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Strassen’s theorem circa 1965 gives necessary and sufficient conditions on the existence
of a probability measure on two product spaces with given support and two marginals.
In the case where each product space is finite, Strassen’s theorem is reduced to a linear
programming problem which can be solved using flow theory. A density matrix of bipar-
tite quantum system is a quantum analog of a probability matrix on two finite product
spaces. Partial traces of the density matrix are analogs of marginals. The support of the
density matrix is its range. The analog of Strassen’s theorem in this case can be stated
and solved using semidefinite programming. The aim of this paper is to give analogs of
Strassen’s theorem to density trace class operators on a product of two separable Hilbert
spaces, where at least one of the Hilbert spaces is infinite-dimensional.
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1. Introduction
1.1. Finite-dimensional marginals problems

Let p be a probability measure on the discrete space Q = [m] x [n], where m,n
are positive integers and [m] = {1,...,m}. A probability measure on 2 is a non-
negative m x n matrix A = [a;;] € RT™", such that the sum of its entries is 1.
Let 1,, = (1,...,1)T € R™. Then the marginals: 1 = Al, and ps = A'1,, are
the probability measures on [m] and [n], respectively. The support of pu, denoted
as supp p, is the following bipartite graph G = (V| E), where V = [m] U [n] and
E ={(i,7),i € [m],j € [n],a;; > 0}. The following inverse problem is natural:

Problem 1.1. Given probability measures p1 and p2 on [m] and [n] respectively,
find necessary and sufficient conditions for existence of a probability measure p on
[m] x [n], whose support is contained in a given bipartite graph G = ([m] U [n], E)
and whose marginals are p1 and ps.

This problem is a classical problem in combinatorial optimization B and can be
solved using the standard flow theory I See Ref. [I6. Strassen?3 gave a solution of
Problem [[1] to a measure on the Borel o-algebra of the product of two compact
metric spaces. (Strassen did not bother to state the finite space case. Actually,
Strassen considered a more general £ > 0 version of Problem [[11)

We now consider the analog of Problem [[.T]in the quantum setting: Let H be a
finite-dimensional inner product space of dimension n over the complex numbers C.
We identify H with C™ with the standard inner product (x,y) = y*x. Then B(H),
the set of linear operators A : H — H, is the algebra of n x n matrices C™"*".
The set of selfadjoint operators S(H) is the real space of n x n Hermitian matrices.
Then S4(H) D Sy 1(H) is the cone of positive semidefinite matrices in S(H) and the
convex set of positive semidefinite matrices of trace 1. On S(H) we have a partial
order A > Bif A—B € S;(H). The set Sy 1(H), which is called the space of density
matrices, is the analog of the set of probability measure in quantum physics. For
p € S(H) the support of p, denoted as supp p, is p(H), i.e. the subspace spanned
by the eigenvectors of p corresponding to nonzero eigenvalues, which is the range
of p. A density matrix p € S4 1(H) is called pure state, it is rank one matrix, i.e. it
has one positive eigenvalue equal to 1. Equivalently, dimsup p = 1.

Let H; = C™,Hy = C". Then H = H1 ® Hy = C™ @ C™ = C™*" is called
the bipartite space. The space B(H) can be viewed as (mn) x (mn) matrices T =
[t Gia)] € Clmm)x(mn) “where i,§ € [m],p,q € [n]. There are two natural maps,
which are called partial traces:

Try : B(H) — B(H1); Tra T

Zt(w))(ﬁp)] i,j € [m],

Try : B(H) — B(H2); Try T

Zt(z,p)(z7q)‘| p,q € [TL]
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A density matrix p € Sy 1(H) is an analog of a probability measure p on [m]x [n].
Clearly p1 = Trap € Sy 1(H1) and p2 = Trip € Sy 1(Hz) are the analogs of
marginals p1 and ps. Hence the analog of Problem [[L1] is the quantum marginals
and coupling problems =527

Problem 1.2. Let H = Hy ® Ha, where H; and Hs are finite-dimensional inner
product spaces. Let X C H be a closed subspace. Given p; € S4 1(H;), i = 1,2, what
are necessary and sufficient conditions for the existence of p € Sy 1 (H), suppp C X,
such that py, po are its partial traces?

This problem is a variation of the classical 2-representability problem: Given
pi € St.1(H;) for ¢ € [2], does there exists a pure state p € S1 1(H1 ® Hz) such that
p1, p2 are its partial traces? This problem was solved by Klyachko in Ref. [17] for a
more general case: Namely the spectrum of the mixed bipartite state is prescribed.
The N-representation problem2818 was considered to be in mid 90’s one of 10 most
prominent research challenges in quantum chemistry 22 Recently, some aspects of
the three partite quantum marginals problem were discussed in Ref. [4l

Problem [[L2 can be stated in terms of semidefinite problem (SDP): Let Py be
the projection on the X. Consider the maximum problem

max{Tr X Py, X € S (H),Tr; X = p; € S41(H),i,j € [2]}.

Then Problem [I.2is solvable if and only if the above maximum is 1. It is possible
to convert this problem to an equivalent SDP problem where the admissible set
is bounded and has an interior in Sy (H), see Sec. Il Thus, one can use interior
methods to find the maximum within a given precision € > 0 in polynomial time
in the given data and .

Zhou et al2? gave necessary and sufficient conditions for the solution of Prob-
lem These conditions are analogous to the conditions for the solution of Prob-
lem [I%8 They pointed out that quantum coupling can be used to extend quantum
Hoare logic20 for proving relational properties between quantum programs and fur-
ther for verifying quantum cryptographic protocols and differential privacy in quan-
tum computation28 The second named author generalized some of the results of
Ref. 29/ in Ref.

1.2. Quantum marginals problem in the infinite-dimensional case

The aim of this paper is to answer Problem [[.2in the case when at least one of the
Hilbert spaces is an infinite-dimensional separable Hilbert space. The most challeng-
ing and interesting parts of this paper are tackling the weak operator convergence
in the trace class operators on the tensor product of two Hilbert spaces, (bipartite
space), under the partial trace mapping. As shown in Example [Z4] the weak oper-
ator convergence is not preserved under the partial trace. This paper offers some
tools and approaches for the quantum marginals problem. We hope that our results
will be useful to other problems on trace class operators with partial traces.
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Our main idea to solve Problem[[2lis by stating a countable number of necessary
conditions on finite-dimensional Hilbert spaces. Then to show that these conditions
are sufficient using compactness arguments. This was a successful approach in find-
ing infinite-dimensional generalizations of Choi’s theorem for characterization of
quantum channels I3

It turns out that the most difficult case is when Hjp,Ho, X are infinite-
dimensional separable spaces. We now outline briefly our main result in this case.

Let H be an infinite-dimensional separable Hilbert space. Denote by B(H) D
K(H) the space of bounded linear operators, with the operator norm || - ||, and
the ideal of compact operators, respectively. Let S(H) D Si(H) be the subspace
of selfadjoint operators and the cone of positive semidefinite operators in B(H).
Assume that A € K(H). Recall that A has the Schmidt decomposition, which is
the singular value decomposition for the finite-dimensional H, with a nonnegative
nonincreasing sequence of singular values [|A| = 01(A) > -+ > 0;(A) > -+ >0,
which converges to 0. For A € Sy (H) NK(H) the Schmidt decomposition is the
spectral decomposition. For p € [1, 00), denote by T,(H) C K(H) the Banach space
of all compact operators with the p-Schatten norm || A, = (3252, ;(A)P)Y/P. The
Banach space T (H) is the space of trace class operators, which will be abbreviated
to T(H). For A € T(H) the trace Tr A is a bounded linear functional A — Tr A
satisfying | Tr A| < ||A|l1. For A € T(H)NS(H), Tr A is the sum of the eigenvalues of
A. The cone of positive semidefinite operators in trace class is denoted as T (H) =
T(H) NS4 (H). Note that ||A]l; = Tr A if and only if A € T, (H). (See Appendix
A in Ref. [14l) Denote by St 1(H) C T4 (H) the convex set of positive semidefinite
trace class operators with trace 1, i.e. the density operators.

