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Abstract

Given a polynomial f with rational coefficients and n variables, we consider

the problem of computing its global infimum over the reals. More general, we

consider the problem of computing its infimum over a feasible set defined by sev-

eral polynomial equality constraints. We assume that the feasible set is smooth

and equidimensional, as well as the ideal generated by the polynomials in the

constraints is radical. We construct families of polynomials and associated trun-

cated varieties, each of which is related to the section of linear subspace with

the critical locus of linear projection. Up to a generic linear transformation of

coordinates, we prove that f is positive over the feasible set if and only if it can

be expressed as a sum of squares of polynomials (SOS) on each truncated variety

that we construct. Hence, we can obtain algebraic certificates for lower bounds

on the infimum using semidefinite programs (SDP). We also study how to de-

crease the number of the extra constraints we add. By importing new variables,

our method can be applied to deal with polynomial optimization with inequality

constraints. Comparing with other approaches, we need weaker assumption on

the feasible set and do not require that the infimum is attainable. In addition, our

method adds fewer polynomial constraints of lower degree. For global optimiza-

tion problem, we discuss how to exploit the sparsity of the problem to overcome

the ill-conditionedness of associated SDP when the infimum is not attainable .

In order to certify that a given polynomial is nonnegative by its Hilbert-Artin

representation, we need to fix the degree or the support set of its denominator.

For a given degree or support set, if there does not exist such a representation,

we give a rational certificate using Farkas Lemma for SDP. As a special case, we

can certify that a given polynomial is not SOS with our method. We investigate

an interpretation of our certification in view of linear forms on the ring of real

polynomials. An algorithm to compute the certificate is given. In numerical

experiments, we find the first set of polynomials which are nonnegative but can

not be written as a ratio of sums of squares with the degree of denominator less

iii
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than or equal to 2.

To compute or certify the infimum of a given polynomial over a feasible set,

we formulate it as a serial of SDPs. In order to reduce the numerical error that

occurs when we are running fixed precision SDP solvers in Matlab, we develop

a Maple package SDPTools for solving SDP in high precision. For more appli-

cations, SDPTools contains functions to certify the global optimum of rational

functions. For Rump’s Model Problem, we obtain the best numerical results so

far. In order to explore the sparsity of polynomial optimization, SDPTools pro-

vides functions to compute the convex hull of given finite points in a real vector

space of any dimension.

Keywords: Polynomial optimization, sums of squares, polar variety, Hilbert-

Artin representation, high precision
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1.1 ¯̄̄KKKÚÚÚïïïÄÄÄVVVããã

�Äõ�ª f ∈ R[X̄] := R[X1, . . . , Xn] 3¢ê�þ��Û�`¯K

f ∗ := inf{f(x) | x ∈ Rn}. (1.1)

����, �Äe���å^��õ�ª`z¯K:

f ∗ := inf
x∈Rn

f(x)

s.t. f1(x) ≥ 0, . . . , fp(x) ≥ 0,
(1.2)

Ù¥õ�ª f1, . . . , fp ∈ R[X̄]. Äkwþã¯K�A�¢~.

Ø�Ý
�½¯K (Testing Matrix Copositivity): �½Ý
M ∈ Rn×n, �

�=�éu?Û x ∈ Rn
+, ÷v xTMx ≥ 0 �, ¡M �Ø�� (Copositive); �d

�, ��=�õ�ª f :=
∑n

i,j=1X
2
i X

2
jMi,j ��Û�`� f ∗ = 0 �, ¡M �Ø

��. Ø�Ý
�½¯K� NP ��¯K, ë� [43].

©�¯K (Partition Problem): �½��êS� (a1, . . . , an), ��=��

3 x ∈ {±1}n ¦� xTa = 0 �, ¡ (a1, . . . , an) �©; �d�, ��=�õ�ª

f := (
∑n

i=1 aiXi)
2 +
∑n

i=1(X
2
i − 1)2 ��Û�`� f ∗ = 0�, ¡S� (a1, . . . , an)

�©. ©�¯K� NP ��¯K, ë� [18].

(0/1) �55y¯K: �½Ý
 A ∈ Rm×n Ú�þ b ∈ Rm, c ∈ Rn, (0/1) �

55y¯K�:

min cTx s.t. Ax ≤ b, x2
i = xi, ∀i = 1, . . . , n.

d¯K´®�� NP J¯K.

Ù¦¢~�k­½8¯K (Stable Set Problem), ���¯K (Max-Cut

Problem), ��. þã¢~`² (1.1) Ú (1.2) ��à�, NP J�¯K.

Cc5, 'u¯K (1.1) Ú (1.2) �àtµ�{�ïÄ¤�9��K. ~

X Lasserre [33, 34], Nesterov [44], Parrilo [49, 50], Parrilo Ú Sturmfels [51] ±9

1
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Shor [65, 66, 67]. ù
tµ�{Ñ´Äuõ�ª²�Ú©) (Sums of Squares,

{¡ SOS) ÚÙéó�Ýþ (Moment) nØ¤�ï. �½�½õ�ª´Ääk

²�Ú©)�±=z��½5y (Semidefinite Programming, {¡ SDP) ¯K.

�½5y´�aà5y¯K. du3õ�ª�mS�±�½���½kn

ê�þ�Ý
´Ä���½Ý
 (~X, A^ Gaussian ��{), A^ Ellipsoid

�{, ·��±3õ�ª�mSò�½5y¯K¦)�?¿�½°Ý (ë�

[19]). ,
duÙ$1�mL�, Äu Ellipsoid �{��{3¢SO��¿Ø

¢^. S:{�Ñy¦��½5y3¢S$^¥��2�. Xe'uS:{�

£ã, ë�©z [70].

• ¢Sp�5: ÃõXÚÚ��¥�A^L²éu�5�¯K, S:{�±

ÚÙ¦�{�|{; 
éu¥�.¯K, S:{K²w`uÙ¦�{. o

Ñ/ù, A^S:{, �½��½5yo�±3 5− 50 �S�gêS��

¦); 
z�S�L§Ì�¦)����¯KÓ5�����¦¯K.

• nØp�5: A^S:{, nØþ¦)�½5y�?¿�½°Ý¤I�O

�þd±¯K5��Cþ�õ�ª¤��.

• ´u|^¯K(�: Xþ¤ã, S:{3z�S�L§¥Ì�¦)���

��¦¯K. 
���¦¯K�±ÏL|^ÙAÏ(���{p�¦),

~X�ÝFÝ{.

,	, Matlab ¥kNõp�� SDP ^��, 'X SeDuMi [68], SDPT3 [69],

DSDP [7] ��.

e¡·�{�0��
®k�|^²�Ú��½5y¦)õ�ª`z¯K

�ó�. Äk, ·��Ä�Û`z¯K f ∗ := inf{f(x) | x ∈ Rn}. Xe�0��
±ë�©z [62].

²�Ú��Kõ�ª ·��±ÏLõ�ª²�Ú©)�� f ∗ �e.:

f sos := sup{a ∈ R | f − a � R[X̄] ¥�õ�ª²�Ú}

∈ R ∪ {−∞}.

þã¯K�±=z� SDP¯K. ,
¿�¤k��Kõ�ªÑäk²�Ú©),

~XMotzkinõ�ª f(X1, X2) = X4
1X

2
2 +X2

1X
4
2 +1−3X2

1X
2
2 ,Ùy²ë� [55].
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©z [8] ¥�Ñ, éu�½gê e ≥ 4, 3¤k e gõ�ª8Ü¥, õ�ª²�Ú

��Kõ�ª�'~�Xõ�ªCþ�O\
ª�u 0.

�":½n 3 1900 c{Ini�ISêÆ[�¬þ, Hilbert JÑe¡¯

K: éu?Û�Kõ�ª f ∈ R[X̄], ´Ä�3kn¼ê g1, . . . , gs ∈ R(X̄) ¦�

f =
∑s

i=1 g
2
i ? 1927 c, c/|êÆ[ Emil Artin éù�¯K�Ñ
�½�y²

¿±d�¢�ênØ�uÐC½
Ä:. �5 Artin �y²��Øä/U?Ú

uÐ, Ù¥��=��":½n. ±e½n´�":½n�AÏ�/.

½n 1.1 (Krivine). éuõ�ª f ∈ R[X̄], e¡(Ø�d:

1. 3 Rn þ, f > 0;

2. �3õ�ª²�Ú s, t ∈ R[X̄] ¦� sf = 1 + t.

d±þ½n�

f ∗ = sup
{
a ∈ R | �3õ�ª²�Ú s, t ∈ R[X̄] ¦� s(f − a) = 1 + t

}
.

(1.3)

,
,Ï�3�ª�>�3ü���þ sÚ a�¦È,·�ØUòÙ=z� SDP

¯K. XJ·��½ a ∈ R, |^ SDP ¦)þª¥�õ�ª s Ú t �du�y a

�õ�ª f �î�e.. 3ù�L§¥, ·�7LØäO\õ�ª²�Ú s, t �

gê¿¦)�A� SDP.

“Big Ball” �{ Lasserre 3 [33] ¥Äue¡½nJÑ
 “Big Ball” �{.


d(J�´AÏ�/e� Schmüdgen ½n¿�@d Cassier y².

½n 1.2 (Cassier). éõ�ª f ∈ R[X̄] 9 R ∈ R, e¡(Ø�d:

• 3±�:�¥%± R ��»�¥þ, f ≥ 0;

• ?� ε > 0, �3õ�ª²�Ú s, t ∈ R[X̄] ¦�

f + ε = s+ t(R2 − ||X̄||2).

Ù¥ ||X̄||2 := X2
1 + · · ·+X2

n ∈ R[X̄].
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XJ·�¯k�� f �e(.3±�:�¥%±,�¢ê R ��»�¥

þ��, K�±ÏL�½ s Ú t �gê5��¿¦)�X�� SDP, Ù�`�ª

�uf �e(.; XJ R ¯k��, ·��±ÏLØäO\ R 5¦), �´éz

�� R, ÑI�¦)�X�� SDP, ù�Ã¦O�
O�þ��{Âñ5��.

p�6Ä�{ �
;�þã�{¥�» R �ÀJ, Lasserre 3 [35] ¥JÑ


Xep�6Ä�{.

½n 1.3. éuõ�ª f ∈ R[X̄], e¡(Ø�d:

1. 3 Rn þ, f > 0;

2. ?� ε > 0, �3 r ∈ N ¦�

f + ε
n∑

i=1

r∑
k=0

X2k
i

k!
�õ�ª²�Ú.

,
3¢SO�¥, éXê���6Ä�U¬Úåê�¯Kl
¦��A

� SDP ¯KJ±¦).

FÝq (Gradient Variety) �{ ©z [48] ¥JÑ�FÝq�{;�
é

Xê�6Ä. éõ�ª f ∈ R[X̄], ½ÂÙFÝq�

V (∇f) := {x ∈ Cn | ∇f(x) = 0}.

½ÂÙFÝn� (Gradient Ideal) �d f ¤k� �ê)¤�n�:

〈∇f〉 :=
〈 ∂f

∂X1

,
∂f

∂X2

, · · · , ∂f
∂Xn

〉
⊆ R[X̄].

©z [48] y²
±e(Ø: XJ f 3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩ Rn �±�½§½ö f

3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩ Rn �K� 〈∇f〉 ��n�, K��n� 〈∇f〉 � f äk

²�Ú©). ,
� f �e(.�ì?��, FÝq�{ØU�y���(�

(J. ~X, �Äõ�ª f := (1−X1X2)
2 + X2

2 . f �e(.� f ∗ = 0, �´

V (∇f) = {(0, 0)}. dFÝq�{���(J� f(0, 0) = 1 6= f ∗.

FÝ> (Principal Gradient Tentacle) �{ �U
?ne(.�ìC

���/, ©z [62] JÑ
FÝ>�Vg, =Xe8Ü

S(∇f) := {x ∈ Rn|1− ‖∇f(x)‖2‖x‖2 ≥ 0}.

Ù�{�g���Ä���¹FÝq���ê8, 3ù�8Üþ



1�Ù Úó 5

• �Kõ�ªäkÄu²�Ú��'�½OK.

• f �e(.� f ∗ ��.

|^Ùí2� Schmüdgen½n (½n 3.1), [62]¥y²XJ3ÙFÝ>þ�±�

½�õ�ªäkk����ìC�, Kdõ�ª�¹3d½ÂÙFÝ>�õ�

ª)¤�æS¥. XJb� f 3Ã¡�?�k�á�ÛÉ:½ÙFÝ>�;�

�, K f 3ÙFÝ>þäkk��ìC�, l
�A^FÝ>�{¦)Ùe(

.. �
;�þãb�^�, [62] JÑ
pgFÝ> (Higher Gradient Tentacle)

�Vg ([62, ½Â 41]). ��A� SDP ¯K�5�¬é�, $�þO\.

�ä�q (Truncated Tangency Variety) �{ ��Ñ [62] ¥":, ©

z [20] �Ñ
�ä�q (Truncated Tangency Variety) �{. éu f ∈ R[X̄], ½

Â

gij(X̄) := Xj
∂f

∂Xi

−Xi
∂f

∂Xj

, 1 ≤ i < j ≤ n.

�½¢ê B ∈ f(Rn), ½Â f ��ä�q�

ΓB(f) := {x ∈ Rn| B − f(x) ≥ 0, gi,j(x) = 0, 1 ≤ i, j ≤ n}.

|^ [62] ¥í2� Schmüdgen ½n, ±�ä�q�OFÝ>, [20] �Ñ
�ä

�q�{. ,
 ΓB(f) ¥��ª�å�ê n(n−1)
2
�X n �O\¬C�é�, l


�A SDP ¯K�5��¬C�é�.

y3�ÄØ�ª�å`z¯K (1.2).

Äu KKT XÚ��{ ©z [16, 46] ¥�öòFÝq�{3í2��Ø�

ª�å�õ�ª`z¯K. b½e(. f ∗ 3¯K�,�KKT :þ��, [16] ¥

y²
XJ f 3�1�þ�±�½, ½ö f 3�1�þ�K�Ù KKT n��

�n�, K�� KKT n�� f äk²�Ú©). ©z [46] 2òù��{í2,

JÑ
Äu Jacobian Ý
� SDP tµ�{¿y²d�{´k�Âñ�. ,


þã�{I�b�8Iõ�ª�e(.3,� KKT :?��, ÄKØU�y

���((J.

�ä�q�{�í2 ©z [21] ò�ä�q�{í2��Ø�ª�å�õ

�ª`z¯K, ½Â¿�Ä
í2��ä�q: �1����$�f8, 8I

¼ê f Ùþäkk��ìC�. 3�ª�å`z¯K¥, d8Ü�����
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½:, 'X (a1, . . . , an), �ål²�¼ê�'�:;,�', §dõ�ª8Ü

f1, . . . , fp, f,
∑n

i=1(Xi− ai)
2 � JacobianÝ
�¤k n− d+ 2�fª¤½Â.Ù

¥ d ��êq V (f1, . . . , fp) ��ê. Ïd½Âd8Ü�õ�ª�ê�õ, �{

(���E,.

þã�«�{�Ä�g�Ñ´ò¯Ktµ=z��X�� SDP ¯K, 3¢

SO�¥, ÏLk�Ú¦), �� f ∗ ê�þ�e.. ,
3éõ¢S¯K¥, ·

�  I��� f ∗ �O(e.½ö`�&e., ÏdXÛ�Ñ�Kõ�ª�

�&�y¤���­��¯K. d?��&�y��´ÏL,«O(�êâ(

�Ú�y�{5O(/u��½�êÆ^�. ·��±ÏL���Kõ�ª�

Hilbert-Artin L�ª5)ûù�¯K. ����&�²�Úe., ©z [29, 52]

|^knzÝK, Newton S��óä, òõ�ªCq²�Ú©)=z�O(k

nXê²�Ú©). ©z [30] ò [29] ¥�{í2�XÛ¦)�Kõ�ª�O(

kn¼ê²�Ú©), =ò�½knXê�Kõ�ª��ü�O(knXêõ

�ª²�Ú�'�. Äk�½©1õ�ª�gê½öÙ| ü�ª8Ü, ò¯K

=z� SDP ¯K, ,�2g|^knzÝK, Newton S��óä, ��O(L

�ª. 3d�/e�)���¯K�XÛ¯k(½©1�gê½öÙ| ü�

ª8Ü. XJéu�½gê½öÙ| ü�ª8Ü, ·��Ø�O(�kn¼ê

²�Ú©), XÛ�&�y8Iõ�ªvkù��©)?

Xþ©¤ã, ¦)Ú�y�½õ�ª�e.�ªI�¦)�A� SDP ¯

K. Matlab ¥kNõp�� SDP ^��.,
du Matlab �U?1k�°Ý

�O�, ¤�(J  �ké��ê�Ø�, ¤¦)�´Cq/÷v¯K��

ª½Ø�ª��. 3,
¯K�A^¥, 'X Rump’s Model ¯K ([57]), duê

�Ø���Ï, O����e.'¯K�þ.���. duÎÒO�^�Maple

�±?1?¿°Ý�O�, þã¯Kr¦·��ÄXÛ3Maple ¥�Op°Ý

¦) SDP ¯K�^��.

1.2 ���ØØØ©©©������zzz999(((���

�Auþ!?Ø, �Ø©�Ì�(J9(��:

1. 31nÙÚ1oÙ¥, ·��Ñ
¦)õ�ª�Û`zÚ�ª�å`z¯
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K��{. nØþ, ·�|^í2� Schmüdgen ½nÚ4q��'nØ,

ò¯Ktµ��X���½5y¯K. ��{�^u�Û½�ª�åõ�

ª`z¯K¥�`��ìC���/, =Ø�¦8Iõ�ª�e(.3�

1��k�:?��. ÏLV\#�Cþ, ��{��^uØ�ª�å`

z¯K. ÚÓa�{�'�, ��{é�1��b�^��é�f�´�

y, ÙV\�õ�ª��^����Ùgê�$, Ïd�A� SDP ¯K5

���. 3�ª�å`z¯K¥, ·��|^1�ª���'nØ5~�

�{¥V\�õ�ª�å^���ê, l
ü$
¯K�5�, *�
�

�{·^���. 3¢SA^¥, �A�ê�Á�w«��{äk�Ð�

ê�­½5, �±���Óa�{��½ö�Ð�ê�(J. 3�Û�`

¯K¥, éuÓa�{¢SA^��`��ìC��/��)�î­ê�

¯K, ·�ÏL©Û�A�½5y¯K¥Moment Ý
�(�, é�Ta

ê�¯K��Ï, ¿}ÁÏL�Ä¯K�DÕ(��Ñ)ûù�¯K��

{.

2. 31ÊÙ¥, ·��Ä�Kõ�ª3�½©1gê½ö©1| ü�ª8

��/e, Ùkn¼ê²�Ú©)��35. 3|^ Hilbert-Artin L�ª

�y�Kõ�ª�ó�¥, ·�7L¯k�½©1õ�ª�gê½öÙ|

 ü�ª8, l
���A�½5y¯K§,�|^knzÝK�'Eâ

òØO(�ê�)=z�knXê�O(L�ª. XJéu�½©1gê

½| ü�ª8, �K8Iõ�ªvk�AL�ª, ·�|^�½5y�

/e� Farkas Ún, �ÑÙkn��y�. |^d�{, ·�uy
1�

|ØU�¤©1gê ≤ 2 �ü�õ�ª²�Ú'���Kõ�ª�~f.

·�Ó�uy, ù«éu�½gê�yL�ª´Ä�3��{�±A^�

éõÙ¦¯K. ~X, ·��±|^�":½n�y�|�½õ�ª´Ä

äkú�¢":. d?Ó�¡�éu�½gê´Ä�3O(L�ª�¯

K. Ïd, ·��&�©¥��y�{�±���2��A^.

3. Xc©¤ã, ¦)Ú�y�½õ�ª�e.�ªI�¦)�A� SDP ¯

K. Matlab ¥kNõp�� SDP ^��. ,
duMatlab �U?1k�

°Ý�O�, ¤�(J  �ké��ê�Ø�, ¤¦)�´Cq/÷v

¯K��ª½Ø�ª��. 318Ù¥, ·�0�ÄuMaple �±p°Ý

¦) SDP ¯K�^�� SDPTools. ��A^, SDPTools Jø
¦)Ú�
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ykn¼ê��Ûe.�õU. éu Rump’s Model ¯K, ·���î8

���Ð�O�(J. 3^u¦)Ú�ykn¼êe.�¯K¥, �
�

ÄÙDÕ(�, SDPTools �Jø
¦)?¿�Ýþ�½k�:8à��

¼ê.
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3�Ù¥, ·�{�0��½5y, õ�ª²�ÚÚÝþ�{±9�êAÛ

��
Ä�½ÂÚ(Ø.

2.1 ���½½½555yyy

±e'u�½5y�0�, �±ë�©z [45, 70, 72]. IO��½5y¯K

äke¡/ª:

p∗ := min
x∈Rm

cTx

s.t. F (x) � 0,
(2.1)

Ù¥�þ c ∈ Rm§Ý
 F (x) := F0 +
∑m

i=1 xiFi �¢é¡Ý
 F0, F1, . . . , Fm �

�5|Ü. ��^� F (x) � 0 ���5Ý
Ø�ª (Linear Matrix Inequality),

L«Ý
 F (x) ´��½Ý
 (= zTF (x)z ≥ 0 éu?¿¢�þ z ¤á). �½

5y�8I¼êÚ��^�Ñ÷và5�, ¤±§��1)8�à8, §´à�

`z¯K¿��±¦^éóS:{��{¯�¦). �½5y�¹�55y¿

�éõ¯K��±=z��½5y¦).

�½5y (2.1) �éó¯K�

d∗ := max
Z

−Tr(F0Z)

s.t. Tr(FiZ) = ci, i = 1, . . . ,m,

Z � 0,

(2.2)

Ù¥Cþ Z = ZT �¢é¡Ý
, ci ��þ c ¥��A��. PÒ Tr(·) L«Ý

�,, =Ý
Ìé��þ¤k���Ú. éu?¿��½Ý
 A,B, �±�

B = V V T , KTr(AB) = Tr(V TAV ) ≥ 0, �Ò¤á��=� AB = 0. �½5y

(2.1) Ú (2.2) ?¿�1) x, Z ¤á

cTx+ Tr(F0Z) =
m∑

i=1

Tr(xiFiZ) + Tr(F0Z) = Tr(F (x)Z) ≥ 0,

dd��féó p∗ ≥ d∗ ¤á, ¿� p∗ = d∗ �§��?¿�`) x∗, Z∗ ÷v

F (x∗)Z∗ = 0. Xeréó½n�y²�ë� [45].

9
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½n 2.1. XJ±e^���¤á, @o p∗ = d∗.

1. �©¯K (2.1) �3î��1), =�3 x ÷v F (x) � 0.

2. éó¯K (2.2) �3î��1), =�3 Z = ZT � 0 ÷v Tr(FiZ) = ci,

i = 1, ...,m.

XJü�^�Ñ¤á, @oü�éó¯K��`)8Ñ��.

