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Abstract. We consider the problem of the semidefinite representation of a class of noncompact
basic semialgebraic sets. We introduce the conditions of pointedness and closedness at infinity of
a semialgebraic set and show that under these conditions our modified hierarchies of nested theta
bodies and Lasserre’s relaxations converge to the closure of the convex hull of S. Moreover, if the
Putinar-Prestel’s Bounded Degree Representation (PP-BDR) property is satisfied, our theta body
and Lasserre’s relaxation are exact when the order is large enough; if the PP-BDR property does not
hold, our hierarchies converge uniformly to the closure of the convex hull of S restricted to every fixed
ball centered at the origin. We illustrate through a set of examples that the conditions of pointedness
and closedness are essential to ensure the convergence. Finally, we provide some strategies to deal
with cases where the conditions of pointedness and closedness are violated.
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1. Introduction. Consider the basic semialgebraic set
S = {x eER" | g1(z) >0,...,gm(x) > 0}7

where g;(X) € R[X] :=R[Xy,...,X,], i =1,...,m. The convex hull of S is denoted
by co (S) and its closure is denoted by cl(co(S)). Characterizing cl(co(S)) is an
important issue raised in [1, 8, 9, 14]. There is a considerable amount of interesting
work by many people. For instance, using the same variables appearing in S, Ros-
talski and Sturmfels [19] exploit projective varieties to explicitly find the polynomials
that describe the boundary of co(S) when S is a compact real algebraic variety; by
introducing more variables, theta bodies [4] and Lasserre’s relaxations [10] have been
given to compute cl(co(S)) approximately or exactly when S is a compact semial-
gebraic set. In this paper, we aim to extend work in [4, 10] and provide sufficient
conditions such that the modified hierarchies of theta bodies and Lasserre’s relax-
ations of a noncompact semialgebraic set S can still converge to the closure of the
convex hull of S.

Let g1, ..., gm be homogenized polynomials of g1, ..., gm, respectively. We lift S
to a cone of §° C R**+1

S° = {2 e R™ [ §1(&) > 0,...,Gm(%) > 0, o > 0}.
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Let X := (X0, X1,...,X,). Denote Qi (G) as the kth quadratic module generated by

Gi= {1 m, Xo, IKI3—1, 1 IKI3}
and
Si={FeR™ | §i(&)>0,...,5m(F) >0, 2 >0, [|F|2=1}.
Denote P[X]; := (R[X];\R) U {0}, where R[X]; is the set of linear polynomials in
R[X]. We construct the hierarchy of theta bodies THy(G),
THL(G) = {a« eR" |i(L,2) >0 Vie ud) mP[)?h} ,

and Lasserre’s relaxations Q(G),

Jy e R¥W st. Z,(Xo) =1,

Ly(Xi) =, i=1,...,n,

Mi—1(Xoy) = 0, My_1((|X[3 - D)y) =0,
M (y) = 0, My—k,(g59) =0, j=1,...,m,

Q(G):={ zecR"

where 3(k) = (":J]ﬁl) and k; = [degg,/2] for every k € N.

Our contribution. Consider a noncompact basic semialgebraic set S.

e Assuming that S is closed at co [13] and the convex cone co(cl(S°)) is closed
and pointed (equivalently, it contains no lines through the origin):

— We prove that the hierarchies of ﬁk(é) and ¢l(€4(G)) defined above
converge to cl(co(S)) asymptotically. If Qy(G) is closed, then ﬁk(é) =
cl(Qx(@)) for k € N.

— If the Putinar-Prestel’s Bounded Degree Representation (PP-BDR) [10]
holds for G with order &, then we conclude that cl(co(S)) = TH (G) =
cl(Q (G)). If the PP-BDR property does not hold, then for every e > 0,
cl(Q(G)) converges uniformly to cl(co(S)) restricted to every fixed ball
centered at the origin.

e We show that the conditions of closedness and pointedness are essential to
guarantee the convergence of the constructed hierarchies.

— We observe that the condition of closedness of S at co depends on the
generators of S and in many cases, we can force S to become closed at
oo by adding a redundant linear polynomial obtained by the property of
pointedness of co(cl(5°)).

— If co(cl(5°)) is not pointed, then we divide S into 2" parts along each
axis. If S is closed at oo and each part satisfies PP-BDR property, we
can compute modified Lasserre’s relaxations for each one and then glue
them together properly.

Structure of the paper. We provide in section 2 some preliminaries about convex
sets and cones. We also recall some known results about theta bodies [4] and Lasserre’s
relaxations [10] for compact semialgebraic sets. An example is given to show that for
a noncompact semialgebraic set S, the sequence defined in (2.3) or (2.5) does not
converge to cl(co(S)). In section 3, when S is a noncompact semialgebraic set, we
provide sufficient conditions for guaranteeing the convergence of modified theta bodies
and Lasserre’s relaxations for computing cl(co(.5)). Some examples are also given to
illustrate our method. More discussions on these sufficient conditions are given in
section 4.
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2. Preliminaries. In this section we present some preliminaries needed in the
rest of this paper.

2.1. Convex sets and cones. The symbol R denotes the set of real numbers.
For € R", ||x||2 denotes the standard Euclidean norm of z. A subset C' C R" is
convez if for any u,v € C and any 6 with 0 < 0 < 1, we have fu+ (1 — 8)v € C.
For any subset W C R™, denote ri (W), cl(W), and co(W) as the relative interior,
closure, and convex hull of W, respectively. A subset K C R"™ is a cone if it is closed
under positive scalar multiplication. The dual cone of K is

K*={ceR"|{c,z) >0 Vze K}.