Assume that H = H; ® Hs, where H; and Ho are separable Hilbert spaces.
Suppose that p € T(H). Then there are two partial trace maps: Tr; : T(H) —
T(H2) and Tre : T(H) — T(H1) which are both contractions: || Tr;(A)[l1 < || 4|1
for 1 = 1,2, see Sec. 2l Denote

& T(H) - T(Hy) @ T(Ha), B(p) = (Tra p, Try p). (L1)
Then [|®]] < 2. Let ¥ = ®(T4(H)). Then
Y =A{(p1,p2) | pr € T+ (Ha), p2 € T4 (H2), Tr pr = Tr pa}. (1.2)

For (p1,p2) € X, let

M(p1, p2) = @ (p1, p2) N T4 (H). (1.3)

Thus if py, p2 are density operators then M(p1, p2) is the convex set of bipartite
density operates with marginals p1, p2. Observe that T (H) fibers over X: T (H) =

U(pr.o) M (P15 p2)-
1.3. Summary of the main results

Theorem 1.3. Suppose that Hi and Hay are infinite-dimensional separable Hilbert
spaces. Assume that p; € Sy 1(H;) fori=1,2. Let H = H1 ® Hz. Define on T(H)
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the following Lipschitz convex function with respect to || - ||1 :
J(X) = [Tra X = prffs + || Trs X — palf. (1.4)

Suppose that X C H is infinite-dimensional closed subspace, with an orthonormal
basis x;,1 € N. Let X,, be the subspace spanned by X1, ...,x, for n € N. Consider
the minimization problem

/Ln(p17p2) = 1nf{f(X)7X € S+(Xn)}7 (15)

for n € N. This infimum is attained for some X,, € X,, which satisfies || X, | < 2.
Then there exists p € S+ 1(H),suppp C X such that Tra p = p1,Tr1 p = p2 if and

only if
Jim g (p1, pa) = 0. (1.6)

We now comment on the above theorem. The Lipschitz and convexity proper-
ties of f on T(H) follows straightforward from the triangle inequality for norms
and the fact that the partial traces are contractions. Since X, has dimension n
the minimum g, (p1, p2) can be computed efficiently. Furthermore, the sequence
tn(p1, p2) is decreasing. It is also straightforward to show that if there exists
p € Ti(H),suppp C X such that Tryp = p2 and Trap = p; then (LE) holds.
The nontrivial part of the above theorem is that the condition (L) yields the
existence of p. This part follows from the following nontrivial interesting result:

Theorem 1.4. Assume that Hy and Hs are infinite-dimensional separable Hilbert
spaces. Suppose that p; € Ty (H;) for i = 1,2. Assume that the sequence p(™ €
T+ (H),n € N converges in the weak operator topology to p € T (H). Suppose
furthermore that

Jim [Ty p™ = palli + || Trz p™ = pify = 0. (1.7)
Then
lim_Ip™ —p]y = 0. (1.8)

In particular Trp = Tr p1 = Trps. Hence p is a density operator if and only if py
and py are density operators.

Our proof is long and computational.

The above theorem implies the following results. First, M(p1, p2) is a compact
metric space with the distance induced by the norm || - ||; on T4 (H; ® Ha). Sec-
ond, Theorem shows that this Hausdorff distance hd(M(p1, p2), M(01,02)) is
a complete metric on the fibers M(p1, p2).

2050020-5
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1.4. Survey of the content of the paper

In this paper, we use many standard and known results for compact operators, trace
class operators and Hilbert—Schmidt operators (T2(H)), on a separable Hilbert
space. In our arXiv preprint™ we elaborated explicitly with full details the proofs
of the results on operators we use. In this paper, we stated explicitly the lemmas
and other results that we use. For known results we give the appropriate references,
and sketch the ideas of proofs of results, which are less known. The full details are
given in Ref. T4l

We now survey briefly the content of this paper. In Sec.[2] we discuss some basic
results on operators on separable Hilbert spaces. We recall the Schmidt decompo-
sition of compact operators and its properties. We discuss in detail the trace class
operators T(H), the Hilbert—Schmidt operators Tq(H) and relations between these
Banach spaces. Next we consider these classes of operators for bipartite Hilbert
space ' H = H; ® Ho. We discuss in detail the partial trace operators and their
properties under the weak operator convergence.

In Sec.[3, we give proofs to Theorems[[.4land [[.3l Most of this section is devoted
to the proof of Theorem [[L4] which is long and computational. The proof of Theo-
rem follows quite simply from Theorem [l

Section [ discusses a simpler case of quantum marginals problem, where the
support of p is contained in a finite-dimensional subspace X of the bipartite space
‘H. In this case, we can replace the minimum problem ([LH]), which boils down to
the minimum of Lipschitz convex function on a finite-dimensional compact convex
set, to a maximum problem in semidefinite programming (SDP), on a bounded
compact set of positive semidefinite matrices, which has an interior. In Sec. {1l
we discuss a more general SDP problem than the one considered in Ref. 29 and
its dual problem. Most of Sec. is devoted to the case where H; and Hy are
separable infinite-dimensional. The main result of this subsection is Theorem [Z.35]
which is an analog of Theorem [[3] where pu,(p1, p2) is replaced by w,(p1, p2, X),
which is the maximum of an appropriate SDP problem.

In Sec. Bl we prove that the Hausdorff metric on the space of fibers M(p1, p2)
over Y is a compact metric space with respect to the Hausdorff metric.

2. Preliminary Results on Operators in Hilbert Spaces

We now recall some results needed in this paper on operators in a separable Hilbert
space H. Our main references are Refs. RI7IT92TH23. We will follow closely the
notions in Ref. [I3l The elements of H are denoted by lower bold letters as x. We
denote the inner product in H by (x,y), which is linear in x and antilinear in y.
The norm ||x|| is equal to 1/(x,x). We denote by H" the dual space of the linear
functional on H. Recall that a linear functional f € HY represented by y € H:
f(x) = (x,y) for all x € H. We denote this f by y". Note

(a1y1 + azy2)" = aryy + azys -

2050020-6
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Denote by N the set of positive integers. For n € N we denote [n] = {1,...,n},
and let [oo] = N. Recall that H is separable if it has an orthonormal basis e; for
i € [N], where N € NU {oco}. In this paper, we assume that H is separable. Then
dim’H = N. Thus H is finite-dimensional if N € N.

We denote by B(H) the space of bounded linear operators L : H — H. The
bounded linear operators are denoted by the capital letters. The operator norm of
L is given by ||L|| = sup{||Lx]|, |x|| < 1}. The adjoint operator of L is denoted
by LY and is given by the equality (Lx,y) = (x,L"y). L is called a selfadjoint
operator if LY = L. Denote by S(H) C B(H) the real space of selfadjoint operators.
L € S(H) is called nonnegative (positive) if (Lx,x) > 0 ({Lx,x) > 0) for all x # 0.
Denote by Si4(H) C Sy (H) the open set of positive and nonnegative (selfadjoint
bounded) operators. So Sy (H) is a closed cone and S, 4 (H) its interior. Recall that
L € Sy (H) has a unique root L'/2 € S, (H). If L is positive then L'/2 is positive.
For L € B(H) we have that LVL, LLY € Sy (H), and |L| = (LVL)'/? € S (H). For
A,B € S(H) we denote A= B(A> B)if A— B e S, (H)(A— B €S;(H)).

L is called rank one operator if L = xy", where x,y # 0. Thus L(z) = (z,y)x.
L is selfadjoint if and only if y = ax for some a € R. L € S;(H) if and only if
a > 0.

Assume that dimH = oo. Denote by K(H) the closed ideal (left and right) of
compact operators. The operator L is in K(H) if and only if L has singular value
decomposition (SVD), (or Schmidt decomposition):

L= Zdi(L)gifiv,
i=1

IL| = 01(L) > -+ > (L) > --- >0, lim o3(L) = 0. (2.1)

11— 00

Here {g1,...,8n,.--} {f1,...,f,,...} are two orthonormal sets of vectors of H. The
nth singular value of L denoted by o, (L), and g,, f, are called left and right nth
singular vectors of L. L is selfadjoint if and only if f; = €;g;,&; € {—1,1} for all
i € N. Then (ZTJ) is the spectral decomposition of L where £;0;(L) is the eigenvalue
of L with the corresponding eigenvector g;. Furthermore L € S (H) NK(H) if and
only if f; = g; for all i € N. Hence all positive o;(L)? are the positive eigenvalues
of compact operators LLY, LVL € S (H) N K(H). Note that

IL= S oi(L)gk) | = onii(L), neN.

i=1

Recall that if A € B(H) and L € K(H) then AL, LA € K(H). Furthermore, one
has the inequalities

0:(AL),0:(LA) < o3(L)||A]l, i€N (2.2)

(see Appendix A in Ref.[T4l) The above inequalities on singular values yield that if
L € T(H) then AL,LA € T(H). Furthermore, ||AL|}1, ||LA|1 < ||L|1||A]|, see 1.11
Theorem in Ref. [7l

2050020-7
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If L € T(H), then for each orthonormal basis e;,7 € N, we have the inequality
Y1 l{Les,e;)] < ||L|1- (See Lemma A.3 in Ref. [14] or Proof of 1.9 Proposition in
Ref. [71) Furthermore the value of the sum Y ;°, (Le;, €;) is independent of a choice
of the basis, is denoted as the trace of L. Thus, the SVD decomposition (Z1I) of
L € T(H) yields that

TrL = Zol ) (i, £). (2.3)

Thus, |TrL| < ||L||; and equality holds if and only of zL € T, (H) for some
z € C,|z| = 1. Note that if L € S(H) N T(H) then the trace of L is the sum of the
eigenvalues of L. (See Appendix A in Ref. 14l or 1.11 Theorem in Ref. [7])

Next we recall the following known result that we need later:

TrLA=TrAL = Tr AY2LAY2 >0 if LeT (H) and A€ S, (H).