2.2 ²²²���ÚÚÚ999ÝÝÝþþþ���{{{

�½õ�ª f(X̄) ∈ R[X̄], ��=�é?� ξ ∈ Rn, f(ξ) ≥ 0 �·�¡

f(X̄) 3 Rn þ�K; ��=��3õ�ª ui(X̄) ∈ R[X̄] ¦�

f(X̄) =
∑

i

ui(X̄)2 ∈ R[X̄]2

¤á�, ·�¡ f(X̄) äk²�Ú©). XJõ�ª f(X̄) äk²�Ú©), w

, f(X̄) �K; ��XJ�Kõ�ª f(X̄)

• �k��C�, ½ö

• ��gõ�ª, ½ö

• �kü�C��gê�p� 4,

K f(X̄) äk²�Ú©). ,
���/e��Ø¤á, ~X Motzkin õ�ª

f(X1, X2) = X4
1X

2
2 + X2

1X
4
2 + 1 − 3X2

1X
2
2 . - e = ddeg f/2e, d Cholesky ©

), f(X̄) äk²�Ú©)��=��3¢é¡��½Ý
 W , ¦� f(X̄) =

me(X̄)T ·W ·me(X̄), Ù¥ me(X̄) �¤kgê ≤ e �ü�ª�¤���þ. ·

�¡W � Gram Ý
.

'u�Kõ�ª�õ�ª²�Ú�'X, 3 1900 c{Ini�ISêÆ[

�¬þ, Hilbert JÑe¡¯K:

¯K 2.1 (Hilbert 1�Ô¯K).

éu?Û�Kõ�ª f ∈ R[X̄], ´Ä�3kn¼ê g1, . . . , gs ∈ R(X̄) ¦�

f =
∑s

i=1 g
2
i ?
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1927 c, c/|êÆ[ Emil Artin éù�¯K�Ñ
�½�y²¿±d�

¢�ênØ�uÐC½
Ä:.

�½ Rn þÿÝ µ, ¡ yα :=
∫
xαµ(dx) �éAu µ ��� α �Ýþ, ¡S

� (yα)α∈Nn �éAu µ �ÝþS�. �½ t ∈ N, ¡�äS� (yα)α∈Nn
t
�éA

u µ ��� t �ÝþS�. �½S� y = (yα)α∈Nn ∈ RNn
, Ù�A� (Ã¡��)

ÝþÝ
 M(y) �1�d Nn ¥��I«. éu α, β ∈ Nn, M(y) ¥ u (α, β)

?���� yα+β. �½�ê t ≥ 1 Ú�ä�S� y = (yα)α∈Nn
2t
∈ RNn

2t , éu

α, β ∈ Nn
t , Ù�A� t �Moment Ý
Mt(y) ¥ (α, β) ?���� yα+β. �½

õ�ª q ∈ R[X̄], XJMt(y) ¥ u (i, j) ?���� yβ, @o'u q � t �Û

ÜzMoment Ý
½Â�

Mt(qy)(i, j) :=
∑

α

qαyα+β.

�ÄO�

sup
{
a ∈ R | f − a = me(X̄)T ·W ·me(X̄), W � 0,W T = W

}
,

=

P 7→


sup
r∈R

r

s.t. f(X̄)− r = me(X̄)T ·W ·me(X̄),

W � 0, W T = W.

(2.3)

KÙéó¯K�

P∗ 7→


inf

yα∈R

∑
α

fαyα

s.t. Me(y) � 0.

(2.4)

Shor [65, 66, 67] Äkò²�Ú�{Ú\�õ�ª�Û�`z¯K¦)¥§�5

Parrilo [49, 50] Ú Lasserre [33, 34] ©Ol²�ÚÚMoment ��Ýéd�{�


?�ÚuÐ.

éuõ�ª�²�Ú©), ·��±�ÄÙDÕ5(�. P N ��K�
ê�8Ü. �½��õ�ª p(X̄) =

∑
α pαX̄

α, P C(p) �:8 sup(p) = {α ∈
Nn | pα 6= 0} �à�, �¡ C(p) � p(X̄) �Úîõ¡N (Newton Polytope).

½n 2.2. [54] �½õ�ª p, C(p2) = 2C(p); éu?¿��½õ�ª f Ú g,

C(f) ⊆ C(f + g); XJ f =
∑

j g
2
j @o C(gj) ⊆ 1

2
C(f).
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-mG(X̄) =
{
X̄α ∈ Nn | 2α ∈ C(f)

}
⊆ me(X̄),Kdþã½n�� f(X̄)ä

k²�Ú©)��=��3¢é¡��½Ý
WG, ¦� f(X̄) = mG(X̄)T ·WG ·
mG(X̄) ¤á. Ïd·��±~� SDP ¯K (2.3) Ú (2.4) �5�.

2.3 ���êêêAAAÛÛÛÄÄÄ������£££

±e'u�êAÛ��
Ä�Vg�±ë�©z [14, 17, 42, 63, 73].

½Â 2.2. - f1, . . . , fp ∈ C[X̄], ¡8Ü

V (f1, . . . , fp) =
{
ξ ∈ Cn | é¤k� 1 ≤ i ≤ p, fi(ξ) = 0

}
�d f1, . . . , fp ∈ C[X̄] ½Â��êq, ¿{P� V .

½Â 2.3. �½f8 S ⊂ Cn, XJ�3 f1, . . . , fs ∈ C[X̄] ¦� S = V (f1, . . . , fs),

K¡ S ´ Zariski 48; Ù{8¡� Zariski m8.

½Â 2.4. é�½n� I ⊂ C[X̄], ½Â

√
I =

{
f | �3�êm ≥ 1, ¦� fm ∈ I

}
.

¡
√
I � I ��. XJ I =

√
I, K¡ I ��n�.

½Â 2.5. - V ⊂ Cn ��êq, K8Ü

I(V ) =
{
f ∈ C[X̄] | ?�: ξ ∈ V, f(ξ) = 0

}
� C[X̄] ¥�n�, ¡Ù��êq V �n�.

½Â 2.6. - V ⊂ Cn ��êq�: x = (x1, . . . , xn) ∈ V ,

1. éõ�ª f ∈ R[X̄], P dx(f) ��5õ�ª

dx(f) =
∂f

∂X1

(x)(X1 − x1) + · · ·+ ∂f

∂Xn

(x)(Xn − xn).

2. �êq V 3: x ?���m�8Ü

TxV = V (dx(f) : f ∈ I(V ))

.
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½Â 2.7. �½�êq V ⊂ Cn 9: x ∈ V , XJ dim(TxV ) = dim(V ), K¡ x �

V ��K:; ÄK, ¡ x � V �ÛÉ:. XJ�êq V vkÛÉ:, ¡Ù�1w

�.

b����êq V ��ê� d, φ : V → Ck �ëY��ê¼ê. K

V 3: x ?1w��=��3 (f1, . . . , fn−d) ⊂ I(V ) ¦� Jacobian Ý


jacx(f1, . . . , fn−d) ��� n− d. P φ 3: x ?��©�f: dxφ : TxV → Ck.

½Â 2.8. XJ3: x?,�©�f dxφØ´÷�,K¡ x� φ�'�: (Critical

Point) ¿¡ φ(x) � φ �'�� (Critical Value).

·�k±e²;� Sard ½n:

½n 2.3. N� φ �'��3 Ck ¥� Lebesgue ÿÝ�". Ïd, Ù�ê�u k.

½Â 2.9. [32] �½N� φ, éuEê c ∈ C, XJ�3S� (zl)l∈N ⊂ Cn, ¦��

l→∞ �:

1. φ(zl) → c;

2. ||zl|| → +∞;

3. ?� (i, j) ∈ {1, . . . , n}2, ||Xi(zl)|| · || ∂φ
∂Xj

(zl)|| → 0,

K¡ c ∈ C �N� φ �ìC'�� (Asymptotic Critical Value).

P K0(φ) � φ '���8Ü, K∞(φ) � φ ìC'���8Ü. ¡8Ü

K(φ) = K0(φ)
⋃
K∞(φ) ¥��� φ �2Â'��.

·�kXe�2Â� Sard ½n:

½n 2.4. [32] -õ�ª f ∈ Q[X̄] gê� D, Kõ�ªN� f : x ∈ Cn →
f(x) ∈ C �2Â'��3 C ¥´ Zariski 4�. ?�Ú�, D#K∞(f) +

#K0(f) ≤ Dn − 1.

±e½n`²õ�ª f ∈ R[X̄] 3¢ê�þ�k�e(.�¢�2Â'�

�.
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½n 2.5. [59, ½n 5] - f ∈ R[X̄], ε = {e1, . . . , el} (- e1 < · · · < el ) �N�

x ∈ Rn → f(x) �¢�2Â'��8Ü. K infx∈Rn f(x) > −∞ ��=��3
1 ≤ i0 ≤ l ¦� infx∈Rn f(x) = ei0.

½Â 2.10. �½õ�ªN� φ : V → Ck 9: y ∈ Ck, ��=��3���¹ y

�4¥ B ¦� φ−1(B) ´48�k.�, ¡ φ 3 y ?´~�� (Proper); ��=

�õ�ªN� φ 3Ù�84��z�:?Ñ´~���, ¡ φ ´~�N�.

½Â 2.11. ?�õ�ª f ∈ R[X̄] 9f8 S ⊆ Rn, P R∞(f, S) � f 3 S þ

¢�ìC�8Ü, Ù¥�)¤k� y ∈ R ¦��3 S ¥�S� (xk)k∈N ÷v

limk→∞ ||xk|| = ∞ � limk→∞ f(xk) = y.

½Â 2.12. P T (g1, . . . , gm) �dõ�ª g1, . . . , gm ∈ R[X̄] )¤�æS, Ù½Â

�µ

T (g1, . . . , gm) :=

 ∑
δ∈{0,1}m

sδg
δ1
1 . . . gδm

m | sδ� R[X̄] ¥�õ�ª²�Ú

 ,

Ù¥ δ = (δ1, . . . , δm).

5 1. �½õ�ª h1, . . . , ht ∈ R[X̄],�â½Â 2.12,dõ�ª g1, . . . , gm, h1,−h1,

. . . , ht,−ht )¤�æS�

T (g1, . . . , gm, h1,−h1, . . . , ht,−ht) = T (g1, . . . , gm) + 〈h1, . . . , ht〉,

Ù¥ 〈h1, . . . , ht〉 �dõ�ª h1, . . . , ht )¤�n�. Ùy²ë� [40, 1 24 �,

1 2 Ù, 5 2.1.8].

�½õ�ª g1, . . . , gm ∈ R[X̄], P��ê8Ü

S(g1, . . . , gm) := {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0} .

·�kXe Schmüdgen ½n:

½n 2.6. [61] �½õ�ª g1, . . . , gm ∈ R[X̄], b���ê8Ü S(g1, . . . , gm) ´

;��, Ké?�õ�ª f ∈ R[X̄],

3 S(g1, . . . , gm)þ, f > 0 =⇒ f ∈ T (g1, . . . , gm).
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3.1 cccóóó

-õ�ª f(X̄) ∈ Q[X̄], ±e{P� f . �Äe�õ�ª�Û�`¯K

f ∗ := inf{f(x) | x ∈ Rn} ∈ R ∪ {−∞}. (3.1)

d¯K�du¦)

f ∗ = sup{a ∈ R | f − a ≥ 0 on Rn} ∈ R ∪ {−∞}.

©z [44] ¥y²� deg(f) ��u�u 4 �óê�, (3.1) ´ NP J¯K. ·��

±ÏLõ�ª²�Ú©)�� f ∗ �e.:

f sos := sup{a ∈ R | f − a � R[X̄] ¥�õ�ª²�Ú}

∈ R ∪ {−∞}.

þã¯K�±=z��½5y (SDP) ¯K, 
 SDP ¯K�±ÏL Matlab ¥

^��p�¦), ~X GloptiPoly [23], SOSTOOLS [53], YALMIP [39], SeDuMi

[68] 9 SparsePOP [71]. �õ'uõ�ª²�Ú��Kõ�ª�0��±ë�

©z [55]. ,
©z [8] ¥�Ñ, éu�½gê e ≥ 4, 3¤k e gõ�ª8Ü¥,

õ�ª²�Ú��Kõ�ª'~�Xõ�ªCþ�O\
ª�u 0.

Cc5, 3õ�ª`z+�Ñy
Nõ'u|^²�ÚnØ�yõ�ª

�K5�ó�. ~X, [33] ¥JÑ� “Big Ball” �{Ú [28] ¥JÑ� Gradient

Perturbation �{. ù
�{ÏLò�õ�ª�Xê����6Ä5|^²�

ÚnØ¦)¯K�`�. ,
, éXê���6Ä�UÚåê�¯Kl
¦��

A� SDP ¯KJ±¦). [48] ¥JÑ�FÝq (Gradient Variety) �{;�


éXê�6Ä. éõ�ª f ∈ R[X̄], ½ÂÙFÝq�

V (∇f) := {x ∈ Cn | ∇f(x) = 0}.

½ÂÙFÝn� (Gradient Ideal) �d f ¤k� �ê)¤�n�:

〈∇f〉 :=
〈 ∂f

∂X1

,
∂f

∂X2

, · · · , ∂f
∂Xn

〉
⊆ R[X̄].

15
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©z [48] y²
±e(Ø: XJ f 3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩ Rn �±�½§½ö f

3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩ Rn �K� 〈∇f〉 ��n�, K��n� 〈∇f〉 � f äk

²�Ú©). ,
� f �Ø�Ùe(.�, FÝq�{ØU�y�Ñ�(�

(J. ~X, �Äõ�ª f := (1−X1X2)
2 + X2

2 . f �e(.� f ∗ = 0, �´

V (∇f) = {(0, 0)}. FÝq�{���(J� f(0, 0) = 1 6= f ∗. ù´Ï�¤k¦

�� n→∞ � f(x
(n)
1 , x

(n)
2 ) → 0 �S� (x

(n)
1 , x

(n)
2 ) þk ||(x(n)

1 , x
(n)
2 )|| → ∞ (�

Ù¥Ñy��ê� l2 �ê) ¤á. oÑ/`, f �e(.�U3“Ã¡�?”�

�. ù�y��ìC'�� (Asymptotic Critical Value) nØ���', ë�©

z [32].

�C, 3?ne(.�ìC��/�`z¯K¥Ñy
Nõ?Ð5ó�. ±

e·�{�0�©z [62] JÑ��{. £�½Â 2.12, ·�ke¡­�½n:

½n 3.1. ([62, ½n 9]). - f, g1, . . . , gm ∈ R[X̄] 9��ê8Ü

S := {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}. (3.2)

b�

1. f 3 S þk.;

2. R∞(f, S) � (0,+∞) ¥�k�8Ü;

3. f 3 S �½;

K f ∈ T (g1, . . . , gm).

©z [62] ¥�{�g���Ä���¹FÝq���ê8, 3ù�8Üþ

• �Kõ�ªäkÄu²�Ú��'�½OK.

• f ù�8Üþ�e(.� f ∗ ��.

½Â 3.1. éuõ�ª f ∈ R[X̄], ·�¡

S(∇f) := {x ∈ Rn|1− ‖∇f(x)‖2‖x‖2 ≥ 0}

� f �ÌFÝ> (Principal Gradient Tentacle).
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½n 3.2. [62, ½n 25] b� f ∈ R[X̄] äkk�e.�3Ã¡�?�k�áÛ

É: (� n = 2 o´¤á) ½ÙÌFÝ> S(∇f) ´;��, Ke�^��d:

1. 3 Rn þ, f ≥ 0;

2. 3 S(∇f) þ, f ≥ 0;

3. é?¿ ε > 0, �3 R[X̄] ¥�õ�ª²�Ú s 9 t, ¦�eª¤á

f + ε = s+ t
(
1− ‖∇f(X̄)‖2‖X̄‖2

)
.

�½ k ∈ N, ½Â

f ∗k := sup
{
a ∈ R | f − a = s+ t

(
1− ‖∇f(x)‖2‖x‖2

)}
.

Ù¥ s, t �õ�ª²�Ú� t �gê ≤ 2k. XJþã½n¥b�^�÷v, K

{f ∗k}k∈N üNÂñ� f ∗ (ë� [62, ½n 30]). �
;�þã½n¥b�^�, [62]

JÑ
pgFÝ> (Higher Gradient Tentacle) �Vg ([62, ½Â 41]). z��p

gFÝ>de¡õ�ªØ�ª¤½Â

1− ‖∇f(x)‖2N(1 + ‖x‖2)
N+1 ≥ 0, N ∈ N.

[62, ½n 46] y²éu?�äkk�e.��½õ�ª f ∈ R[X̄], �3v
�

� N , ¦� f äk'u N gFÝ>�²�ÚL�ª. ,
�X N �O�, �A

SDP ¯K�5�¬é��éz�� N ÑI�¦)�X�� SDP ¯K. ��Ñ

d":, ©z [20] �Ñ
�ä�q (Truncated Tangency Variety) �{. Ù(J

Ì�Äu½n 3.1. éu f ∈ R[X̄], ½Â

gij(X̄) := Xj
∂f

∂Xi

−Xi
∂f

∂Xj

, 1 ≤ i < j ≤ n.

�½¢ê B ∈ f(Rn), f ��ä�q½Â�

ΓB(f) := {x ∈ Rn| B − f(x) ≥ 0, gi,j(x) = 0, 1 ≤ i, j ≤ n}.

Äu½n 3.1, e¡(Ø¤á.

½n 3.3. [20, ½n 3.1] - f ∈ R[X̄] � B ��½¢ê, Ke�^��d:
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1. 3 Rn þ, f ≥ 0;

2. 3 ΓB(f) þ, f ≥ 0;

3. é?¿� ε > 0, �3 R[X̄] ¥õ�ª s, t 9 φij, 1 ≤ i < j ≤ n, Ù¥ s, t

�õ�ª²�Ú, ¦�eª¤á

f + ε = s+ t (B − f) +
∑

1≤i<j≤n

φijgij.

�½ k ∈ N ¿-

f ∗k := sup

{
a ∈ R | f − a = s+ t (B − f) +

∑
1≤i<j≤n

φijgij

}
,

Ù¥õ�ª s, t, φij �gê ≤ 2k � s, t �õ�ª²�Ú, KS� {f ∗k}k∈N üO

/Âñ� f ∗ ([20, ½n 3.2]). d�{Ø�¦ [62, ½n 25] ¥�b�^�. ,


ΓB(f) ¥��ª�å�ê n(n−1)
2
�X n �O\¬C�é�, l
�A SDP ¯K

�5��¬C�é�.

3�Ù¥·��ÑÄu½n 3.1 Ú4q (Polar Variety) nØ�õ�ª�Û

`z�{. 'u4qnØ, ·�ò31oÙ�ÑÙ�[0�. �Óa�{�'

�, ��{��¦ f äkk�e.�Ø�¦Ùe(.�±��. ,	, ��{V

\�õ�ª��^����Ùgê�$, Ïd�A� SDP ¯K5���.

¦+©z [62] 9 [20] ¥��{3nØþÑ�±?ne(.�ìC��

�/, ,
3¢SO�L§¥�A� SDP ¯K¬Ñyî­�ê�Ø�, ë�

[20, 28, 62]. daê�Ø��¯K�A�Moment Ý
3�`:?ª�uÃ.

���'. 3õ�ªe(.�ìC��, XJ·�Ø�Ä²�Útµ�DÕ(

�, daê�Ø�Ò¬²~u). 3�Ù��·��Ñ�
?n¾� Moment

Ý
��{.

�
Ä�PÒ P GLn(C) (GLn(Q)) �E (kn) ê�þ� n× n �_Ý
. �

½Ý
A ∈ GLn(Q) Úõ�ª g ∈ Q[X̄], P gA �õ�ª g(AX̄), =éÙCþ�

�5C�. �½ Rn ¥�8Ü, XJÙ¥�kk����, K¡Ù�"�8Ü. e

¡�Ñ�|­��õ�ª8Ü:
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PÒ 3.4.

� i = n �, - MA
n = {X1, . . . , Xn−1} ; � 0 ≤ i ≤ n − 1 �, - MA

i ={
X1, . . . , Xi−1,

∂fA

∂Xi+1
, . . . , ∂fA

∂Xn

}
. PWA ��ê8

n⋃
i=0

V (MA
i ).

�Ù�Ì�(Ø9Ùy²L§¥ò�²~¦^þãPÒ.

3.2 ÄÄÄuuu²²²���ÚÚÚ������êêê���yyy

du?¿Ý
A ∈ GLn(Q) �_, ·�k

Ún 3.5. ?�Ý
A ∈ GLn(Q), f ∗ = infx∈Rn fA(x).

Ï��Ù�Ñ�õ�ª�Û�`�{�±w�´1oÙ¥�ª�å`z�

{�A~, 
e¡½n´½n 4.7 ���íØ, �d?Ñ�Ùy².

½n 3.6. b� f ∈ Q[X̄] äkk�e., K�3��� Zariski m8 O ⊂
GLn(C) ¦�éu¤k�A ∈ GLn(Q) ∩ O, ·�k

1. �3��� Zariski m8 TA ⊂ C ¦�éu¤k� t ∈ R ∩ TA, ?�

1 ≤ i ≤ n, V (fA − t) ∩ V (MA
i ) ��8½"�8Ü. 8Ü V (fA − t) ∩ Rn

��8, ��=�?� 1 ≤ i ≤ n, V (fA − t) ∩ V (MA
i ) ∩ Rn ��8;

2. PWA ��ê8 ∪n
i=0V (MA

i ), K f ∗ = infx∈WA∩Rn f(x);

3. éu?¿ 0 ≤ i ≤ n, fA 3 V (MA
i ) þ�kk��¢�ìC�.

y². ë�1oÙ½n 4.7 �y².

½Â 3.2. �½ü�¢ê B, a ∈ R, ��=��3õ�ª²�Ú SA
i , T

A
i ∈ R[X̄]

¦�

fA − a = SA
i + TA

i (B − fA) mod 〈MA
i 〉

¤á�, ·�¡5� SOS(fA − a,MA
i , B) ¤á. XJé¤k� 0 ≤ i ≤ n, 5�

SOS(fA − a,MA
i , B) ¤á, ·�¡5� SOS(fA − a,MA, B) ¤á.

½Â 3.3. ½Â��ê8

EA
B := {x ∈ Rn | fA(x) ≤ B} 9 EA

B,i := EA
B ∩ V (MA

i ) (0 ≤ i ≤ n).
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|^PÒ 3.4, ·�k±eÌ�(J.

½n 3.7. - f ∈ Q[X̄] 9 f ∗ = infx∈Rn f(x). �½¢ê B ∈ f(Rn), K�3��

� Zariski m8 O ⊂ GLn(C) ¦�éu¤k�A ∈ GLn(Q) ∩ O :

(a) XJ5� SOS(fA − a,MA, B) ¤á, K a ≤ f ∗.

(b) XJ a < f ∗, K5� SOS(fA − a,MA, B) ¤á.

y². -A ∈ GLn(Q)¦�½n 3.6¥5� 1, 29 3¤á. d B ∈ f (Rn)9 EA
B

�½Â� f ∗ = infx∈EA
B
fA(x). ,	, d EA

B,i �½Â9½n 3.6 (5� 1) �±í

Ñ ∪n
i=0E

A
B,i 6= ∅ 9 infx∈WA f(x) = infx∈∪n

i=0EA
B,i
fA(x). 2d½n 3.6 (5� 2) �

� f ∗ = infx∈∪n
i=0EA

B,i
fA(x).