In particular, (R")* = R™ and L* = L+ for any subspace L C R™. A cone K need
not be convex, but its dual cone K* is always convex and closed. The second dual
K** is the closure of the convex hull of K. Hence, if K is a closed convex cone, then
K™ =K.

PROPOSITION 2.1 (see [17, Corollary 16.4.2]). Let K1 and Ko C R™ be two closed
convex cones, then

In particular, for any subspace L C R™,
(KinL)*=cl(Kj+L").

DEFINITION 2.2. A closed convex cone K is pointed if K N —K = {0}, i.e., K
contains no lines through the origin.

It is well known that the convex hull of a compact set in R™ is closed. However,
it is generally not true for a noncompact set. For example, let

V.= {(x1,x2) € R? | T1we =1, w12 > 0} U {(070)}7
then
co (V) = {(z1,22) € R* [ 21 > 0, 32 > 0} U {(0,0)},

which is not closed.
THEOREM 2.3. Let K be a closed cone. The following assertions are equivalent:
1. co(K) is closed and pointed;
2. co(K) contains no lines through the origin;

3. there exists a vector ¢ = (c1,...,¢,) € R™ such that (c,z) > 0 for all x €
co(K)\{0}.
Proof. For the proof, see Theorem 11 and Lemma 2 in [2]. O

Remark 2.4. Although the pointedness is defined on closed convex sets, by Theo-
rem 2.3, it is safe to say that co(K) is pointed for a closed cone K if co(K)N—co(K) =
{0}.

2.2. Quadratic modules and moment matrices. Let N denote the set of
nonnegative integers and we set N := {a € N" | |a| = Y | a; < k} for k € N. The
symbol R[X] denotes the ring of multivariate polynomials in variables (X1,...,X,)
with real coefficients. For o € N", X denotes the monomial X{" --- X% whose
degree is |af := > | ;. The symbol R[X]; denotes the set of real polynomials of
degree at most k.

For any p(X) € R[X]x, let p denote its column vector of coefficients in the
canonical monomial basis of R[X];. A polynomial p(X) € R[X] is said to be a
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sum of squares of polynomials if it can be written as p(X) = >7_, u;(X)? for some
ur(X),...,us(X) € R[X]. The symbol %2 denotes the set of polynomials that are
sums of squares.

Let G := {g1,...,9m} be a set of polynomials that define the semialgebraic set
S. We denote

Q(G) = ZUjgj ’ go =1, 0; € 2

Jj=0

as the quadratic module generated by G and its kth quadratic module

Qk(G) = ZUjgj ‘ 90:1, 0 622, deg(ajgj)SQk
=0

It is clear that p(x) > 0 for any p € Q(G) and x € S.

DEFINITION 2.5. We say Q(G) satisfies the Archimedean condition if there exists
¥ € Q(G) such that the inequality ¥(x) > 0 defines a compact set in R™.

Note that the Archimedean condition implies S is compact but the inverse is not
necessarily true. However, for any compact set S we can always force the associated
quadratic module to satisfy the condition by adding a redundant constraint M — ||x||3
for sufficiently large M.

THEOREM 2.6 (see [16, Putinar’s Positivstellensatz]). Suppose that Q(G) satisfies
the Archimedean condition. If a polynomial p € R[X] is positive on S, then p € Qi(G)
for some k € N.

DEFINITION 2.7 (see [10, Definition 3] PP-BDR of affine polynomials). One says
that PP-BDR of affine polynomials holds for G if there exists k € N such that if p is
affine and positive on S, then p € Qk(G), except perhaps on a set of vectors p € R”
with Lebesque measure zero. Call k its order.

Let y := (ya)aeNgk be a truncated moment sequence of degree 2k. Its associated
kth moment matriz is the matrix My (y) indexed by N7, with (a, 5)th entry ya4s
for a, 3 € N. Given a polynomial p(X) = > p,X?, for k > d, = [deg(p)/2], the
(k — dy)th localizing moment matriz My._q,(py) is defined as the moment matrix of
the shifted vector ((py)a)aeNS(k_dp> with (py)a = Zg DaYa+s- Aok denotes the space
of all truncated moment sequences with degree at most 2k. For any y € .#5y, the
Riesz functional ., on R[X]s is defined by

fy <Zq0¢X?1"'Xg"> 3:Z%ya Vq(X)GR[X]Qk

From the definition of the localizing moment matrix Mj_q,(py), it is easy to check
that

(2:2) a’" My—q, (py)a = Z,(p(X)q(X)?) Vq(X) € R[X]—a,.

2.3. Lasserre’s relaxations and theta bodies. For a compact basic semial-
gebraic set S C R™, Lasserre investigated the semidefinite representations of co(S) in
[10]. Let s(k) := ("1*) and k; := [degg;/2] for j =1,...,m. For any k € N, define

Jy e R* st 7, (1) =1,
(2.3) W(G) =5 zeR" | L(X;)=wm, i=1,...,n, Mi(y) =0,
My—r;(g959) =0, j=1,...,m,
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It has been proved in [10, Theorems 2 and 6] that
1. if PP-BDR property holds for G with order k, then co(S) = Qi (G);
2. if we assume Q(G) is Archimedean, then for every fixed € > 0, there is ke € N
such that co(S) C Qi (G) C co(S) + eBy, where By := {z ¢ R" | |Jz|2 < 1}.
Another hierarchy of semidefinite relaxations of convex hulls closely related to
{Q%(G)} is called theta bodies defined on real varieties [4, 5], which can be extended
to semialgebraic sets. Let R[X]; denote the subset of all linear polynomials in R[X];
we have

(2.4) cl(co(9)) = ﬂ {z € R" | p(z) > 0}.
PER[X]1,p|s>0
Define the kth theta body of G as
(2.5) TH;(G) :=={x € R" | p(z) >0 Vp e Qu(G) NR[X]1}.
Clearly, we have
TH1(G) 2 TH2(G) 2 -+ 2 TH(G) 2 THr41(G) 2 -+~ 2 cl(co(5)) .