Recall that T),(H) C Ty(H) for 1 < p < q¢ < oo. (Usually T (H) is identified
with B(H).) In particular, T(H) C To(H). The space T2(H) is the Hilbert—Schmidt
space of compact operators. Fix an orthonormal basis {e;},7 € N. Then Ay, A €
T2 (H) have representations

o0 o
= > aijeeie), Al =) lag>)? 1e2l.
i—j=1 i—j=1

Thus Ty (H) is a Hilbert space with the inner product
A17 A2 Z Qij, laz] 2.
i=j5=1
It is well known that if Ay, Ay € To(H) then A; Az € T(H):
A1 As = Z (Z aik,lakj,Q)eie;'/-
i=j=1 k=1
Furthermore
(A1, Ag) = Tr At A, [[Ar Azl < [|Ad]l2[| A2,
AL AY € TL(H), [[AiAY |1 = [[As]l5 = Tr Ay AY.

See Lemma A.4 in Ref. [14], or 1.8 Proposition in Ref. [7l

We next discuss the tensor product H; ® Ha of two separable Hilbert spaces.
It is called in quantum physics bipartite states. Assume that the inner product in
H; is (-,-);. Then Hy ® Hs has the induced inner product satisfying the property
(x®y,u®v) = (x,u)1{y,v)2. We assume that H; has an orthonormal basis
€; 1,7 € [N;], where N; € NU {oo} for | € [2]. These two orthonormal bases induce

2050020-8
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the orthonormal basis €1 ® ejo for i € [N1],j € [No] in H1 ® Ha. A vector
a € H1 ® Ho has the expansion

N1,N2
a— Z a;;€;1 ® eja, lall =

i=j=1

N1,N>

Z |aij|2 < 0. (24)

i=j=1
Note that a induces two bounded linear operators A(a) : Ho — H; and A(a)V
Hi — Hso given by

N1,N; N1,N2
— 2 : v v _ 2: - v
= aijei,lej’Q, A(a) = aijejgei’l. (25)
i=j=1 1=j=1
. . A — 1, 1N1,N2 N2,Ny
We can view A(a) as a matrix A = [a;;];2227. We denote by AT =[a [ NCRE

there al, = Ggp for all p € [Na],q € [N1]. (At is the “transpose conjugate” of
A.) Next we observe that the operators A(a) and A(a)Y can be viewed as adjoint
Hilbert—Schmidt operators on H = H; @ Heo, with the inner product:

<(X’ u)’ (y,v)> = <Xa Y>1 + <U_,V>2.
Let éi,l = (ei,l,O),éj,Q = (O,ej,g) for i € [Nl],j S [NQ] Define

Nl,NQ N1>N2
a) = E aij€i,1€5,, Ala)” = E @ij€;5,2€;1-
i=j=1 i=j=1

Then A(a), A(a)¥ € To(H). Furthermore, we have the following relations:
A(a)A(a)V|H1 = A(a)A(a)Y, A(a)A(a)V|[Hy =0,
A(a)VA(a)[Hy = A(a)V A(a), A(a)VA(a)|H; = 0.

Lemma A.4 in Ref. 14 yields that A(a)A(a)" € T4 (H1), A(a)V A(a) € T4 (Hz), and

the two operators have the same singular values. Thus, the matrices AAT, At A rep-

resent the operators A(a)A(a)¥, A(a)¥ A(a) in the bases {e; 1}, {e; 2} respectively.
Let b=Y"""2 6,1 ®eja € Hy ® Hy. Denote B = [by;] X2, Then (a,b) =

1=j7=1 1=7
Tr ABt = Tr B A.
Assume that F' € T(H; ® Hz). We now discuss the notions of partial traces
Try(F) € T(Hz) and Tro(F) € T(Hy). Assume first that F is a rank one product

operator: (x ® y)(u®v)". Then
Tr((x®@y)(u@v)’) = (x,u)yv’, (2.6)
Tra((x @ y)(u@v)”) = (y,v)xu". (2.7)
Hence
Ix@y)(aev)’|l = [Ix[lyllullvl,
[Tri(x@y)(u®v)Y)lh =[x wllyllv],
[ Tr2((x @ y)(w® v))|lr = [y, v)ll|x]][u].

2050020-9
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Lemma 2.1. Assume that H; is a separable Hilbert space of dimension N; with
a basis ej;,j € [N;] for i € [2]. Denote H = H1 ® Ha. Let a,b € H. Suppose
that a has the representation (24]). Assume that b has a similar expansion and
A = [a], B = [bij],i € [N1],j € [Na] are the representation matrices of a,b,
respectively. Denote by C' and D the following operators:

Ny N2
TI‘2 abv =C = Z Cip€;, 1ep 15 TI‘l ab\/ =D = Z djqej,Qe;/,Q. (28)
1=p=1 Jj=q=1
Then
C=AB' = [Cip]zj‘vzlp:p D= ATE = [djq];v:zq:r (2.9)

Furthermore C' € T(H1),D € T(Hz) and the following inequalities and equalities
hold
max(|| Trz ab” |1, || Try ab”[[1) < [[all|[b]| = [lab” |1, (2.10)

Na

(TrpabY)x,y) = > (x®@e;s,b)(a,y ®ej2), X,y € Hi, (2.11)
j=1
Ny

{(Tr; ab¥)u,v) = Z(em ®u,b)(a,e;1 @V), u,veHs. (2.12)
i=1

In particular

Trab” = Tr Tryab” = Tr Tr; ab” = (a, b). (2.13)

Proof. Clearly ab¥ € T(H). Furthermore

N1,N2 3 N1,N2
labY (| = Jlall[bl]l = | > lai;|” ( > |bpq|2>

i=j=1 p=q=1

Observe next that

Nl,Nz NI»N2
Vv
ab’ = E aij€i1 @ €j,2 E bpgep,1 @ €q,2

\%

i=j=1 p=q=1
N1,N2,N1,Na
7 V
= ijbpg(€i1 @ €j2)(ep1 ®eg2)".
i:j:p:q:l

Use ([Z.8) and ([27) to deduce that the operators C' = Try(ab") and D = Try(ab"),
which represented by matrices C' and D respectively, satisfy (2.9) and @II)-2I2).

Let ’H and A(a), A(b) € Ty (H) be defined as above. Then ¢ and D represent
A(a)A(b)¥|Hy € T(H1) and A(a)Y A(b)|Hz € T(Hz). This shows that C' and D
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are in the trace class. Lemma A.4 in Ref. [14] yields that
ICl = [|A()AD)" |1 < [|A(a) ]2l A(b)[|2 = [[All2]|B]l> = all[b],
ID]x = 1A@)" A(b)[h < [ A(2) (|2 A(b)l2 = [ A]l2lB]l2 = [|al[[b].

This proves ([Z10).
It is left to show (ZI3). As o1(abY) = ||a||||b|| and all other singular values of
ab" are zero ([2.3) yields that Trab" = (a, b). Observe next
N;

Tr(Trpab") = Z((Trz ab”)e; 1,€;1)
i=1

N1 N»

= Z Z<ei71 ®ej2, b)a e 1 ®ejq) = (ab).

i=1j=1

The equality Tr(Tr; ab") = (a, b) follows similarly. |

The following lemma is known, see Theorem 26.7 and its proof in Ref. 2] or the
proof in Ref. [14l

Lemma 2.2. Assume that F € T(H1 ® Ha). Then

(1) TI‘l( ) (S T(Hg),TI‘Q(F) S T(Hl)

) [Ty (F)[1s || Tro(F) [l < ([ F

(3) (Tl“lF)_ (TFQF)ZTI‘F

(4) Assume that F € T4 (H). Then Tri(F) € T4 (Hz), Tra(F) € T (H1) and

[Flly = Tr(F) = Te(Try(F)) = [| Tro(F) ||y = Tr(Tra(F)) = || Tra(F)]1

Recall that a sequence a,,,n € N in H is called weakly convergent to a € H,
denoted as a,, = a, if lim,, . (a,,x) = (a,x) for all x € H. As sequence of bounded
operators A, € B(H),n € N is called convergent in weak operator topology to
A € B(H), denoted as A, R lim, o (Anx,y) = (4Ax,y) for all x,y € H.

