Λr = diag

(
σ2

r+1(A), . . . , σ2
n+m(A)

)
, (3.3.29)J Wr . R̂r 9-�}t<�*`$	:2

‖sin Θ(Vr, Wr)‖ ≤
√

m + n− r ε̄/σ2
r(A), (3.3.30)

|‖AWr‖ − σr+1(A)| ≤ 4 ‖A‖2 (m + n− r)ε̄2

σ4
r(A)σr+1(A)

. (3.3.31)v� ���5 [47] o�4 7.3.8 o (3.3.27) �Dro
∣
∣
∣σi(A

T A)− σi(R̂
T
r R̂r)

∣
∣
∣ =

∣
∣
∣σ2

i (A)− σ2
i (R̂r)

∣
∣
∣ ≤ ε̄, i = 1, 2, . . . , r.�C	̀ �:v> (3.3.28):

∣
∣
∣σi(A)− σi(R̂r)

∣
∣
∣ ≤ ε̄

/(

σi(A) + σi(R̂r)
)

≤ ε̄/σi(A) ≤ ε̄/σr(A), i = 1, 2, . . . , r.#WN:v> (3.3.30) �Doq2o
σj(R̂r) = 0, j = r + 1, . . . , m + n.3��

δ̄ = mini,j

∣
∣
∣σ2

i (A)− σ2
j (R̂r)

∣
∣
∣ , i = 1, . . . , r, j = r + 1, . . . , m + n.T=

δ̄ = σ2

r (A).�6	+ R̄ h.-%�QbN

R̄ = AT AWr −WrDr, lo Dr = diag

(

σ2
r+1(R̂r), . . . , σ

2
m+n(R̂r)

)

,�D�
‖R̄‖ =

∥
∥AT AWr

∥
∥

≤
∥
∥
∥AT AWr − R̂T

r R̂rWr

∥
∥
∥+

∥
∥
∥R̂T

r R̂rWr

∥
∥
∥

≤
∥
∥
∥AT A− R̂T

r R̂r

∥
∥
∥ ‖Wr‖

≤ ε̄.



34 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^�_	NbNsO^��Æ4 [87] �Dro
‖sin Θ(Vr, Wr)‖ ≤

√
m + n− r

∥
∥R̄
∥
∥ /δ̄ ≤

√
m + n− r ε̄/σ2

r(A).37�X( ‖HWr‖. �� Rayleigh "bNtsO^Æ4 [60, 64] �Dro
∣
∣‖AWr‖2 − σ2

r+1(A)
∣
∣

=
∣
∣λ1(W

T
r AT AWr)− λ1(V

T
r AT AVr)

∣
∣

≤ 4
∥
∥AT A

∥
∥ ‖sin Θ(Vr, Wr)‖2 ,Ku:v> (3.3.30), �D�

∣
∣‖AWr‖2 − σ2

r+1(A)
∣
∣ ≤ 4

∥
∥AT A

∥
∥ (m + n− r)ε̄2/σ4

r(A).��ro

|‖AWr‖ − σr+1(A)| ≤ 4 ‖A‖2 (m + n− r)ε̄2

σ4
r (A)σr+1(A)

.

�N�Æ 3.3.6,m ε̄CtJDt 	� σr(A) = σr(S)%�f6	σr (R̂r)r ‖AWr‖(0C σr(S) r σr+1(S) twnt#X.

§3.4 �j {�/v$&>/���D��� Schur b��83 T t Cholesky (M	J� T = AT A	� A v�
S(a, b) �H H(a, b). � Schur b�\C��� T t0P�� (G, J) r-�=bN
Z, l83 Cholesky (MgZt4}1b  O((m + n)2). + R̂i C�P� Schurb�ts i JT;�rot�FÆt�Cholesky ��	

R̂i =




R̂

(i)
11 R̂

(i)
12

0 0



 ,lo R̂
(i)
11 CtJ i× i t#�=bN. .��P� Schur b�ts r̂ JT;�	‖T −

R̂T
r̂ R̂r̂‖ +r	WD	T=�D`-� Schur b�}`	�O Sylvester bNtQ^



�L Sylvester aMP℄jssI|^a� 35k r̂. 7b�o�D+�#tJ^� Cholesky (M?�"FfDt'O^ γ	m
‖T − R̂T

r̂ R̂r̂‖ ≤ γ 6�D`� ‖T − R̂T
r̂ R̂r̂‖ C	WDt.!l#	�D%��j83 T t Cholesky (M�(b STS t ε2– k	V�ro

S tQ^ ε– k. NQ^kt��	�Do7 T t ε2 (!VEk�xt�kbN	b� γ �� ε2; �8*#	��{ 3.3.1 Gt?�"F(#r (3.3.25) >	m SylvesterbNtQ^ ε– k r 6	(b T t Cholesky (M R̂T
r R̂r ge�t?�"FX\z�

ε2(1 + ‖W̃‖)2 gO�. J�y�o	m Sylvester bNtQ^ ε– k r 6	
ε2 ≥ σr+1(T ) = ‖∆T‖.JUN�DZo7 T t% ε2 ft(!VEk r t�T�bN R̂T

r R̂r. �_�D7b�o+� γ  ε2 ttJuDt�Q.T�� [45, 85] ogq4t	�D>�&o(b"F ‖T − R̂T
i R̂i‖	�D��u}� γ \C+�7 Schur 8�Q ‖Ŝi+1‖ #	J�

Ŝi+1 =
m−1∑

k=0

Z(i+1)kĜi+1JĜT
i+1Z

(i+1)k
T

, (3.4.1)j�-%�x"Tg
�

Ŝi+1 − Z(i+1)Ŝi+1Z

(i+1)T = Ĝi+1JĜT
i+1, (3.4.2)lo Z(i+1) Cb Z o��s i Trs i %�rot-�=bN. A8#	�^)>

(3.3.6)r (3.3.11)�Æ�Du}ro	T −R̂T
i R̂i = E+ T̂

(i+1)
s , lo ‖E‖ = O(u)(‖T‖+

‖T̂ (i+1)
s ‖), T̂

(i+1)
s =




0

Ŝi+1



, g}�P i ;� Schur b�6?�"FtfDu}�
‖Ŝi+1‖ = ‖T̂ (i+1)

s ‖ �X\. ��� Ŝi+1 t0P�.?S> (3.4.1)	�Du}DFz(bY?tJ Schur 8 Ŝi+1, i ≥ 1 [52, 92].%= HSylRRA��: a(x), b(x)− �Jt&�>>	ε− M�ttJTQ	γ− Cholesky (M?�"FfDt'O^	�(: r̂− Sylvester bN S t�`tQ^k	 R̂r̂− T tFÆt Cholesky ��	A−
Sylvester bN�H Hankel Q Sylvester bN.
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1. W<�

(a) V:uDt S r H .

i. + ā := a, b̄ := b �H ā := b, b̄ := a ;r |lc(ā)|
‖ā‖

2

≥ |lc(b̄)|‖b̄‖
2

, J� lc(·) h.tJ�>>tG>)Q�
ii. .� ap 6= 0 r bq 6= 0 (0C�>> a r b t{tJ%)O)Q. �h

p ≤ q T=+ ã := a, b̃ := b �H ã := b, b̃ := a ;r |ãp|
‖ã‖

2

≥ |b̃p|
‖b̃‖

2

; 0<+
ã := b, b̃ := a, p := q.

(b) �h |lc(ā)|
‖ā‖

2

≥ |ãp|
‖ã‖

2

T=+ A := H(ā, b̄); 0<	+ A := S(ã, b̃).

(c) + T := AT A	N�Æ 3.2.1 ��Æ 3.2.6 �V: T t0P�bN� (G, J)r-�=bN Z.

2. 83 T t Cholesky (M��k
(a) �� Schur b���� (G, J, Z) �83 T t Cholesky (M	�6(b

Schur 8 Ŝi+1, i > 1.

(b) m ‖Ŝr̂+1‖ ≤ γ 6-� Schur b�}`.