When Q(G) is Archimedean, by Putinar’s Positivstellensatz, (2.4), and (2.5), we have
immediately

(2.6) cl(co (S)) = (| THx(G).
k=1

THEOREM 2.8. If Qu(G) is closed, then THy(G) = cl(Qx(G)).

Proof. The proof is similar to the one given in [4, Theorem 2.8] for S being a real
variety. o

Remark 2.9. When S has a nonempty interior then Q(G) is closed for every
k € N [15, 20]. Hence, THy(G) = cl(2(G)) for any k € N.

The assumption of the Archimedean condition plays an essential role in the hierar-
chies of Lasserre’s relaxations (2.3) and theta bodies (2.5). However, for a noncompact
semialgebraic set S, the Archimedean condition is violated. We cannot guarantee that
the sequence defined in (2.3) or (2.5) converges to cl(co(S)). This can be observed
from the following example.

Example 2.10. Consider the basic semialgebraic set

(2.7) S :={(z1,22) €R* | @1 >0, 2} — x5 > 0}.

As shown in Figure 1, S defines the gray shadow below the right half of the cusp.
Let G := {X1, X? — X3}. It is clear that cl(co(S)) = S. We show a tangent line
I(X1,X5):=142X,—-3X5 =00f Sat (1,1) in Figure 1. For every ¢; X1 +caXa+c¢o €
Qi (G) NR[X]1, co,c1,c2 € R, we have

c1X1 4 c2Xa + o = 00(X1, Xa) + 01 (X1, X2) X1 + 02(X1, Xo) (X7 — X3),
where 0g, 01,02 € 2. Substituting X; = 0, we have
caXo +co = 0'0(0, Xz) — X230'2(0, X2).

Since the highest degree terms in o0(0, X2) and —X302(0, X») cannot cancel each
other out, we have 02(0, X5) = 0 and 0((0, X2) is a constant. This implies ¢; = 0 and

THL(G) = {(x1,22) € R* | 21 > 0}
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2

-2

Fic. 1. The semialgebraic set S in Example 2.10 and the tangent line .

for all k¥ € N. Hence, theta bodies TH(G) defined in (2.5) cannot converge to
cl(co(S)). Moreover, since S has a nonempty interior, by Remark 2.9, Qx(G) is
closed for every k € N. By Theorem 2.8, we have TH;(G) = cl(Q,(G)) for k € N.
Hence, the hierarchy of Lasserre’s relaxations 2 (G) defined in (2.3) cannot converge
to cl(co(S)), either. The main reason that THj(G) does not converge to co(S) is that
none of the tangent lines of S, except X; = 0, can be approximated by polynomials
in Qx(G) NR[X]1, k € N. In particular, I, := 1+ ¢ & Qi(G) for any € > 0, k € N.

Remark 2.11. Because the semialgebraic sets and projected spectrahedra in all
examples in this paper are unbounded, they are shown in figures after being truncated
properly.

In the next section, we show how to overcome the difficulty in semidefinite repre-
sentations of convex hulls of noncompact semialgebraic sets.

3. Semidefinite representations of noncompact convex sets. In this sec-
tion, we study how to modify theta bodies and Lasserre’s relaxations for computing
cl(co(S)) when S is a noncompact semialgebraic set. The main idea is to lift S to a
cone of S° in R"*! via homogenization, a technique which has been used in [3, 11] for
dealing with noncompact semialgebraic sets, and show that the modified theta bodies
and Lasserre’s relaxations converge to cl(co(.S)) when S is closed at co and co(cl(S°))
is closed and pointed. Some examples are given to illustrate that the conditions of

pointedness and closedness are essential to ensure the convergence.

3.1. Nested and closed convex approximations of cl(co(S)). Consider
a polynomial f(X) € R[X] and its homogenization f(X) € R[X], where X =
(X0, X1,...,X,) and f(X) = X§f(X/Xo), d = deg(f). For a given semialgebraic
set

(3.1) S:={zeR"|g1(x) >0,...,9m(x) >0},
define
SO :={F e R" | §1(2) >0, ..., §m(F) >0, zo >0},
(32)  S°:={ZeR"™|§51(2)>0, ..., §m(®) >0, 20 >0},
S:={eR"™ | §()>0, ..., Gm(@) >0, 20 >0, |E]|? =1}
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o
[

Fig. 2. Left: the cone 5S¢ and hyperplane I generated by S and [, respectively; Right: the
compact patch S (cut by the blue line) on the unit sphere, in Example 2.10.

Note that S° depends only on S, while 5S¢ and S depend not only on S but also on
the choice of the inequalities g1(z) >0, ..., gm(z) > 0. .

PROPOSITION 3.1 (see [6, Proposition 2.1]). f(z) > 0 on S if and only if f(Z) >0
on c1(5°).

COROLLARY 3.2. For any f € R[X]1, f(x) > 0 on cl(co(S)) if and only if
f(&) >0 on co(cl(5°)).

Proof. Since f(X) is linear, f(x) > 0 on cl(co(S5)) if and only if f(x) > 0 on S,
and f(Z) > 0 on co(cl(5°)) if and only if f(Z) > 0 on ¢l(S°). The conclusion follows
from Proposition 3.1. a

Ezample 2.10 continued. By the definitions (2.7) and (3.2), we have

o, L1, T2 cR? x1 > 0, x0x2—x3>0, xg > 0},
1 2

o, L1, T2 cR? x1 > 0, x0x2—x3>0, xg > 0},
1 2

S = {(xo,w1,22) ER3 | 21 >0, 2027 — 23 >0, 20 >0, ||Z]|3 =1}

5o ={
Se={

In Figure 2 (left), we show the cone S¢ in R? and the hyperplane [(Xg, X1, Xa) :=
Xo+2X; —3X, = 0 generated by [. It can be seen that [ is still tangent to co(cl(5°))
which illustrates Corollary 3.2. The compact patch S on the unit sphere is shown in
Figure 2 (right).