Lemma 2.3. Let H; be a separable Hilbert space of dimension N; € NU {oo} for
€ [2]. Set H ="H1 ® Hs.

(1) Assume that a,,b,,€ H,n €N, and a, ~ a,b,, > b. Then
a,by %" abY  in T(H), (2.14)
liminf Tra,a,, > Traa". (2.15)
For each x; € H; for i € [2] the following inequalities hold:
lim inf((Tr; a,a,, )x2,%x2) > ((Tr; aa")x2, x2),
lim inf((Trz a,a, )x1,%x1) > ((Trzaa")x1,x1). (2.16)
Assume that for | € [2] Ny is finite. Then
Tr,a,bY %" Tr;ab". (2.17)
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(2) Assume that the sequence p, € T (H) converges in weak operator topology to
p € T(H). Then p € T (H) and the following conditions hold:

lim inf Tr p, > Tr p, (2.18)
Jim Trp, =Trp <= lim [|pn —pl =0, (2.19)
lim inf((Try pn)x2,%x2) > ((Tr1 p)x2,X2), (2.20)
lim inf((Try pn)x2,%x2) > ((Tr1 p)x2,X2), (2.21)
lim inf ((Tra pr)x1,%x1) > ((Tr2 p)x1,x1). (2.22)
If Ny is finite then
Tr, pn S5 Ty p. (2.23)

Proof. (1) For each u,v € H we have the equality ((a,b,)/)u,v) = (u,b ><an, >,
As a, = a,b, = b we deduce [ZI4). Recall that liminf ||a, | > ||al|. As Trcc"
llc||? for ¢ € H we deduce (ZIH).

Assume that N is finite. We prove (217 for [ = 2. Recall (ZI1)) for a,, b,:

No
{(Trya,b,))x,y) = Z(x ®ejo, bp)(an,y®ejq), x,y€Hi.
Jj=1
Letting n — oo we get (210]). Hence (2.I7) holds for I = 2. Similar arguments apply
if N7 is finite.
We now show (2.I6). Assume first that Ny is finite. Then (ZI7) yields the
equality in (ZI0). Assume that Ny = co. Choose N € N and let L, xy and Ly be
the following finite rank operators in T(H1):

N
(Ln,nx,y) = Z<X ®€j2,an)(an,y ® €;2),
=1
N
(Lnx,y) = ZX®9J2» (a,y ® ej2).
j=1

Clearly, the sequence L,, x,n € N converges in weak operator topology to Ly for
each N € N. Observe next

(Trya,a Z| a,,X® e;2) |2 > (L NX,X).
Jj=1

Hence
liminf((Try a,a,, )%, x) > (LnX, X).

As limy oo (Lyx,x) = {(Tre aa")x, x) we deduce the second inequality in (2.I0).
Similarly we deduce the first inequality in (2.16).
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(2) The claim that p € T (H) and the inequality [2I])) follow from Lemma B.4
in Ref. 14l Assume that the spectral decomposition of p, is ZZ‘;l Ok (pn)akma}g,n.
Fix x; € H; for | € [2]. We first choose a subsequence n,,p € N such that a
particular liminf stated in part (2) of the lemma is achieved for this subsequence.
Clearly pn, vt p. Hence, without loss of generality we can assume that n, = p
for p € N. We choose a subsequence n,,, m € N such that

lim Uk(ﬂnm) =0k, QAkn,, = ag, keN.

m—0o0

As py,,, converges weakly also to p we deduce that p = >~ opa,a) and |lag|| <1
for k € N. Fix & > 0. Then there exists N = N(g) such that Y ;- v o < e.
Furthermore there exists k > Kz(e) such that on(px) < £. Let

N 0o
B, = Z ok(pn)ak,na}g,n, C, = Z ok(pn)ak,na}g,n,
k=1 k=N+1
N 0o
B = Zakakax, C = Z Ukaka}c/.
k=1 k=N+1

Then
pn=DB,+Cn, p=B+C, B, C,BCeT.(H), l|p—Bl1=|Clh<e,
Trypn = Ty B, [ Trip =T By = [Tn Ol < [|C]h <&, neN,le[2].
For I € [2] let {I'} = [2]\ {l}. Part (1) yields that
lim inf ((Try pn)x;, x;) > lminf{((Tr; By, )%, x;)
> ((Tvw B)xa, xi) = (Trw p)xi, xi) — x|

As & > 0 can be chosen arbitrary small we deduce all the inequalities in part (2).
The condition (ZTI9) is Lemma 4.3 in Ref. [I0, or Lemma B5 in Ref. 14l

Assume that N, is finite. Then H is isometric to the direct sum of Ny copies
of Hi. Where each copy H; ; has the basis e;1 ® e; 5 for i € [N1]. Let py, ;3 H1,j —
H1,; be the restriction of the sesquilinear form (p,u,v), where u = x ® ej9,v =
y®e; 2. Observe that Try p,, = Zjv:zl pn.j- Define similarly pU) for j € [No]. Clearly,

Pnj w-ot. pY) for j € [Ny]. Hence Try py, w.o;t. Trap = Zj\gl pY). Similar results
apply if Ny is finite. 0O

We now give a simple example to show that in part (1) of Lemma we may
have strict inequalities.

Example 2.4. Assume that Ny = oo. Consider p, = (e, ® e1)(e, ® €1)Y,n € N.
Then e, ® e; — 0. So pp vt p = 0. Clearly Tra(p,) = ene, WOt 0, and

n

Try pn, = erey. Thus Try p, does not converge weakly to Try p.
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3. Proof of the Main Theorems

3.1. Proof of Theorem
As

1P = Tr p" = Te(Try p) = Te(Trz p™),  lpills = Trpisi € [2],

we deduce that Trp; = Trpy = lim, . Tt p™). The inequality 2I7) yields that
Tr p1 > Tr p. The condition ZI9) implies that lim,, .. [|p™ — p||1 = 0 if and only
if Tr p; = Tr p. Assume to the contrary that Trp; = Tr p2 > Trp.

The next claims follow from the results in Appendix B of Ref. T4l Recall that
T(H) € Ta(H). Thus p™ n € N and p are in To(H). Hence p(™, n € N converges
in the weak topology to p in the Hilbert space Ty(H). Banach Sacks theorem!
yields that there exists a subsequence n;,j € N such that the Cesaro subsequence
P = = ZT:l pt™i) m € N converges in the norm || - ||z to p. It is straightforward

T m

to show that
im [ Trz pm = palla + | Tr1 pm — pally =0
The inequalities [222]) and 2I8)) yield that
a1 =p1 —TropeTy(Hy), o =ps—TripeTi(Ha).