(c) KY Sylvester bNtQ^k r̂ r T t Cholesky �� R̂r̂.� 3.4.1 y�om Sylvester bNtQ^k r 6	�� γ ≥ σr(T )	7 T t γ(!VuW��k r − 1 tk�bN	JC�Dg:%�t	g}tJuDt γ ��:	 γ < σr(T ). Ku-tGotQ^Kh	�Dtb�o� σr(S) � σr+1(S) [1�tJ%�ft|/	�Jo� σr(S)/σr+1(S) f�v� 102.� 3.4.2 t��U�D>�&o(bg�t Schur 8. �Du}N$0t^�Q^ktN$�`;(bt<( Schur 8.T�7{ 3.3.2 Goguot	�Du}�j(b σr̂(R̂r̂) r ‖AWr̂‖ (0ro
σr̂(S) r σr̂+1(S) tX\^	J� Wr̂ h. R̂r̂ t,~T;)y1�ygVPtbN.!�o��� [63] otb��(b σr̂(R̂r̂) r R̂r̂ ttJ,~T;)y1�y. � R̂r̂C#�=bN	g}JtjTgZt4}1b  O((m + n)2).

§3.5 �QhP�D7 Maple9.5 #83#!BguYt}_b�. 7!Go�DMY��b



�L Sylvester aMP℄jssI|^a� 37� HSylSRRA ��M Sylvester bNQ^kt8kKh	6MY��Jtb��M
Sylvester bNtQHm�^6t8kKh. J��D+ Digits = 16.� 3.1: �z�.^%gO (I)

γ = 104ε2 γ = 105ε2 γ = 106ε2

(m, n, d)
εaver case num. εaver case num. εaver case num.

r̂ = r 39 r̂ = r 47 r̂ = r 48

(71, 56, 11) 0.1006 r̂ < r 2 0.0099 r̂ < r 1 0.000101 r̂ < r 1

r̂ > r 9 r̂ > r 2 r̂ > r 1

r̂ = r 46 r̂ = r 48 r̂ = r 47

(68, 53, 8) 0.085 r̂ < r 1 0.0090 r̂ < r 2 0.000087 r̂ < r 0

r̂ > r 3 r̂ > r 0 r̂ > r 3

r̂ = r 46 r̂ = r 48 r̂ = r 50

(80, 78, 3) 0.064 r̂ < r 4 0.0068 r̂ < r 2 0.000065 r̂ < r 0

r̂ > r 0 r̂ > r 0 r̂ > r 0

r̂ = r 46 r̂ = r 45 r̂ = r 49

(43, 38, 8) 0.066 r̂ < r 1 0.0067 r̂ < r 0 0.000067 r̂ < r 0

r̂ > r 3 r̂ > r 5 r̂ > r 1�? (I) :7Jt<(�DDE# 600J�>>�. gDEt�>>V:�-
7?tJ�>>�o	�℄<(r�fS���Cd�0Pt�>>	l)QC�1 −10 ≤ c ≤ 10otd�RQ. ��JmV:t�>>5-}��. e���tV:	�D`;9��� 10−e: 0d�`;tJ�R��>>aQ9�	)Q7�1 [−10e, 10e] t�>>	��Dd��JJ���>>};rl9��� 10−e. ��?J�>>�	�D-%�ftTJ���>>�QJ
�>>t���\� ε. �D9o�b�
HSylSRRA �(b?tJJm�>>�gVPt Sylvester bNt ε- k.7. 3.1r. 3.2 o	(m, n, d) h.gDEt�>>taQ�lV:t�fS��taQ. �?tJ (m, n, d) �DV:#�
�>>�, ?t
�k 50 J�>>�	�Io9vfDt9���; J�
�>>��D�t9���(0
10−4 , 10−5, 10−7.



38 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^� 3.2: �Zz.A7:"gO (I)

(m, n, d) εaver

err-σ̂r

err-σ̂r+1

εaver

err-σ̂r

err-σ̂r+1

εaver

err-σ̂r

err-σ̂r+1

(71, 56, 11) 0.1006
0.33e− 1

0.0099
0.195e− 1

0.000101
0.22e− 1

0.147e− 2 0.34e− 4 0.33e− 6

(68, 53, 8) 0.085
0.43e− 1

0.0090
0.23e− 1

0.000087
0.39e− 1

0.24e− 3 0.20e− 4 0.17e− 6

(80, 78, 3) 0.064
0.32e− 1

0.0068
0.32e− 1

0.000065
0.24e− 1

0.24e− 5 0.14e− 6 0.63e− 6

(43, 38, 8) 0.066
0.36e− 1

0.0067
0.30e− 1

0.000067
0.25e− 1

0.20e− 2 0.28e− 5 0.91e− 6�D�F#?t
�>>�t���\� ε thj^	) εaver. �. 3.1 g?	�D� Cholesky (M?�"FfDt'O^ γ  ε2 R}�Q
104, 105, 106. �D� r̂ h.��b� HSylSRRA g(bt Sylvester bNtQ^k	� r h.�jm�^(Mrot Sylvester bNtQ^k	 
Sylvester bNtm�^:	 σr(S) > ε ≥ σr+1(S).�D7. 3.1 o�F# r̂ r r t%�Kh.7. 3.1 o	�� r̂ = r t��	Schur 8 Ŝr+1 ��9�Dt�Q	9%� Schur8 Ŝr �U	jDtfD-:rwN1. ‖W̃‖ thj^D� 1000. �� r̂ < r t�S	� Schur b�>�VT�s r ;`}`�Jm��ott<(	s0C�� d = 3t��	‖W̃ ‖ wD	�b�us}`t(�C�� γ �rjf (7y 3.4.1). e� r̂ > rt��	W̃ t�Q<�%�f	��	f� O(103).^rtutC	��. 3.1 o d = 3 t�
��	�D�� ‖W̃‖ = O(100); ��
εaver = 0.000065 Jt
��	� γ = 105ε2 �Dro�.og?��9�tKh.�� r̂ = r t�S	�D+^��b� HSylSRRA t(bKh	Æ §3.4 gJNt"��(b Sylvester bNt{ r fr{ r + 1 ftm�^	6�(br�tKh(0) σ̂r r σ̂r+1. �DDE# σ̂r r σ̂r+1 t9�"F
|σ̂r−σr(S)|

σr(S)
r |σ̂r+1−σr+1(S)|

σr+1(S)
, J�

σr(S) r σr+1(S) C��m�^(Mrot Sylvester bNtm�^. 7. 3.2 o�D�F#9�"Fthj^	(0) err-σ̂r r err-σ̂r+1. �. 3.2 o9�"Fg.N	



�L Sylvester aMP℄jssI|^a� 39� 3.3: �z��Zz.^%gO (II)

(m, n, d) γ εaver case num. err-σ̂r err-σ̂r+1

r̂ = r 28

(71, 61, 11) 105ε2 0.00196 r̂ < r 6 0.43e− 1 0.97e− 2

r̂ > r 16

r̂ = r 38

(68, 58, 8) 105ε2 0.00166 r̂ < r 3 0.14e− 1 0.28e− 2

r̂ > r 9

r̂ = r 47

(78, 78, 3) 104ε2 0.0012 r̂ < r 3 0.83e− 2 0.106e− 1

r̂ > r 0� σr(S) r σr+1(S) tX\^	̂σr e%e�T
tQ "	� σ̂r+1 <e���T
t�F�Q.�? (II)
Jt<(�DDE# 150 J�>>�. gDEt�>>�C0ÆF (I) o JNt"�V:YtJ�>>�	��Jmt�>>���℄�>>�	+^�� (I) oJNt"�V:rot. wN1	JmV:t��	9%�. 3.1 o �ot��	y
3.3.5 ogUt √