DEFINITION 3.3 (see [13]). S is closed at oo if c1(S°) = S°.

Remark 3.4. Tt is shown in [6] that the closedness at oo is a generic property.
Namely, if we consider the space of coefficients of generators g;’s of all possible sets
S of form (3.1) in the canonical monomial basis of R[X]4, where n,m, and d of the
highest degree of g;’s are fixed, then the coefficients of g;’s of those sets S which are
not closed at co are in a Zariski closed set of the space.

Since S°¢ and S depend also on the inequalities g1(x) > 0,...,gm(xz) > 0, the
closedness at oo of S depends not only on S but also on its generators. See the
following example.

Ezample 3.5. Consider the set S := {(z1,22) € R? | 23 — 23 > 0}. We have

S° = {(x0,21,22) € R® | mozs — 27 >0, 20 > 0},
S¢ = {(x0,21,22) € R® | woza — 27 >0, 20 > 0},

S = {(xo,x1,22) € R3 | zoxo — a:% >0, 20 >0, ||Z||2 =1}.

Since S°\cl(S°) = {(0,0,23) € R? | 2, < 0} # 0, S is not closed at co. However,
let S := {(z1,22) € R? | 22 — 22 > 0,1 + 22 > 0}; it is easy to check that S = 5,
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but S’ is closed at co. It will be shown in subsection 4.1 that for a special class of
semialgebraic sets which are not closed at oo, we can always add a redundant linear
generator to S such that it is closed at co. B
Assumption 3.6. (i) S is closed at oo; (ii) The convex cone co(cl(S°)) is closed
and pointed.
Let P[X]; be the set of homogeneous polynomials of degree one in R[X ] plus the
zero polynomial and

(33) G:={d1,--gm» Xo, [X[3 -1, 1—[IX|[3}.
DEFINITION 3.7. The modified kth theta body of noncompact S (3.1) is
(3.4) THk( G):={zeR"|I(1,2) >0 VIe QG NPX]}.

THEOREM 3.8. Let S CR"™ be the semzalgebmzc set deﬁned as in (3.1). Suppose
that Assumption 3.6 is satisfied, then cl(co(S)) C THk( Q) for every k € N and

(3.5) cl(co(8)) = () THx(G)
k=1

Proof. We first show cl(co(S5)) C THk(G) for every k € N. Fix an [ € Qi(G) N
]P’[X]l, then we have [(Z) > 0 on S. Since [ is homogeneous, we have I(£) > 0 on
S¢. Since S° C 5S¢, we have [(Z) > 0 on co(cl(5°)). By Corollary 3.2, we have
I(1,2) = I(z) > 0 on cl(co(S)), which implies that cl(co(S)) is included in ﬁk(é)
for every k € N. Thus, the modified theta bodies defined in (3.4) form a hierarchy of
closed convex approximations of co(S) as follows:

(3.6)  THi(G) 2 THy(G) 2 -+ 2 THy(G) 2 THyy1(G) 2 -~ 2 el (co (S)).

We now verify that this hierarchy converges to cl(co(S)) asymptotically. Assume
u ¢ cl(co(S)), we show that u ¢ THy(G) for some k € N. Since cl(co(5)) is closed
and convex, by the hyperplane separation theorem, there exists a vector (fo, f) € R**?
that satisfies
(fou) < fo and (f,z) > fo on cl(co(9)).
Let f(X):=3", fiX; — foXo € R[X], then
f(l,u) <0 and f(1,2)= f(z) >0 on cl(co(9)).

By Corollary 3.2, we have
(3.7) f(@)>0 Vzeco (cl (go)) .

Since co(cl(5°)) is closed and pointed, by Theorem 2.3, there exists a polynomial
h(X) = Y hiX; € ]P’[X]l such that (%) > 0 on co(cl(So))\{O} We choose a
small € > 0 such that (f + €h)(1,u) < 0 and rename f + eh as f, then

(3.8) f(l,u) <0 and f(#)>0 on cl(5°)\{0}.
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We have assumed that S is closed at co, c1(S°) N {z € R™1 | [|z]s = 1} = S,
hence

(3.9) f(L,u)<0 and f(#)>0 on S.

Since Q(é) is Archimedean, by Putinar’s Positivstellensatz, there exists a k' € N such
that f € O (G) NP[X];. Since f(1,u) < 0, we have u ¢ THy,(G). This implies

(3.10) ﬂ TH,(G) C cl(co(9)).

Finally, by (3.6) and (3.10), we can conclude cl(co(S)) = N, ﬁk(é) O
Ezample 2.10 continued. For every (0,u1,us) € S\S°, let

ul® = (e, u1, v/ €eus —|—u§> .

Then {u(9}.~o C S° and lim_,ou(® = (0,u,us). Hence, we have S°\S° C ¢l(5°)
and S is closed at oco. Moreover, it can be verified that

f](Xo,Xl,Xz) = 2X0 + 2X1 — 3X2

is positive on co(cl(S°))\{0} which implies co(cl(S°)) is pointed by Theorem 2.3.
Hence, Assumption 3.6 holds for S. Let ¢ > 0 tend to 0, I can be approximated by
the [+ ¢g which are ' positive on S. Moreover, since o(G@ ) is Archimedean, by Putinar’s
Positivstellensatz, | + €g belongs to the quadratic module corresponding to

G:={X0, X1, XoX? - X3, X2+ X?+X2-1,1—- X2 - X? - X}}
for every € > 0. Define
TH].C( ) = {(ﬁl,xg) S R | l(l xl,xg) >0 Vv l e Qk( )QP[Xo,Xl,XQ]l},

we have cl(co(S)) = 72, THx(G).