Note that Tra; = Tras > 0. Consider the spectral decompositions of a; and as:

oo o0
a1 =Y oingig), {oi1 >0} \0,(gi g) = 0ij, 0,5 €N, Tran = Y o031,
i=1 1=1

= Zm,zfifiv, {oi2 >0} \,0,(fi,f;) = di5,4, 5 e N,Trap = Zoi,2-
i=1 i1

As Tr oy = Tras > 0 there exists 6 > 0, such that

01,1 > 5, 01,2 > 5, 6> 0. (31)
For N € N let
N [e%s)
an, = Zgi,lgigz\'/v an1 = Z 0i18i8;
i=1 i=N+1
N [e%s)
an2 = ZUi,zfifiv, QN2 = Z o o5
i=1 i=N-+1

Fix N big enough so that

max(HdN,lHl, ||0~4N,2| 1) < (5/10 (32)

For simplicity of the exposition of the proof we consider the following most
difficult case. First, oy and s are not finite-dimensional: o 1,052 > 0 for all 7 € N.
Second, let H; and Hs be the closure of subspaces spanned by g;,7 € Nand f;,7 € N
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respectlvely Let H; be the orthogonal complement of H; in H; for i € [2 ] Then
’H1 and H2 are infinite-dimensional with orthonormal bases g;,7 € N and fl, i €N
respectively. Thus e; ;,7 € N is an orthonormal basis for H; for j € [2], where

€5 11=8i, €x1=§, ey 12=1=, ey2=1f; forick (3.3)

For m € N, let P, ; be the orthogonal projection in H; on the subspace spanned by
€;;,1 € [2m] for j € [2]. Define R,,, = Pp,;1 @ P, 2 for m € N. Then Py, 1, P2, R
converge to the identity operators in the strong operator topology in Hi, Ho, H
respectively. Recall Lemma 5 in Ref. [13t

mliinoo | P, 181 Py — Bill + || Prm282Pm2 — B2l + [|RmBRm — Bll1 =0

for all 8; € T(H;),i € [2] and 5 € T(H).
Assume that we have the spectral decompositions

= Z )\i,nxi,nxz\'inv {Az,n} \ 07 <Xi,n7 Xj,n> = 6ija Tr ﬁn = Z Ai,n»
=1

i=1
P = ZAiXiX;/a{)\i} \O, <Xi,Xj> :(Sij,TI‘p:Z)\i. (34)
i=1 i=1
Lemma B.6 of Ref. [I4] yields that lim, . A, = A; for each i € N. Furthermore,
by passing to a subsequence of p,,, we can assume that lim, . ||X; , — ;|| = 0 for

each \; > 0. Again, for simplicity of the exposition of the proof we will assume the
most difficult case that \; > 0 for each i € N.
Recall that lim, o0 [|RmpRm — p|l1 = 0. Then there exists m € N such that

|RmpRm — pll1 <0/10 and m > N. (3.5)
We now keep m > N fixed. The inequality ([2.2]) yields
0i(Rin(pn = p)Rm) < | Bm|*0i(pn — p) = 0i(pn — p), forieN=
[ B (pn = p)B)ll2 < |6 — pll2-

As limy, o0 ||pn — pll2 = 0 we deduce that there exists M7 € N such that || Ry, (o,
p)Rm)|l2 < 8/(20m) for n > M;. Recall that rank R,, = 4m?. Hence rank R, (pn —
p) Ry < 4m?. Thus

4m?

HRm(ﬁn - p)Rm)Hl = Z Ui(Rm(ﬁn - p)Rm)

=1

1/2

4m?
<2m Z o7 (R (pn — p) Rom)
i=1

— 2| Ron (5 — p) Rn) 2 < 5/10.
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Part (2) of Lemma 2] yields
| Tt; Ronfpre R — Tri RonpRon|l1 < | RonpnBon — RonpRon|l1 < 8/10  (3.6)

for n > Mj.
In addition, we have Tr; p,, converge in trace norm to p;+1, where p3 = p;. Thus
there exists My, when n > My, we have

||Tr1'[3n*pi+1”1 §5/10, for i € [2]
Thus for n > max(M;, Ms), we have

| Tri(pn — BmpnLim) — (pit1 — Tri(RmpRm))|l1 < /5. (3.7)
Lemma 22 and [B.3]) imply
|| Tr;(RimpRm) — Tr; plli < |RmpRm — pll1 < /10 for ¢ € [2]. (3.8)

We use Tr; p to replace the Tr; (R, pRy) in 1) to get
| Tri(pn — RinpnLim) — (pi+1 — Tri p)[l1 < 36/10.
Let Tro stand for Try. Recall that a; = p; — Try_1 p = an,; + an,; for i € [2]. The
inequality (3.2]) yields
H TI'i_l(pAn — Rmﬁan) — aN,i”l < 25/5 for i € [2] (39)
and n > max(Mj, Ms). We finally get the contradiction by showing that the above
two inequalities are incompatible.

Recall the spectral decomposition of p,, given by ([B.4]). Using the bases of H1, Ha
defined by (B3]), we can write

oo
_ nn
Xin = E Mp’,qep,l & €4,2.

P,q=1
So we have
o \
\Y i,mn i,m
)\i,nxi,nxi,n = g /14 q€p,1 ® €42 § Ky s€r,1 & €52
P,q=1 r,s=1
E M 1, n \%
( y‘p qur s eP71 ® elL )(eT»l ® e5»2) > .
p.q,r,s=1
Hence

oo
=Zm< Z LA (e @ ey, ><eT,1®es,z>V>,
=1

p.q,r,s=1

Pn — RmpAan = Z /\i,n ( Z N;ZN;Z €p1 & €y, 2)(er 1 ® €5 2) >
i=1

p.q,r,s=1

o0
zxi,n( S0 i e © 6ga)ens ©02)" )
=1

p,q,T,s=1
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Then we have

\Y M =N
Trl (Xi nX; n) E /J'p q/lfp seq72es 29
p,q,s=1

TI'1 ﬁn - Z /\z n Z szzungques 2)

p,q,s=1

- Z ( Zz)‘i nH?,’fzﬂ?,’é) eq,zeZ,2> ;

Trl(/sn - Rmﬁan) - Z (
q,s=1

1 n,up q:up s | €q,2€5 2)

>
(=2
;

Write down the diagonal elements of Try(p, — RmpnR

2m (
q,5=1 i=1 p=1

oo 2m
SO At ) )
m):

2m oo

,Mm =1,n \Y
Z Z Z Ai "”p,qunq)eqv?eqﬂ
q=1 =1 p=2m+1

+ Z Zz/\mupq”pqeqv2eq2 (3.10)

q=2m+1 i=1 p=1

As m > N are fixed as mentioned above, and n > max(Mi, M), according to

(9), we have
H Trl(pA’ﬂ - RmpAan) - CYN,?HI < 26/5
Observe that the diagonal elements of Try(py, — RupnRm) — an 2 are:

i((i i Zn|/‘p2t 1|> )ezt 12€3 12

t=1 =1 p=2m+1

N 00 o)
,Mn |2 Y
0D D0 Nalugsl? | earsed

t=1 \i=1 p=2m+1

2m
+ Z (Z Z /\m|/ﬂ”2> eq,ge(\z/z
q=2N+1

i=1 p=2m+1
00 [T
i,mn|2 \
Do 22D Nnlisl? ) eqeys
q=2m+1 \i=1 p=1

Lemma A.3 in Ref. [14] yields that the absolute values of the diagonal elements of
Tr1(pn, — RmpnRm) — an 2 are bounded by || Tr1(p, — RypnRim) — an 2|1 < 26/5.
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As A\, >0 for i,n € N we deduce

N [eS) [e'S) N oo [eS)
Z (Z Z )‘Zn|ﬂp,2t 1 )‘Ut& +ZZ Z )\zn|Mp2t
t=1 i=1 p=2m+1 t=1 1=1 p=2m+1

+ Z Z Z Ninl Z ZAmlu "2 < 25/5.

q=2N+1 i=1 p=2m+1 g=2m+1 i=1 p=1

In particular we deduce the following two inequalities:

o0 o0 )
(Z Z )\i,n|,u;;ﬁ|2>o'1,2

i=1 p=2m+1

S0 Ninluy? < 20/5. (3.11)

g=2m+1 i=1

< 2§/5,

The inequality (B1]) and the first above inequality yield

Z Z Ninlpt > > 6 —26/5 = 35 /5. (3.12)

=1 p=2m+1

Consider now similar inequalities for the diagonal entries of Tra(py, — Ry pn Rim ) —
an 1. Then the analogous inequality to BI1)) is

Z mem "2 < 25/5.

p=2m+1 i=1
But this inequality contradicts the inequality (B12).