XJ�3õ�ª²�Ú SA
i , T

A
i ∈ R[X̄] ¦�é¤k� 0 ≤ i ≤ n

fA − a = SA
i + TA

i (B − fA) mod 〈MA
i 〉,

Ké¤k� x ∈ EA
B,i, f

A(x) − a ≥ 0 ¤á. d f ∗ = infx∈∪n
i=0EA

B,i
fA(x) íÑ

a ≤ f ∗, l
y²
5� (a).

b½ a < f ∗. d EA
B �½Â9½n 3.6 (5� 3), k

1. é¤k� 0 ≤ i ≤ n, fA 3 EA
B 9 EA

B,i þk..

2. é¤k� x ∈ EA
B,i, f

A(x)− a > 0.

3. fA 3 EA
B,i þ�kk��¢�ìC�.

d½n 3.1, 5 1 9þã5� 1, 2 Ú 3 íÑ (b) ¤á.

½n 3.8. - f ∈ Q[X̄] äkk�e.. �½¢ê B ∈ f(Rn), éu 0 ≤ i ≤ n, ½

Â

f ∗i := sup
{
a ∈ R | fA − a = SA

i + TA
i

(
B − fA

)
mod

〈
MA

i

〉}
,

Ù¥ SA
i , T

A
i ∈ R[X̄] �õ�ª²�Ú. K�3��� Zariski m8 O ⊂ GLn(C)

¦�éu¤k�A ∈ GLn(Q) ∩ O, k f ∗ = min1≤i≤n f
∗
i .



1nÙ õ�ª�Û`z¯K 21

y². d½n 3.1 Ú½n 3.6 ·���

f ∗i = inf{fA(x) | x ∈ V (MA
i ) ∩ Rn}, 0 ≤ i ≤ n.

d½n 3.7 íÑ f ∗ = min0≤i≤n f
∗
i . �âPÒ 3.4, d MA

0 ⊃ MA
1 �� V (MA

0 ) ⊂
V (MA

1 ), l
k f ∗1 ≤ f ∗0 9 f ∗ = min
1≤i≤n

f ∗i .

5 2. 5¿�MA
0 �´©z [48] ¥FÝq�{¤I�E�õ�ª8Ü.

½Â 3.4. �½õ�ª f ∈ Q[X̄],�½¢êB ∈ f(Rn)§éu k ∈ N9 1 ≤ i ≤ n,

½Â fA 3 EA
B,i þ� k �tµ�`�

f ∗i,k :=

{
a ∈ R | fA − a = SA

i + TA
i

(
B − fA

)
+

i−1∑
j=1

φA
i,jXj +

n∑
j=i+1

ϕA
i,j

∂fA

∂Xj

}
,

(3.3)

Ù¥õ�ª SA
i , T

A
i , φ

A
i,j, ϕ

A
i,j ∈ R[X̄], TA

i , φ
A
i,j, ϕ

A
i,j gê ≤ 2k � SA

i , T
A
i �õ�

ª²�Ú.

·�k

½n 3.9. b� f ∈ Q[X̄] äkk�e., K�3��� Zariski m8 O ⊂
GLn(C) ¦�éu¤k� A ∈ GLn(Q) ∩ O 9 1 ≤ i ≤ n, S� {f ∗i,k}, k ∈ N ü
O/Âñ� f ∗i .

y². �½ i ∈ {1, . . . , n}. Äk·�y²S�
(
f ∗i,k
)

k∈N ´üO�. ?� k ∈ N∗,

- P≤2k � R
[
X̄
]
¥gê ≤ 2k �õ�ª�8Ü. éu k1 ≤ k2, w,k P≤2k1 ⊂

P≤2k2 . l
k f ∗i,k1
≤ f ∗i,k2

, ¤±dS�´üO�. d R[X̄] =
⋃
k

P≤2k �ÑdS

�Âñu f ∗i .

½Â f̃A = fA(0, . . . , 0, Xi, . . . , Xn) ∈ R[Xi, . . . , Xn] 9

f̃ ∗i := sup

{
a ∈ R | f̃A − a = S̃A

i + T̃A
i

(
B − f̃A

)
+

∑
i+1≤j≤n

ϕ̃A
i,j

∂f̃A

∂Xj

}
,

Ù¥õ�ª S̃A
i , T̃

A
i , ϕ̃

A
i,j ∈ R[Xi, . . . , Xn], S̃A

i , T̃
A
i �õ�ª²�Ú. 3 f ∗i �½

Â¥- X1 = · · · = Xi−1 = 0 íÑ f ∗i ≤ f̃ ∗i . d

f ∗i = inf{fA(x) | x ∈ V (MA
i ) ∩ Rn}, 0 ≤ i ≤ n.

9MA
i �½Â, k f ∗i ≥ f̃ ∗i . l
 f ∗i = f̃ ∗i . �3¢SO�¥, ·��I�¦) f̃ ∗i .

Ïd¯K�Cþ~�, l
äk�Ð�ê�­½5.
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3.3 êêê���ÁÁÁ���

�!~f5g©z [20, 28, 33, 48, 62]. ·�|^ Matlab ¥^�� SOS-

TOOLS [53] O� (3.3) ¥ f ∗i,k. 3±eê�Á�¥, - A �ü Ý
¿{P fA

� f . Ø���5, ·�� B := fA(0) = f(0).

du±e~f¥ f ∗ oU
3 EA
B,1 þ��, = f ∗ = f ∗1 , ��Bå�, ·�P

f ∗k � f 3 EA
B,1 þ� k �tµ�`� f ∗1,k. Ú©z [20, 28, 33, 48, 62] ¥�(J

�', ·�U
��aq½ö�Ð�ê�(J.

~ 3.1. �Äõ�ª

f(X1, X2) := (X1X2 − 1)2 + (X1 − 1)2.

w,e(. f ∗ = f sos = 0 3: (1, 1) ?��. ·��O�(J� f ∗0 ≈
0.34839× 10−8, f ∗1 ≈ 0.16766× 10−8 9 f ∗2 ≈ 0.29125× 10−8.

~ 3.2. �ÄMotzkin õ�ª

f(X1, X2) := X2
1X

4
2 +X4

1X
2
2 − 3X2

1X
2
2 + 1.

·�k f ∗ = 0 �´ f sos = −∞. ·����(J� f ∗0 ≈ −6138.2, f ∗1 ≈
−.52508, f ∗2 ≈ 0.15077× 10−8 9 f ∗3 ≈ 0.36591× 10−8.

~ 3.3. �Ä Berg õ�ª

f(X1, X2) := X2
1X

2
2 (X2

1 +X2
2 − 1).

·�k f ∗ = −1/27 ≈ −0.037037037 �´ f sos = −∞. ·��O�(J�

f ∗0 ≈ −563.01, f ∗1 ≈ −0.056591, f ∗2 ≈ −0.037037 9 f ∗3 ≈ −0.037037.

~ 3.4. �Ä 3 �õ�ª:

f(X1, X2, X3) := (X1 +X2
1X2 +X4

1X2X3)
2.

©z [62] ¥�Ñ, dõ�ªØ÷vÙb�^�. w,k f ∗ = 0. ·����(

J�: f ∗0 ≈ −0.36282 × 10−8, f ∗1 ≈ −0.31482 × 10−7, f ∗2 ≈ −0.1043 × 10−7 9

f ∗3 ≈ −0.58405× 10−8.
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~ 3.5. �Ä 3 �àgMotzkin õ�ª:

f(X1, X2, X3) := X2
1X

2
2 (X2

1 +X2
2 − 3X2

3 ) +X6
3 .

·�k f ∗ = 0 �´ f sos = −∞. ²O�·���: f ∗0 ≈ −0.27651, f ∗1 ≈
−0.13287×10−2, f ∗2 ≈ −0.19772×10−3, f ∗3 ≈ −0.95431×10−4, f ∗4 ≈ −0.60821×
10−4, f ∗5 ≈ −0.32235× 10−4 9 f ∗6 ≈ −0.2625× 10−4.

~ 3.6. �Ä [37] ¥õ�ª

f :=
5∑

i=1

∏
j 6=i

(Xi −Xj) ∈ R[X1, X2, X3, X4, X5].

[37] ¥y² f ∗ = 0 �´ f sos = −∞. [62] ¥�Ñ|^FÝ>�{���(J�

f ∗0 ≈ −0.2367, f ∗1 ≈ −0.0999 9 f ∗2 ≈ −0.0224. |^ [20] ¥��ä�q�{, ·

��� f ∗0 ≈ −1.9213, f ∗1 ≈ −0.077951 9 f ∗2 ≈ −0.015913. du�Ù��{V

\�õ�ª��^����Ùgê�$, ·����Ð�(J: f ∗0 ≈ −4.4532,

f ∗1 ≈ −0.43708× 10−7, f ∗2 ≈ −0.21811× 10−6.

~ 3.7. �Ä [55] ¥� Robinson õ�ª

R(X1, X2, 1) := X6
1 +X6

2 + 1− (X4
1X

2
2 +X2

1X
4
2 +X4

1 +X2
1 +X4

2 +X2
2 ) + 3X2

1X
2
2 .

�±y² f ∗ = 0 �´ f sos = −∞. ·�O�¤�e.�: f ∗0 ≈ −0.9334,

f ∗1 ≈ −0.23408, f ∗2 ≈ −0.22162× 10−2 9 f ∗3 ≈ 0.88897× 10−9.

3.4 eee(((...���ìììCCC���������///

~ 3.8. �Äõ�ª

f(X1, X2) := (1−X1X2)
2 +X2

2 .

�±wÑõ�ª f 3 R2 ¥k�:?Ã{��Ùe(. f ∗ = 0. Ï� f �

õ�ª²�Ú, ·�k f ∗ = f sos = 0. ©z [20, 28, 62] �Ñ, �,nØþÙ

�{þ�±¦�e(. f ∗, �¢SO�¥o´Ñyî­�ê�¯K. ~X,

[20] ¥A^�ä�q�{�����tµ(J� f ∗0 ≈ −0.12641 × 10−3, f ∗1 ≈
0.12732× 10−1, f ∗2 ≈ 0.49626× 10−1.
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e¡·�A^²�Ú©)¦) f sos, ¿l¥éÑþãê�¯K�)��Ï,

=�ÄO�

sup
{
a ∈ R | f − a = me(X̄)T ·W ·me(X̄), W � 0,W T = W

}
, (3.4)

Ù¥ me(X̄) �¤kgê ≤ e = deg (f)/2 �ü�ª�¤���þ. 5¿� (3.4)

�±=z��½5y (SDP) ¯K.

3e©¥·��A^�Äu Maple �p°Ý¦)�½5y¯K^��

SDPTools. 'uÙ�[0�, ·�ò318Ù�Ñ. SDPTools ¥¢y
²;�

�©éó³¼êeü�{, ë� [70]. d�{�¦�©éó¯K�î�Ð©).

,
éu��� (3.4), Ùî�Ð©)J±��. Ïd·��ÄA^ Big-M �

{. ÏLÚ\ü����êM1 ÚM2, ·��±ò (3.4) =z�±e/ª:

sup
r̂∈R,Ŵ

r̂ −M2z

s.t. f(X̄)− r̂ + z(me(X̄)T ·me(X̄)) = me(X̄)T · Ŵ ·me(X̄),

Ŵ � 0, Ŵ T = Ŵ , z ≥ 0,

Tr(Ŵ ) ≤M1.


(3.5)

(3.5) �éó¯K�:

inf
yα,t∈R

∑
α

fαyα +M1t

s.t. Me(y) + tI � 0, t ≥ 0

Tr(Me(y)) ≤M2.

 (3.6)

b��¯K3�`)?� Gram Ý
ÚMoment Ý
�,Ñ´k.�, X

JM1 ÚM2 �ud., K (3.5) Ú (3.6) äkÚ�¯K�Ó��`). du3

¢SO��, dþ.  éJ��, Ïd·��âõ�ª f �ÑM1,M2 ��

��O�. XJ�Ø��((J, ·�Ò}ÁO\M1,M2 ��O�¿2g¦

).

L� 3.1�Ñ
��me(X̄) := [1, X1, X2, X
2
1 , X1X2, X

2
2 ]T �,éØÓ�M1

ÚM2, A^ SDPTools O� (3.5) Ú (3.6) ¤��(J. Ù¥1���S�gê,

1���3Maple ¥���°Ý, 1n���A� SDP ¯K3�c)?�éó

�. d1n��±wÑ�A� SDP ¯KÑ��
p°Ý�¦), �·��U�
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# iter. prec. gap lower bound r M1 M2

50 75 .74021e-17 .46519e-1 103 103

50 75 .12299e-11 .47335e-2 103 105

50 75 .68693e-12 .47335e-2 105 105

50 75 .38601e-10 .47424e-3 103 107

70 75 .76145e-18 .47424e-3 107 107

50 75 .43114e-10 .47433e-4 103 109

70 75 .33233e-12 .47433e-4 109 109

75 90 .86189e-10 .47426e-5 103 1011

L 3.1: me(X̄) = [1, X1, X2, X
2
1 , X1X2, X

2
2 ]T ����e.

�n��(J. Ó��±wÑO\M2 �, �±���Ð�(J. Ïd (3.6) Ú

L� 3.1 ¥êâJ«·�3�`)?Moment Ý
�,�U´Ã.�. �Äd

(3.4) ��� SDP ¯K:

P 7→


sup
r∈R

r

s.t. f(X̄)− r = me(X̄)T ·W ·me(X̄),

W � 0, W T = W.

(3.7)

9Ùéó¯K

P∗ 7→


inf

yα∈R

∑
α

fαyα

s.t. Me(y) � 0.

(3.8)

~ 3.8 ¥, f ´õ�ª²�Ú, ¤± P äk�1). d [33, ·K 3.1] �, ¯K P
�)�max P = inf P∗ = 0. ·�y²�me(X̄) = [1, X1, X2, X

2
1 , X1X2, X

2
2 ]T �,

P∗ ��`)Ã{��. ���, - y∗ �¯K P∗ ��`), @o·�k

1− 2y1,1 + y2,2 + y0,2 = 0, (3.9)
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9

Me(y) =



1 y1,0 y0,1 y2,0 y1,1 y0,2

y1,0 y2,0 y1,1 y3,0 y2,1 y1,2

y0,1 y1,1 y0,2 y2,1 y1,2 y0,3

y2,0 y3,0 y2,1 y4,0 y3,1 y2,2

y1,1 y2,1 y1,2 y3,1 y2,2 y1,3

y0,2 y1,2 y0,3 y2,2 y1,3 y0,4


� 0.

Ï�Me(y) ���½Ý
, ·�k y0,2 ≥ 0 9 |2y1,1| ≤ (1 + y2,2). (Ü (3.9) k

y0,2 = 0 9

2y1,1 = 1 + y2,2. (3.10)

Ï� Me(y) ´��½�, d y0,2 = 0 �Ñ y1,1 = 0. Ïd�â (3.10), ·�k

y2,2 = −1, l
�Ñgñ.

e¡·��Ñ�� me(X̄) = [1, X1, X2, X
2
1 , X1X2, X

2
2 ]T �, 3�`:?

(3.8) ¥ Moment Ý
�,Ã.. 5¿� f(X1, X2) �e(.�U3“Ã¡�

?”��: p∗ = (x∗1, x
∗
2) ∈ {R ∪ ±∞}2. �þ

[x∗1, x
∗
2, (x

∗
1)

2, x∗1x
∗
2, (x

∗
2)

2, (x∗1)
3, (x∗1)

2x∗2, x
∗
1(x

∗
2)

2, (x∗2)
3, (x∗1)

4, (x∗1)
3x∗2, (x

∗
1)

2(x∗2)
2,

x∗1(x
∗
2)

3, (x∗2)
4]

� (3.8) 3Ã¡�?��`:. Ï� x∗1x
∗
2 → 1 9 x∗2 → 0, � ‖(x∗1, x∗2)‖ → ∞ �,

eI÷v i > j �?ÛÝþ yi,j → ∞. ÏdMoment Ý
�,3�`:?ª�

u∞.

lL� 3.1 ¥�±wÑO\M2 ���±���Ð�(J. ~X, �

M1 = 103,M2 = 1011, ·��� f ∗ = 0.4743306 × 10−5. ,
ù���{I�

é��O�þ�Âñ�ÝCú.

e¡·�A^½n 2.2 �Ä¯K�DÕ(�. éu~ 3.8 ¥�õ�ª f ,

C(f) �: (0, 0), (1, 1), (0, 2), (2, 2) �à�; Xã 3.1 ¤«. �â½n 2.2, f �

²�Ú©)¥�UÑy�ü�ª� [1, X2, X1X2]. - me(X̄) = [1, X2, X1X2]
T ,

M1 = 1000 9M2 = 1000, ·��±���~Cqe(.�(J, �L� 3.2.

ù´Ï�� x∗1x
∗
2 → 1 � x∗2 → 0 �, #� Moment Ý
3�`) (x∗1, x

∗
2) ?�

, 1 + (x∗2)
2 + (x∗1)

2(x∗2)
2
´k.�. ÏdL� 3.1 ÚL� 3.2 ¥��ØÓ�(J.

·���|^Matlab ^�� YALMIP [39] ¥�·- solvesos 5�yù�(

J; �L� 3.3.



1nÙ õ�ª�Û`z¯K 27

ã 3.1: õ�ª f �Úîõ¡N(�),9Ù SOSL�ª¥�UÑy�ü�ª(m).

# iter. prec. gap lower bound r M1 M2

50 75 .97565e-27 -.38456e-28 103 103

L 3.2: me(X̄) = [1, X2, X1X2]
T ��O�(J

£��ÙJÑ��{. �
U
�K�)¾� Moment Ý
�ü�ª, 3

¦) EA
B,1 þ� k �tµ�`� f ∗i,k �, ·�?1aq�DÕ5©Û.éu~ 3.8,

f ∗ w,3 EA
B,1 þ��, Ïde¡·���ÄO� (3.3) ¥ f ∗1,k.

- A = I2×2, me1(X̄) = me2(X̄) := [1, X1, X2, X
2
1 , X1X2, X

2
2 ]T 9é¡��

½Ý
W,V ÷v

f + ε = me1(X̄)T ·W ·me1(X̄) +me2(X̄)T · V ·me2(X̄) · (B − f) + φ
∂f

∂X1

.

Ï


f + ε ≡ me1(X̄)T ·W ·me1(X̄) +me2(X̄)T · V ·me2(X̄) · (B − f) mod J,

Ù¥ J = 〈 ∂f
∂X

〉.

Ø���5, - B = 5. XJ·�Ø�Ä¯K�DÕ(�, �A�Moment

me(X̄) lower bounds r

[1, X2, X1X2]
T .14853e-11

[1, X1, X2, X1X2]
T .414452e-4

[1, X1, X2, X
2
1 , X1X2, X

2
2 ]T .15952e-2

L 3.3: |^Matlab ¥ solvesos ���(J
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Ý
�é�Ý


[
P 0

0 Q

]
, Ù¥

P =



y0,0 y1,0 y0,1 y2,0 y1,1 y0,2

y1,0 y2,0 y1,1 y3,0 y2,1 y0,1

y0,1 y1,1 y0,2 y2,1 y0,1 y0,3

y2,0 y3,0 y2,1 y4,0 y3,1 y1,1

y1,1 y2,1 y0,1 y3,1 y1,1 y0,2

y0,2 y0,1 y0,3 y1,1 y0,2 y0,4


,

Q =

4y0,0 + y1,1 − y0,2 4y1,0 − y0,1 + y2,1 5y0,1 − y0,3 y3,1 − y1,1 + 4y2,0 5y1,1 − y0,2 5y0,2 − y0,4

4y1,0 − y0,1 + y2,1 y3,1 − y1,1 + 4y2,0 5y1,1 − y0,2 −y2,1 + 4y3,0 + y4,1 5y2,1 − y0,1 5y0,1 − y0,3

5y0,1 − y0,3 5y1,1 − y0,2 5y0,2 − y0,4 5y2,1 − y0,1 5y0,1 − y0,3 5y0,3 − y0,5

y3,1 − y1,1 + 4y2,0 −y2,1 + 4y3,0 + y4,1 5y2,1 − y0,1 −y3,1 + 4y4,0 + y5,1 5y3,1 − y1,1 5y1,1 − y0,2

5y1,1 − y0,2 5y2,1 − y0,1 5y0,1 − y0,3 5y3,1 − y1,1 5y1,1 − y0,2 5y0,2 − y0,4

5y0,2 − y0,4 5y0,1 − y0,3 5y0,3 − y0,5 5y1,1 − y0,2 5y0,2 − y0,4 5y0,4 − y0,6


�±wÑÙ¥kéõeI i > j ��� yi,j, 
ù
��3�`:?ª�uÃ

¡.

e¡·�}Á�Kù
��. Äk·�O� (3.11) ¥�ªü>��n� J

���ª (Normal Form), ,�'��ªü>ü�ª X i
1X

j
2 �Xê, l
��D

Õ�ü�ª�þme1(X̄) Úme2(X̄).

• (3.11) ¥�ªü>��n� J ���ª:

−X1X2 + 1 +X2
2 + ε =

w1,1−v1,1+v1,1B+(w2,1+w1,2−v2,1+v2,1B−v1,2+v1,2B)X1+(w3,5+w5,3−
v3,4−v2,1 +v2,6B+w6,2−v1,2 +v3,5B+w2,6−v2,5 +v1,3B−v4,3−v5,2 +w3,1 +

w1,3 + v3,1B+ v5,3B+ v6,2B)X2 + (w1,4 +w4,1− v4,1 + v4,1B− v2,2 + v2,2B−
v1,4 +w2,2 + v1,4B)X2

1 +(v3,2B+ v6,4B+w5,5 +w4,6 + v2,3B+ v5,5B+w2,3−
v2,2 +w1,5 +w3,2 +v4,6B−v1,4 +w6,4 +v5,1B−v5,4 +v1,1 +w5,1 +v1,5B−v4,5−
v4,1)xy+(v3,3B+ v6,1B− v2,3 +w6,5− v5,5− v4,6 +w6,1 +w1,6− v1,1 +w3,3−
v3,2−v1,5 +v1,6B−v5,1−v6,4 +v6,5B+v5,6B+w5,6)X

2
2 +(w4,2−v2,4 +v4,2B−

v4,2 + v2,4B + w2,4)X
3
1 + (−v2,4 + w4,3 + v5,2B + v1,2 + v3,4B + w3,4 + v2,1 +

v4,3B+w2,5−v4,2+v2,5B+w5,2)X
2
1X2+(w3,6+w6,3−v3,5−v2,6−v3,1+v6,3B−
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v6,2− v5,3− v1,3 + v3,6B)X3
2 +(−v4,4 + v4,4B+w4,4)X

4
1 +(w5,4 + v2,2 + v1,4 +

v4,1 + v4,5B+ v5,4B+w4,5− v4,4)X
3
1X2 + (−v6,5− v6,1− v5,6− v3,3 + v6,6B−

v1,6 + w6,6)X
4
2 + (v4,2 + v2,4)X

4
1X2 + (−v6,3 − v3,6)X

5
2 − v6,6X

6
2 + v4,4X

5
1X2.

• m>ü�ª X6
2 Ú X5

1X2 �Xê©O� −v6,6 Ú v4,4. '��>�Ñ

v4,4 = v6,6 = 0. Ï�Ý
 V ´��½�, Ïdé?¿ 1 ≤ i ≤ 6, k

v4,i = vi,4 = v6,i = vi,6 = 0.