COROLLARY 3.9. Let S CR™ be a semialgebraic set defined as in (3.1). Suppose
that Assumption 3.6 is satisfied and PP-BDR property holds for G with order k', then
cl(co(S)) = THw (G).

Proof. By (3.6), we need to verify that cl(co(S5)) 2 ﬁk/(é) Assume that there
exists a vector u € THk/(G) but u & cl(co(S)). According to (3.9), there exists a
linear polynomial f € R[X] with f(0) = 0 such that f(1,u) < 0 and f( )>0onS.
Since G satisfies PP-BDR property with order k', we have f € Qp (G) NP[X];. Due
to the fact that f(1,u) < 0, we derive that u & THy, (G). This yields a contradiction.
Thus, we have cl(co(5)) = T\ﬁk/(é) O

Remark 3.10. Define the perspective projection ¢ as

¢: {(xg,z) €eR"™ |29 >0} - R,

(3.11) (2o, x) — =z
g

Let

(3.12) H:={0,z) |z e R"}.
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As pointed out by a referee, to approximate cl(co(.S)) of a noncompact S, we can also
consider the perspective projections of the classic theta bodies of the compact set S,

o1 ¢ (THk(G)\H) —{z€R" |3t >0st Et, tz) € THy, (~G)} ~ ~
={x eR"| It >0st. l(t,tx) >0V 1€ Qp(G) NR[X]1}.

It is obvious that

(3.14) o (THk(é)\H) C TH(G) for each k € N.

We show in Corollary 3.21 that these two sets are actually the same when Q(G) is
closed.

We would like to point out that two conditions in Assumption 3.6 cannot be
dropped in Theorem 3.8.

Example 3.5 continued. We have shown that S is not closed at co. Clearly, we
have cl(co(S)) = S. Tt is easy to check that c1(S°) is convex. Define f(X) := Xo+Xo,
we have f(#) > 0 on co(cl(5°))\{0} which implies co(cl(S°)) is closed and pointed.
Clearly, we have (0,0,—1),(1,0,0) € S, and (1 — X,0,—)) € co(S) € TH4(G) for
every A € [0,1]. By (3.14), we have

<0, —%) €Ep (THk(CN?)\H) C /’ITITI;C(G) for every A € [0,1).

It implies that {(0,72) € R? | 22 <0} C fﬁk(é) for each k € N. Since cl(co(95)) = S,

we have (o, TH(G) # cl(co(S)).
Ezample 3.11. Consider the set S := {(z1,72) € R? | 23 — 27 > 0}. We have
cl(co(S)) = {(z1,22) € R? | 22 > 0} and
5° = {(z0, 1, 22) € R® | 23 — 2022 > 0, ¢ > 0},
5¢ = {(z0, x1,22) € R® | 23 — 202 >0, 20 > 0}.
It can be verified that S°\S° = {(0,z1,z5) € R® | #, > 0}. Using arguments similar

to Example 2.10 continued, we can show that S is closed at oo. However, since
lim_,o(e, £1, &€) = (0,£1,0) and (0,+1,0) € cl(S°), co(cl(S°)) is not pointed. Let

G={Xo, X5 XoX3, X2+ X2+ X2 -1, 1-X2—-X?-X2}.

We show that TH(G) = R? for every k € N. Assume coXo + c1.X1 + c2Xo € Qk(G),
then

(3.15) coXo+ 1 X1 + o Xy =G0+ 61 X0 + 52 (X5 — XoX2) + h(XZ+ X2+ X2 1),

where 5; € ¥2,i = 0,1,2, and h € R[X]. Substituting (Xo, X1, X5) = (0,+1,0) in
(3.15), we derive ¢; = 0. Substituting (Xo, X1, X2) = (0, £1, X>3) in (3.15), we have

(3.16) 2 Xy = 60(0,£1, Xo) 4 52(0, £1, X5) X3 + h(0, £1, X2) X2.

It is clear that 6¢(0,+1, X2) cannot have a nonzero constant term. Hence, the right
side of (3.16) is divisible by X2, which is only possible when c, = 0. By the definition
(3.4), we derive T\ﬁk(é) = R? for every k € N. This shows that the assumption of
pointedness of co(cl(5°)) cannot be dropped in Theorem 3.8.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/30/18 to 124.16.148.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SEMIDEFINITE REPRESENTATIONS OF CONVEX SETS 387

3.2. Spectrahedral approximations of cl(co(S)). In order to fulfill compu-
tations of cl(co(S)) via semidefinite programming, we study an alternative descrip-
tion of TH,(G) in a dual view and establish the connection between them. In the
following, we consider moment sequences y of real numbers indexed by (n + 1)-tuple

a = (ag,at,...,a,) € N"T1 Each y defines a Riesz functional %, on R[X]. Recall
that §(k) = ("/%1") and k; = [deg g;/2].