The equalities Tr p; = Tr ps = lim, o Tr p{™ establishes the last part of the
theorem.
3.2. Proof of Theorem
We first observe:

Lemma 3.1. Let Hy,Hz be two separable Hilbert spaces. Assume that p; € T(H;)
fori € [2]. Let H = Hy ® Ha. Then the function f: T(H) — [0,00) given by (LA
is a convex Lipschitz function with the Lipschitz constant 2. Furthermore

J(X) =2 X1 = |lpills = llp2llr for X € T4 (H). (3.13)

Proof. Assume that X7, Xo € T(H). We first show that f is a Lipschitz function
with the Lipschitz constant 2. Then

|f(X1) — f(X2)]
= [[| Tr2 X1 = prfly = [| Tra X — pufls + [| Tr1 X1 — pafly — || Tr1 Xo — p2/l1]
< T2 Xy = pafly = | Tra Xo = pafla| + [[[ Tre X3 = pafl1 — || Try Xz — palf1]
< [ Tra(Xy = Xo)[la + || Try (X7 — Xo) [l < 2[| X7 — Xof1.
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We now show the convexity of f. Assume that t € (0,1). Let X = tX; + (1 —¢)Xa.
Then

JX) = Tra(tXy + (1= ) X2) = (t+ (L= ))prllx
[ Tre (tX0 + (L= £)X2) = (t+ (1= 1))p2(lx

<t Tra Xy — pafl + (1 = 0)[| Trz X2 — pafl
+t[| Try X1 = pals + (1 = )[| Try X2 — p2flx

=tf(X1) + (1 —1)f(Xa).
Assume that X € Ty (H). Then Tr; X € Ty (H,41) for j € [2], where Hsg = H;.
Hence [| X |1 = Tr X = Tr(Tr; X) = | Tr; X||; for j € [2]. The triangle inequality
yields

F(X) > || Tre X1 — [lpalls + | Trs X|1 = llp2lls = 2[1 X |1 = [[oalls = [lp2ll:. O

Lemma 3.2. Let the assumptions of Lemmma Bl hold. Assume that X C H is a
closed infinite-dimensional subspace with an orthonormal basis x;,i € N. Let X, be
the subspace spanned by X1, ...,%x, for n € N. Consider the infimum (LH). Then

fin(p1, p2) = min{ f(X), X € 54 (Xn), [ X[[x < llpalln + o2/l }- (3.14)

Furthermore, the sequence ,(p1, p2),n € N is nonincreasing.

Proof. Clearly f(0) = |p1ll1 + ||p2|l1- Hence pn(p1,p2) < f(0). Suppose that
X € Ty(H) and || X1 > f(0). The inequality BI3) yields that f(X) >
2|1 X |l — f(0) > f(0). Hence it is enough to consider the infimum (L)) restricted to
{X € S4(X,), I X|[1 < f(0)}. This is a compact finite-dimensional set. Hence the
infimum is achieved. As X,, C X, 11 we deduce that p,y1(p1,p2) < pn(p1,p2) for
each n € N. |

Proof of Theorem First assume that there exists p € T4 (H) such that
Trop = p1,Trip = p2 and suppp C X. As Trp = Trp; we deduce that p €
St+,1(H). Next observe p € T4 (X). Let P, € B(H) be the projection on span
of x1,...,%X,. Then P, € B(X) and P,,n € N converges in the strong operator
topology to Iy. Lemma 5 in Ref. 13 yields that lim, .o || P.pP — pll1 = 0 in T(X).
As supp P,pP, C X, it follows that P,pP, € Si(X,) converges to p in norm
in T(H). Hence lim,, o f(PnpPn) = 0. Clearly, u,(p1,p2) < f(PnpPy,). Hence
limy,— o0 Mn(ﬂl, p2) = 0.

Second assume that lim, .o pin(p1,p2) = 0. Assume that p™ € T, (H),
supp p") C X, and pun(p1, p2) = f(p'™). Clearly

dim|p™y = lim Trp™ = ||ps[ly = Trp1.

Thus the sequence p(™,n € N is bounded. Hence, there exists a subsequence p("*)
which converges in weak operator topology to p. Let x € X+. Then x € X;}-.
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Therefore pWx = 0 and (p(™x,y) = 0 for each y € H. As p(") Yot ) we
deduce that (px,y) = 0 for each y € H. Hence px = 0. Thus suppp C X. As
limy, o f(p™)) = 0, Theorem [[4 yields that limy .o [|p™*) — p|l1 = 0. Hence
Tre p = p1 and Try p = po. O

4. An SDP Solution When X is Finite-Dimensional

The quantum Strassen problem can be easily generalized to a standard semidefinite
problem in the finite-dimensional case. The feasible set is bounded and contains
a positive definite matrix. Hence, we can solve this problem using interior-point
methods 20 Moreover, the strong duality for this SDP problem holds. In this section,
we show that we can extend this approach to separable infinite-dimensional H; and
‘Ho provided that X is finite-dimensional.

4.1. Finite-dimensional case

Let H = H; ® Hs be a finite-dimensional Hilbert space. Let X C H be a closed
subspace. Given two partial density operators p; € Sy (H;)\{0}, ¢ € [2]. We now
state the following SDP problem:

w(p1, p2, X) =max{Tr(XPx), X e€Si(H),Tra X < p1,Tr1 X < p2}. (4.1)

Note that the feasible set is convex and bounded, as Tr X < min(Tr p1, Tr ps). If

supp p; = H; for i € [2] then a feasible set contains a positive definite matrix.

In other cases, it is easy to show that it is enough to restrict the problem to

H! = supp p; for i € [2] and H' = H} ® H},. Then we can replace X by X' = XN'H'.
We write down its primal problem and dual problem.

Primal problem Dual problem
maximize: (A, X), minimize:  (B,Y)
subject to:  ®(X) < B; subject to:  ®*(Y) = A;
X € St (H1 @ Ha) Y € Sy (H1 & Ha).

Here

(O3 S+(H1 ® Hz) — S+(H1 @HQ), o : S+(H1 D HQ) — S+(H1 ® Hz),

A=Fr b= [pl PJ’
o0 =" )

Y,

@*(Y)cb*[ =YL+ oY,

Yj
(Note that the above ® is the restriction of ® given by (L)) to positive semidefinite
matrices). It is easy to check the following equality:

VM,N,(®(M),N) = (M,D"(N)).
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Moreover, the strong duality holds for this semidefinite program as we can check
that the primal feasible set is not empty, (0 is an allowable point), and there exists
an interior point in the dual feasible set.

e A primal feasible point: set X =0 € Sy (H1 ® Ha), Tr1(X) =< pa, Tra(X) =< p1.
e A dual strict feasible point: set Y = I1 @ I € S (H1 ® Hz), ®*(Y) = 2[12 > Py.

Hence, the primal and dual problems have no duality gap and the bounded optimal
solution of (@) can be computed by interior point methods2Y

Theorem 4.1. Let p; € S+ 1(H;),i € [2]. Assume that X C H. There ezists p €
St 1(H),supp p C X such that Tra p = p1, Tr1 p = po if and only if p(p1, p2, X) = 1.

Proof. Assume that there exists p € S 1(H),suppp C X such that Tryp =
p1,Tr1 p = pa. We choose X = p, so Tr(pPy) = Tr(p) = 1 as suppp C X.
For every feasible point X, Tr(XPy) < Tr(X) = Tr(Tra(X)) < Tr(py) = 1. So

1(p1, p2, X) = 1.
Assume p(p1, p2, X) = 1 and the maximum is reached by Xyax. Then we have

1 =Tr(XmaxPr) < Tr(Xmax) < Tr(p1) =1, 80 Tr(XmaxPx) = Tr(Xmax), it means
that supp(Xmax) C X. From Tra X < p; and Tr(p1 — Tra(Xmax)) = 0, we derive
p1 = Tra(Xmax). In the same way, we can show pa = Tr1(Xmax)- O

According to Theorem ] we can check the existence of quantum lifting by
checking whether p(p1, p2, X) is equal to 1. This can be done numerically by veri-
fying if u(p1, p2, X) > 1 — € for a given ¢ in polynomial time in the given data, see
Nesterov and Nemirovsky 20

4.2. Infinite-dimensional case

In this subsection, we assume that X C H is finite-dimensional.

4.2.1. Hy is infinite-dimensional and Ho is finite-dimensional

Lemma 4.2. Let Hy, Ho be separable Hilbert spaces of dimensions N1 = 0o, No <
00. Assume that X C H is a finite-dimensional subspace of dimension N. Then
there exists a finite-dimensional subspace Hy C Hi of dimension NNy at most
such that X C H' = H} ® Ha.

Proof. Assume that e;;,7 € N is an orthonormal basis in H;, and Hs has an

orthonormal basis {ej 2,...,€en,,2}. Assume that x;,...,xy is a basis in X. Then
OO,NQ
X = g Tipi€in @ep2, [ €[N].
1=p=1
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Set w;, = > oo, Tips€in. Then x; = 25:21 w;, ®ep 2. Let H) be the subspace of
Hy spanned by u;,, for I € [N],p € [Na]. Then dim H; < NNj and X C H] ® Ha.
O

Thus, in this case the coupling problem is a finite-dimensional problem.

4.2.2. Hy and Hsy are infinite-dimensional

Assume that H is an infinite-dimensional separable Hilbert space. Let X’ be a closed
subspace. Then B(X) is the subspace of all bounded operators in L € B(H) such
that L(X) C X and L(X*) = 0. In particular, L € B(H) has support in X if and
only if L € B(X).