• m>ü�ª X4
1 �Xê� −v4,4 + v4,4B + w4,4, l
 w4,4 = 0. Ï� W

����½Ý
, Ïdé?¿ 1 ≤ i ≤ 6, k wi,4 = w4,i = 0. dü�

ª X3
1X2 Ú X2

1 �Xê� v2,2 = w2,2 = 0, l
é?¿ 1 ≤ i ≤ 6, k

v2,i = vi,2 = w2,i = wi,2 = 0.

• ���ªm>ð� 0 ���

−X1X2 + 1 +X2
2 + ε =

w1,1 − v1,1 + v1,1B + (w3,5 + w5,3 + v3,5B + v1,3B + w3,1 + w1,3 + v3,1B +

v5,3B)X2 +(w5,5 +v5,5B+w1,5 +v5,1B+v1,1 +w5,1 +v1,5B)X1X2 +(v3,3B+

w6,5 − v5,5 +w6,1 +w1,6 − v1,1 +w3,3 − v1,5 − v5,1 +w5,6)X
2
2 + (w3,6 +w6,3 −

v3,5 − v3,1 − v5,3 − v1,3)X
3
2 + (−v3,3 + w6,6)X

4
2 .

• ������ 0 �1���, ·���{z� Gram Ý


W =


w1,1 w1,3 w1,5 w1,6

w3,1 w3,3 w3,5 w3,6

w5,1 w5,3 w5,5 w5,6

w6,1 w6,3 w6,5 w6,6

 ,

V =


v1,1 v1,3 v1,5

v3,1 v3,3 v3,5

v5,1 v5,3 v5,5


¦�©OéAme1(X̄) = [1, X2, X1X2, X

2
2 ]T Úme2(X̄) = [1, X2, X1X2]

T .



30 Äuõ�ª²�Ú�4q�õ�ª`z�{

• éu B = 5, éAume1(X̄) Úme2(X̄) �Moment Ý
©O�
y0,0 y0,1 y1,1 y0,2

y0,1 y0,2 y1,2 y0,3

y1,1 y1,2 y2,2 y1,3

y0,2 y0,3 y1,3 y0,4

 ,


4y0,0 + y1,1 − y0,2 5y0,1 − y0,3 5y1,1 − y0,2

5y0,1 − y0,3 5y0,2 − y0,4 5y0,1 − y0,3

5y1,1 − y0,2 5y0,1 − y0,3 5y1,1 − y0,2

 .
�±wÑÙ¤k�� yi,j �eI÷v i ≤ j. 3�`:?ù
��ª�u 1

(i = j) ½ 0 (i < j). ÏdMoment Ý
3�`:?Ø2�¾�Ý
.

� k = 2, B = 5, A = I2×2,M1 = 1000,M2 = 1000, Maple°ÝDigits = 60,

d SDPTools O���� Gram Ý
W Ú V �

W =



0.50804 0.0 0.0 −0.50804

0.0 0.33126 0.0 0.0

0.0 0.0 0.13374 0.0

−0.50804 0 0.0 0.50804


,

V =


0.12298 0.0 −0.12298

0.0 0.13374 0.0

−0.12298 0.0 0.12298

 .
�A�Moment Ý
�

1 0.0 0.0 1.0

0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0

1.0 0.0 0.0 1.0


,


5.0 0.0 5.0

0.0 0.0 0.0

5.0 0.0 5.0

 .
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·�O�¤��e.� f ∗2 ≈ 4.029500408× 10−24. ?�Ú�, �â©z [29, 30]

¥��{, |^ SDPTools �A¼ê, ·�����y�e.

f ∗∗2 = −4.029341206383157355520229568612510632× 10−24.

~ 3.9. �Äe¡õ�ª

f(X1, X2) = 2X4
2 (X1 +X2)

4 +X2
2 (X1 +X2)

2 + 2X2(X1 +X2) +X2
2 .

©z [20] �Ñe(. f ∗ = −5
8
��ìC�, 3A^Ù�{O��¬u)î

­�ê�¯K: f ∗0 ≈ −0.614, f ∗1 ≈ −0.57314, f ∗2 ≈ −0.57259, 9 f ∗3 ≈ −0.54373.

du

f +
5

8
=

(2X2
2 + 2X1X2 + 1)

2
(2X2

2 + 2X1X2 − 1)
2

8
+

(2X2
2 + 2X1X2 + 1)

2

2
+X2

2 .

·�k f ∗ = f sos = −5
8
. - k = 4, XJ·�Ø�Ä¯K�DÕ5, ¿�

me1(X1, . . . , Xn) = me2(X1, . . . , Xn) �e¡�þ

[1, X1, X2, X
2
1 , X1X2, X

2
2 , X

3
1 , X

2
1X2, X1X

2
2 , X

3
2 , X

4
1 , X

3
1X2, X

2
1X

2
2 , X1X

3
2 , X

4
2 ]T ,

3¢SO�¥Ò¬Ñyî­�ê�¯K.

ÏLaqþ~DÕ5©Û, �

me1(X̄) = me2(X̄) = [1, X2, X
2
2 , X1X2, X

3
2 , X1X

2
2 , X

4
2 , X1X

3
2 , X

2
1X

2
2 ]T ,

�±���)¾�Moment Ý
�ü�ª. |^ SDPTools O��±��O(

e. f ∗4 = −0.625000000000073993. w,Ù�~�Ce(. −0.625.





111oooÙÙÙ õõõ���ªªª���ªªª���ååå`̀̀zzz¯̄̄KKK

4.1 cccóóó

�Äe�õ�ª�ª�å`z¯K:

f ∗ := inf
x∈Rn

f(x)

s.t. f1(x) = · · · = fp(x) = 0
(4.1)

Ù¥õ�ª f, f1, . . . , fp ∈ Q[X1, . . . , Xn]. P�êq V = V (f1, . . . , fp) ¿b�

õ�ª f 3�1�þäkk�e.. ùa¯K3ó§�ÆA^¥2�Ñy

[13, 22, 24, 41], ÏdXÛ¦)e(.½öÙ�&e.¤����~­��¯K.

nØþ, da¯K�±ÏL�":½n (Positivstellensatz) [9, 1 4 Ù] ¦

), ,
ù«õ�ª�K5��ê�y�{3¢SA^¥  äkép�O

�E,Ý. �Ùò1nÙõ�ª�Û`z��{í2��ª�å`z¯K, ò

(4.1) =z��X��½5y¯K, 'uda�{ë� [33, 51, 49, 64]. ��{�

g´´ÏLV\#��å^�½Â V ∩Rn ��x$�f8, ¦�éu�½¢ê

a, ùxf8÷ve�5�µ

• XJõ�ª f − a 3ùxf8þ�K, K a ≤ f ∗¶

• õ�ª f − a 3ùxf8þ��½5�3Äu²�Ú��y�{.

XJþã^�÷v, ·��±�y�½¢ê a ´Ä� f ∗ �e..

P 〈∇f〉 �FÝn�
〈

∂f
∂X1

, . . . , ∂f
∂Xn

〉
. �ÄÃ�å�¹, b½ f ��Ûe.

�±��, ©z [48] ¥y²XJ f 3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩ Rn �±�½, ½ö f

3 V
(

∂f
∂X1

, . . . , ∂f
∂Xn

)
∩Rn �K� 〈∇f〉��n�,K��n� 〈∇f〉� f äk²

�Ú©). ©z [16, 46] ¥�öòù«�{3í2�õ�ªØ�ª�å`z¯

K. b½e(. f ∗ 3¯K�,� KKT :þ��, [16] ¥y²
XJ f 3�1

�þ�±�½, ½ö f 3�1�þ�K�Ù KKT n���n�, K�� KKT

n�� f äk²�Ú©). ©z [46] 2òù��{í2, JÑ
Äu Jacobian

33
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Ý
� SDP tµ�{¿y²d�{´k�Âñ�. ,
XJ8Iõ�ª�e(

.ØU3,� KKT :?��, þã�{KØU�y���((J.

XJe(. f ∗ Ã{3k�:?��, K f ∗ � f 3 V ∩ Rn þ�ìC�. 3

Ã�å^�e, XJ f ∗ � f 3 Rn þ�ìC�, [62] ¥òFÝqVgí2�F

Ý> (ë�1nÙ). XJ3ÙFÝ>þ�±�½�õ�ªäkk����ìC

�, Kdõ�ª�¹3d½ÂÙFÝ>�õ�ª)¤�æS¥.

©z [21] òdg�í2�õ�ªØ�ª�å`z¯K, ½Â¿�Ä
8Üµ

�ä�q (Truncated Tangency Variety). �ä�q��1����$�f8,

8I¼ê f Ùþäkk��ìC�. 3�ª�å`z¯K¥, �ä�q���

��½:, 'X (a1, . . . , an), �ål²�¼ê�'�:;,�', §dõ�ª8

Ü f1, . . . , fp, f,
∑n

i=1(Xi− ai)
2 � Jacobian Ý
�¤k n− d+ 2 �fª¤½Â.

Ù¥ d ��êq V (f1, . . . , fp) ��ê.

XJ�Ä�5Ý�¼ê�'�:;,, ·��I��Äõ�ª8Ü

f1, . . . , fp, f � Jacobian Ý
�¤k n − d + 1 �fª. ù�·��±��

��{'��ê�y, �ª=z��½5y¯K�¬äk�Ð�ê�­½5.

31nÙ¥, ·�¤õ�òù�g�A^�õ�ª�Û`z¯K¥. 3ù�Ù

¥, ·�òÙí2�¦)õ�ª�ª�å`z¯K. �5Ý�¼ê�'�:;,

�4q (Polar Variety) nØ���', 
4qnØ®�A^�õ�ªXÚ�¢

�¦)¯K¥, �'(Jë� [3, 4, 5, 60].

�
Ä�PÒÚb� �Ù¥÷^1nÙ¥��'PÒ, e©¥·�ò�êq

V (fA
1 , . . . , f

A
p ){P� V A. 5¿� f ∗ = infx∈V A∩Rn fA(x). �½õ�ª8ÜF =

(f1, . . . , fp) ⊂ Q[X1, . . . , Xn] Ú�K�ê k ≤ n, ÎÒ jac(F, [Xk, . . . , Xn]) L«

�ä� Jacobian Ý

(

∂fi

∂Xj

)
1≤i≤p,k≤j≤n

. �½Ý
M Ú�ê r, PMinors(M, r)

�M ¤k� r �fª�8Ü.

3e©¥, ·�b½õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷ve��K5

^�(P�R):

R1: 〈f1, . . . , fp〉 ��n�¿�´���;

R2: �êq V = V (f1, . . . , fp) ⊂ Cn ´1w�.
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aqPÒ 3.4, ·��Ñe¡�Ñ�|­��õ�ª8Ü:

PÒ 4.1.

� i = d �, - MA
d =

{
fA

1 , . . . , f
A
p , X1, . . . , Xd−1

}
. � 0 ≤ i ≤ d − 1 �, P MA

i

�e�õ�ª�8Ü

• õ�ª fA
1 , . . . , f

A
p ;

• 8ÜMinors(jac([FA, fA], [Xi+1, . . . , Xn]), n− d+ 1);

• Cþ X1, . . . , Xi−1.

PWA ��ê8

d⋃
i=0

V (MA
i ).

4.2 ������555ÚÚÚnnn������½½½555������êêê���yyy

4.2.1 ������555···KKK999ÙÙÙyyy²²²

��!¥ò����ü�·K�Ñ
dõ�ª8ÜMA
i ¤½Â��ê8�

AÛ��5�, d5�3�ÙÌ�(Ø�y²¥åX­���^. Äk·�£

��e©z [60] ¥'u4q�¡��'(J.

�ÄÝ�¼ê Πi : (x1, . . . , xn) → (x1, . . . , xi) 9÷v�K5^��õ�ª

8Ü F = (f1, . . . , fp) ⊂ Q[X̄], P d � V A ��ê.

é¤k� 0 ≤ i ≤ d− 1, PWA
i �e��êq

V
(
FA,Minors

(
jac
(
FA, [Xi+2, . . . , Xn]

)
, n− d

) )
.

éu i = d, -WA
d ��êq V A = V

(
FA
)
. d [60] �, WA

i �Ý�¼ê Πi+1 �

���êq V A þ�'�:8Ü, ·�¡Ù�4q.

[60, ½n 1]: 3þãb�^�e, �3��� Zariski m8 O ′ ⊂ GLn(C) ¦

�éu¤k�A ∈ GLn(Q) ∩O ′, ?� 0 ≤ i ≤ d, Ý�¼ê Πi ���8Ü

WA
i þ´~��(Proper).

[60, ½n 2]: b½õ�ª8Ü F ÷v�K5^� R 9éu¤k� 0 ≤
i ≤ d, Ý�¼ê Πi ���WA

i þ´~��, Kéu¤k� 0 ≤ i ≤ d, �

ê8WA
i (½öWA

i ∩ V (X1, . . . , Xi)) ��ê�õ� i (½ö 0) ¿�8Ü⋃d
i=0W

A
i ∩ V (X1, . . . , Xi) � V A ∩ Rn z��ëÏ©|äk����8.
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·K 4.2. b�õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R, Kéu

õ�ª f ∈ Q[X̄], e�5�¤áµ

P1: é¤k� t ∈ R \ {f(x) | x ∈ V (M0)}, d F, f − t )¤�n����

��n�, Ù�A��êq´�8, ½ö�ê� d− 1 �´1w�.

,	, {f(x) | x ∈ V (M0)} ��8½ö"�8Ü.

y². Äky² {f(x) | x ∈ V (M0)} ´k�8Ü. - X ⊂ V � V ¥¤k¦�

x ∈ V → f(x)��©N��÷��:�8Ü. 5¿� V \X � Jacobian1�ª

jac([F, f ], [X̄]) ¥¤k n− d+ 1 fª�ú�":, l
k V \X = V (M0).

b� f(V (M0)) 3 C ¥È�, Kd [63, 1 141 �, Ún 2] íÑ�3���

Zariski m8 Z ⊂ V (M0) ¦� x ∈ V → f(x) ��©N�3¤k� x ∈ Z ?�÷
�, l
�Ñgñ, Ï
 {f(x) | x ∈ V (M0)} ´k��.

5¿�é¤k t ∈ C \ {f(x) | x ∈ V (M0)} Ú¤k: x ∈ V ∩ V (f − t), Ý


jac([F, f − t], [X1, . . . , Xn]) ��� n − d + 1. d [17, 1 404 �, 1 16 Ù, ½n

16.19] �Ñéu¤k� t ∈ C \ {f(x) | x ∈ V (M0)}, V (F) ∩ V (f − t) �{�ê

≥ n− d+ 1. ?� t ∈ C \ {f(x) | x ∈ V (M0)}, - Z � V (F) ∩ V (f − t) �?�

Ø��©|, K�3 V (F)�Ø��©| Z ′ ¦� Z � Z ′ ∩V (f − t)�Ø��©
|. db�^�� Z ′ �{�ê� n− d; d Krull Ìn�½n (Krull’s Principal

Ideal Theorem)� Z ��8½ö{�ê� n− d+ 1. Ï� V (F)∩V (f − t)äk
k��Ø��©|, l
éu¤k� t ∈ C \ {f(x) | x ∈ V (M0)} ÷ve�5�

• V (F) ∩ V (f − t) ��8, ½ö´�����ê� d− 1;

• 3?¿: x ∈ V ∩V (f − t)?, jac([F, f − t], [X1, . . . , Xn])��� n−d+1.

d±þ5��Ñ V (F) ∩ V (f − t) ´1w�.

±e·�y²éu¤k� t ∈ C \ {f(x) | x ∈ V (M0)}, It = 〈F, f − t〉 ��
n�.

b� It 6= 〈1〉 (ÄK(Ø´w,�). - It = Q1 ∩ · · · ∩Qr � It �4�O�

©). ±ey²é¤k� 1 ≤ i ≤ r, Qi Ñ´�n�.

éu�½� i ∈ {1, . . . , r} �3 x ∈ V (Qi) ¦� x 6∈ V
(⋂

j 6=iQj

)
. - m �

: x ?�4�n�. éu��n� I (½ö��� R), P Im (½ö Rm) �Ù3
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m ?�4�z. Ï� jac([F, f − t], [X1, . . . , Xn]) 3 V (F)∩ V (f − t) ¤k:?�

�� n− d+ 1, �â [17, 1 404 �, 1 16 Ù, ½n 16.19], Q[X̄]m
(It)m

��K�. Ïd

d [2, 1 123 �, Ún 11.23] �Ù���, l
íÑ (It)m ��n�. Ï� Qi ´

�¹3 m ¥���O�©|, ¤±e��ª¤á

(It)m = (Qi)m ∩
⋂

Qj⊂m,j≥r+1

(Qj)m = (Qi)m .

Ïd (Qi)m = (It)m ´�n�. |^ [2, 1 41 �, ·K 3.11] �Ñ Qi ���n�.

l
 It �k���n���8, =��n�.

·K 4.3. b�õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R, Ké

uõ�ª f ∈ Q[X̄], �3��� Zariski m8 O1 ⊂ GLn(C) ¦�éu¤k�

A ∈ GLn(Q) ∩ O1, �3��� Zariski m8 UA ⊂ C ÷v:

P2: éu¤k� t ∈ R ∩ UA, ?� 1 ≤ i ≤ d, Ý�¼ê Πi−1 ���

V A ∩ V (fA − t) ∩ V (Minors(jac([FA, fA], [Xi+1, . . . , Xn]), n− d+ 1)) ´~

��.

y². �y²Ì�Äu [60, ½n 1] 9Ùy²¥��'(J. P A = (Ai,j)1≤i,j≤n

�?�Ý
, Ù����½�. t �,��½�. éu�½õ�ª f ∈
Q[X̄], ½Â fA = f(AX1, . . . ,AXn) ∈ Q(Ai,j)[X̄]. éu i = d, P ∆A

d (t) �

n�
〈
fA

1 , . . . , f
A
p , f

A − t
〉
. ?� i ∈ {1, . . . , d − 1}, - ∆A

i (t) �dõ�ª

fA
1 , . . . , f

A
p , f

A − t 9 Minors
(
jac
([

FA, fA
]
, [Xi+1, . . . , Xn]

)
, n− d+ 1

)
)¤�

n�.

e¡Ún`²éuê� Q(t), [60, 1 2.3 !, ·K 1] �,¤á. ¢Sþ, Ù

y²¥^��óä, X Nœther �5z, Krull Ìn�½n, Quillen-Suslin ½n

9�ê Bertini ½n3?ÛA�� 0 ��¥¤á.

Ún 4.4. - i ∈ {1, . . . , d}, PA
i,t ��n�

√
∆A

i (t) �?��©|, r �Ù�ê,

K r ≤ i− 1 � Q(t)(Ai,j)[X1, . . . , Xr] → Q(t)(Ai,j)[X]/PA
i,t ��*Ü.

e¡Ún�Ñ�ò�½� Ai,j 9 t �½���·���� Zariski m8þ

�þã(J�,¤á. ù�·K� [60, ·K 2] aq, ��ØÓ�?´·�I�

�Äëþ t.



38 Äuõ�ª²�Ú�4q�õ�ª`z�{

Ún 4.5. �3���Zariskim8O1 ⊂ GLn(C)¦�éu¤k�A ∈ GLn(Q)∩
O1, �3��� Zariski m8 UA ⊂ C ¦�éu¤k� t ∈ UA, e�(Ø¤á:

�½ i ∈ {1, . . . , d}, - P ��n�
√

∆A
i (t) �?��©|, KÙ�ê

r ≤ i− 1 � C[X1, . . . , Xr] → C[X1, . . . , Xn]/P ��*Ü.

y². �½Ý
A ∈ GLn(C) 9 1 ≤ i ≤ d, P ∆A
i (t) �ò ∆A

i (t) ¥� A �½�

A ����n�. 3� C(t) þA^ [60, ·K 2] íÑ�3��� Zariski m8 O1

¦�éu¤k� A ∈ GLn(Q) ∩ O1, ±9�n�
√

∆A
i (t) �¤k�©| PA

i,t ÷

v:

• PA
i,t ��ê r ≤ i− 1;

• C(t)[X1, . . . , Xr] → C(t)[X̄]/PA
i,t ��*Ü.

- PA
i,t �)¤�� pA1,t, . . . , p

A
s,t. P QA

i,t �òù
)¤�¥��½� t �½� t

��õ�ª)¤�n�. �â [60, ·K 2] �y², Ï� QA
i,t Ø�½��n�, ¤

±^dPÒ. Ï� C(t)[X1, . . . , Xr] → C(t)[X̄]/PA
i,t ´�*Ü, �� Q(t)[X̄] ¥n

�, PA
i,t �¹�� Q(t)[X1, . . . , Xr−1][Xr] ¥�"�Ä�õ�ª, òÙP� mPA

i,t
.

- α(t) ∈ Q[t] �õ�ªmPA
i,t
�¤kXê¥©1���ú�ª.

P SPA
i,t
�ù���õ�ª�8Ü, §�¹
n� PA

i,t �)¤�, PA
i,t �

Gröbner Ä9õ�ªmPA
i,t

. - TPA
i,t
�¦�SPA

i,t
¥õ�ª¤kXê�©1Ø�

"�:�8Ü. �â [60, ·K 2] �y², éu¤k� t ∈ TPA
i,t

, QA
i,t �Ú PA

i,t Ó

�ê���n���¹
õ�ªmQA
i,t

, Ù¥mQA
i,t
�òmPA

i,t
¥�½� t �½�

t ����õ�ª.

- VPA
i,t

= {t ∈ C | α(t) 6= 0}, K VPA
i,t
���� Zariski m8. P UPA

i,t
=

TPA
i,t
∩ VPA

i,t
. éu t ∈ UPA

i,t
, ò t �½� t �: d t ∈ TPA

i,t
� PA

t ´��

���¹ mQA
i,t

; d t ∈ VPA
i,t
� mQA

i,t
´Ä��. Ïdé¤k� t ∈ UPA

i,t
,

C[X1, . . . , Xr] → C[X̄]/QA
i,t��*Ü.½ÂUA =

d⋂
i=1

⋂
PA

i,t∈PA
i,t

UPA
i,t

,Ù¥PA
i,t�n

� ∆A
i (t) ¤k�k���©|. d [60, ·K 2] �y²�Ñ

√
∆A

i (t) =
⋂√

QA
i,t,

Ù¥�>�8¥�QA
i,t éAu∆A

i (t) ¤k��©|. 2�â[60, Ún 1], (Ø¤

á.



1oÙ õ�ª�ª�å`z¯K 39

e¡·�£�·K 4.3 �y². �â [60, 1 2.5 !, ·K 3], Ún 4.5 9 [27,

Ún 3.10], éuA ∈ GLn(Q) ∩ O1 9 t ∈ UA, e�5�¤á:

• éu�n�
√

∆A
i (t) �z���©| PA

i,t , n� PA
i,t ��ê r ≤ i − 1 �

C[X1, . . . , Xr] → C[X̄]/PA
i,t ��*Ü.

• Ý�¼ê Πi−1 �½� V
(
∆A

i (t)
)
�´~��.

·K 4.3 ¥(Ø¤á.

4.2.2 ÄÄÄuuu²²²���ÚÚÚ������êêê���yyy

����ÙÌ�(Ø, ·���^�e�Ún.