κ2(T11) ofr�. ��?tJ��℄��>>�	�D(0R}aQ d = 11, 8, 3 t�fS���5�}��	�t9���j 10−6. ��?J�>>�	�D�)%�ftTJ���>>�QJ
�>>t���\� ε. NaQ d t:��D� 150 J�>>�(P#�
.e���℄��>>�tV:	gRt�fS��jCaQ 5 td��>>	gIot9���j 10−2. ##`��rot�>>�9%� (I) oV:t�>>�)QfDrkf	�D7�� (I) oJNt�>>V:"�6	�d�0P�>>t�1 −10 ≤ c ≤ 10 A −5 ≤ c ≤ 5.�D�(b Sylvester bNQ^ ε- ktKhr(bm�^tKh�7. 3.3 oMY. . 3.3 og�ot2o�. 3.1 r. 3.2 ok�9�. γ C?a Cholesky (M}`g+�t?�"FfD'O^�εaver .N#?t
o�>>�gIt��fD.
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err-σ̂r r err-σ̂r+1 .N# σ̂r r σ̂r+1 #X σr(S) r σr+1(S) t[�. 9%�. 3.2 oKh	̂σr+1 t#X[�>�T=D	b{ 3.3.2 Got"F(#u}nY	JwoC��J�t�
��o	σr (S) ��9�Dt^.�. 3.3 og?	�� d = 11 J
��	(bQ^kt~
T�9%�. 3.1 ot�S�g-:	Jx3Y# ‖W̃‖ �g=KtKh	Y` ‖W̃‖ 9%� √

κ2(T11) �J	CDw�. ��� d = 8 r d = 3 t�
��	Q^kt(bKhvC-�:�t. s0C	�� d = 3 J
��	9%�. 3.1 ot��	‖W̃ ‖ �!>�N1t=K	�D�� ‖W̃‖ = O(100).



4"q v$�j Sylvester ps/hJ2��m7*
 A�|^a��L" Sylvester aMsJUwj"W�v. 6� [53] n��GtX"sIa��~iU9L��== Sylvester aMsJUwj"WaM��'aL��==s�C��s�==��kd�`P9w�L�SQPs}	�eR��.�Isa��T�'a�vnu���Ls($�C�Q�v. ��IG�C�Q�v(PMs�wJU��C6 AtXsI|^�La��kd�s83�$\~a�wsIP�!.

§4.1 � Pt&�>>X\�fS��t(b��*?tKh [23, 28, 29, 41, 76, 24, 93, 53].�Jt&�>>tX\�fS��u}��J�J�>>M�(!Vt�>>taQ�Dt~
�fS��. �_	�Mt&�>>tX\�fS���wu}0EoJ�(Xt�>>	��Ml�fS��.7� [53]o�HuY#tJ�hb�	�j�MM��>> Sylvester bNtKVxk#XbN	�(bM��>>�t�D��t�>>�	le�aQ:x�M�TRQt~
�fS��. Jtb�u}\C����MX\�fS��. �_	�Du}��{ZBouYt}_b�	�j}_�M Sylvester bNtQ^k�+�tJ���t	� [53]ob�gZusM�tTRQ. s0z	u}�j}_(b SylvesterbNQ^ ε- k:k�usDE�J�>>7 ε- (!V�℄,  7Jt(!V:7e�%h��fS��t�>>���_6�h\C��� [53] ob� �(bX\�fS��	̀ �;Y���t��.�� [53] ob��U	(b wov���Mt)%�D�R�wt1b . �
[53] o��℄�t�M�D�R�wtb��83JtjT	l94� O(st2), lo s r t (0h.�D�R�w)QNtTQr%Q. 7!Bo	�D�j(#�D�R�w)QNt�xKV	uY#tJe�h"E94� O(s2) t}_b�.

41



42 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^!Bl�KGV�b�-
§4.2 �D3oQ'� [53] o�M Sylvester bNKVxk#Xtb�}
Y�DgoMit�w�§4.3 G0�D(##�D�R�w)QNt�xKV	�uY�M�D�R�wt}_b�	���b�VT?s"F(#�§4.4 �D� Maple �883#}_b�	7JtGoMY8kKh6�℄�b�tKhVT%�.

§4.2 7*/()MY�J�>> a, b ∈ R[x],lo a = amxm+· · ·+a1x+a0, b = bnxn+· · ·+b1x+b0,

am 6= 0, bn 6= 0. ) S  a r b t Sylvester bN. a r b t��(0)
∆a =

∆amxm + · · ·+ ∆a1x + ∆a0, ∆b = ∆bnxn + · · ·+ ∆b1x + ∆b0. 37q2JmtJ�D���w
[DX ‖∆a‖22 + ‖∆b‖22	,��v a + ∆a T b + ∆b qa+�,b0bF5ut�.�,H[�.M� a r b t Sylvester bN S	A� S t-I k − 1 T	5(0A� S o ar b t)Q%t� k − 1 %	rottJ�bNO{ k J Sylvester �bN	)
Sk ∈ R(m+n−k+1)×(m+n−2k+2)


Sk =














am 0 · · · 0 0 bn 0 · · · 0 0

am−1 am · · · 0 0 bn−1 bn · · · 0 0
...

... · · · ...
...

...
... · · · ...

...

0 0 · · · a0 a1 0 0 · · · b0 b1

0 0 · · · 0 a0 0 0 · · · 0 b0














︸ ︷︷ ︸

n−k+1

︸ ︷︷ ︸

m−k+1

. (4.2.1)

3� Sk ({P
Sk = [a Ak], lo a C Sk t{t%	Ak � Sk t� m + n − 2k + 1%VP.�J�>>t�� ∆a r ∆b u}�tJ m + n + 2 Æt? d �.?

d = [d1, d2, . . . , dm+n+1, dm+n+2]

T .



|^�L Sylvester aMsJUwj"W�v 43T=� Sk = [a, Ak] 9��t	-I� [∆aDk] �.?{ k J Sylvester �bNtKV��

[∆aDk] =














d1 0 · · · 0 0 dm+2 0 · · · 0 0

d2 d1 · · · 0 0 dm+3 dm+2 · · · 0 0
...

... · · · ...
...

...
... · · · ...

...

0 0 · · · dm+1 dm 0 0 · · · dm+n+2 dm+n+1

0 0 · · · 0 dm+1 0 0 · · · 0 dm+n+2














︸ ︷︷ ︸

n−k+1

︸ ︷︷ ︸

m−k+1

, (4.2.2)

J� ∆a C_bNt{t%.�D�-It$J�Æ
5w 4.2.1 [37] [*$4I�Y a(x) , b(x) ∈ R[x], =-_R�{ m j n. S
S(a, b) Z a(x) j b(x) 9 Sylvester �D	Sk Z a(x) j b(x) 9> k Z Sylvester X�D	=R 1 ≤ k ≤ min(m, n), :2�69)Z0GZ:|9

(1) rank(S) ≤ m + n− k.

(2) Sk 9!P00s:0 1.5w 4.2.2 [53] [*$4I�Y a(x) , b(x) ∈ R[x], =-_R�{ m j n. k Z$ZFE_	k ≤ min(m, n). Sk Z a(x) j b(x) 9> k Z Sylvester �D. � Sk R�$ Sk = [a Ak], =R a Z Sk 9>$,	Ak Z Sk 9m m + n− 2k + 1 ,`$9X�D. :2/

dim Nullspace(Sk) ≥ 1⇐⇒ Akx = a /�.5w 4.2.3 [53] [*FE_ m, n j k, k ≤ min(m, n), :2$B�'?6$Z

Sylvester �D S ∈ R(m+n)×(m+n) =P{ m + n− k.N#N�Æ	MY�J�>> a r b �tJTRQ k, �uWEotJ{ k J
Sylvester �bNtKV��bN [∆aDk] ;r a+∆a ∈ Range(Ak +Dk). JmsIgNt�>>t�D���wu}�-Ite�v>6h{8t�D�R�w�JN


min
d,x
‖d‖2, ;r r = 0, (4.2.3)
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r = a + ∆a− (Ak + Dk)x.���mQ"� [3], (4.2.3) u}z�

min
d,x

∥
∥
∥
∥
∥
∥




wr

d





∥
∥
∥
∥
∥
∥

2

, (4.2.4)lo w CtJft�mQ^	� 1010.�? ∆a r Dkx .?
∆a = Pk d, Dkx = Xkd,lo

Pk =




Im+1 0

0 0



 ,

Xk =

















0 xn+1−k

x1
. . . xn+2−k

. . .
...