We assume now that X is finite-dimensional, and N = dim X. Then B(X)
has complex dimension N2. It can be identified with CNV*¥ as follows. Fix an
orthonormal basis X1, ..., Xy in X'. Then a basis in B(X) is xix}/ for i,j € [N]. Thus
L € B(&X) is of the form L = Zijzl aijxix}/. Hence L is one-to-one correspondence
with A = [a;;] € CV*¥. Observe next that L € S(X) if and only if A is Hermitian.

In what follows, we need the following lemmas:

Lemma 4.3. Let 'H be an infinite-dimensional separable Hilbert space. Assume
that X C 'H is a finite-dimensional subspace of dimension N, and Xi,...,XN 1S
an orthonormal basis of X. Let Q, € K(H),n € N be a sequence of orthogonal
projections such that Q, — I in the strong operator topology. Set X, = Q,X.

(1) There exists K € N such that dim X,, = N forn > K.
(2) Let p™ € S4(X,) and assume that Tr p™ < ¢ for n > K. Then, there exists a
subsequence p™ that converges in trace norm to p € S;(X).

Proof. First observe that since @,, is an orthogonal projection we have the inequal-
ity ||Qnxi|| <1 forie [N]and n € N. As lim,, o ||Qnxi — x;|| = 0 for i € [N] we
deduce that for a given € > 0 there exists K (g) such that

1—¢e < {(Qnxi,Qnxi) <1, [(Qunxi,Qnx;)| <efori,je[N] and i#j.

Let W,, = [(QnXi, Qnx;)] € CV*N. Then W, is Hermitian. We claim that W,
is positive definite for ¢ < 1/N. More precisely o1(W,, — Iy) < Ne. (This follows
from Perron—Frobenius theorem, as the absolute value of each entry of I — W, is
less than e. See Ref. [12l) Let A1 (W,,) > --- > An(W,,) be the eigenvalues of W,,.
As W,, — I is Hermitian it follows that |\;(W,, — In)| < Ne.

(1) For K = K(1/N), W is positive definite. Hence @Q,, X1, ..., Q,Xy are linearly
independent for n > K.

(2) Assume that n > K. Denote by W,/? the unique positive definite matrix

which is the square root of W,,. Note that the eigenvalues of Wﬁ/ 2 satisfy also
the inequality |A;( 71/2 — IN)| < Ne. Hence lim,, 5/2 = In. Observe that

L € B(X,) is of the form Zf\;jzl a;jQnxi(Qnx;)". Furthermore p € Sy (A,) if
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and only if A = [a;;] € CV*¥ is Hermitian and positive semidefinite. However, the
trace of L is not equal to the trace of A but to the trace of W{l/QAwyfl/z which
is Tr W, L A. This follows from the observation that &, has an orthonormal basis
(x1,...,x5)W1'2. Note that
(1— Ne)Iy W, X (1+ Ne)Iy <= (1+ Ne) 'y W, < (1— Ne) 'Iy.
Hence for A = 0 we get
(1+Ne) 'TrA<Trp < (1—Ne) ' TrA.

Assume that p™ € Sy (X,) is a sequence whose trace is bounded above. Let p™ =
Zfij:l aijn@QnXi(Qnx;)Y,n > K. Set A, = [aijn] € CV*N. Then A,,n > K
are positive semidefinite matrices with bounded traces. Therefore, there exists a
subsequence A,, which converges entrywise to A = [a;;]. Set p = Zij\;jzl aijXixy .
It now follows that limy_,. ||p™* — p|l1 = 0. |

Lemma 4.4. Let Hi,Hs be two separable Hilbert spaces with countable orthog-
onal bases €;1,e;2 for i € N, respectively. Set H = Hi ® Ha. Assume that
p € Si(H),pi € S+(Hi) are gwen and Tr;p = p;,i € [2]. Let P,; € Sy (H;)
be the orthogonal projection on H;, = span(ei;,...,en;). For n € Nyi € [2],
Pin = PnipiPni. Let p() = (Pya ® Pp2)p(Po1 @ Py2). Then we have Try p™ =<
P10y Tr1 p™ =< pa .

Proof. Write

o oo
_ vV _ . Vv .
p= Plpg @ €p2ey o = €;,1€ 9 & P2,ij,
p,q=1 1,j=1

o0 o0
p1="Trap= Zm,pp, p2 =Trip= sz,m
p=1 i=1

where p1 4 is in a trace class operator on H; and po;; is in a trace class operator
on Hs. Then

TI'2 p(n) = TI‘2 ((Pn,l %] Pn,2) ( Z P1,pq & ep,Qe(\]/J) (Pn,l ® Pn,2)>

p,q=1

n
= TI‘2 ( Z Pn,lpl,qun,l ® ep,29¥’2>

p,q=1

[eS)
Pn,lpl,pppn,l = § Pn,lpl,pan,l = Pi,n-
1 p=1

I
NE

p

PN

Similarly Try p(™) P2.m- O

Theorem 4.5. Let Hi, Ha be two separable Hilbert spaces with countable orthog-
onal bases e 1,€;2 for i € N respectively. Set H = Hi ® Ha. Suppose X C 'H
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is finite-dimensional. Assume that p; € Sy (H;) are given and Trpy = Trpy = 1.
Let P, ; € S1(H;) be the orthogonal projection on H; , = span(ei i,...,en;). For
n e N,i€[2], set X, = (Pnp1 ® Py 2X) and pipn = PpipiPn.
Consider the semidefinite programming problem
tin(p1, p2, X)
= max{Tr(X Py, ); Tra X = p1n, Tr1 X = pan,

X € (P ® Po2)Sy(H)(Pai ® Poa)}.
Then, the following statements are equivalent:
(1) 3p € Sy 1(H1 ® Ha) satisfies
Tr1(p) = p2, Tra(p) = p1,supp(p) C X.
(2) limy,—co tin(p1, p2, X) = 1.

Proof. (1) = (2) Assume that there exists an p € S; 1(H) such that Trop =
,017T1“10 = P2 Supp(p) C X. Let p(n) = (Pn,l & Pn,?)p(Pn,l & Pn,2)a p(n) €
(Pya1 ® Pp2)St(H)(Pyy ® Pp2). According to Lemma [£4] we have Try pm =<
P1n, 111 p(") = p2,n. Therefore, p(”) is a feasible solution of the maximal problem.
Moreover, since supp(p) C &, we deduce that p™ (H) = (P,1 @ Po2)p(Pu1 ®
Po2)(H) C X,. As X, is closed, and supp(p(™) is the closure of p™)(H), we have
supp(p™) C X,. So we have

pin(p1, p2, X) = Tr(p™ Py, ) = Tr(p™). (4.2)

Since P, 1 ® Pp2 — I1 ® I> in the strong operator topology Lemma 5 in Ref.
yields lim,, o [0 — p|l1 = 0. So lim,, o Trp™ = Trp = 1.
Since Px, < I, and X € S;(H), Tra X =< p; we obtain

Tr X Py, = Tr X1/2XY2Py =Tr X'/2Py X1V/2 <
Tr XV2IXY?2 = Tr X = Tr(Trp X) < Trpy = 1.

Hence Tr(p(™) = Tr(p™ Px,) < pin(p1,p2, &) < 1. By taking the limit on both
sides we deduce lim,, o pin(p1, p2, X) = 1.
(2) = (1) Let &,,,n € N be a positive sequence converging to zero. Suppose that
H<p(n)Ple) Z Mn(/)lap% X) —&n

and Try p(™ < p1.m, Tr1 p™ < P2.n, and o™ e (Py1 ® Pp2)St(H)(Pri ® Pn2) C
S, (X,). According to Lemma E3(2), there exists ny, such that p("*) converges in
trace norm to p € S;(X). Lemma yields that Tr; p("*) converges to Tr; p in
trace norm for ¢ € [2]. By taking the limit of the following inequality

pin(p1, pa, X) — £ < Tr(Py, p"™)) < Tr(p™)) < L.

We have lim,, Tr(p("k)) = 1. As p(™) converges in trace norm to p, we deduce
that Tr(p) = 1.
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For each ny, we have Tr;(p™*)) < p; ., where {i,j} = [2]. Lemma 5 in Ref. [[3]
yields that imy_,o0 pjn, = p; for j € [2]. Hence Tr; p < p; for {7, j} = [2]. Further-
more, Tr(Tr; p) = Trp; = Trpa = 1. Hence p; = Tra p and pa = Trq p. O

5. Continuity of the Hausdorff Metric

Let ® be given by (LIl). Lemma yields that ® is a bounded linear operator
satisfying ||®|| < 2. Denote ¥ = ®(T1(H1 ® Hz)). Note that (p1,p2) € ¥ if and
only if p; € T (H;) and Trp; = Tr pa.