Ún 4.6. b½õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R. -

V = V (F), f ∈ Q[X̄] 9 f ∗ = infx∈V ∩Rn f(x). XJ�3 x ∈ V ∩ Rn ¦�

f(x) = f ∗, K x ∈ V (M0).

y². d½Â�, M0 �¹
õ�ª8Ü F 9 jac
(
[F, f ], [X̄]

)
¤k� n − d + 1

�fª. db�^� x ∈ V , ·�I�y²Ý
 jac([F, f ], [X̄]) 3: x ?��

≤ n− d.

d�K5^� R, 〈F〉 ´����n�, �êq V ´1w���ê�

d. Ï� x ∈ V , d Jacobian �½OK ([17, 1 402 �, ½n 16.19]) �Ñ

jac(F, [X1, . . . , Xn]) 3: x ?��� n− d.

Ø���5, b½ jac([f1, . . . , fn−d], [X1, . . . , Xn]) ��� n − d. P U � V

¥¤k¦� jac([f1, . . . , fn−d], [X1, . . . , Xn]) �� n− d �:�8Ü. Ï� x ∈ U ,

¤± U ��.

���, b� jac([f1, . . . , fn−d, f ], [X1, . . . , Xn]) 3: x ?��� n − d + 1.

Ø���5, b½

J = jac([f1, . . . , fn−d, f ], [X1, . . . , Xn−d+1])

3: x ?�_. P xi �: x �1 i �©þ, 5¿�

J̃ = jac([f1, . . . , fn−d, f, (Xk − xk)n−d+2≤k≤n], [X1, . . . , Xn])
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3: x?´�_�. P Ũ � U ∩V (Xn−d+2−xn−d+2, . . . , Xn−xn)¥¤k¦� J̃

�_�:�8Ü.Ï� x ∈ Ũ ,¤± Ũ ��.38Ü {(y, t) | y ∈ Ũ ∩Rn, t = f(y)}
þA^6/þ��¼ê½n ([38, 1 166 �, ½n 7.10]) íÑ�3�¹ f ∗ �

m«m (a, b) ⊂ R ¦�éu¤k� ϑ ∈ (a, b), V (f − ϑ) ∩ Ũ ∩ Rn 6= ∅. d
V (f − ϑ) ∩ Ũ ∩ Rn ⊂ V (f − ϑ) ∩ V ∩ Rn ��3 x′ ∈ V ∩ Rn ¦� f(x′) < f ∗.

�Ñgñ.

±eü�½n��Ù�Ì�(Ø.

½n 4.7. -õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R, P

V = V (F) 9 f ∈ Q[X̄], K�3��� Zariski m8 O ⊂ GLn(C) ¦�éu¤k

�A ∈ GLn(Q) ∩ O, e�5�¤á:

1. �3��� Zariski m8 TA ⊂ C ¦�éu¤k� t ∈ R ∩ TA, ?�

1 ≤ i ≤ d, V (fA−t)∩V (MA
i )��8½"�8Ü.8Ü V A∩V (fA−t)∩Rn

��8, ��=�?� 1 ≤ i ≤ d, V (fA − t) ∩ V (MA
i ) ∩ Rn ��8;

2. PWA ��ê8 ∪d
i=0V (MA

i ), K f ∗ = infx∈WA∩Rn f(x);

3. éu?¿ 0 ≤ i ≤ d, fA 3 V (MA
i ) þ�kk��¢�ìC�.

y². d·K 4.3 ��3��� Zariski m8 O1 ⊂ GLn(C) ¦�éu¤k�

A ∈ GLn(Q) ∩ O1, �3��� Zariski m8 UA ⊂ C ÷v:

P2: éu¤k� t ∈ R ∩ UA, ?� 1 ≤ i ≤ d, Ý�¼ê Πi−1 ���

V A ∩ V (fA − t) ∩ V (Minors(jac([FA, fA], [Xi+1, . . . , Xn]), n− d+ 1)) ´~

��.

3e©¥P O = O1 ��½ A ∈ GLn(Q) ∩ O. - TA = UA \ {fA(x) | x ∈
V (MA

0 )}. d·K 4.2 � {fA(x) | x ∈ V (MA
0 )} ��8½ö"�8Ü; d UA �

��� Zariski m8�Ñ TA ����� Zariski m8.

5� 1 �y²: ò·K 4.2 A^� FA 9 fA �Ñé¤k� t ∈ R \ {fA(x) |
x ∈ V (MA

0 )}, d FA, fA − t )¤�n������n�, Ù�A��êq

´1w� (5� P1) � {fA(x) | x ∈ V (MA
0 )} ��8½ö"�8Ü. �â·

K 4.3, é¤k� t ∈ R ∩ TA, 3 FA, fA − t þA^ [60, ½n 2] íÑ8Ü
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d⋃
i=1

(V A ∩ V (fA − t) ∩ V (MA
i )) � V A ∩ V (fA − t) ∩ Rn �z��ëÏ©|��

8����k�8Ü.

5� 2 �y²: Äk5¿� f ∗ = infx∈V ∩Rn f(x) = infx∈V A∩Rn fA(x) 9

WA = ∪d
i=0V (MA

i ). Ï�WA ⊂ V A, Ø�ª f ∗ ≤ infx∈WA∩Rn fA(x) ¤á. e¡

·�y² infx∈WA∩Rn fA(x) ≤ f ∗. Äkb��3 x ∈ V A ∩ Rn ¦� fA(x) = f ∗,

dÚn 4.6 íÑ x ∈ V (MA
0 ) ∩ Rn ⊂ WA ∩ Rn, l
 infx∈WA∩Rn fA(x) ≤ f ∗. e

¡b�é¤k� x ∈ V A ∩ Rn, fA(x) > f ∗. d f ∗ = infx∈V A∩Rn fA(x) �Ñ�

3¢ê c > f ∗ ¦�éu¤k� t ∈ (f ∗, c), 8Ü V A ∩ V (fA − t) ∩ Rn ��. Ø

���5, b� c v
�¦� (f ∗, c) ∩ UA 6= ∅. d½n 4.7 ¥5� 1 �, ?�

t ∈ (f ∗, c), 8ÜWA ∩ V (fA− t)∩Rn ��. l
Ø�ª infx∈WA∩Rn fA(x) ≤ f ∗

¤á.

5� 3 �y²: - ZA � V (MA
i ) �?�Ø��©|, �ÄN� x ∈ ZA →

fA(x) ∈ C. P V∞(fA, ZA) ⊂ C �e�8Ü

{t ∈ C | ∃(xk)k∈N ⊂ ZA s.t. lim
k
||xk|| = ∞ and lim

k
fA(xk) = t}.

Äkb� fA(ZA) �"�8Ü, K R∞(fA, ZA) ⊂ fA(ZA) ��"�8Ü. b�

fA(ZA) ��ê� 1, dn�m�ê½n ([63, 1 76 �, 1 1 Ù, ½n 7]) �, �

3��� Zariski m8 W ⊂ C ¦�éu¤k� t ∈ W , dim(ZA ∩ V (fA − t)) =

dim(ZA)− 1. d½n 4.7 5� 1 íÑ ZA ∩ V (fA − t) ��8½ö"�8Ü.

• XJZA∩V (fA−t)��8,K dim(ZA) = 0. db�^� dim(fA(ZA)) =

1 �Ñgñ;

• XJ ZA ∩ V (fA − t) �"�8Ü, K dim(ZA) = 1. d [27, ½n 3.8] �

V∞(fA, ZA) ⊂ C �N� x ∈ ZA → fA(x) �~�: (Non-Properness Set)

8Ü. 
d8Ü��8½ö"�8Ü.

du R∞(fA, ZA) ⊂ V∞(fA, ZA) � V (MA
i ) �kk��Ø��©|, l
y²


½n 4.7.

÷^1nÙ½Â 3.2, �âPÒ 4.1, ·�k±eÌ�(J.

½n 4.8. b�õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R, P

V = V (F), f ∈ Q[X̄] 9 f ∗ = infx∈V ∩Rn f(x). �½¢ê B ∈ f(V ∩ Rn), K�3

��� Zariski m8 O ⊂ GLn(C) ¦�éu¤k�A ∈ GLn(Q) ∩ O:
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(a) XJ5� SOS(fA − a,MA, B) ¤á, @o a ≤ f ∗.

(b) XJ a < f ∗, @o5� SOS(fA − a,MA, B) ¤á.

y². ë�1nÙ½n 3.7 �y².

½n 4.9. b�õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R. �½¢

ê B ∈ f(V ∩ Rn), éu 0 ≤ i ≤ d, ½Â

f ∗i := sup
{
a ∈ R | fA − a = SA

i + TA
i

(
B − fA

)
mod

〈
MA

i

〉}
,

Ù¥ SA
i , T

A
i ∈ R[X̄] �õ�ª²�Ú. K�3��� Zariski m8 O ⊂ GLn(C)

¦�éu¤k�A ∈ GLn(Q) ∩ O k f ∗ = min1≤i≤d f
∗
i .

y². d½n 3.1 Ú½n 4.7 ·���

f ∗i = inf{fA(x) | x ∈ V (MA
i ) ∩ Rn}, 0 ≤ i ≤ d.

d½n 4.8 íÑ f ∗ = min0≤i≤d f
∗
i . �âPÒ 4.1, d MA

0 ⊃ MA
1 �� V (MA

0 ) ⊂
V (MA

1 ), l
k f ∗1 ≤ f ∗0 9 f ∗ = min
1≤i≤d

f ∗i .

5 3. 5¿� MA
0 ¢�©z [46] ¥��{^uõ�ª�ª�å¯K�¤�E�

õ�ª8Ü.

d½n 4.8 �Ñ�õ�ª�½5�y�±=z�¦)�X��½5y, a

q?Ø��±ë� [21, 62].

½Â 4.1. éu i ∈ {1, . . . , d} 9 k ∈ N, - gi
1, . . . , g

i
mi
�8Ü

Minors
(
jac
([

FA, fA
]
, [Xi+1, . . . , Xn]

)
, n− d+ 1

)
¥�õ�ª. éu�½ B ∈

fA
(
V A ∩ Rn

)
, ½Â fA 3 EA

B,i (ë�½Â 3.3) þ� k �tµ�`��

f ∗i,k :=

sup

{
a ∈ R | fA − a = SA

i + TA
i

(
B − fA

)
+

p∑
j=1

φA
i,jf

A
j +

mi∑
j=1

ϕA
i,jg

i
j +

i−1∑
j=1

ψA
i,jXj

}
,

(4.2)

Ù¥õ�ª SA
i , TA

i , φA
i,j, ϕ

A
i,j 9 ψA

i,j ¦� (4.2) ¥�ªm>z���gê ≤ 2k

� SA
i 9 TA

i �õ�ª²�Ú.
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5 4. �½Â 3.4 ØÓ, �
���Ð�ê�­½5, d?·��¦ (4.2) ¥�ª

m>z���gê ≤ 2k.

½n 4.10. b�õ�ª8Ü F = (f1, . . . , fp) ⊂ Q[X̄] ÷v�K5^� R, �½

¢ê B ∈ f(V ∩ Rn). �3��� Zariski m8 O ⊂ GLn(C) ¦�éu¤k�

A ∈ GLn(Q) ∩ O 9 1 ≤ i ≤ d, S� {f ∗i,k}, k ∈ N üO/Âñ� f ∗i .

y². ë�1nÙ½n 3.9 �y².

½Â f̃A = fA(0, . . . , 0, Xi, . . . , Xn)9 g̃i
j = gi

j(0, . . . , 0, Xi, . . . , Xn), 1 ≤ i ≤
d, 1 ≤ j ≤ mi. �â1nÙ¥1 3.2 !�'©Û, 3¢SO�¥, éu f ∗i , ·�

�I�¦)

sup

{
a ∈ R | f̃A − a = S̃A

i + T̃A
i

(
B − f̃A

)
+

p∑
j=1

φ̃A
i,j f̃

A
j +

mi∑
j=1

ϕ̃A
i,j g̃

i
j

}
,

Ù¥õ�ª S̃A
i , T̃A

i , φ̃A
i,j, ϕ̃

A
i,j ∈ R[Xi, . . . , Xn], S̃A

i 9 T̃A
i �õ�ª²�Ú. Ïd

¯K�Cþ~�, l
äk�Ð�ê�­½5.

5 5. � (4.1) ¥��^��ê p = 0 �, �Ù�{�±��A^uõ�ª�Û

`z¯K, =1nÙ¥�Ñ��{.

4.3 111���ªªª���������ªªª���ååå���êêê

Ï�8ÜMinors(jac([FA, fA], [Xi+1, . . . , Xn]), n− d+ 1)¥õ�ª��ê 

 é�, ·�|^1�ª�nØ��'(J5~�8Ü MA
i ¥õ�ª��ê.

±e?Ø�ë�©z [10, 11].

- N = (Nij) � m × n Ý
, Ù��� C ¥��½�, P ∆(N) �Ù¤k

fª�8Ü. ½Â1�ªq (Determinantal Variety)

Dm,n
t−1 =

{
N ∈ Cm×n : N �� < t

}
.

-�I a1, . . . , at, b1, . . . , bt ÷v t ≤ min(m,n), 1 ≤ a1 < · · · < at ≤ m, 1 ≤ b1 <

· · · < bt ≤ n, P [a1, . . . , at|b1, . . . , bt] �Ý
 N � t �fª, = N ¥1�I�

a1, . . . , at, ��I� b1, . . . , bt �fÝ
�1�ª. ·�k

Dm,n
t−1 =

{
N ∈ Cm×n | [a1, . . . , at|b1, . . . , bt] = 0, ∀[a1, . . . , at|b1, . . . , bt] ∈ ∆(N)

}
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3 ∆(N) þ½ÂXe S(ë� [10, 1 46 �]):

[a1, . . . , au|b1, . . . , bu] ≤ [c1, . . . , cv|d1, . . . , dv]

⇐⇒ u ≥ v, a1 ≤ c1, . . . , av ≤ cv, b1 ≤ d1, . . . , bv ≤ dv.

éu ∆(N) ¥�?�fª ξ = [a1, . . . , au|b1, . . . , bu], ½ÂÙ�Ý(Length) �:

len(ξ) = k ⇐⇒ �3ó ξ = ξk > ξk−1 > . . . > ξ1, ξi ∈ ∆(N),

�Ø�3���± ξ mÞ�ó.

PΩ(N)�N �¤k� k�fª�8Ü,Ù¥ k ≥ t. é?¿ 1 ≤ l ≤ mn−t2+1,

½Â

θl(N) =
∑

ξ∈Ω(N),len(ξ)=l

ξ.

Ún 4.11. [10, Ún 5.9] ·�k

Dm,n
t−1 =

{
N ∈ Cm×n | θl(N) = 0, l = 1, . . . ,mn− t2 + 1

}
.

[11, ½n 2] y²��I�mn− t2 + 1 �õ�ª5½Â1�ªq Dm,n
t−1 .

��B/��¤käk�½�Ý�fª, ±e�Ed Ω(N) ¥¤kfª�

¤�ó�8Ü. e�·K�Ñ
 Ω(N) ¥äk���Ý�fª. ?�Ú�, 3Ù

y²¥·��EÑ Ω(N) ¥±dfªmÞ�¤k�ó.

·K 4.12. Ω(N) ¥äk���Ý�fª� [m − t + 1, . . . ,m|n − t + 1, . . . , n],

Ù�Ý�mn− t2 + 1.

�
¦Ùy²�\�ß, ·�ÄkéuAÏ�/ m = 3, n = 4 � t = 2 �

EÑÙ¤k�ó. Äk�E¤k��¹ 2 �fª�ó. ±äk���Ý�fª

m©, XJ·�òc��fª�1��I¥�,��~� 1 ¿��±#�1�

�I´î�üO�, @o·�Ò�EÑ
��äk���Ý�fª, �Ù�uc

�fª. ã 4.1 w«
¤k�d 2 �fª�¤�ó, Ù¥�Þw«
fªm��

�'X¿�����fª. ,�·�ò¤k 3 �fª\\®²)¤�ó¥. ã

4.2 w«
 Ω(N) ¥±¤kfª�¤ó�8Ü, Ù¥m = 3, n = 4, t = 2.

lã 4.1 Úã 4.2, ·�*	�:
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1. Ó��¥¤k k �fª�1��I�Ú���ù��'c��fª��

A��� 1.

2. ¤k�±ò�d k �fª�¤�ó� k + 1 �fªÑäk/ª

[1, 2, . . . , k, a|1, 2, . . . , k, b], Ù¥ k + 1 ≤ a ≤ m � k + 1 ≤ b ≤ n.

12|12

12|13

13|12

12|14

12|23

13|13

23|12

12|24

13|14

13|23

23|13

12|34

13|24

23|14

23|23

13|34

23|24

23|34

ã 4.1: ¤kd 2 �fª�¤�ó�8Ü.

12|12

12|13

13|12

123|134

123|124123|123 123|234

12|14

12|23

13|13

23|12

12|24

13|14

13|23

23|13

12|34

13|24

23|14

23|23

13|34

23|24

23|34

ã 4.2: ¤kd 2 �Ú 3 �fª�¤�ó�8Ü.

·K 4.12 �y². (Ø�1�Ü©´w,�, ±ey²1�Ü©. Ø���5,

b�m ≤ n.

Äk�EÑ¤kd t �fª�¤�ó�8Ü, ¿PÙ� Ct. däk���

Ý� t �fª ξ = [m− t+ 1, . . . ,m|n− t+ 1, . . . , n] m©, ÏLò ξ 1��I¥

�,��~� 1 ¿�±#�1��Iî�üO, K�EÑ�uc�fª�#� t

�fª. ­Eù�L§������fª ξ1 = [1, 2, . . . , t|1, 2, . . . , t]. d*	 (1)

�, ±fª ξ m©�fª ξ1 (å�ó χt ��Ý�

(2m− t+ 1)t/2 + (2n− t+ 1)t/2− (1 + t)t+ 1 = (m+ n)t− 2t2 + 1.
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�X·��ÑXÛò Ω(N) ¥ t + 1 fª\\�®�E�ó�8Ü Ct ¥.

5¿�éz�� t + 1 �fª ξ = [a1, . . . , at, at+1|b1, . . . , bt, bt+1], t �fª

η = [a1, . . . , at|b1, . . . , bt] ®²�3uó Ct �¥. Ï� ξ < η, ·�ò ξ �\f

ª η ¤3��e��¥(�>��). ­Eù�L§K�EÑ
�¹ Ω(N) ¥¤

k t + 1 �fª�ó�8Ü, PÙ� Ct+1. �â*	 (1) Ú*	 (2) �dfª

[1, . . . , t,m|1, . . . , t, n] m©�fª [1, . . . , t, t+ 1|1, . . . , t, t+ 1] (å�ó χt+1 �

�Ý�m + n− 2(t + 1) + 1. Ï� χt+1 ¥¤k�fª' χt ¥¤kfªÑ��,

·��±òó χt+1 \\�ó χt ��Ü.

­E±þL§,·���óχt+2, . . . , χm. w,�,lfª [1, . . . ,m|1, . . . ,m]

�fª ξ �ó χm → . . .→ χt+1 → χt äk���Ý

(m+ n)t− 2t2 + 1 +
m∑

s=t+1

(m+ n− 2s+ 1) = mn− t2 + 1,

d½Â, d���fª ξ ��Ý.

·���e�(J

Ún 4.13. 8ÜMinors(jac([FA, fA], [Xi+1, . . . , Xn]), n−d+1)�±d (n−i)(p+

1)− (n− d+ 1)2 + 1 �õ�ª�O.

y². jac([FA, fA], [Xi+1, . . . , Xn]) � (p+ 1)× (n− i) �Ý
. - t = n− d+ 1,

A^Ún 4.11, 8ÜMinors(jac([FA, fA], [Xi+1, . . . , Xn]), n− d + 1) ¥õ�ª¥

��êd
(

n−i
n−d+1

)(
p+1

n−d+1

)
~�� (n− i)(p+ 1)− (n− d+ 1)2 + 1.

éu��� n, ��5�ê
(

n−i
n−d+1

)(
p+1

n−d+1

)
�', #�8Ü MA

i ¥õ�ª�

�ê��~�.

4.4 êêê���¢¢¢���

-A�ü Ý
. ·�N^Maple^�� PolynomialIdeals¥·- IsRadical

5ÿÁ�½n� I ´Ä��n�¿N^ Groebner ¥·- HilbertDimension 5�

�q V (I) ��ê. ,�A^Matlab ^�� SOSTOOLS [53] 5¦) (4.2).
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õ�ª�ª�å`z¯K. ·��±ò�Ù��{��A^�e�õ�ª`

z¯K.

inf
x∈Rn

f(x) s.t. f1(x) = . . . = fp(x) = 0. (4.3)

Ú©z [33], [16], 9 [46] ¥��{�'�, ·���{:

• Ø�¦¯K��1�´;��.

• Ø�¦e(. f ∗ 3,� KKT :?��.

• �K5b�^�R '©z [46] ¥b�^��f.

~ 4.1. [46, Example 5.2] �Ä`z¯K

inf
x∈R3

x6
1 + x6

2 + x6
3 + 3x2

1x
2
2x

2
3 − x2

1(x
4
2 + x4

3)− x2
2(x

4
3 + x4

1)− x2
3(x

4
1 + x4

2)

s.t. x1 + x2 + x3 − 1 = 0.

d¯K��1�´�;��. 8I¼ê� Robinson õ�ª, Ïd��K��Ø

U�¤õ�ª²�Ú. ·�k f ∗ = 0. - g := X1 +X2 +X3 − 1, n� 〈g〉 ��
ê� 2.

• O� f ∗1 , ·�kM1 = {g, h}, Ù¥

h :=6X5
2 + 6X2

1X2X
2
3 − 4X2

1X
3
2 − 2X2X

4
3 − 2X2X

4
1 − 4X2

3X
3
2

− 6X5
3 − 6X2

1X
2
2X3 + 4X2

1X
3
3 + 4X2

2X
3
3 + 2X3X

4
1 + 2X3X

4
2 .

� B = f(1, 0, 0) = 1, O�¤�(J�: f ∗1,3 ≈ −5.8186 × 10−2, f ∗1,4 ≈
−1.6531× 10−2, f ∗1,5 ≈ −4.1363× 10−4, f ∗1,6 ≈ 4.2929× 10−10. duê�Ø

���3, þãO�(J�ÎÒkØ.

• O� f ∗2 , ·�kM2 = {g,X1}. ¯K�du¦)

inf
x2,x3∈R

x6
2 + x6

3 − x2
2x

4
3 − x2

3x
4
2

s.t. x2 + x3 − 1 = 0.

� B = f(1, 0) = 1, ê�(J�: f ∗2,2 ≈ −8.0658× 10−12, f ∗2,3 ≈ −9.1665×
10−12. w, f ∗2 ��u f ∗.
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~ 4.2. �Ä`z¯K

inf
x∈R2

(x1 + 1)2 + x2
2

s.t. − x3
1 + x2

2 = 0.

w,�, ·�k x∗ = (0, 0) � f ∗ = 1. N´�y¯K��1�´�;��

��`:Ø÷v KKT ^�. d¯K÷v�K5^� R ��ê d = 1. -

M1 = {−X3
1 +X2

2}9B = f(0, 0) = 1,O�(J�: f ∗1,2 ≈ 0.99842, f ∗1,3 ≈ 0.9989,

f ∗1,4 ≈ 0.99865, f ∗1,5 ≈ 0.99844. �,�3ê�Ø�,·��(J�,�~�C f ∗.