. . . 0
...

. . . xn+1−k

xn−k x1 xm+n+1−2k xn+2−k

. . .
...

. . .
...

xn−k xm+n+1−2k

















︸ ︷︷ ︸

m+1

︸ ︷︷ ︸

n+1

,

Im+1 CtJEQ m + 1 tk�bN	(4.2.4) z�P#-It�D�R�w

min

∆x,∆d

∥
∥
∥
∥
∥
∥




w(Xk − Pk) w(Ak + Dk)

Im+n+2 0








∆d

∆x



+




−wr

d





∥
∥
∥
∥
∥
∥

2

,J� Im+n+2 CEQ m + n + 2 tk�bN.� [53] ouY#-It�htb���M�>>t�D���w




|^�L Sylvester aMsJUwj"W�v 45%= AppSylv-kK� - ��>> a(x) r b(x) 0Pt Sylvester bN S	J� deg(a) = m, deg(b) = n,{ m ≥ n; MYtJRQ k, 1 ≤ k ≤ n rtJ�\ tol.KY - �J�>> ã r b̃, :	 rank(S(ã, b̃)) ≤ m + n− k, {a$�qf� ‖ã− a‖22 +

‖b̃− b‖22 �-�o�D^.

1. V:{ k J Sylvester �bN Sk, � Sk t{t%) a	� Sk t� m+n−2k +1%SPbN Ak. + Dk = 0, ∆a = 0.

2. �M�D�R�w min ‖Akx − a‖2, (b r = a− Akx. ÆFsIJNt"�V:
Pk r Xk.

3. r9(b

(a) �M�D�R�w


min
∆x, ∆d

∥
∥
∥
∥
∥
∥




w(Xk − Pk) w(Ak + Dk)

Im+n+2 0








∆d

∆x



+




−wr

d





∥
∥
∥
∥
∥
∥

2

. (4.2.5)

(b) + x = x + ∆x, d = d + ∆d.

(c) � d V:bN [∆aDk], � x V:bN Xk. + Ak = Ak + Dk, a = a + ∆a,

r = a−Akx.\o (‖∆x‖2 ≤ tol { ‖∆d‖2 ≤ tol)

4. KY�>> ã r b̃: ã r b̃ b [aAk] V:r�.u7	b� AppSylv-k t94�v��b�{ 3 ;�Mt)%S� (4.2.5)t�D�R�wt94�. + (4.2.5) o)QNtTQr%Q(0 s, t, T= s = 2m + 2n−
k + 3, t = 2m + 2n − 2k + 3. � [53] o��℄�t�D�R�Mb�	l94�
O(st2). �D7-tGo�j(#�D�R�w)QNt�xKV	uYtJe�h"E94� O(s2) t}_b�.M�tJTQ ε, � [53] o�b� AppSylv-k +^��(b�J�>> a(x) r
b(x) t ε- �fS��, J�.+ a(x) r b(x) taQ(0 m r n	6{ m ≥ n. �!;�C	b k = n ≤ m m<	��b� AppSylv-k �(b�D���>> ã, b̃ �
ℵ =

√

‖ã− a‖22 + ‖b̃− b‖22, lo rank(S(ã, b̃)) ≤ m + n − k. �h ℵ ≤ ε, T=bbN Sk(ã, b̃) Y�v [37, 93] ot"�(b ε- �fS��; 0<	� k ^4 1 r9#N



46 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^jT. � [53] oMYt,tJ"�C	N� [23] otKh	�j(b Sylvester bN
S(a, b) tm�^(MEotJ ε- �fS��taQ#O d. Jm	u}b k = d m<	�:&b k = n m<�(b ε- �fS��. N!�{�BtKh	�Du}��b� HSylRRA �M Sylvester bNt ε- k�}_ro ε- �fS��ttJaQ#O.

§4.3 �j	E:&7*/v$&>
1. >�r.1VgI37�D)�D�R)� (4.2.5) t)QbN M ,

M =




w(Xk − Pk) w(Ak + Dk)

Im+n+2 0



 ,�63)�Z? r�? 
y =




∆d

∆x



 , z =




wr

−d



 , T= (4.2.5) +P#
min

y
‖My − z‖2 . (4.3.1)#EotJ�M�D�R�w (4.3.1)t}_b�	�DG0(#JJ)�)QbNt�xKV
5w 4.3.1 M Z$Z|%P�"f 4 9|%
`�D
a0%|��D

F1 = diag (Zm+n−k+1, Zm+n+2) , F2 = diag (Zm+1, Zn+1, Zn−k, Zm−k+1) ,�4/
M − F1MF T

2 = [u1,u2,u3,u4] [e1, em+2, em+n+3, e2n+m−k+3]
T ,=R ei 1� 2m + 2n− 2k + 3 �2|�D9> i ,	JB

u1 = M(:, 1), u2 = M(:, m + 2),

u3 = M(:, m + n + 3), u4 = M(:, 2n + m− k + 3).��)QNC Toeplitz bNt�D�R�w	{�\���}_ QR (Mt}_b�	� [25, 67, 21, 6, 26, 80, 84]. lJHb�tQ^��U�wt\��gP�	



|^�L Sylvester aMsJUwj"W�v 47��)QNC4lbNt�D�R�w	f�Qb�7�Mt[�#�Iowf<.��XTt�Td"T"�	�5 [78] ouY#tJLt}_ QR (Mtb�	�jJJb�brt QR (Mot R ��e�Ont[
U	/e��QH9m4lt
Toeplitz bNJtb��mD�. �_	9%�(�tTH�D�R�wt}_�Mb�	Jtb�u}����MO�
t�D�R�w. �	��tH� (4.3.1) Jmt	)QN�Lj�JtwDtm�^t�D�R�w	[78] otb�uWp�3��� [5, 78]. Z##Iuot	�5 [33] opuY#tJ�D�R�wt}_�Mb�	JJb�C��tJ�M Cauchy Q�D�R�wt}_b� [34, 51, 31, 42][#t. ^�Jmtb�C0Du��M (4.3.1) Jmt�D�R)�	37	7g_o. 7!Bo	�D�� [20] o�M Toeplitz 7U"T
t}_b�	ro#tJ�M�D�R�w (4.3.1) t}_b�.

2. Æi�D9%6) (4.3.1) .u#%=�����D�R�w (4.3.1)	�D) yLS l�D�RM	) rLS �D�Q? 
rLS = MyLS − z, T= yLS Du-IJJ7U"T





MT M MT

M 0








y

−z



 =




0

z + rLS



 . (4.3.2)3) Q  M t QR (MotT;bN	�D� Q ({P
Q = [Q1, Q2], lo
Q2 ∈ R(2m+2n−k+3)×k, T=

‖rLS‖2 = ‖QT
2 z‖2 =

∥
∥
∥
∥
∥
∥

QT
2




wr

−d





∥
∥
∥
∥
∥
∥

2

. (4.3.3)mbN M t#�{bN M(1..m + n− k + 1, :) ��ft�r�� O(1010)�6, T;bN Q t�{ Q2(m + n− k + 2..2m + 2n− k + 3, :) ot&℄�C O(1) t	��{
Q2(1..m + n− k + 1, :) ot&℄�CCX�)t. �_	� (4.3.3) �nZ	‖rLS‖2 9%� ‖z‖2 �UoDr�	 


‖rLS‖2 ≪ ‖z‖2 .
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MT M MT

M 0








y

−z



 ≈




0

z



 . (4.3.4)Jm�)�o)� (4.3.4) t)QNt�=(M	�_	�D9��� Schur b��83.3� M r z VTd��

M := M/‖M‖F , s.t. ‖M‖ ≤ 1, (4.3.5)

z := z/‖M‖F , (4.3.6)lo ‖M‖F C M t Frobenius �Q. ��ft�mQ^ w, 7Æ#d��[�	M t-=�{�(�Ck�N Im+n+2�9�CX�)t&℄VP. J&nf MT M tQ^k�. �6	y�o M :C"N	)� (4.3.4) t)QN�Cm�t. #�P� Schur b�	�DV:tJ(XtbN T