Proposition 5.1. Assume that (p1, p2) € X. Then the set M(p1, p2) given by ([L3)
s a nonempty, convex, compact, metric set with respect to the distance induced by
the norm in T(Hy ® Hs). That is for each sequence v € M(p1,p2),m € N there
exists a subsequence 7y, which converges in norm to v € M(p1, p2).

Proof. Clearly M(0,0) = {0} and the proposition is trivial in this case. Assume
that Trp; = Trpa > 0. Then ﬁpl ® pa € M(p1,p2). Clearly M(p1,p2) is
a convex metric space. Note that ||y]|; = Trp; for each v € M(p1, p2). Hence
M(p1, p2) is a bounded set. Assume that 7,,, € M(p1, p2), m € N. Then there exists
a subsequence 7,,, which converges in the weak operator topology to 7. Clearly
Tr2 Y, = p1,Tr1Ym, = p2. Theorem [[4] yields that lim,, oo |[Ym, — 7|1 = 0.
Hence v € M(p1, p2). O

Observe that T, (H1 ® Hz) fibers over X: T4 (H1 ® Ha) = Uy, pp)esM(p1, p2).
We define the distance between two fibers using the Hausdorff metric. The distance
from € T(H1 ® Ha) to M(p1, p2) is defined as

dist(3, M(p1, p2)) = inf{||3 —v|l1,7 € M(p1,p2)}

Since M(p1, p2) is compact it follows that there exists v(3) € M(p1, p2) such that
dist(8, M(p1, p2)) = |B—~(B)||1. Assume that (1, 02) € 3. Then, the semidistance
between M (o1, 02) and M(p1, p2) is given as

sd(M(o1,02), M(p1, p2))
= sup{dist(8, M(p1, p2)), B € M(01,02)}.
Since M(p1, p2) and M (o1, 02) are compact, it follows
sd(M(c1,02), M(p1,p2)) = |8 — |1 for some 3 € M(a1,02),7 € M(p1,p2)-
Recall that the Hausdorff distance between M (o1, 02) and M(p1, p2) is given by
hd(M(UlaU2)»M(P1»P2))
= maX(Sd<M<0-170-2)3M(plap2))78d(M(plap2)7M<Ulv02)))-

Theorem 5.2. The Hausdorff distance on the fibers over 3 is a complete metric.
Furthermore the sequence M(p1.m,p2.m),m € N converges to M(p1,p2) in Haus-
dorff metric if and only if the sequence (p1,m, p2.m),m € N converges in norm to

(Pl,p2)~
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Proof. Since each M(p1, p2) is compact it follows that
hd(M(o1,02), M(p1,p2)) =0 <= M(0o1,02) = M(p1,p2) <
(01,02) = (p1, p2)-

As M(o1,02) and M(p1, p2) are compact there exist 3 € M(oy,02) and v €
M(p1, p2) such that hd(M(o1,02), M(p1, p2)) = ||8 — v|l1- Lemma 22 yields that
o1 = pills + [loz = p2[[1 < 2hd(M(o1, 02), M(p1, p2))-

Assume that the sequence M(p1.m, p2.m),m € N is a Cauchy sequence in the
Hausdorff metric. Hence the sequence (p1,m, p2,.m), m € N is a Cauchy sequence in
Y. Therefore, there exists (p1,p2) € ¥ such that limy, oo [|p1,m — 1l + |p2,m —
pall1 = 0.

We now show that the sequence M(p1,m, p2.m), m € N converges to M(p1, p2)
in the Hausdorfl metric. Since the sequence (p1m,p2,m) is bounded, and each
M(p1,m, p2.m) is compact, it is straightforward to show using Theorem [[4] that
the sequence sd(M(p1,m, p2,m), M(p1, p2)) converges to zero. It is left to show that

Sd<M<p17p2)aM(p1,map2,m)) = diSt(’Ym»M(Pl,m»sz)) - Oa TYm € M(p17p2)'

Assume to the contrary that the above condition does not hold. Then, there exists
d > 0 and a subsequence {my},k € N such that dist(Vm, , M(p1,ms, P2,ms)) > 20.
As M(p1, p2) is compact there exists a subsequence {my, },1 € Nand v € M(p1, p2)
such that lim;_.c [[m,, —7[l1 = 0. Hence we can assume that

dlSt(’y, M(pl,mkl ; '0277”’% )) > 0

for all [ € N. Without a loss of generality, we assume that my, = [ for [ € N. We
will contradict this statement.

First, we assume that p;,,,p; = 0 and all their eigenvalues are simple. Then
there exist orthonormal bases {€;, j.m},{en,j},n € N of H; such that

o0
- . . Vv o . .
Pjm = E )\Zj G;m€i;jm & €, .5m> )\Zj gem > /\zj-i-lu,m >0,

ij=1

o0
_ Vv
pi= D A ®e) 5 X > X415 >0,

ij=1
Let P, jm and P, ; be the orthogonal projections of H; on
Hp,jom =span(€ijm,...,€njm) and Hy;=span(eij,...,enjm)
respectively. Define pgnn)1 = Pn,j,mpj,mPn,j,m,pg-") = Py jmp;iPnjm. As
i lpjm = pjlls =0,
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it follows that |Xi; jm — A, 5| — 0,]/€i; jm — €i;]| = 0,i; — oo, after we choose
the phases (signs) of e;; j, (see Lemma B.6 in Ref. [I4]). Hence for each n € N

lim || Pojm = Pajlli =0,
m— 00

im pj,nm_pjn 1= im Pj,m_PjTlm - pj_pjn 1= .
Tim|pf7), = p§ [l =0 = lim | ( ) = (="l =0, (5.1)

Let Yni,me,m = Pnl,l,m ® Png,Q,m'YPnl,l,m & Pn2,2,m and Yni,ne = Pn1,1 &
Py 27Puy 1 @ Py 2. Then limy, oo [V np.m — Yy o |l = 0, and limy,, ny oo ||y —
Tni,no ”1 =0.

The arguments of the proof of Lemma [£.4] yields that Tra Vi, nym = 0
T Yoy nom = 027,121)~ Hence pjm — Trj Yy no,m = 0, where {j, 7'} = [2]. Define

1

P1,m — TI‘2 Tni,na,m

(n1)

i,m > and

Ony,na,m = Tni,na,m + ’I‘I‘( ) (pl,m - TI‘2 'Ynl,ng,m)

® (p2,m — Tr1 Yoy mog,m)-
Then oy, ny.m € M(p1,m, p2,m) and
lonsmem = V1 < [¥ninem = Yname 1 + 1¥nene = Yl + lp1m — palla
o1 = Tr2 Ynymollt + | Tr2 Yy ne = Tr2 Vo mo,ml1-
Recall that (Lemma 2.2])

”pl — Try Tni,ne ”1 < H7 - 7711,712”1’ ” Try Tny,ng — Tro 7”17”277””1

< H'Ym,nz - 'Ynl,nz,mnl-

Use (&) a choice of ny,n2 > 1 and corresponding m >> 1 such that

dist (7, M(p1,m; p2,m)) < |17 = Oy namll1 < 6.

This inequality contradicts our assumption and proves that M(p1,m,p2,m) con-
verges to M(p1, p2) in the Hausdorff metric.

We discuss briefly how to modify the above arguments to general (p1,m,p2,m)
and (p1, p2). For p1, p2 with simple eigenvalues we do not need to modify anything
as An;jm > An;+14m for fixed n; and m > Nj(n;). Let us consider now the
case where p; and py are positive definite but may have multiple eigenvalues. Each
eigenvalue must have a finite multiplicity. Suppose that An,; > Ap;41;. Then
Anjjom > Anj41,j,m for m > Nj(n;). As P, ; is well defined it follows that (G.1))
holds.

Denote by H;- the closure of the range of p;. It is straightforward to show
using Lemma 2] that M(p1, p2) C T (H) ® H5). Then P, ; are the corresponding
projections in H;-. Then for A\, j > An, 41,5, (1)) holds.

Finally, the last part of the theorem that the sequence M(p1.m,p2.m),m € N
converges to M(p1, p2) in Hausdorff metric if the sequence (p1,m,p2.m),m € N
converges in norm to (p1, p2) follows straightforward from the above arguments. O
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