~ 4.3. �Ä`z¯K

inf
x∈R2

x1

s.t. x1x
2
2 − 1 = 0.

d¯K� KKT XÚ {1 − λX2
2 , −2X1X2λ, X1X

2
2 − 1} Ã). A^·���{,

d = 1�M1 = {X2
1X

2
2−1}. �B = f(1, 1) = 1,O�(J�: f ∗1,3 ≈ 2.5255×10−3,

f ∗1,4 ≈ 1.902 × 10−2, f ∗1,5 ≈ 8.1335 × 10−2. w,d?O�äké��ê�¯K:

3�`:? X2 → ∞, ¦��A��½5y¥�Moment Ý
�,
��ª�

uÃ¡. ·��±3O� (4.2) �}Áæ^DÕü�ª�þ��{�)ûù�¯

K. aq©Û�±ë�1nÙ.

äkØ�ª�å�õ�ª`z¯K. e¡·��Ä����`z¯K

inf
x∈Rn

f(x)

s.t. f1(x) = · · · = fp(x) = 0,

g1(x) ≥ 0, . . . , gq(x) ≥ 0.

(4.4)

XJ·�Ú\#�Cþ T = [T1, . . . , Tq] ���d`z¯K:

inf
x∈Rn,t∈Rq

f(x)

s.t. f1(x) = · · · = fp(x) = 0,

g1(x)− t21 = 0, . . . , gq(x)− t2q = 0.

K�,�±æ^�Ù��{5¦) (4.4). ,
, du\\#�Cþ, �A��½

5y¯K�^�ê�U¬é�. e¡´�
^5?nÙê�¯KJpO�°Ý

�E|�{:
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•  �¯K�ëê, ¦�¯K��`)����"©þ�Cu 1. ¦+3�

��`)céJ��n�� �'~, �XJ���`)?��©þ�þ

e., k��,�±ÏLéCþ?1�5C�5��ù�8�.

• ÀJ¦�U�C�`�� B.

• ò (4.4) ¥õ�ª�Xê�5z.

�õ�[!�±ë� [71].

~ 4.4. [16, ~ 4.3] �Ä`z¯K

inf
x∈R2

(−4x2
1 + x2

2)(3x1 + 4x2 − 12)

s.t. 3x1 − 4x2 ≤ 12, 2x1 − x2 ≤ 0, −2x1 − x2 ≤ 0.

d�åõ�ª½Â���ê8´�;��. �`� f ∗ = −1024
55

≈ −18.6182 �

�`)� x∗ = (24/55, 128/55) ≈ (−0.4364, 2.3273). - g1 := 12− 3X1 + 4X2 −
T 2

1 , g2 := X2 − 2X1 − T 2
2 , g3 := X2 + 2X1 − T 2

3 , Kn� 〈g1, g2, g3〉 ��ê� 2.

• O� f ∗1 , ·�kM1 = {g1, g2, g3, h}, Ù¥ h := (−16X2
1 + 6X2X1 + 12X2

2 −
24X2)T1T2T3. � B = f(0, 0, 0) = 0, O�(J�: f ∗1,3 ≈ −20.184, f ∗1,4 ≈
−18.618.

• O� f ∗2 , ·�kM1 = {g1, g2, g3, X1}. ¯K�du¦)

inf
x∈R4,t∈R3

x2
2(4x2 − 12)

s.t. − 4x2 + t21 = 12, −x2 + t22 = 0, −x2 + t23 = 0.

N´wÑ f ∗2 = −16.

~ 4.5. [16, ~ 4.5] �Äe¡�à��g`z¯K

inf
x∈R2

x2
1 + x2

2

s.t. x2
2 − 1 ≥ 0,

x2
1 −Nx1x2 − 1 ≥ 0,

x2
1 +Nx1x2 − 1 ≥ 0.



50 Äuõ�ª²�Ú�4q�õ�ª`z�{

©z [16] ¥y² f ∗ = 1
2
(N2 + N

√
N2 + 4) + 2. - g1 := X2

2 − 1 − T 2
1 , g2 :=

X2
1 −NX1X2 − 1− T 2

2 , g3 := X2
1 +NX1X2 − 1− T 2

3 , Kn� 〈g1, g2, g3〉 ��ê
� 2. �±�y V (M2) = ∅. l
éu�½~þ N , ·��I�O� f ∗1 . ·�k

M1 = {g1, g2, g3, h}, Ù¥ h = X2T1T2T3.

• N = 2, Kk f ∗ ≈ 6.8284. éu B = f(3, 1) = 10, O�(J�: f ∗1,2 ≈ 4,

f ∗1,3 ≈ 6.7692, f ∗1,4 ≈ 6.8284.

• N = 3, Kk f ∗ ≈ 11.9083. éu B = f(4, 1) = 17, O�(J�: : f ∗1,2 ≈ 5,

f ∗1,3 ≈ 11.316, f ∗1,4 ≈ 11.908.

• N = 4, Kk f ∗ ≈ 18.9443. éu B = f(5, 1) = 26, O�(J�: : f ∗1,2 ≈ 6,

f ∗1,3 ≈ 17.2, f ∗1,4 ≈ 22.168. XJ- B = f(4.3, 1) = 19.49, O�(J�:

f ∗1,2 ≈ 15.333, f ∗1,3 ≈ 18.944.
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5.1 cccóóó

�Ø©1nÙÚ1oÙ9Ù¥Ú^��'©z�Ñ
õ«¦)õ�ª�Û

½ö3�½�1�þ�e(.��{, ÙÄ�g´Ñ´ò¯Ktµ��X��

�½5y¯K, ,�ÏL¦)�½5y¯K��Âñue(.�S�. duO

��ê�(J�32:ê�\Ø�¿�e(.�U´�êê§Ïd¤�(J�

´e(.�Cqe.. d?g,�)���¯K�, �½õ�ª f(X̄) ∈ Q[X̄],

XÛ��ÙO(�&e.. d¯K�9�XÛ�½�½õ�ª3 Rn þ��K

õ�ª. 'u�Kõ�ª�?Ø�±J��Í¶êÆ[ Hilbert �1�Ô¯K.

3 1900 c{Ini�ISêÆ[�¬þ, Hilbert JÑe¡¯K: éu?Û�K

õ�ª f ∈ R[X̄], ´Ä�3kn¼ê g1, . . . , gs ∈ R(X̄) ¦� f =
∑s

i=1 g
2
i ? 1927

c, c/|êÆ[ Emil Artin éù�¯K�Ñ
�½�y²¿±d�¢�ên

Ø�uÐC½
Ä:.

±eb� f ��pXê�óg. Äk·��ÄXÛ�� f(X̄) ∈ Q[X̄] O(

�²�Úe., =¦)knê r̃ 9knÝ
 W̃ ¦�eª¤á:

f − r̃ = me(X̄)T · W̃ ·me(X̄), W̃ � 0, W̃ T = W̃ ,

Ù¥ e = deg (f)/2, me(X̄) �¤kgê ≤ e �ü�ª�¤���þ. duO�

Ø�, ·��U��2:ê r∗ 92:êÝ
W , ¦�þã^�Cq¤á:

f − r∗ ≈ me(X̄)T ·W ·me(X̄), W v 0,W T ≈ W.

É Peyrl Ú Parillo 3 [52] ¥�knzÝK�{éu§[29] ò¦)�½5y��

�ê�Ý
W ��Ð©�§��^ Newton S��{5°zÝ
W§,�ò

r∗ ~����kne. r̃§òÝ
W =z���knÝ
¿�òÙÝK�Xe

���5�²¡

X = {A | AT = A, f(X̄)− r̃ = me(X̄)T · A ·me(X̄)}. (5.1)

51
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-ê� K = R ½ Q, �âArtin é Hilbert 1�Ô¯K�y², õ�ª

f(X̄) ∈ K[X̄] �K��=�

∀ξ1, . . . , ξn ∈ K : f(ξ1, . . . , ξn) ≥ 0,

��=�

∃ui, vj ∈ K[X̄] : f(X̄) =

∑t1
i=1 u

2
i∑t2

j=1 v
2
j

,

��=��3 e ≥ 0, ê�K þÝ
W [1] � 0, W [2] � 0, W [2] 6= 0 ¦�

f(X̄) · (me(X̄)TW [2]me(X̄)) = mẽ(X̄)TW [1]mẽ(X̄), (5.2)

Ù¥ ẽ = e + (deg f)/2, me(X̄) Úmẽ(X̄) ©O�¤kgê�u�u e Ú ẽ �

ü�ª�¤���þ. [30] ¥�öò [29] «�{í2�XÛ¦)�KknX

êõ�ª�O(kn¼ê²�Ú©), =�½©1gê e, ¦)kn��½Ý


 W [1],W [2] ¦� (5.2) î�¤á. dþã©Û�, ��½©1gê e ½öò

me(X̄) d�½f8�O�, ©fgê ẽ 9Ý
W [1],W [2] ��ê��(½. b�

õ�ª f(X̄) ∈ Q[X̄] �K, XJ3k�ÚS, |^ [30] ¥��{�Ø�O(�

W [1],W [2] ¦� (5.2) î�¤á, Kkü«�/�Uu):

1. éu®�½� e ½�O me(X̄) ��½f8, Ø�3kn��½Ý


W [1],W [2] ¦� (5.2) ¤á.

2. �3kn��½Ý
W [1],W [2] ¦� (5.2) ¤á, �´J±¦�. ~X, k

�Ú Newton S���)EØ
°(½öW [1],W [2] �º����Ý
.

éu�/ 1, ·��±O\gê e ½ÀJ#�| ü�ª8­#O�; éu�/

2, ·��±O\ Newton S�gê½ö|^ [30] ¥¤ãE|��O(kn¼ê

²�Ú©). ùp�)�¯K´XÛ«©ùü«�/. �
¦�¯K�\�ß

Ú��z, ·��e¡�
PÒ.

é t ∈ N, P Nn
t = {α ∈ Nn | |α| =

∑n
i=1 αi ≤ t}. �½õ�ª f =∑

αfαX
α1
1 . . . Xαn

n ∈ R[X̄], - supp(f) = {Xα1
1 . . . Xαn

n | fα 6= 0}, = f | ü�

ª�8Ü. - SOS L«� R[X̄] ¥õ�ª²�Ú�8Ü. �½ n > 0 9 e ≥ 0,

- T [X̄; e] = {Xe1
1 . . . Xen

n | e1 + · · · + en ≤ e}, =¤k�k n �C��gê

≤ e �ü�ª�8Ü. éuf8 S[X̄; e] ⊆ T [X̄; e], P SOSS[X̄;e] = {
∑
v2

j | vj ∈
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R[X̄], supp(vj) ⊆ S[X̄; e] ⊆ T [X̄; e]}. ÎÒ SOS/SOSS[X̄;e] L«kn¼ê�f8

{
∑
u2

i /
∑
v2

j | ui, vj ∈ R[X̄], supp(vj) ⊆ S[X̄; e] ⊆ T [X̄; e]}. oN� 0 "Ý
, I

L«ü Ý
.

¯K: éu�½õ�ª f ∈ Q[X̄], e ≥ 0 9f8 S[X̄; e] ⊆ T [X̄; e], XÛ�

y f /∈ SOS/SOSS[X̄;e]?

5.2 ���KKKõõõ���ªªª��� Hilbert-Artin LLL���ªªª

5.2.1 kkknnn¼¼¼êêê²²²���ÚÚÚ������½½½555yyy

5¿� f ∈ SOS/SOSS[X̄;e] ��=��3õ�ª ui(X̄), vj(x) ∈ R[X̄] Ù¥

supp(vj) ∈ S[X̄; e], ¦�

0 =
t1∑

i=1

ui(X̄)2 + (−f)
t2∑

j=1

vj(X̄)2,

�Äe¡8Ü [W [1],W [2]]
mT [X̄;ẽ]

TW [1]mT [X̄;ẽ] = f(X̄) ·mS[X̄;e]
TW [2]mS[X̄;e]

W [1] � 0, W [2] � 0, Tr(W [2]) = 1

 , (5.3)

Ù¥mS[X̄;e] ÚmT [X̄;ẽ] ©OL«d S[X̄; e] Ú T [X̄; ẽ] ¥���¤���þ. �

å^� Tr(W [2]) = 1 ¦� W [2] 6= 0, =©1
∑t2

j=1 vi(X̄)2 Ø�"õ�ª. -

ẽ = e+ deg (f)/2, ·�k{
X̄α+β | X̄α, X̄β ∈ T [X̄; ẽ]

}
⊇
{
X̄α+β+γ | X̄γ ∈ supp(f), X̄α, X̄β ∈ S[X̄; e]

}
.

Ïd f /∈ SOS/SOSS[X̄;e] ��=�8Ü (5.3) ��8.

£�e¡IO��½5y¯K (ë� [70]),

P 7→


sup
W

−Tr(CW )

s.t. Tr(AiW ) = bi, i = 1 · · · l,

W � 0, W T = W.

P∗ 7→

 inf
y∈Rl

bTy

s.t. C +
∑

yiAi � 0.
(5.4)

ò (5.3) ¥�ª�>Ðm, KéuÙ¥¤k�UÑy�gê ≤ 2ẽ �ü�ª X̄α,

�3é¡Ý
 G[α] ¦�

mT [X̄;ẽ]
TW [1]mT [X̄;ẽ] =

∑
α

Tr(G[α]W [1])X̄α, (5.5)
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aq�, �3é¡Ý
 H [β] ¦�

(−f(X̄)) ·mS[X̄;e]
TW [2]mS[X̄;e] =

∑
β

Tr(H [β]W [2])X̄β,

Ù¥ X̄β ��ª�>¦È¥¤k�UÑy�gê ≤ 2e �ü�ª. �Äe��½

5y:

r∗ := sup
W

−Tr(CW )

s.t.


...

Tr(A[α]W )
...

Tr(AW )

 =


...

0
...

1

 , W � 0, W T = W,
(5.6)

Ù¥C := 0,

W :=

[
W [1] ∗
∗ W [2]

]
, A[α] :=

[
G[α]

H [α]

]
, A :=

[
0

I

]

� α �8Ü Nn
2ẽ ¥?¿��. Ù¥ C �±��?Û¢�é¡Ý
, �
¦��

¡�y²Ú�&�y�{{B, ·�-Ù�"Ý
. �Ù¥Ñy�¤k�©¬

��½Ý
¥, �A �P� ∗ L«Ù�±�?Û¦���Ý
���½��
�; �A �3��xL«Ù�"Ý
.

·�k, f /∈ SOS/SOSS[X̄;e] ��=��½5y (5.6) ´Ø�1�.

5.2.2 éééóóó¯̄̄KKK������&&&���yyy

3·�0� (5.6) �éó¯K�c, ·�£��e Moment Ý
ÚÛÜ

Moment Ý
�Vg. �½S� y = (yα)α∈Nn ∈ RNn
, Ù�A� (Ã¡��)

Moment Ý
 M(y) �1�d Nn ¥��I«. éu α, β ∈ Nn, Ù u (α, β)

?����yα+β. �½�ê t ≥ 1 Ú�ä�S� y = (yα)α∈Nn
2t
∈ RNn

2t , éu

α, β ∈ Nn
t , Ù�A� t �Moment Ý
Mt(y) ¥ (α, β) ?���� yα+β. �½

õ�ª q ∈ R[X̄], XJMt(y) ¥ u (i, j) ?���� yβ, @o'u q � t �Û

ÜzMoment Ý
½Â�

Mt(qy)(i, j) :=
∑

α

qαyα+β.



1ÊÙ �Kõ�ª� HILBERT-ARTIN L�ª 55

��[�0�, ë�©z [33, 36].

�â (5.4), (5.6) �éó¯K�

s∗ := inf
(y,s)∈Rm+1

s

s.t. M(y, s) � 0,
(5.7)

Ù¥

M(y, s) :=

[
Mẽ(y)

Me((−f)y) + sI

]
,

y := (yα)α∈Nn
2ẽ
∈ RNn

2ẽ , m �8Ü Nn
2ẽ ¥¤k����ê. Mẽ(y) Ú Me((−f)y)

©O�Moment Ý
ÚÛÜzMoment Ý
.

éu (5.4) ¥IO��½5y, ·�ke¡� Farkas Ún

Ún 5.1. [15, Farkas Ún] �½ {Ai, i = 1, · · · , l | AT
i = Ai}, �þ b = [bi] ∈ Rl

9��f8 A = {W | W T = W, Tr(AiW ) = bi, i = 1, · · · , l}, b��þ8Ü
{[Tr(AiW )] ∈ Rl | W � 0} ´48, K��=�éu¤k¦�

∑l
i=1 yiAi � 0 ¤

á��þ y = [yi] ∈ Rl, k bTy ≥ 0 ¤á�, �©¯K P ��1�´���.

�A^þã Farkas Ún, I�y²AÏ�/ (5.6) Ú (5.7) ÷vÚn¥b�

^�. ·�k±e(Ø:

Ún 5.2. [55] I SOST [n;e] ´à�4�.

íØ 5.3. é?¿f8 S[n; e] ⊆ T [n; e], I SOSS[n;e] ´à�4�.

±eÚny²�½5y (5.6) Ú (5.7) ÷v Farkas Ún¥b�^�

Ún 5.4. �½5y (5.6) ¥, d¤k�þ
...

Tr(A[α]W )
...

Tr(AW )

 , ∀ W � 0,

�¤�8Ü´4�.
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y². Ún¥¤ã(Ø�du: �½ü�õ�ªS� {qk} ∈ SOST [n;ẽ] 9

{hk} ∈ SOSS[n;e], XJ

1. lim
k→∞

(qk − f · hk) = p, �

2. lim
k→∞

(
∑
α

hk,2α) = c, Ù¥ hk,2α õ�ª hk ¥� X̄2α �Xê,

K�3 q ∈ SOST [n;ẽ] 9 h ∈ SOSS[n;e], ¦� p = q − f · h 9
∑
α

h2α = c. du

¤k� hk �õ�ª²�Ú, d (2) �éu¤k� α 9 k, hk,α ´k.�. �â

Bolzano-Weierstrass ½n, {hk} ¥�3Âñ�fS� {hki
}. - lim

i→∞
hki

= h 9

pk := qk − f · hk, K
∑
α

h2α = c � lim
i→∞

(pki
+ f · hki

) = p+ f · h. � q := p+ f · h

Kk lim
i→∞

qki
= q. díØ 5.3 � h ∈ SOSSOS[n;e], q ∈ SOST [n;ẽ] 9 p = q − f · h.

(Ø¤á.

±e½n´�Ù�Ì�(J

½n 5.5. �½õ�ª f ∈ Q[X̄] 9�ê e ≥ 0, - ẽ = e + deg (f)/2, éu?Û

f8 S[X̄; e] ⊆ T [X̄; e], e�(Ø�d:

1. f /∈ SOS/SOSS[X̄;e],

2. �3knêS� ŷ = (ŷα) ∈ Qm, ¦�Mẽ(ŷ) � 0, Me(fŷ) ≺ 0,

Ù¥m �8Ü Nn
2ẽ ¥¤k���ê8.

y². dÚn 5.1 ÚÚn 5.4 � f /∈ SOS/SOSS[X̄;e] ��=� (5.7) ¥�3�1

) p′ = (y′, s′) ∈ Rm+1 ¦�M(y′, s′) � 0 � s′ < 0. ±e·�y²�±� p′ �

knê). ·�I�XeÚn

Ún 5.6. �½5y (5.7) �3�1: p̃ = (ỹ, s̃) ¦�Mẽ(ỹ) � 0 9Me(−fỹ) +

s̃I � 0.

y². X [33, ·K 3.1] �y², - µ ´ Rn þ��ÿÝ§§'u Lebesgue ÿÝ

kî���Ý�÷v

ỹα :=

∫
X̄αdµ <∞.
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KkMẽ(ỹ) � 0. �

s̃ > −λmin(Me((−f)ỹ)),

KkMe(−fỹ) + s̃I � 0.

?� 0 < t ≤ 1, - ȳ = (1 − t)y′ + tỹ 9 s̄ = (1 − t)s′ + ts̃, KM(ȳ, s̄) � 0.

�½ t ¦� s̄ < 0. l
�3 ε > 0, ¦�?� p = (y, s) ∈ Bp̄(ε), Ù¥ Bp̄(ε)

�± p̄�¥%± ε ��»�¥, ·�k M(y, s) � 0. - ε < 1
2
|s̄|, K�3

p̂ = (ŷ, ŝ) ∈ Bp̄(ε), ¦� p̂ ∈ Qm+1, Mẽ(ŷ) � 0, Me(−fŷ) + ŝI � 0 9 ŝ < 0, l


íÑMe(fŷ) ≺ 0. (Ø¤á.

5.2.3 Moment ÝÝÝ


ÚÚÚõõõ���ªªª���þþþ������555...

3ù�!, ·�lMoment Ý
Ú R[X̄] þ�5.'X��Ý, éþ�!¥

�Ñ��&�y�{?1�d��ã. 'uMoment Ý
Ú R[X̄] þ�5.'

X, ë�©z [36].

�½S� y ∈ RNn
9 f ∈ R[X̄], - vec(f) �õ�ª f �Xê�þ, ½Â�

A�5. Ly ∈ (R[X̄])
∗

Ly(f) := yT vec(f) =
∑

α

yαfα forf =
∑

α

fαX̄
α ∈ R[X̄]. (5.8)

Ún 5.7. [36] �½ y ∈ RNn
, Ly ∈ (R[X̄])

∗
� (5.8) ½Â��A�5., -

f, g, h ∈ R[X̄], K

1. Ly(fg) = vec(f)T M(y)vec(g);AO�, Ly(f
2) = vec(f)T M(y)vec(f), Ly(f) =

vec(1)T M(y)vec(f);

2. Ly(fgh) = vec(f)T M(y)vec(gh) = vec(fg)T M(y)vec(h) =

vec(f)T M(hy)vec(g),

Ù¥M(y) ÚM(hy) ©O�Moment Ý
ÚÛÜz�Moment Ý
.

|^þã5�, ·�ke¡�½n 5.5 �d�(Ø:

½n 5.8. �½õ�ª f ∈ Q[X̄]9�ê e ≥ 0,-R[X̄]2ẽ := {p ∈ R[X̄] | supp(p) ∈
T [X̄; 2ẽ]} Ù¥ ẽ = e+ deg (f)/2, Kéu?Ûf8 S[X̄; e] ⊆ T [X̄; e], e¡(Ø

�d:
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1. f /∈ SOS/SOSS[X̄;e],

2. �3 ŷ ∈ Qm 9Ù�A�5. Lŷ ∈ (R[X̄]2ẽ)
∗
, ¦�éu¤k�õ�

ª v, u ∈ R[X̄], Ù¥ supp(v) ∈ S[X̄; e] � supp(u) ∈ T [X̄; ẽ], ·�k

Lŷ(fv
2) < 0 9 Lŷ(u

2) ≥ 0,

Ù¥m �8Ü {X̄α+β | X̄α, X̄β ∈ T [X̄; ẽ]} ¥¤k���ê8.

y². d�½5y (5.7) 9½n (5.5) �, f /∈ SOS/SOSS[X̄;e] ��=��3

ŷ ∈ Qm ¦�Mẽ(ŷ) � 0 9Me(fŷ) ≺ 0. dÚn 5.7, (Ø¤á.