DEFINITION 3.12. The modified kth Lasserre’s relaxation of noncompact S (3.1)
is defined as

Jy € R°M) st Z,(Xo) = 1,

Ly(Xi) =5, i=1,...,n,

My—1(Xoy) = 0, My_1((|| X3 — L)y) =0,
Mi(y) =0, My_y,;(g;9) =0, j=1,....,m

(317) Q(G):={ zecR"

PROPOSITION 3.13. For each k € N, the modified Lasserre’s relazation 0 (G)
(3.17) s identical to the perspective projection of the classic Lasserre’s relazation

0 (Q) (2.3) of S, ice., Q(C) = (Qk(@)\H).
Proof. By the definition (2.3), we have

Jy e RE st 2,(1) =1,
Zy(Xi) =24, 1=0,...,n,
M1 (Xoy) = 0, My_1((|IX]3 = 1)y) =0,
Mi(y) = 0, My_1,(g;9) =0, j=1,...,m

(318)  Qu(G)={ ZeR"H!

For any w € Qi(G), there exists y = (yo, 1,w, ...) € R¥2¥ satisfying the conditions
in (3.17). Since My(y) = 0 and .Z,(Xo) = 1, we have yo > 0. Then, y/yo satisfies
the conditions in (3.18), i.e., w = (w/yo)/(1/y0) € ©(Qk(G)\H). For any w €
©(Q%(G)\H), there exist t > 0 and y = (1,¢,tw,...) € R¥2% such that y satisfies
the conditions in (3.18). Then, y/t satisfies the conditions in (3.17), which means
we (@), O

THEOREM 3.14. We have cl(co(S)) C cl(Qx(G)) C /T\ﬁk(é) for every k € N.

Proof. 1t is clear that for every x € S, there exists ¢ > 0 such that (¢,tz) € S.
Then, (¢, tz) € Q(G) for each k € N. By Proposition 3.13, we have z € o(Q(G)\H) =
Q1 (G). Since cl(Q(G)) is a closed convex set, we obtain cl(co(S)) C cl(24(G)).

Since 4 (G) € TH(G), by (3.14) and Proposition 3.13, we have

W(G) = ¢ (Qk(é)\H) Co (THk(é)\H) C TH(G).

The conclusion follows due to the fact that ﬁk(é) is closed. O
Ezample 2.10 continued. Using the software package Bermeja [18], we draw the
third spectrahedron Q3(G). As shown in Figure 3, our modified Lasserre’s relaxation
Q3(G) is a very tight approximation of cl(co(S)).
COROLLARY 3.15. Let S C R"™ be a semialgebraic set defined as in (3.1). Suppose
that Assumption 3.6 is satisfied, then
L. cl(co(S)) = N2, el (@); o
2. if PP-BDR property holds for G with order k', then cl(co(S)) = cl(Qx (G)).
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F1a. 3. The spectrahedral approzimation Q3(G) (shown shaded) of cl(co(S)) in Ezample 2.10.

Proof. Tt is straightforward to verify these results via Theorem 3.8, Corollary 3.9
and Theorem 3.14. O

Since the PP-BDR property is not generally true, similarly to Theorem 6 in [10,
section 2.5], we give an approximate semidefinite representation of cl(co(S)). For a
radius 7 € R, let B, := {x € R" | ||z]|2 < r}.

THEOREM 3.16. Let S C R™ be a semialgebraic set defined as in (3.1). Suppose
that Assumption 3.6 holds, then for every fized € > 0 and r > 0 with cl(co(S))NB, #
(), there exists an integer k. € N such that

cl(co(S))NB, C cl (fzkm(é)) NB, C (cl(co(S)) +¢By) N B,

holds.
Proof. By Proposition 3.13, the conclusion can be proved by similar arguments
used in the proof of Theorem 6 in [10, section 2.5]. 0

Ezxample 3.17. Consider the following semialgebraic set
Si={(x1,22) €R® |2} —2F —21 +1=0, 22 >0},
which is the red curve shown in Figure 4. We have

SO = {(zo, 21, 22) € R? | le’, — a:oxg — x%a:l —|—a:8 =0, 22 >0, 29 >0},

S¢ = {(zo, 21, 22) € R? | le’, — a:oxg — xga:l —|—a:8 =0, 29 >0, 29 > 0}.

Clearly, 5°\5° = {(0,0,22) € R3 | 25 > 0}. It can be verified that S¢ = cl(5°),
i.e., S is closed at co. Since X + X5 > 0 on ¢l(S°)\{0}, we have Xy + X5 > 0 on
co(c1(5°))\{0} and thus, by Theorem 2.3, co(cl(5°)) is closed and pointed. Hence,
Assumption 3.6 holds for S. The third projected spectrahedron ﬁg(é) is depicted
(shaded) in Figure 4.

Remark 3.18. As shown in Theorem 3.16 and Corollary 3.15, the projected spec-
trahedra Q(G) for k € N are outer approximations of cl(co(S)) and converge uni-
formly to cl(co(S)) restricted to every fixed ball B,. If we truncate S first by the ball
B, and then compute the convex hull of the resulting compact set by Lasserre’s relax-
ations (2.3), in general, we cannot get approximations of the truncation cl(co(S))NB,.
Taking Example 3.17 for instance, compared with Figure 4, Lasserre’s relaxation of
cl(co(S N B,)) shown in Figure 5 is not an outer approximation of the truncation
cl(co(S)) N B,.
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Fia. 4. The semialgebraic set S (red curve) and projected spectrahedron Q3(G) (shaded) in
Ezxample 3.17.

Fi1G. 5. Lasserre’s relazation of cl(co(S)) N B, in Ezample 3.17.

By similar arguments given in [4, 5], we show below that TH,(G) = cl(24(G))
for each k € N if Q4(G) is closed.

Let M := {(1,z) | x € R"} and Q}C(é) — O1(G) NP[X];. By the definition of
dual cones,

(3.19) OL(G)* N M = {1} x TH,(G).
Denote proj(Qx(G)*) as the projection of Qx(G)* onto (P[X];)*. It is clear that

(3.20) proj (gk(é)*) AM = {1} x Q(G).