T =




MT M + αI(1) MT

M −βI(2)



 , (4.3.7)lo αI(1), βI(2) C�Jk�NR}tJDt�Qro	};r MT M + αI(1) CV(T�t	J9�W� Schur b�T;tS�VT��6	;r T ^�w�bN
MT M + αI(1) t Schur 8C=�t	J9�W� Schur b�=;tS�VT.�D� T t�xKVB?�-
5w 4.3.2 T Z$Z|%
`�D	a0|% T −ZTZT =|%P�"f 10, B%

Z = diag (Zm+1, Zn+1, Zn−k, Zm−k+1, Zm+n−k+1, Zm+n+2) .A8#	�Du}V:tJ T t0P�� (G, J), ;r
T − ZTZT = GJGT ,J� J = diag (I4,−I6), � G CtJ (4m+4n−3k+6)×10tbN. �D7� [58]o	�0P�bN G \C� T t%�.?	JmV:t G, QH&℄tQ "C 1/w2, w



|^�L Sylvester aMsJUwj"W�v 49CtJft�mQ^. JbQ^��t=��U	C:uDt. -I�DV:tJLt0P�bN	l&℄� M o&℄�9�tQ "	T 1/w. 3� gi, i = 1, . . . , 10 �h.JJ0P�bN G t%. �� t1, . . . , t4 

t1 = ‖M(:, 1)‖22 + α, t2 = ‖M(:, m + 2)‖22 + α,

t3 = ‖M(:, m + n + 3)‖22 + α, t4 = ‖M(:, 2n + m− k + 3)‖22 + α.+
c1 =

[
MT (1, :)M, MT (1, :)

]T
+ αI(:, 1),

c2 =
[
MT (m + 2, :)M, MT (m + 2, :)

]T
+ αI(:, m + 2),

c3 =
[
MT (m + n + 3, :)M, MT (m + n + 3, :)

]T
+ αI(:, m + n + 3),

c4 =
[
MT (2n + m− k + 3, :)M, MT (2n + m− k + 3, :)

]T
+ αI(:, 2n + m− k + 3),lo I h. 4m + 4n− 3k + 6 Etk�bN. T=

g1 = c1/
√

t1,

g2 = c2/
√

t2, Z# g2[1] = 0,

g3 = c3/
√

t3, Z# g3[1] = 0, g3[m + 2] = 0,

g4 = c4/
√

t4, Z# g4[1] = 0, g4[m + 2] = 0, g4[m + n + 3] = 0,

g5 =
[
0, gT

1 (2 : 4m + 4n− 3k + 6)
]T

,

g6 =
[
gT

2 (1 : m + 1), 0, gT
2 (m + 3 : 4m + 4n− 3k + 6)

]T
,

g7 =
[
gT

3 (1 : m + n + 2), 0, gT
3 (m + n + 4 : 4m + 4n− 3k + 6)

]T
,

g8 =
[
gT

4 (1 : 2n + m− k + 2), 0, gT
4 (2n + m− k + 4 : 4m + 4n− 3k + 6)

]T
,

g9 = [ 0, . . . , 0, 0
︸ ︷︷ ︸

2m+2n−2k+3

,
√

β, 0, . . . , 0 ]T ,

g10 = [ 0, . . . , 0, 0
︸ ︷︷ ︸

3m+3n−3k+4

,
√

β, 0, . . . , 0 ]T .�� M tm�^(M	b [20] otX1u}WN	�j���0P�� (G, J),�P� Schur b�t 2m + 2n− 2k + 3 JT;r 2m + 2n− k + 3 J=;�	�D
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R̂T 0

Q̂ D̂








R̂ Q̂T

0 −D̂T



 , (4.3.8)J� R̂ C#�=bN	D̂ C-�=bN. Vt;t	��rot�=(M (4.3.8), �Du}�M-%=)�
T




y

ξ



 =




0

z



 ,�ro
(T + H)




ŷ

ξ̂



 =




0

z



 , (4.3.9)J� ‖H‖ = O(u), u h.�q[�. M? 


ŷ

ξ̂



 �j-%�h;r�




R̂ Q̌T

0 −D̂T





−1 


R̂T 0

Q̂ D̂





−1 


0

z



 ,� ŷ N->(br�

R̂−1Q̂T D̂−T D̂−1z. (4.3.10)�D`� ŷ n�C)� (4.3.1) ttJ�D�RX\M.7��� Schur b��(b T t�=(M6	.+	7?J|e;o�DV:

J- T;bN�J Householder _z+
rtJWv Hyperbolic _zt9u	6{JJWv Hyperbolic _zt83�D=� OD S> (7b� 2.1.1). Jm	Æ#NjT(b�=(MgZt4}1baQ

47

2
(4m + 4n− 3k + 6)2 +

121

2
(4m + 4n− 3k + 6).(bX\M ŷ(4.3.10) Zo�o�J?��h	tJ?s�h	rtJbN? R�	��gZ4}1baQ [30]:

2(2m + 2n− k + 3)2 + (2m + 2n− 2k + 3)2 + 2(2m + 2n− k + 3)(2m + 2n− 2k + 3).
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51

2
s2 + 49st +

49

2
t2a4}1b	lo s = 2m + 2n− k + 3, t = 2m + 2n− 2k + 3. 9%[-	[53] ot�MZo 2st2 − 2

3
t3 a4}1b. g}	!�t83"�e�Oxt94�	s0Cm k:Cwft6}.� 4.3.3 7V:0P�bN G 6	�� M t�xKV	u}�(b ci, i =

1, . . . , 4 6tbN? R�z�Ph�t(b	V���}_:�r+
 FFT r}}_83. A8#	N�Æ 4.3.1,

MT − F2M
T F T

1 = [e1, em+2, em+n+3, e2n+m−k+3][u1,u2,u3,u4]
T . (4.3.11)y�o F1 r F2 CG)bN	�D�

MT = L1N
T
1 + L2N

T
2 + L3N

T
3 + L4N

T
4 ,J�

Lj = [vj , F2vj , . . . , F
m
2 vj , 0, . . . , 0] , Nj =

[
uj , F1uj , . . . , F

m+n−k
1 uj

]
,lo vj(j = 1, . . . , 4) vah. (4.3.11) otZJk�? . Jm	bN MT �? tR�u}z�P$J Toeplitz bN�? tR�1b	��u}z�Ph�(b.

3. :"?<!G�DX\�D�RM ŷ �nYtJ9�?s"FO. !Go κ(·) h.tJbNt 2- �Q{8Q. �� l = m + n − k + 1, l′ = m + n − k + 2. ���RQ
i, 1 ≤ i ≤ l + l′, �D3) σi  M t{ i ftm�^.\w 4.3.4 S f Z$Z1Z�Y9�*





MT M + αI(1) MT

M −βI(2)








ŷ

ξ̂



 =




0

z



+ f , (4.3.12)�4{ ‖ŷ−yLS‖2

‖yLS‖2
w5*$ZR	=�9�Y{


β + αβκ2(M)

‖M‖2 − αβκ2(M)
+

κ(M) + βκ2(M)

‖M‖2 − αβκ2(M)

‖f‖2
‖yLS‖2

. (4.3.13)
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[fT
1 , fT

2

]T
, f1 ∈ R(2m+2n−2k+3)×1, f2 ∈ R(2m+2n−k+3)×1, T=b

(4.3.12) �D�







(
MT M + αI(1)

)
ŷ + MT ξ̂ = f1,

M ŷ − βξ̂ = z + f2.A� ξ̂ �Dro
β
(
MT M + αI(1)

)
ŷ + MT M ŷ = MTz + MT f2 + βf1. (4.3.14)y�o

MT z = MT MyLS ,�j3kt(b�D�

(
βMT M + αβI(1) + MT M

)
(yLS − ŷ) =

(
βMT M + αβI(1)

)
yLS −MT f2 − βf1,

(4.3.15)}�
yLS − ŷ =

(
βI(1) + αβ(MT M)−1 + I(1)

)−1 (
βI(1) + αβ(MT M)−1

)
yLS

−
(
βI(1) + αβ(MT M)−1 + I(1)