�â½n 5.8 N´wÑ½n 5.5 ¥�y� (Certificate) ŷ ��3�±í

Ñ f /∈ SOS/SOSS[X̄;e]. ÄK- f =
∑

i u
2
i /
∑

j v
2
j , Ù¥ supp(ui) ∈ T [X̄; ẽ] �

supp(vj) ∈ S[X̄; e], K 0 ≤ Lŷ(
∑

i u
2
i ) =

∑
j Lŷ(fv

2
j ) < 0, �Ñgñ.

5 6. �ÄAÏ�/: e = 0. d�¯KC�XÛ�y�½õ�ª f vk²�Ú

©). �â½n 5.8, f vk²�Ú©)��=��3 ŷ ∈ Qm 9�A��5.

Lŷ, ¦�¤k�õ�ª u ∈ R[X̄], Ù¥ supp(u) ∈ T [X̄; deg (f)/2], k Lŷ(u
2) ≥ 0

� Lŷ(f) < 0. ©z [1] ®éù�AÏ�/�ÑLïÄ¿¡ ŷ �©l�²¡

(Separating Hyperplane).

5.3 ���yyy������¢¢¢SSSOOO���

5.3.1 |||^̂̂ Big-M ���{{{¦¦¦)))���yyy���

�½õ�ª f ∈ Q[X̄] 9�ê e ≥ 0, 5¿� f /∈ SOS/SOSS[X̄;e] ��=��

½5y (5.6) ´Ø�1�. d½n 5.5 �y², ·�k

Ún 5.9. f /∈ SOS/SOSS[X̄;e] ��=�éó¯K (5.7) �e(. s∗ = −∞.

d½n 5.5 �y², ·�I���éó¯K (5.7) ���1) (ŷ, ŝ) ¦�é

ó¯K�8I¼ê3d:?���K. dud��©¯K (5.6) Ø�1, ·�ò

Big-M �{ ([70]) A^��½5y (5.6) Ú (5.7) ¥. �
¦�¡�Ñ��y�
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{��{B, d?·��Ú\���M �ò (5.6) Ú (5.7) C�:

r∗ := sup −Tr(C(W − wI))−Mw

s.t.


...

Tr(A[α](W − wI))
...

Tr(A(W − wI))

 =


...

0
...

1

 , W � 0, w ≥ 0,
(5.9)

s∗ := inf s

s.t. M(y, s) � 0,

TrM(y, s) ≤M,

(5.10)

Ù¥ (5.9) Ú (5.10) ¥Ý
 C, A[α], A, M(y, s) X (5.6) Ú (5.7) ¥¤½Â. 5

¿� (5.10) �?Û�1)Ó��´ (5.7) ��1). X©z [70] ¥y², (5.9) Ú

(5.10) o´î��1���XM→ ∞, r∗ = s∗ → −∞. Ïd�½��M, Ï

L¦) (5.9) Ú (5.10), �±��¤I�y� ŷ. u´·�ke¡�{

�{5.10.

Ñ\: f ∈ Q[X̄], e ∈ Z≥0 9f8 S[X̄; e] ⊆ T [X̄; e].

ÑÑ: XJ f /∈ SOS/SOSS[X̄;e], ÑÑ�y� ŷ ∈ Qm.

1. ò¯K=z��½5y (5.6) Ú (5.7).

2. �½���êM∈ Z ò (5.6), (5.7) ?U� (5.9), (5.10).

3. |^S��{¦) (5.9) Ú (5.10) ����) pk = (yk, sk), Ù¥sk < 0.

4. é� (5.7) ���î��1) p̃ = (ỹ, s̃).

5. �½ 0 < t ≤ 1 9 p̄ = (1− t)pk + tỹ = (ȳ, s̄) ¦� s̄ < 0.

6. 3¥ Bε(p̄) ¥��knê) p̂ = (ŷ, ŝ) ∈ Qm+1, Ù¥ ε < 1
2
|s̄|.

5 7. 31 3 Ú¥, ��½¯K5�é���û��, ·�|^ Matlab ¥¯�

�p�� SDP ^��¦) (5.9) Ú (5.10), X SeDuMi [68]. XJ�½¯K5�

Ø���¦p°ÝO� ('X�
¾�¯K, ·����Ñ��¢~), �±ÀJ
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Maple ¥� SDP ^�� SDPTools 5¦). ·�3 SDPTools ®²¢y
þã

�{. p°Ý SDP ^���0�ò318Ù¥�Ñ.

5 8. 3¢SO�¥, XJ1 3 Ú¥|^S:{°(¦) (5.9) Ú (5.10), KÙ2

:ê) (yk, sk) ò�~Cqu (5.7) ���î��1). Ïd, ØÏL1 4, 5, 6

Ú, ·��±ò (yk, sk) {ü/�ä�knê: (ŷ, ŝ), ¦�Ù�,� (5.7) ��

1)� ŝ < 0, l
��¤I�y�.

5.3.2 ���ÄÄÄ¯̄̄KKKDDDÕÕÕ555

�
~�O�þ, �â½n 2.2, ·��±ò (5.3) ¥mT [X̄;ẽ], =d¤kgê

≤ ẽ �ü�ª�¤��þ, dÙ,�f8¤�O, l
ü$�A�½5y�5�.

½Â 5.1. �½õ�ª f ∈ R[X̄],�ê e ≥ 09f8 S[X̄; e] ⊆ T [X̄; e],- Cf,S[X̄;e]

�8Ü {α ∈ Nn | α = β + γ1 + γ2, X̄
β ∈ supp(f), X̄γ1 , X̄γ2 ∈ S[X̄; e]} �à�.

½Â Gf,S[X̄;e] = {X̄α| 2α ∈ Cf,S[X̄;e]}.

d½n 2.2, ·�kmGf,S[X̄;e]
⊆ mT [X̄;ẽ] � f ∈ SOS/SOSS[X̄;e] ��=�

0 = mGf,S[X̄;e]

TW [1]mGf,S[X̄;e]
+ (−f(X̄)) ·mS[X̄;e]

TW [2]mS[X̄;e].

ÏdíØ 5.8 C�

íØ 5.11. �½õ�ª f ∈ Q[X̄]9�ê e ≥ 0,-R[X̄]2ẽ := {p ∈ R[X̄] | supp(p) ∈
T [X̄; 2ẽ]}, Ù¥ ẽ = e+ deg (f)/2, Kéu?Ûf8 S[X̄; e] ⊆ T [X̄; e], e¡(Ø

�d:

1. f /∈ SOS/SOSS[X̄;e],

2. �3 ŷ ∈ Qm 9�A��5. Lŷ ∈ (R[X̄]2ẽ)
∗
, ¦�éu¤k�õ�ª

v, u ∈ R[X̄], Ù¥ supp(v) ∈ S[X̄; e], supp(u) ∈ Gf,S[X̄;e], k Lŷ(fv
2) < 0 9

Lŷ(u
2) ≥ 0.

Ù¥m �8Ü {X̄α+β | X̄α, X̄β ∈ Gf,S[X̄;e]} ¥¤k���ê8.
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5.4 ���KKKkkknnn¼¼¼êêê��� Hilbert-Artin LLL���ªªª

·��±òþã�y�{í2�Xe¯K: �½kn¼ê f/g ∈ Q(X̄),

Ù¥ g(X̄) ≥ 0, �ê e ≥ 0 9f8 S[X̄; e] ⊆ T [X̄; e], XÛO(�y f/g /∈
SOS/SOSS[X̄;e]. 5¿XJ g(X̄) � 0, K�Äkn¼ê f 2/g2 ∈ Q(X̄).

�Äe¡8Ü [W [1],W [2]]
g(X̄) ·mT [X̄;ẽ]

TW [1]mT [X̄;ẽ] = f(X̄) ·mS[X̄;e]
TW [2]mS[X̄;e]

W [1] � 0, W [2] � 0, Tr(W [2]) = 1

 ,

(5.11)

Ù¥ ẽ = e+ (deg f − deg g)/2. Kk f/g /∈ SOS/SOSS[X̄;e] ��=�8Ü (5.11)

´�8. -

Γ1 :=
{
X̄α+β+γ | X̄γ ∈ supp(g), X̄α, X̄β ∈ T [X̄; ẽ]

}
,

Γ2 :=
{
X̄α+β+γ | X̄γ ∈ supp(f), X̄α, X̄β ∈ S[X̄; e]

}
.

(5.12)

b½Γ1 ⊇ Γ2, ÄKw,k f/g /∈ SOS/SOSS[X̄;e], aq1 5.2 !¥�©Û, ·�k

Ú (5.6) ¥�Ó/ª��½5y¯K. � (5.5) ¥Ý
 G[α] �½ÂØÓ, d?-

g(X̄) ·mT [X̄;ẽ]
TW [1]mT [X̄;ẽ] =

∑
α

Tr(G[α]W [1])X̄α.

Ún 5.4 ¥µ45�(Ø3�!Ó�¤á, �3dòÙÑ�. ·�kéó¯K

s∗ := inf
(y,s)∈Rm+1

s

s.t. M(y, s) � 0,
(5.13)

Ù¥

M(y, s) :=

[
Mẽ(gy)

Me((−f)y) + sI

]
,

y = (yα)α∈Nn
2ẽ
∈ RNn

2ẽ , m �8Ü Nn
2ẽ ¥¤k����ê. Mẽ(gy) ÚMe((−f)y)

©O�ÛÜz�Moment Ý
. aqÚn 5.6, Xe(Ø¤á:

Ún 5.12. �3: p̃ = (ỹ, s̃) ¦�Mẽ(gỹ) � 0 and Me(−fỹ) + s̃I � 0.

y². Ï� g(X̄) ´�K��äkk��¢�, �âÚn 5.6 ¥�'y², (Ø

¤á.



62 Äuõ�ª²�Ú�4q�õ�ª`z�{

�âÚn 5.12 9 Farkas Ún, �½n 5.5 aq, e�(Ø¤á:

½n 5.13. �½kn¼ê f/g ∈ Q(X̄), Ù¥ g(X̄) ≥ 0, 9�ê e ≥ 0, -

ẽ = e+ (deg f − deg g)/2, Ké?Ûf8 S[X̄; e] ⊆ T [X̄; e], e¡(Ø�d:

1. f/g /∈ SOS/SOSS[X̄;e],

2. (5.12) ¥ Γ1 + Γ2, ½ö�3knêS� ŷ = (ŷα) ∈ Qm, ¦� (5.13) ¥

Mẽ(gŷ) � 0, Me(fŷ) ≺ 0,

Ù¥m �8Ü Γ1 ¥¤k���ê8.

l R[X̄] ¥�5.��Ý, ½n 5.13 ke��d�ã:

½n 5.14. �½kn¼ê f/g ∈ Q(X̄), Ù¥ g(X̄) ≥ 0, 9�ê e ≥ 0, -

R[X̄]2ẽ+deg g := {p ∈ R[X̄] | supp(p) ∈ T [X̄; 2ẽ+ deg g]}, Ù¥ ẽ = e + (deg f −
deg g)/2, Kéu?Ûf8 S[X̄; e] ⊆ T [X̄; e],e¡(Ø�d:

1. f/g /∈ SOS/SOSS[X̄;e],

2. (5.12) ¥ Γ1 + Γ2, ½ö�3knS� ŷ ∈ Qm 9�A�5. Lŷ ∈
(R[X̄]2ẽ+deg g)

∗
, ¦�éu¤k�õ�ª v, u ∈ R[X̄], Ù¥ supp(v) ∈

S[X̄; e], supp(u) ∈ T [X̄; ẽ], ·�k Lŷ(fv
2) < 0 � Lŷ(gu

2) ≥ 0,

Ù¥m �8Ü Γ1 ¥¤k���ê8.

5.5 êêê���ÁÁÁ���

~ 5.1. ·�y²Motzkin õ�ª

f(X1, X2) = X4
1X

2
2 +X2

1X
4
2 + 1− 3X2

1X
2
2

vk²�Ú©). � n = 2, e = 0 9 ẽ = 3. ÏL�ÄDÕ5, ·�k

Gf,[2;0] = {1, X1X2, X
2
1X2, X1X

2
2}, =XJ f k²�Ú©), @o f U
�¤

f =
∑
ui(X1, X2)

2, Ù¥ supp(ui) ⊆ Gf,[2;0]. �âíØ 5.11, m = 10. A^^�

� SDPTools ��'¼ê, ·����y�

ŷ =(ŷ0,0 =
22011

55402
, ŷ1,1 = 0, ŷ2,1 = 0, ŷ1,2 = 0, ŷ2,2 =

358944

9403
, ŷ3,2 = 0, ŷ2,3 = 0,

ŷ4,2 =
96310

4693
, ŷ3,3 = 0, ŷ2,4 =

96310

4693
).
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éuÐmª

u(X1, X2)
2 =u2

0,0 + u0,0u1,1X1X2 + u0,0u2,1X
2
1X2 + u0,0u1,2X1X

2
2 + u2

1,1X
2
1X

2
2+

u1,1u2,1X
3
1X

2
2 + u1,1u1,2X

2
1X

3
2 + u2

2,1X
4
1X

2
2 + u2,1u1,2X

3
1X

3
2 + u2

1,2X
2
1X

4
2 .

·�k

Lŷ(u
2) =

22011

55402
u2

0,0 +
358944

9403
u2

1,1 +
96310

4693
u2

2,1 +
96310

4693
u2

1,2 ≥ 0




Lŷ(f) =
96310

4693
+

96310

4693
+

22011

55402
− 3× 358944

9403
= −178662293250763

2444794913158
< 0,

l
y² f vk²�Ú©).

~ 5.2. ©z [31] ¥�öÏL�y,
õ�ª�K5y² Monotone Column

Permanent (MCP)ß�3�ê� 4�¤á. ¤k�y²�õ�ª,P� p1,1, p1,2,

p1,3, p2,2, p2,3, p3,3, Ñ� 8 � 8 gõ�ª, éuù
õ�ª�äN/ªë� [31].

3ù
õ�ª¥, p1,1, p3,3 �²�õ�ª. [30] ¥�ö|^ÎÒê�·Ü�{y

²
 p1,3 äk²�Ú©); p1,2, p2,2, p2,3 �±�¤õ�ª²�Ú���­�Cþ

�²�Ú�'�. ·�|^�Ù�{�y
 p1,2, p2,2, p2,3 vk²�Ú©). ÏL

�ÄDÕ5, éuõ�ª p1,2, (5.6), (5.7) ¥Ý
W , M(y, s) ��ê� 45 × 45

9m = 522; éu p2,2, W ÚM(y, s) ��ê� 35× 35 9m = 373; éu p2,3, W

ÚM(y, s) ��ê� 28× 28 9m = 265.

~ 5.3. [25] �Äõ�ª

f(X1, X2) = X2
1 +X2

2 − 2X1X2 ∈ R[X1, X2].

du f = (X1 −X2)
2, ·�k f ∗ = inf f = 0. ,
, é?¿ ε > 0, XJé f �X

ê�6Ä��

fε(X1, X2) = (1− ε2)X2
1 +X2

2 − 2X1X2,

K fε Ø2äk²�Ú©). ¢Sþ, - x = y = C ∈ R, Kd fε(x, y) = −ε2C2

íÑ inf fε = −∞. Ïd f �¾� (Ill-Posed) õ�ª.

éu ε = 10−1, 10−2, 10−3, 10−4, Matlab ¥^�� SeDuMi �±ê�þ�½ fε

vk²�Ú©). ,
, �� ε = 10−5 ½ö���, SeDuMi K�Ñ�Ø�²�

Ú©). éu ε = 10−8 $���, ·���{3Maple ¥Ñ�±O(�y fε v

k²�Ú©).
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~ 5.4. �~¥�õ�ª�g©z [12]. -

Mr(X̄) =
n∑

i=1

Xr
i ,

� k = 0 �, ½Â

f0 = −nM6 + (n+ 1)M2M4 −M3
2 ,

� 1 ≤ k ≤ n− 1 �, ½Â

fk = (k2 + k)M6 − (2k + 1)M2M4 +M3
2 , .

éuþãõ�ª8Ü, ©z [12] ¥y²:

·K 5.15. éu n ≥ 3,

1. éu¤k� 0 ≤ k ≤ n− 1, õ�ª fk 3 Rn þ�K;

2. f0 Ú f1 äk²�Ú©);

3. õ�ª f2, . . . , fn−1 vk²�Ú©);

4. � n = 3 �, M2 · f2 äk²�Ú©) (d [56] ¥y²);

5. � n ≥ 4 �, M2 · fn−1 äk²�Ú©).

��k��¯K´éu n ≥ 4 9 2 ≤ i ≤ n − 2, M2 · fi ´Ääk²�Ú©

). ·�ke�(Ø:

• éu n = 4, - e = 1, ·��±�y f2 /∈ SOS/SOST [X̄;1]. ÏL�ÄDÕ

5, (5.6) ¥W [1] ��ê� 70× 70; W [2] ��ê� 5× 5. (5.7) ¥m = 495.

• éu n = 5, - e = 1, ·��±�y f2, f3 /∈ SOS/SOST [X̄;1]. ÏL�Ä

DÕ5, (5.6) ¥ W [1] �ê� 126 × 126; W [2] ��ê� 6 × 6. (5.7) ¥

m = 1287.

â·�¤�, � n = 4 �, õ�ª f2 Ú� n = 5 �, õ�ª f2, f3 ´1�|÷v

�K�´ØU�¤©1gê ≤ 2 �ü�õ�ª²�Ú'��~f.
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6.1 cccóóó

£��©cAÙ¤ãSN�, ¦)Ú�y�½õ�ª�e.�ªI�¦)

�A��½5y (SDP) ¯K. �½5y¯K´�aäkXe/ª�à`z¯

Kµ

min cTx

s.t. F (x) � 0,
(6.1)

Ù¥

F (x)
4
= F0 +

m∑
i=1

xiFi, (6.2)

c � m �¢�þ, F0, . . . , Fm � m + 1 � n × n ¢é¡Ý
. Ø�ª F (x) � 0

L« F (x) ���½Ý
. ¯K (6.1) �éó¯K�

max −Tr(F0Z)

s.t. Tr(FiZ) = ci, i = 1, ...,m,

Z � 0.

(6.3)

Ù¥Cþ Z = ZT ∈ Rn×n ���½Ý
¿�÷v m ��ª��. �½5y3

Nõ+�, AO´��ØÚ|Ü`z¥, kX2��A^. Nõ¯KÑ�±=z

�SDP¯K, 'XÝ
�A����z¯KÚ�ê4�z¯K, Max-Cut¯K�.

SDP ¯K (6.1) ÚÙéó¯K (6.3) �±d Matlab ¥� SDP ^��p�

¦), 'X SeDuMi [68], SDPT3 [69], DSDP [7]. ,
du Matlab �U?1k

�°Ý�O�, ¤�(J  �ké��ê�Ø�, ¤¦)�´Cq/÷v¯

K��ª½Ø�ª��. 3,
¯K�A^¥, 'X Rump’s Model ¯K ([57]),

duê�Ø���Ï, O����e.'¯K�þ.���, ë� [29] ¥L�1.

duÎÒO�^�Maple �±?1?¿°Ý�O�, þã¯Kr¦·��ÄX

Û3Maple ¥�Op°Ý¦) SDP ¯K�^��.

65
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6.2 ���©©©éééóóó³³³¼¼¼êêêeeeüüü���{{{

SDP ¯K´à`z¯K, |^S:{�±p�/¦). �©éó³¼êe

ü�{´�aS:�{, ÙÄ�g�´µ�â¯K��1�(½Ü·�æN¼

ê, ÄudæN¼ê½Â�©-éó¥%´», ,�½Â�«³¼ê^5Ýþ�

cS�:�¥%´»�ål, ��ÏLS�¦³¼êeü, S�:ª�u¯K�

`:. ��Ð�³¼êäk±eA5 (ë�[72, §9.3])µ

• ³¼êU
Ýþ���½�1:k/õÐ”. ³¼ê��U
�NÑ�c

�1:�¥%´»�ålÚ8I¼ê3d:��.

• ³¼êU
Jø'u/Ð0�|¢���&E. 'X, XJ³¼ê´ëY�

��, ·��±���eü����|¢��.

• ��|¢��(½, ³¼ê÷X|¢����C�'uÚ��¼ê, Ïd

·��±æ^�|¢½¡|¢(½Ú�, l
���Ý/ü$³¼ê�

�.

• ³¼êeü�{k|uE,Ý�©Û.

SDPTools ¢y�´©z [70] ¥��©-éó³¼êeüS:�{. Ù³¼êä

kXe/ªµ

ϕ(x, Z)
4
= v

√
nlog(Tr(F (x)Z)) + ψ(x, Z) (6.4)

= (n+ v
√
n)log(Tr(F (x)Z))− log detF (x)− log detZ − nlogn.

þªm>1�Ü©´ SDP �©-éó¯K3�c�1: x, Z ?�éó�, 1�

Ü© ψ(x, Z) �N
�c: x, Z �¥%´»�ål, 
ëê v �N
ùüÜ©

3³¼ê�¥��­. �½�éî��1: x0, Z0, ·�ÏLS��{ü$³

¼ê ϕ(x, Z)��, Ù¥1�Ü©�y#�S�: (xk, Zk) ª�u¯K��`:,


1�Ü©�y (xk, Zk) E´î��1:. �½î��1:, ³¼êeü�{3

z�ÚU
ò ϕ ��~���½~þ δ:

ϕ(x(k+1), Z(k+1)) ≤ ϕ(x(k), Z(k))− δ (6.5)

l
N´y²e¡½n
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½n 6.1. [70] b� (6.5) é,��½þ δ ¤á, ¿� δ Ø�6� n ½ ε, Ù¥

0 < ε < 1, K�

k ≥ v
√
nlog(1/ε) + ψ(x(0), Z(0))

δ
,

·�k Tr(F (x(k))Z(k)) < εTr(F (x(0))Z(0)).

dd����½Ð©:v
�C¥%´»�, �{3 O(
√
n) Ú�Âñ, �

{3���¹eäkõ�ª�mE,Ý. �õ[!ë�©z [70]. ³¼êeü�

{���(��µ

�{6.2 (³¼êeüS:�{).

Ñ\µî��1: x, Z ÚO�N� ε.

ÑÑµ�#�î��1: x, Z.

­Eµ

1. |¢ (6.4) ��1eü�� δx 9 δZ.

2. |¢Ú� p, q ∈ R ¦� ϕ(x+ pδx, Z + qδZ) eüþ��.

3. �#µx := x+ pδx 9 Z := Z + qδZ.

��éó� ≤ ε.