If Qk(G) is closed, by Proposition 2.1, we have
(3.21) Q4(G)* =cl (prOJ‘ (Qk(é)*)) -

LEMMA 3.19. If Qx(G) is closed, the hyperplane M intersects ri(proj(Qx(G)*)).

Proof. By [17, Theorem 6.3] and (3.21), it is equivalent to prove M intersects
ri(Q4(G)*). Fixing a vector u € S, we have [ := (1,u)/[|(1,u)|2 € S and [ € Q}(G)*.
Let

D:={tpeR|IteR" st. (to,t) € QL(G)*}.
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Since Xy € Qk(N) and ¢ 1 € Qk(~) for all ¢ > 0, we get D = [O o0) and thus
1 eri(D). By [17, Theorem 6.8], we derive that M intersects I‘I(Qk( G)*). 0

THEOREM 3.20. If Q(G) is closed, then THk(G) = cl(Q%(G)).
Proof. By (3.19), (3.20), (3.21), [17, Corollary 6.5.1], and Lemma 3.19, we have

1} xcl (ﬁk(é)) —cl (proj (gk(é)*) N M)
(pI‘OJ (Qk( )* )) nM

0LG)* N M
{1} x TH,(G).

This shows that /T\ﬁk(é) = cl(Q%(Q)). o
COROLLARY 3.21. If Qi(G) is closed, then our modified theta body (3.4) is
identical to the perspective projection of the classic theta body (2.5) of S, i.e.,

THL(G) = o (THL(G)\H ) .

Proof. 1t is straightforward by (3.14), Proposition 3.13, and Theorem 3.20. d

Remark 3.22. Since S has an empty interior, we cannot check the closedness of
Qi (G) using the same argument given in Remark 2.9. However, if the original set
S has a nonempty interior, then the vanishing ideal of Sis I = (|X|2—1) and
the image of Qx(G) in R[X]/I is closed in R[X]z/I [12, 15]. Hence, we can show
that the equalities in Theorem 3.20 and Corollary 3.21 hold for modified theta bodies
and Lasserre’s relaxations defined in R[X]/I. Further research is needed to provide
geometric conditions for the quadratic modules Q4 (G) to be closed.

4. More discussions on Assumption 3.6. As we have seen, if Assumption 3.6
is satisfied, then we can obtain a hierarchy of nested semidefinite relaxations converg-
ing to cl(co(S)). In this section, we give more discussions on cases where Assump-
tion 3.6 does not hold.

4.1. Closedness at oo of S. We have mentioned that a semialgebraic set is
closed at oo in general [6]. Unfortunately, as we show below, the closedness condition
does not hold on certain kinds of semialgebraic sets.

Let U be a semialgebraic set defined as

(41) U= { z €R"

hi(x)=0,i=1 1,
gj(z) >0, deg(gj) iseven, j=1,...,ma [
Denote
ﬁoz{ieR”“Mi( ) =0, §;(&) >0, z0 >0, izl,...,ml,jzl,...,mg},

[ij:{£ERn+l|iLz(j):07 g](ff)z(h x0207 i:]-a"'amla jzla"'7m2}~

PROPOSITION 4.1. Suppose U is not compact. Ifco(cl((?o)) is closed and pointed,
then U 1is not closed at co.

Proof. Since U is not compact, there is a sequence {u(®)}°  C U satisfying
limy o0 [|[u® |2 = 0o. Because {(1,u®)/||(1,u®)||2} C U° is bounded, there exists
a nonzero point @ = (0, uy, ..., u,) € cl(U°).
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If co(cl(U®)) is closed and pointed, by Theorem 2.3, we have —a & cl(U°).
However, since deg(g;) is even for j = 1,...,my, it is straightforward to see both

and —u belong to UC which implies cl(UO) ;é Ue. Thus, U is not closed at oo. d
Remark 4.2. Consider the semialgebraic set S defined as in (3.1). Let §; be the

homogeneous part of the highest degree of g; for i = 1,...,m and Dg = §C\c1(§°).
If S is not closed at oo, then

0 # Ds € {(0.2) € R | 4a(2) 20, ..., Gu(e) > O},

Decompose Dg = D}g U D%, where

DY = {(O,a:) e R"! ‘ (0,z) € S°\cl (go) but (0, —z) € cl (go)}
and
D% = {(O,w) € R*! ‘ (0,z) € §C\cl (go) and (0,—z) & cl (go)} .

If S is defined by (4.1), then by the proof of Proposition 4.1, DY # (). However, if
co(cl(SO)) is closed and pointed, there exists a linear function [ € P[X]; such that
I(Z) > 0 on co(cl(SO))\{O} Adding the inequality [(Z) > 0 to the generators of S°
or, equivalently, adding l(l x) > 0 to the generators of S, it is clear that S and So
remain the same but we have DY = (). As a result, the set S with new generators is
more likely to be closed at oco.

Ezxample 4.3. Consider the quartic bow curve

S = {(z1,12) € R? | 2] — 2wy + 23 = 0}
as shown (red) in Figure 6. We have

SO = {(z0, 21, 22) € R3 | 95‘11 — xox%xg + xoxg =0, x9 > 0},

S¢ = {(zo, 21, 22) € R3 | 95‘11 — xox%xg + xoxg =0, x9 > 0}.