)−1 (
M †f2 + β(MT M)−1f1

)
.�C	

‖yLS − ŷ‖2
‖yLS‖2

≤ β + αβ
∥
∥(MT M)−1

∥
∥

1− β − αβ ‖(MT M)−1‖ +

∥
∥M †

∥
∥+ β

∥
∥(MT M)−1

∥
∥

1− β − αβ ‖(MT M)−1‖
‖f‖2
‖yLS‖2

=
β ‖M‖2 + αβκ2(M)

(1− β) ‖M‖2 − αβκ2(M)
+

κ(M) ‖M‖ + βκ2(M)

(1− β) ‖M‖2 − αβκ2(M)

‖f‖2
‖yLS‖2

,J��D.+
αβ‖(MT M)−1‖ < 1, (4.3.16)6�o-Iv>


∥
∥M †

∥
∥ ‖M‖ = κ(M),

∥
∥(MT M)−1

∥
∥ ‖M‖2 = κ2(M).y�o

‖M‖ ≤ 1, β ≪ 1,�Dro#
Æo��t:v>. �
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[zT
l , zT

l′+k

]T
, zl ∈ Rl×1, zl′+k ∈ R(l′+k)×1, :2H0

(4.3.7) RjB(9 T �4/

∥
∥
∥
∥
∥
∥

T−1




0

z





∥
∥
∥
∥
∥
∥

2

≤
(

4

σl
+

2

wβ
+

1

wσl+l′

)

‖zl‖2 +

(
2

β
+

3

σl+l′

)

‖zl′+k‖2 .v� +
T−1 =




B11 B12

BT
12 B22



 ,T=
B11 = βM †

(

M
[
MT M + αI(1)

]−1
MT + βI(2)

)−T

M
(
MT M + αI(1)

)−1
,

B12 =
(
MT M + αI(1)

)−1
MT

(

M
[
MT M + αI(1)

]−1
MT + βI(2)

)−1

,

B22 = −
(

M
[
MT M + αI(1)

]−1
MT + βI(2)

)−1

.- M = U




Σ

0k×(l+l′)



V T C M tm�^(M	J� U, V �CT;bN	Σ CtJ�
M tm�^gVPt�=bN. Σ u}IP


Σ =




Σl

Σl′



 ,lo
Σl = diag (σ1, . . . , σl) , Σl′ = diag (σl+1, . . . , σl+l′) .� U, V ({P

U =




U11 U12

U21 U22



 , V = [V1, V2] ,lo U11 ∈ Rl×l, V1 ∈ R(l+l′)×l. 5���=bN
Λl =

([
Il + αΣ−2

l

]−1
+ βIl

)−1

,

Λ′
l =

(
Σl + αΣ−1

l

)−1
Λl,

Λl′ =
(
Σl′ + αΣ−1

l′

)−1
([

Il′ + αΣ−2
l′

]−1
+ βIl′

)−1

,

Λl′+k =





([
Il′ + αΣ−2

l′

]−1
+ βIl′

)−1

1
β
Ik



 ,
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B12 =

[
V1Λ

′
lU

T
11 + V2 [Λl′ 0] UT

12 V1Λ
′
lU

T
21 + V2 [Λl′ 0] UT

22

]
,

B22 = −




U11ΛlU

T
11 + U12Λl′+kU

T
12 U11ΛlU

T
21 + U12Λl′+kU

T
22

U21ΛlU
T
11 + U22Λl′+kU

T
12 U21ΛlU

T
21 + U22Λl′+kU

T
22



 .�~WN-It:v>P�

‖Λl‖2 ≤ 1 + 1/σl, ‖Λ′

l‖2 ≤ 1/σl, ‖Λl′‖2 ≤ 1/σl+l′, ‖Λl′+k‖2 ≤ 1 + 1/β, (4.3.17)7��tJ:v>tWNo�D.+

αβ < σ2

l+l′ , � αβ‖(MT M)−1‖ < 1.�6	m M bNt#��{��ft�r�O(w)�6	�D�-It:v>

‖U12‖ , ‖U21‖ ≤ 1/w.Jm�Dro#

∥
∥
∥
∥
∥
∥

T−1




0

z





∥
∥
∥
∥
∥
∥

2

≤ ‖B12z‖2 + ‖B22z‖2

≤
(

4

σl

+
2

wβ
+

1

wσl+l′

)

‖zl‖2 +

(
2

β
+

3

σl+l′

)

‖zl′+k‖2 .

�\w 4.3.6 M?6jB(	S H Z1Z (4.3.9)9�m� �D	�{B γ‖H‖ <

1, =R
γ = β/σ2

l+l′ + 2/σl+l′ + 1/β + 1,:2H0+$ 4.3.4 RjB(9�* f �4/

‖f‖2 ≤

‖H‖
1− γ‖H‖

[(
4

σl
+

2

wβ
+

1

wσl+l′

)

‖zl‖2 +

(
2

β
+

3

σl+l′

)

‖zl′+k‖2
]

.
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f = −H




ŷ

ξ̂





= −H (T + H)−1




0

z





= −H
(
I + T−1H

)−1
T−1




0

z



 .�C	
‖f‖2 ≤

‖H‖
1− ‖T−1H‖

∥
∥
∥
∥
∥
∥

T−1




0

z





∥
∥
∥
∥
∥
∥

2

≤ ‖H‖
1− ‖T−1‖ ‖H‖

∥
∥
∥
∥
∥
∥

T−1




0

z





∥
∥
∥
∥
∥
∥

2

,J�.+ ‖T−1‖‖H‖ < 1.y�o
B11 = V




βΣ−1

l Λ′
l

βΣ−1
l′ Λl′



V T ,

B12 = V




Λ′

l 0l×k

Λl′ 0l′×k



UT ,

B22 = −U




Λl

Λl′+k



UT ,b (4.3.17) �D�
∥
∥T−1

∥
∥ ≤ ‖B11‖+ ‖B12‖+ ‖B22‖

≤ β/σ2
l+l′ + 2/σl+l′ + 1/β + 1.5��
Æ 4.3.5 �.+ γ‖H‖ < 1	�Dro#!
Æot:v>. �
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(T + H)




ŷ

ξ̂



 =




0

z



 ,{B αβ < σ2
l+l′ v γ‖H‖ < 1	�4�'76�?ÆH� ‖ŷ−yLS‖2

‖yLS‖2

9$ZR	�{

β + αβκ2(M)

‖M‖2 − αβκ2(M)
+

κ(M) + βκ2(M)

‖M‖2 − αβκ2(M)

‖H‖ δ

(1− γ‖H‖)‖yLS‖2
, (4.3.18)B%

γ = β/σ2
l+l′ + 2/σl+l′ + 1/β + 1,

δ =

(
4

σl
+

2

wβ
+

1

wσl+l′

)

‖zl‖2 +

(
2

β
+

3

σl+l′

)

‖zl′+k‖2 .v� _K4u\C��
Æ 4.3.4, 4.3.5 r 4.3.6 ro. �� 4.3.8 #S��P� Schur b��Dg�t α, β �:	 [20] oguYt-O. !l#	α, β u}�r%�q[�$	ftH. Z_[�	��!Got"F(#	α, β t`��;r"F#O (4.3.18) YuWtD. bJt=�U	�Æ 4.3.7og�ot.+ αβ < σ2
l+l′ CtJ�t.+	�JJ.+X\v/�"F#O

(4.3.18) D� 1 ttJ&o{8
αβκ2(M) < 1.� 4.3.9 78*��o	7℄jTd� (4.3.5) �	-It:v>P�

‖zl‖2 < 1, ‖zl′+k‖2 < 1/w;Vt;z	mgMtRQ k (4.2.5) C�J�>>tX\�fS��taQ#O6	�J�D�

δ < 1.

§4.4 �QhP�D� Maple9.5 83#!BguYt}_b�. 7-.o	�DMYtH8kKh. �D�!�ogJNt�M�D�R�w (4.3.1) t}_b�u�o� [53] otb� AppSylv-k, �(bM�t�J�>>e�aQ:x�M�TRQt�fS�



|^�L Sylvester aMsJUwj"W�v 57� 4.1: �zgO�f
Ex m,n k

error

(classic)

error

(new fast)

cond.num

(LS Prob.)

for.err.