5 9. 3�{�1�Ú(½Ú��, d©z [70], ·��¦)Xe/ª�`z¯

Kµ

min (n+ v
√
n)log(1 + c1p+ c2q)−

n∑
i=1

log(1 + pµi)−
n∑

i=1

log(1 + qνi)

s.t. pmin ≤ p ≤ pmax, qmin ≤ q ≤ qmax,

(6.6)

Ù¥

c1 =
cT δx

Tr(F (x)Z)
, c2 =

Tr(F0δZ)

Tr(F (x)Z)
,

µ1, . . . , µn Ú ν1, . . . , νn ©O´Ý
 F−1/2δFF−1/2 Ú Z−1/2δZZ−1/2 �A��.

du8I¼ê´��[à¼ê, SDPTools ¥æ^Úî�{���eü�{�

(Ü�S��{¦). dã 6.1 �±wÑ, 8I¼ê3¯K�`:?�~¯a,

é��ê�Ø�  ��S��{ØÂñ. �
��°(�Ú�, 3¢S$1
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ã 6.1: ¡|¢�8I¼ê

SDPTools �, �¦��'�p�°Ý. duMaple �±��?¿°Ý, ¤± 

 �±��p°Ý� SDP ¯K�), ù�´3Maple ¥¢y SDP ^���`

³¤3.

du�©-éó³¼êeü�{I�î���1:, 
ù
:3¢S¯K¥

  ØN´¦�, SDPTools æ^
 Big-M �{, �{, ë�©z [70]. Big-M
ÏLÚ?ü�~þM1,M2 ò SDP �©¯KC�Xe/ªµ

min cTx+M1t

s.t F (x) + tI � 0,

TrF ≤M2,

t ≥ 0.

(6.7)

éó¯KC�µ

max −Tr(F0(Z − zI ))−M2z

s.t Tr(Fi(Z − zI )) = ci, i = 1, ...,m.

TrZ ≤M1,

Z � 0, z ≥ 0.

(6.8)
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b�� SDP ��©Úéó¯K3�`:?´k.�, �M1,M2 v
�

�, ¯K (6.7), (6.8) Ú(6.1), (6.3) ´©O�d�. 
¯K (6.7), (6.8) ²L?U

�±�¤X (6.1), (6.3) ¥� SDP IO/ª, �N´¦�Ùî��1:. éu

M1,M2 �ÀJ§,
�¹e�±�â�¯K�êâ�O��. Ù¦�¹e, ·

�uÿN\^� TrF ≤M2,TrZ ≤M1 3 (6.7) Ú (6.8) �)?´Ä´È4�,

XJÑØ´È4�, K®¦��¯K�), ÄKÒO\�A�M1 ½M2 ��.

äN[!ë�[70].

SDPTools¥Ì�¼ê�N^�ª�µ

• BigM:=proc(L::list, c::list, m1, m2)

– £ãµò� SDP ¯K?1�d�=z, ÑÑ#� SDP �©Úéó¯

K, 9Ùî��1:.

– Ñ\µ

L = [F0 . . .Fm], cµ©O´� SDP ¯K�ëê.

m1,m2©O´ýk�O��SDP¯K¥Ý
 F (x), Z 3�`:?,

�þ..

– ÑÑ:

#� SDP ¯K�ëêÚÙî��1:.

• SolveSDP:=proc(c, x0, Z0::Matrix, L::list, max iter::integer, v::integer:=5)

– £ãµ�½�� SDP ¯K9Ùî��1:, ¦) SDP ¯K.

– Ñ\µ

L = [F0 . . .Fm], cµ©O´ SDP ¯K�ëê.

x0, Z0µ©O´ SDP �©¯KÚéó¯K�î��1:.

vµ³¼ê (6.4) ¥üÜ©ê���­, %@�� 5.

max iterµ��S�gê.

– ÑÑ: SDP ¯K��©Úéó¯K�).

5 10. d³¼ê (6.4) �, �­ v ��, 3S��z�Úéó�eüþ��, Â

ñ�Ý�¯. �´dã 6.2 �±wÑ�­ v ��§�A�¡|¢�8I¼ê3
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ã 6.2: ØÓ�­véA�¡|¢8I¼ê

�`:?��/Í�0, ��¯a, �ØN´¦�°(�Ú�, l
K�Âñ�

Ý. dê�¢��²��§m©���'��� v, �Xéó��~�ÅÚ\�

�­§�±���p�Âñ�Ý. SDPTools ¥ò v = 5 ��%@�.

6.3 333kkknnn¼¼¼êêê���ÛÛÛ���`̀̀������&&&���yyy¥¥¥���AAA^̂̂

6.3.1 kkknnn¼¼¼êêê���ÛÛÛ���`̀̀���������&&&���yyy

kn¼ê��Û�`�&�y´��½kn¼ê

min
ξ∈Rn

f(ξ)

g(ξ)
(éu¤k� ξ ∈ Rn k g(ξ) > 0) (6.9)

Ù¥ f(ξ), g(ξ) ∈ Qn, ¦)¢ê r, ¦� r �u�uknê�e.,/�&0́ �

ù�Ø�ª´O(÷v�, vkê�Ø��. ¢ê r ´knê (6.9) �e.��

=�õ�ª f(X̄)− rg(X̄) ´�K�. Ïd·��ÄXeknê�õ�ª²�Ú

tµµ

r∗ := sup
r∈R,W

r

s.t f(X̄)− rg(X̄) = me(X̄)T ·W ·me(X̄),

W � 0, W T = W.

 (6.10)
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Ù¥ me(X̄) ´'uCþ X1, . . . , Xn �¤kgê�u�u e �ü�ª|¤��

�þ. ¯K (6.10) �éó¯K�µ

r∗mom := inf
y

∑
α∈F

fαyα

s.t
∑
α∈F

gαyα = 1,

Me(y) � 0.


(6.11)

Ù¥ F �õ�ª f(X̄)Ú g(X̄)�| 8, éóCþ yα ¡�Ýþ, Me(y)� e�

ÝþÝ
. 
¯K (6.10)Ú (6.11)©O�±=z�IO SDP¯K (6.3)Ú (6.1).

'uÝþ¯K�õ�ª�Û`z�SNë�©z [33, 47]. |^¦) SDP �^

��·��±����½Ý
W Ú r∗, Cq/÷vµ

f(X̄)− r∗g(X̄) ≈ me(X̄)T ·W ·me(X̄), W v 0 (6.12)

�
�y r∗, ·�ò r∗,W ©O=��knêÚknÝ
¿òW Ý
R�ÝK

����5�²¡µ

χ = {A|AT = A, f(X̄)− rg(X̄) = me(X̄)T · A ·me(X̄), é,
 r ¤á.}
(6.13)

·�Ï"ÝK±�W C���½Ý
, ë�[29].

XJ·�A^ Matlab ¥��kk�°Ý� SDP ^��, duÑÑÝ


 W Luo÷
ØUÝK���½Ý
I¥. ©z [29] ¥�öæ^ Gauss-

Newtonc�{ò r∗,W ?1°z,�2?1ÝK. d?p°Ý^�� SDPTools

w«ÑÙ`�5. duMaple �±��?¿°Ý, |^ SDPTools )�� r∗,W

�±äk�~p�°Ý, l
ØÏL°zÒ�±��?1¤õ�ÝK.

Ï~¯K (6.10) �î��1:¿ØN´¦�, d?·�æ^ Big-M �{.

ò¯K (6.10) =z�/ª (6.8) ±�, ¯K (6.9) � SOS tµC�

r̂∗ := sup
r̂∈R,Ŵ

r̂ −M2z

s.t. f(X̄)− r̂g(X̄) + z(me(X̄)T ·me(X̄)) = me(X̄)T · Ŵ ·me(X̄),

Ŵ � 0, Ŵ T = Ŵ , z ≥ 0.


(6.14)
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��½Ý
I

W ∗
W̃kW̃2W̃1

Ŵ1
Ŵ2

Ŵk

χ

χ̂

ã 6.3: SOS ¯Kknz

N´wÑ¯K (6.10) Ú (6.14) ´�d�, 
¯K (6.14) 3�`:?Cþ z ��

A� 0. ·�½Â

χ̂ = {Â | ÂT = Â, f(X̄)− r̂g(X̄) + z(me(X̄)T ·me(X̄))

= me(X̄)T · Â ·me(X̄), éu,
 r̂, z ¤á}.
(6.15)

5¿� χ̂ 3�`: (W ∗, r∗) ?A� χ ��, �ã 6.3.

²LzgS�, ·��� χ̂ NC2:ê�: (r̂, Ŵ ), ,�·�ò (r̂, Ŵ ) =

z�knê¿òÝ
 Ŵ R�ÝK� χ þ, ·�P χ þål Ŵ �C�:� W̃ .

Ï�¯K (6.10) Ú (6.14) ´�d�, ·��±Ï"²Lm©�AÚ±�, zgS

�Ñ�±����½Ý
 W̃ Ú��y�e. r. �©z [29] ¥��U����

�&e.��{ØÓ, ·�U
���|�&�e. rn. S��gê�õ, ·�

���e. rn �Ð. þãL§ë�ã 6.3.

�
~�¯K�5�, ·����Ä¯K�DÕ(�. |^½n 2.2, ·�

�±�K (6.10) ¥P{�ü�ª.

éu�½� n ��þ�m�k�:8, Äu Quickhull �{(ë�©z [6]),

SDPTools ¥Jø
�±O�Ùà�9�½,��½:´ÄáuÙà��¼ê.

ÙÌ�¼ê�N^�ª�µ

• affineDims:=proc(S::set)

– £ãµ�½ n ��þ�m�k�:8, �£Ù���ê9�|4��

�Ã':8.
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– Ñ\µ

Sµn ��þ�m�k�:8.

– ÑÑ:

S ����ê.

S ¥�|r-��Ã'�:8.

• convexHull:=proc(S::set)

– £ãµ�½ n ��þ�m�k�:8, O�Ùà�.

– Ñ\µ

Sµn ��þ�m�k�:8.

– ÑÑ:

à��z�¡�º:�8ÜÚéA�z�¡�{�þ�8Ü.

• inConvexHull:=proc(S::set, L)

– £ãµ�½ n ��þ�m�k�:8 S, L, �£ L ¥áu S à�¥

�:.

– Ñ\µ

S, Lµn ��þ�m�k�:8.

– ÑÑ:

L ¥áu S à�¥�:.

|^½n 2.2, SDPTools ¥Jø
^uO��ÄDÕ(�� (6.10) ¥�ü�ª

��þ�¼êµ

• getMonos:=proc(f, g, vars::list)

– £ãµ�½kn¼ê f/g, �£�ÄDÕ(�� (6.10) ¥�ü�ª�

�þ.

– Ñ\µ

f, gµ�½kn¼ê�©fÜ©Ú©1Ü©.
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varsµkn¼ê¥Ñy�Cþ8Ü.

– ÑÑ:

L ¥áu S à�¥�:.

|^�!¤ã�{, �½kn¼ê f/g, SDPToolsJø
Xe¼ê¦)Ù�

&e.µ

• certifiSOS:=proc(f, g, iter num, SOSmonomials, SOSM1, SOSM2, c T, F0 Fm,

x SF, Z SF)

– £ãµ�½kn¼ê f/g, O�Ùe.¿�½de.´Ä��&�.

Ðg$1�Ù¥��Àëê�±Ø^Ñ\, ¼ê¬gÄ)¤¿ÑÑ,

Bu3eg$1�Ñ\, ±!�$��m���Ð�e..

– Ñ\µ

f, gµ�½kn¼ê�©fÜ©Ú©1Ü©.

iter num: S�gê.

varsµkn¼ê¥Ñy�Cþ8Ü.

F0 Fm, c T (�À): d (6.10) =z�SDP¯K�ëê.

x SF, Z SF (�À)µd (6.10) =z�SDP¯K�î��1:.

SOSmonomials (�À)µ(6.10) ¥Ñy�ü�ª�þme(X̄).

SOSM1(�À)µd (6.10)=z��� (6.3)¥�`: Z �,�þ..

SOSM2(�À)µd (6.11) =z��� (6.1) ¥�`:? F (x) �,

�þ..

– ÑÑ:

d (6.10) Ú (6.11) =z���SDP¯K (6.3) Ú (6.1) �ëê9î�

�1:.

kn¼ê f/g �e., ¿�½Ù´Ä��&�.

GramÝ
.

(6.10) ¥Ñy�ü�ª�þme(X̄).
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6.3.2 ~~~fffµµµRump’s Model ¯̄̄KKK

±e'u Rump’s Model ¯K ([57]) �0��Ü©Ñg©z [29]. ù�

¯K� Toeplitz Ý
�(�^�ê9õ�ªÏfXê�.�', �½g,ê

n = 1, 2, 3, . . ., O�eª����

µn = min
P, Q

‖PQ‖2
2

‖P‖2
2‖Q‖2

2

s. t. P (z) =
n∑

i=1

piz
i−1, Q(z) =

n∑
i=1

qiz
i−1 ∈ R[z] \ {0}.

(6.16)

©z [58] ¥®²y²
3�����?�õ�ª P,Q 7L´é¡½�é¡�.

Ïd Rump’s Model ¯K�±­��±en«äkØÓ��^��`z¯Kµ

k = 1: pn+1−i = pi, qn+1−i = qi, 1 ≤ i ≤ n,

k = 2: pn+1−i = pi, qn+1−i = −qi, 1 ≤ i ≤ n,

k = 3: pn+1−i = −pi, qn+1−i = −qi, 1 ≤ i ≤ n,

(6.17)

n�`z¯K�`�¥��ö=� µn. éuùn«�/, ·�4�zkn¼ê

f(x)/g(x) Ù¥

f(x) = ‖PQ‖2
2 =

2n∑
k=2

(∑
i+j=k

piqj

)2

, g(x) = ‖P‖2
2‖Q‖2

2 =

(
n∑

i=1

p2
i

)(
n∑

j=1

q2
j

)
(6.18)

Cþ x = {p1, . . . , pk} ∪ {q1, . . . , qk}, Ù¥ k = dn/2e.

3�©¥, ·�A^p°Ý� SDPTools O� Rump’s Model ¯K¿��8

c�Ð�(J, �L 6.1. Ù¥Åì���: Intel Xeon 2.67GHz 16Ø, 32GS�,

Linux version 2.6.22-16 (Ubuntu) XÚ. æ^?¿°Ý�O�´±ã+O�þ�

�d�§dL¥êâ�±wÑO��Ç�'Matlab ¥^��$éõ"

SDPTools�e1/��µhttp://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/

SDPTools/

http://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/SDPTools/
http://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/SDPTools/
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n k # gê °Ý ¦/zg e. rn þ.

4 2 50 4× 15 0.71 0.01742917332143265287 0.01742917332143265289

5 1 50 4 × 15 2.03 0.00233959554815559112 0.00233959554815559113

6 2 50 4 × 15 1.76 0.00028973187527968191 0.00028973187527968193

7 1 75 5 × 15 11.36 0.00003418506980008284 0.00003418506980008285

8 2 75 5 × 15 12.49 0.00000390543564975572 0.00000390543564975573

9 1 75 5 × 15 84.12 0.43600165391810484612e-06 0.43600165391810484613e-06

10 2 75 5 × 15 92.79 0.47839395687709759326e-07 0.47839395687709759327e-07

11 1 85 5 × 15 622.03 0.51787490974469905330e-08 0.51787490974469908331e-08

12 2 85 5 × 15 634.48 0.55458818311631347611e-09 0.55458818311631347612e-09

13 1 100 5 × 15 3800.0 0.58866880811866093129e-10 0.58866880811866093130e-10

14 2 100 5 × 15 3800.0 0.62024449920539050219e-11 0.62024449920539050220e-11

15 1 120 6 × 15 15000 0.64943654185809512879e-12 0.64943654185809512880e-12

16 2 120 6 × 15 23000 0.67636042558221379057e-13 0.67636042558221379058e-13

17 1 70 6 × 15 72400 0.70112506868215595815e-14 0.70112631970143741585e-14

18 2 50 6 × 15 95720 0.37045660047531072621e-15 0.72383944796943875862e-15

L 6.1: Rump’s Model ¯K��y�e.
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�Ø©c�Ü©�Ñ
¦)õ�ª`z¯K��«�{. |^í2�

Schmüdgen ½nÚ4q��'nØ, ·�ò¯Ktµ��X���½5y¯K.

��{�^u�Û½�ª�åõ�ª`z¯K¥�`��ìC���/, =Ø

�¦8Iõ�ª�e(.3�1��k�:?��. ÏLV\#�Cþ, ·�

��{��±A^�Ø�ª�å¯K. ÚÓa�{�'�, �©�{é�1��

b�^��f. ,	, ��{¥V\�õ�ª��^����Ùgê�$, Ïd

�A� SDP ¯K5���. 3�ª�å¯K¥, ·��|^1�ª���'n

Ø5~��{¥V\�9Ïõ�ª��ê, l
ü$
¯K�5�, *�
��

{·^���. ¢SA^¥, �A�ê�Á�w«·���{äk�Ð�ê�­

½5, �±���Óa�{��½ö�Ð�ê�(J. �Óa�{¢SA^��

`��ìC��/�  ¬Ñyî­�ê�¯K, ·�ÏL©Û�A�½5y

¯K¥Moment Ý
�(�, é�Taê�¯K��Ï, ¿}ÁÏL�Ä¯K�

DÕ(��Ñ)ûù�¯K��{. nØþ, ·���{I�¦)8Iõ�ª

3õ��1��$�f8þ�e(., ù
e(.����=�8Iõ�ª3

���1�þ�e(.. ,
ê�Á�w«, 8Iõ�ª3���1�þ�e

(.  �±3A½�f8 EA
B,1 þ��. XJU
y²3���/ed(Ø¤

á, K·���{ò��{ü¢^.

3|^ Hilbert-Artin L�ª�y�Kõ�ª�ó�¥, ·�7L¯k�½

©1õ�ª�gê½öÙ| ü�ª8, l
���A�½5y¯K§,�|

^knzÝK�'EâòØO(�ê�)=z�knXê�O(L�ª. XJ

éu�½©1gê½| ü�ª8, ·�|^�½5y�/e� Farkas Ún�

Ñ�K8Iõ�ªvk�AL�ª�kn�y�. |^d�{, ·�uy
1

�|ØU�¤©1gê ≤ 2 �ü�õ�ª²�Ú'���Kõ�ª�~f. d

u¯K5���Ï, y3·��ØU�yù|õ�ªUÄ�¤©1gê� 4 �

ü�õ�ª²�Ú'�. XÛJp�{��Ç, �y5����¯K´·�±�

ó���. ·�Ó�uy, ù«éu�½gê�yL�ª´Ä�3��{�±A

^�éõÙ¦¯K. ~X, ÏL�":½n, ·��±�y�|�½õ�ª´Ä

äkú�¢":. d?Ó�¡�éu�½gê´Ä�3O(L�ª�¯K. Ï

77
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d, ·��&�©¥��y�{�±���2��A^.

Xc©¤ã, ¦)Ú�y�½õ�ª�e.�ªI�¦)�A� SDP ¯

K. Matlab ¥kNõp�� SDP ^��. ,
duMatlab �U?1k�°Ý

�O�, ¤�(J  �ké��ê�Ø�, ¤¦)�´Cq/÷v¯K��ª

½Ø�ª��. SDPTools ´ÄuMaple mu��±p°Ý¦) SDP ¯K�^

��. SDPTools ¢y
²;��©-éó³¼êeü�{, Jø
¦)Ú�y

kn¼ê��Ûe.��AõU. éu Rump’s Model ¯K, ·���î8��

�Ð�O�(J. 3^u¦)Ú�ykn¼êe.�¯K¥, �
�ÄÙDÕ

(�, SDPTools �Jø
¦)?¿�Ýþ�½k�:8à��¼ê. SDPTools

�3mu�¥. duMaple ¥p°Ý¦)I��~��O�þ, ±9�©-éó

³¼êeü�{�k�Øv, SDPTools ¤U¦)�¯K5�k�. 3±��ó

�¥, ·�F"ÏLïÄ SDP ¯K�DÕ(�, ±9¢y�#��p���{,

5)ûù�¯K. 3)ûÐ©î��1:�¯K�, SDPTools æ^
 Big-M �

{, ¿��
¢SA^. ·�F"ïÄ SDP ¯K�1)��35, ±9¢yØ

I�î��1:�¦) SDP ��{.



ëëë���©©©zzz

[1] A. A. Ahmadi and Pablo A. Parrilo. A convex polynomial that is not sos-

convex. Mathematical Programming (to appear), 2009.

[2] M. Atiyah and I. MacDonald. Introduction to commutative algebra. Addison-

Wesley, 1969.

[3] B. Bank, M. Giusti, J. Heintz, R. Mandel, and G. M. Mbakop. Polar vari-

eties and efficient real equation solving: the hypersurface case. Journal of

Complexity, 13:5–27, 1997.

[4] B. Bank, M. Giusti, J. Heintz, and LM Pardo. Generalized polar varieties:

Geometry and algorithms. Journal of complexity, 21(4):377–412, 2005.

[5] B. Bank, M. Giusti, J. Heintz, M. Safey El Din, and E. Schost. On the geom-

etry of polar varieties. Applicable Algebra in Engineering, Communication

and Computing, 21(1):33–83, 2010.

[6] C. Bradford Barber, David P. Dobkin, and Hannu Huhdanpaa. The quickhull

algorithm for convex hulls. ACM Transactions on Mathematical Software,

22(4):469–483, December 1996.

[7] Steven J. Benson and Yinyu Ye. DSDP5: Software for semidefinite program-

ming. Technical Report ANL/MCS-P1289-0905, Mathematics and Com-

puter Science Division, Argonne National Laboratory, Argonne, IL, Septem-

ber 2005.

[8] Grigoriy Blekherman. There are significantly more nonegative polynomi-

als than sums of squares. Israel Journal of Mathematics, 153(1):355–380,

December 2006.

[9] J. Bochnak, M. Coste, and M.F. Roy. Real algebraic geometry. Springer

Verlag, 1998.

79



80 Äuõ�ª²�Ú�4q�õ�ª`z�{

[10] W. Bruns and U. Vetter. Determinantal rings. Springer, Berlin, 1988.

[11] Winfried Bruns and Roland Schwänzl. The number of equations defining a

determinantal variety. Bull. London Math. Soc., 22(5):439–445, 1990.

[12] M. D. Choi, T. Y. Lam, and Bruce Reznick. Even symmetric sextics. Math-

ematische Zeitschrift, 195:559–580, 12 1987.

[13] Patrick Cousot. Proving program invariance and termination by parametric

abstraction, lagrangian relaxation and semidefinite programming. In Radhia

Cousot, editor, Verification, Model Checking, and Abstract Interpretation,

volume 3385 of Lecture Notes in Computer Science, pages 1–24. Springer

Berlin / Heidelberg, 2005.

[14] David A. Cox, John Little, and Donal O’Shea. Ideals, Varieties, and Algo-

rithms: An Introduction to Computational Algebraic Geometry and Commu-

tative Algebra, 3/e (Undergraduate Texts in Mathematics). Springer-Verlag

New York, Inc., Secaucus, NJ, USA, 2007.

[15] Jon Dattorro. Convex Optimization & Euclidean Distance Geometry. Meboo

Publishing, USA, 2011.

[16] James Demmel, Jiawang Nie, and Victoria Powers. Representations of posi-

tive polynomials on noncompact semialgebraic sets via KKT ideals. J. Pure

Appl. Algebra, 209(1):189–200, 2007.

[17] D. Eisenbud. Commutative algebra with a view toward algebraic geometry.

Springer-Verlag, 1995.

[18] Michael R. Garey and David S. Johnson. Computers and Intractability: A

Guide to the Theory of NP-Completeness. W. H. Freeman & Company, San

Francisco, 1979.
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