(LS Prob.)

ε̂(ŷ)

(LS Prob.)

1 2, 2 1 5.59933e–3 5.59933e–3 0.109e13 0.461e–3 0.238e–12

2 3, 3 2 1.07129e–2 1.07129e–2 0.148e13 0.434e–3 0.176e–13

3 5, 4 3 1.56146e–6 1.56146e–6 0.209e13 0.143e–2 0.143e–13

4 5, 5 3 1.34138e–8 1.34318e–8 0.232e13 0.664e–3 0.452e–13

5 6, 6 4 1.96333e–10 1.96333e–10 0.239e13 0.182e–3 0.448e–13

6 8, 7 4 1.98415e–16 1.98416e–16 0.312e13 0.322e–3 0.896e–14

7 10, 10 5 1.51551e–12 1.51552e–12 0.545e13 0.272e–2 0.598e–13

8 14, 13 7 2.61818e–4 2.61819e–4 0.697e13 0.163e–1 0.112e–12

9 28, 28 10 2.54575e–4 3.54600e–4 0.151e14 0.992e–1 0.512e–14

10 50, 50 30 9.35252e–6 9.40237e–6 0.302e14 0.134 0.168e–13�gZot�D��. �6	�b� AppSylv-k t(bKhVT%�. J��D+�
Digits = 15, α = β = 10−14.Q^8ko	gDEt�>>CÆ�-JN�V:t
?tJ��o	�9�t
(m, n) �DV:# 50 Jd��St�>>�	��FbrKhthj^. �?J��	�℄<(r�fS���Cd�V:t�>>	l)QC�1 −10 ≤ c ≤ 10 otd�RQ. ��JmV:t�>>5-}��. e���tV:	�D�tJ�R��>>aQ9�	)Q7�1 [−10e, 10e] td��>>. ��	�Dd��JJ���>>};rl9��� 10−e	J� e CtJM�tTRQ.7-.o	m, n h.M��>> a r b t�aQ�k CM�ttJTRQ�error

(classic) rerror (new fast)(0h.��� [53] otb� AppSylv-k r!�tb�g(brt�>>�D�� ‖ã−a‖22 +‖b̃−b‖22�cond.num.h.gM�D�R)� (4.3.1)t)QNt 2- �Q{8Q��for.err. .?X\�D�RM�9���� [53] otb�(br�tM�t9�"F. 7.Ht��t%	�D�F#�D�R�wt?���fD ε̂(ŷ).



58 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^exzU	̂ε(ŷ) C?��� δM ttJX\t Frobenius �Q#O	J� ŷ C-IJJ�D�R)�t~
t�D�RM

min

y
‖(M + δM)y − z‖2. (4.4.1)

ε̂(ŷ) �� [88, 46] oguYtuWt�Dt?��� ε(ŷ) 9Fe�tJ:Lj 2 t��	ε̂(ŷ) u}Æ�-">(b [32]: �sIg��	M = U




Σ

0



V T C M tm�^(M. .� ŷ 6= 0	6{-
r̂ = z−M ŷ = U




r̂1

r̂2



 , r̂1 ∈ R(2m+2n−2k+3)×1, r̂2 ∈ Rk×1, η =
‖r̂‖2
‖ŷ‖2

.T=
ε̂(ŷ) = min(η, σ̃), J� σ̃ =

√

r̂T
1 Σ2(Σ2 + η2I)−1r̂1

‖r̂2‖22/η2 + η2r̂T
1 (Σ2 + η2I)−2r̂1

.�#.gN	Dt?��� ε̂(ŷ) .N(br�tX\�D�RMC?���t.g(bt�>>t�D���Æ� [53] ob�brtKhe%�9�tQ "�s0z	7s�J��o	�Dg(btKh�Æ� [53] ob�gr�tKh���9�t�FQ�. m	T���J��g.Nt	(bKht[�Io# M tft{8Qg<.



49q h~do/!����xKVbNt_}	
�t&X\�fS��t(b�wÆ#�-�"Ig_

1. uY#tJ�M SylvesterbNQ^kt}_b�	6q4#l7(b SylvesterbNm�^"It��. �� Sylvester bN S t�xKV	�D�� Schur b�83 T = ST S � HT H t}_ Cholesky (M�(b STS tQ^k	V�ro S tQ^k. lo H C�D
�tt� Hankel Q Sylvester bN. �DEotJ&x�V:

S r H }�W� Schur b�S�VT. �j� Cholesky (MÆ?�"F(#	�Du}+�tJ?�"FfDt'O^�� Cholesky (Mt6}`�roQ^k.RJb�Zo Sylvester bNEQh"at1b �9%�m�^(Mb�l94�x#tE. �D� Maple �883#b��Q^Kh.N	�e�xt�kt
Sylvester bN�Dtb�C%��Ft.

2. �}_b��M# Sylvester bNtKVxk#X�w. Sylvester bNtKVxk#X�w�*�t&�>>X\�fS��t�M�w	� [53] ogMb�tpM;tC�MtJ^��xKVbNt�D�R�w��3�xKV	�℄�tb��MZo94� O(st2), J� s r t (0h.�D�R�w)QNtTQr%Q. ���D�R�w)QNt�xKV	��xkt0P�bN	�D�h"Et94�
O(s2) �M#Jt�w.���?2oQ^�u(b+!ot�xKVbNb�	�ig_t�w	�w�. ��	�5 [53] oq4t�>>t)QC9Q	�!�{ZBoMYt SylvesterbNtKVxk#X�wt}_b�	q2tbC8Qt�S	T=��9Q�St83C�D-t;t� . _�	�t���xKVbN7�M^�t&�JQ^�>>	��&Q^�>>t�wot��		CtJ>Ltg_+!. /e�{℄�gV?t�w		�&onqC0�OuDt�>>hQ�wo�xKVbNb�tz
"�	V�ODF	O��tMiQ^�>>hQt�w.

59



60 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^



B{U §3.2 �℄E6x/w�5w A.0.1 S S(a, b) Z$4 m -I�Y a(x) j$4 n -I�Y b(x) 9�M
(1.2.1) 9 Sylvester �D. Me S(a, b) 9P{ m + n− d, B% 0 < d ≤ min{m, n}, :2 S(a, b) 9? m + n− d Z,�*�Z,1P.v�
m d = min{m, n} 6�ÆtK41P�. m d < min{m, n} 6	S(a, b)ts m + n− d J%? gVPt�bNe��-S{



























am · · · · · · a0. . .
. . .

am · · · · · · a0. . .
. . .

. . . · · · · · · · · · a0. . .
...

am · · · ad

bn · · · · · · b0. . .
. . .

bn · · · · · · b0. . .
. . .

. . . · · · · · · · · · b0. . .
...

bn · · · bd


























}

d







n− d

}

d







m− d

. (A.0.1)

bJtbNo��s d %	5(0�� a(x) r b(x) )QTts d T	rot�bNCtJ�K>bN [77]. Vt;z	� S(a, b) tk m + n − d uZ	gcd(a, b) taQ d	b�Jt�K>bN&C:kt [40, 66]; Ku (A.0.1) obNtS{	6N
am 6= 0 (�H bn 6= 0), u}�Æ (A.0.1) otbN&C%:kt.�DVt;���K>��fS��t^)�:*K4u7�5 [40, 66] t9^BG�	MY#�Æ 3.2.3 r�Æ 3.2.7 t,tJWN.5w 3.2.3 .v�
Sylvester bN S(a, b) tk m+n− d 2l� gcd(a, b) taQ
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d. q2{ d + 1 J Sylvester �bN Sd+1 ∈ R(m+n−d)×(m+n−2d)(lV:u7 (4.2.1))


Sd+1 =













am bn

am−1
. . . bn−1

. . .
...

. . . am
...

. . . bn... am−1
... bn−1

a0
. . .

... b0
. . .

...
. . .

...
. . .

...
a0 b0













︸ ︷︷ ︸

n−d

︸ ︷︷ ︸

m−d

, (A.0.2)

� deg(gcd(a, b)) = d t.+Z	Sd+1 C%:kt [40, 66]. 7 Sd+1 ts n− d J%? �I|-# d % a(x) t)Q? 	;lP S(a, b) ts m + n− d J%? gVPt�bN	Ku�Æot.+
a(x) = xp(amxm−p + · · ·+ ap), ap 6= 0, (A.0.3)

b(x) = xq(bnxn−q + · · ·+ bq), bq 6= 0, (A.0.4)Jt�bN&��-S{















am bn...
. . .

...
. . .

...
. . .

... bn...
... am bq

...
ap

...
. . .

...
. . .

...
... bq. . .
...
ap















︸ ︷︷ ︸

n−d

︸︷︷︸

d

︸ ︷︷ ︸

m−d

, (A.0.5)

Jm� Sd+1 t%:k� 0 ≤ p ≤ q t.+:U�YJmt�bN&�C%:kt. 25w 3.2.7 .v�
Hankel Q Sylvester bN H tk m + n− d ��� gcd(a, b) t



§3.2 n#I�sVM 63aQ d. q2 Hankel Q Sylvester bN H(a, b) ts m + n− d %gVPt�bN




















am

q

q

q
...

am a0 bn

q

q

q
... q

q

q

q

q

q
...

am a0 bn b0

... q

q

q
... q

q

q

a0 b0




















︸ ︷︷ ︸

n−d

︸︷︷︸

d

︸ ︷︷ ︸

m−d

, (A.0.6)

A�l#I d T	6A� a(x) )Q%t� d %	�rot�bN) Hd+1

Hd+1 =













am bn

q

q

q

am−1 q

q

q

bn−1

am
... bn

...
am−1

... bn−1
...... q

q

q

a0
... q

q

q

b0... q

q

q
... q

q

q

a0 b0













︸ ︷︷ ︸

n−d

︸ ︷︷ ︸

m−d

, (A.0.7)

T= Hd+1 ∈ R(m+n−d)×(m+n−2d), 6{	Hd+1 �{ d + 1 J Sylvester �bN Sd+1 ��-^)

Hd+1 = Sd+1




Pn−d

Pm−d



 . (A.0.8)Jm	� deg(gcd(a, b)) = d uZ Hd+1 C%:kt�5y�o am 6= 0, `u}�Y
(A.0.6) >otbN&C%:kt. 2
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Birkhäuser, Boston, Springer New York, 2001.

[78] H. Park and L. Eldén, Stability analysis and fast algorithms for triangularization

of Toeplitz matrices, Numer. Math., 76 (1997), pp. 383–402.

[79] H. Park, L. Zhang, and J. B. Rosen, Low rank approximation of a Hankel matrix

by structured total least norm, BIT, 39 (1999), pp. 757–779.

[80] S. Qiao, Hybrid algorithm for fast Toeplitz orthogonalization, Numer. Math., 53 (1988),

pp. 351–366.

[81] J. B. Rosen, H. Park, and J. Glick, Total least norm formulation and solution for

structured problems, SIAM J. Matrix Anal. Applic., 17 (1996), pp. 110–128.

[82] V. Rokhlin, Rapid solution of integral equations of classical potential theory, J. Com-

put. Physics, 60 (1985), pp. 187–207.

[83] A. H. Sayed, T. Kailath, H. Lev-Ari, and T. Constantinescu, Recursive solu-

tions of rational interpolation problems via fast matrix factorization, Integral Equations

and Operator Theory, 20 (1994), pp. 84–118.

[84] D. R. Sweet, Fast Toeplitz orthogonalization, Numer. Math., 43 (1984), pp. 1–21.

[85] M. Stewart, Cholesky factorization of semi-definite Toeplitz matrices, Lin. Alg. Appl.,

254 (1997), pp. 497–526.

[86] A. Schönhage, Quasi-GCD computations, J. Complexity, 1 (1985), pp. 118–137.

[87] J. Sun, Matrix perturbation analysis (in Chinese). Science Press, 1987.

[88] B. Waldén, R. Karlson, and J.-G. Sun, Optimal backward perturbation bounds

for the linear least square problem, Numer. Lin. Alg. Appl., 2 (1995), pp. 271–286.

[89] A. F. Ware, Fast approximate Fourier transform for irregularly spaced data, SIAM

Review, 40 (1998), pp. 838–856.

[90] ��N, .'A, yiu1_. ~�faY�*	�Z	2004.

[91] l1	�d2	{B�	M��	.'A	X�z, Siyi���zC8U��.~�faY�*	�Z	2003.



72 �NtKh��K0|3: �s%W[�eR��8℄s|^a�f^
[92] Z. Xu, K. Zhang, and Q. Lu, The fast algorithm for solving Toeplitz matrices (in

Chinese). Xibei Industry University Press, 1999.

[93] Z. Zeng, The approximate GCD of inexact polynomials. part I: a univariate algorithm.

Manuscript, 2004.

[94] L. Zhi, Displacement structure in computing approximate GCD of univariate poly-

nomials, in Proc. Sixth Asian Symposium on Computer Mathematics (ASCM 2003),

2003, pp. 288–298.



jM
<�5q�{
[1] B. Li, Z. Yang and L. Zhi. Fast low rank approximation of a Sylvester matrix by

structured total least norm. J.JSSAC (Journal of Japan Society for Symbolic and

Algebraic Computation), 11 (2005), pp. 165–174.

[2] B. Li, Z. Liu and L. Zhi. Fast implementation of low rank approximation of a

Sylvester Matrix. Accepted for publication in SNC book�Symbolic-Numeric Com-

putation�(a book for 2005 International Workshop on Symbolic-Numeric Compu-

tation), edited by Dongming Wang and Lihong Zhi, to be published by Birkhauser,

Basel Boston, 2006.

[3] B. Li, Z. Liu and L. Zhi. A structured rank-revealing method for Sylvester matrix.

MM Research Preprints, 24 (2004), pp.151–165. Submitted to J.CAM (Journal of

Computational and Applied Mathematics)

73



74 �NtKh��|3: �s%W[�eR��8℄s|^a�f^



~ H^_4��P[*	�HU7_?�[�M��^Mr�xt	2	�a	g�r,�.?pMzCK�G0s0CK�tn2/�kg_)rX�z6g_). ��n2�[���a'rsag_#tPf_n	��
�Qasag_tp1#�, C��n2:ÆzY�r>�	;��sag_NMOV		O�O_|. !a�4�C7��n2t&M_n-�Pt. �Es	��n2��;o�*z.0#��	6uY#\��ft�7. 7_4��P[*	U?��n2.?pMtCK.CK��l,�. >�\CIo�00t_n	l�00�4�D*v[�Ve	XÆLI	maeUtQaf2t-�--CÆ��.CKQa�J�g_oMt5vg_)	DD!g_)	�x7g_)	��Ng_)	��o6g_)	
y6g_)	8 HxÆg_)	�LxÆg_)	.��xÆg_). hD7�aaM��o℄Ht�0C!�max�, -�H)�-w. s0CK��Ng_)�!��Æ A.0.1 tWNguQt�x. �6CKshK	2r�  DNh6��tu��xrF\.CK(bQag�omg_)rB��g_)	���	2tq4��I�&t.7Qa�J�oMta'r0�o	�ro#\��at�x	hDClP,	[��	Cf&	G/g	,��	TV�	�dy	Uf1	CN7	C℄	'^N	EB	�B�	�3	e�+	0z!	}0	�
	Wp	/+	eÆ�	o^N	5�	m��	CjV	CR	sPV	MÆ	�u!rKTv�	�YDT�t�}6aM�.-#\��n��.CK�tV�n21oh>H	V�j11	2t_n��C[o(b�hQJJ�/tg_+!	J����`;(b�hQ��%tg_"?o�rot��.CK�t?t�|�	CYD�Yt����:Æ`�. s0CK�t<|rAA	YDt^�r��C�0vt��. s0CK�t��10	J�[SCta'0�oCY��tY�rXU	���O0vtNM�Paq.

75