We first show that co(cl(5°)) is closed and pointed by proving the polynomial Xy — X,
is positive on co(cl(S°))\{0}. For every 0 # @ = (ug,u1,uz) € cl(5°), we have
ut — uguiug + uouz = 0. If ug = 0, then u; = 0 and ug — ug > 0. Assume up # 0,
then ufus — uj # 0. Otherwise, we have u? = u3 and uj — uou3 + uou3d = 0, then
us = 0, a contradiction. Therefore,

ui
Uy — U2 = P} 3 U2
UjU2 — Uy

2 2
~(uy — u2) + uiu3
uus — ud

>0,

which implies co(cl(5°)) is closed and pointed. Since S is of form (4.1), by Proposi-
tion 4.1, S is not closed at co. By Remark 4.2, we add 1 — x2 > 0 to the generators
of S to force it to be closed at co. The third spectrahedron Q3(G) with the new
generating set is shown (shaded) in Figure 6.
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F1G. 6. The curve S (red curve) and the third spectrahedron Q3(G) (shaded) in Example 4.3.

4.2. Pointedness of co(cl(S°)). When co(cl(5°)) is not pointed, we divide S
into 2" parts along each axis. Let

(4.2) E:={e=(e1,...,en) €ER" | e; €{0,1}, i=1,...,n}
and for each e € &,
(4.3) Se:={xeR" | gi(x) >0, (-1)%2; >0, ¢=1,...,m, j=1,...,n}.

Then S = (J,c¢ Se and |€] = 2". For each e € £, define §§, §g, 56, and G, as in (3.2)
and (3.3). By Theorem 2.3, both co(cl(S°)) and co(S¢) are closed and pointed for
eache € &.
THEOREM 4.4. Let S C R"™ be a semialgebraic set defined as in (3.1). Assume
that
1. S is closed at oo; B
2. for each e € £, PP-BDR property holds for G..
Then cl(co(S)) is the closure of a projected spectrahedron.
Proof. Fix an integer k&’ such that PP-BDR property holds for each G. with order
k’. Note that S, may not be closed at co for some e € £. However, we show that

(4.4) cl(co(S.)) Ccl (ﬁk/ (Ge)) Ccl(co(S)) Veek&.

By Theorem 3.14, we get

cl(co(S.)) Ccl (ﬁk/ (G@)) - ﬁk/(é@) Ve € €.

Fix a vector u ¢ cl(co(S)). According to (3.7), there exists a polynomial f € P[X];
such that f(1,u) < 0 and f(Z) > 0 on co(cl(S°)). Since cl(S°) = 5S¢ and S¢S C S°
for each e € &£, we have f(Z) > 0 on each co(SS). Because co(S¢) is closed and

pointed, by Theorem 2.3, there exists a polynomial g € P[)Z]l such that g(Z) > 0 on
co(SS). We choose a small € > 0 such that (f +€§)(1,u) < 0 and rename f + €g as
f, then f(Z) > 0 on S¢. In particular, f(Z) > 0 on S.. Since G. satisfies PP-BDR

property with order &, we have f € Q (ée) and u & THk/(ée) due to the fact that

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/30/18 to 124.16.148.21. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SEMIDEFINITE REPRESENTATIONS OF CONVEX SETS 393

F(1,u) < 0. It implies THy (Ge) C cl(co(S)) and (4.4). Therefore, we have

which implies
ateo(s)) -t (co (Y (2 (6)) ) - e (U e () ) )

Since each ﬁk/(é@) is a projected spectrahedron, by [7, Theorem 2.2], we have

l (co (Lng o (é)) )

=cl ({Z Ao

ecf

YA =1 A 20 2 ey (é)})

ecf

which is the closure of a projected spectrahedron. a

Remark 4.5. If £ is a subset of £ such that S = (J,.¢ Se, then by the above
proof, the conclusion of Theorem 4.4 still holds if we replace £ by £’.

Ezample 3.11 continued. For S = {(z1,22) € R? | 23 — 23 > 0}, we have shown
that co(cl(5°)) is not pointed, and the modified theta bodies (3.4) do not converge
to cl(co(5)). Due to Remark 4.5, divide S into two parts

S0 = {(z1,22) € R?* |23 — 2% >0, 21 >0, z2 > 0},
S0 = {(z1,32) €R? |2 — 27 >0, —21 >0, x5 > 0}.

It is easy to check that PP-BDR property holds for 6(070) and 6(170) with order one.
Thus for any k' > 1, we have

O (é(o,o))
Qi (5(1,0))

Then, cl(co(Qu (G 0,0)) U (G(10)))) = cl(co(S)) for any &' > 1.

However, if PP-BDR property does not hold with order &’ for some C~v'e, according
to the proof of Theorem 4.4, c1(€ (G.)) may not be a subset of cl(co(S)) for some
e € €. In this case, cl(co(|J, ¢ Q. (G.))) may contain cl(co(S)) strictly.

Example 4.6. Rotating the semialgebraic set S in Example 3.11 about the origin
45° counterclockwise, we get

S i={(x1,72) € R? | =V2(z1 — 22)® — 2(z1 + 22)* > 0},

= {(ﬁl,xg) S R2 | 1 >0, x90 > 0},
=

(ﬁl,xg) S R2 | 1 <0, z90 > 0}
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F1G. 7. The third spectrahedral approximation ﬁ3(é,(0,0)) (shaded) of S{O’O) in Ezample 4.6.

which is the left part of R? divided by the red curve in Figure 7. Then, cl(co(9)) is
the closed half-plane of R? partitioned by the line X, = X;.

By Remark 4.5, set £ = {(0,0),(1,0),(1,1)} and divide S" = |
n (4.3). Clearly, for any integer k£’ > 1, we have

ccer St defined as

O (Gla)) = {(e1,2) € B2 [ 21 <0, 22 0).

The third spectrahedral approximation ?23 (él(o,o)) of 56070) is shown shaded in Fig-
ure 7. As we can see, the support line Xo = X is approximated by X5 = aX;
with a < 1. The same thing happens in the third quadrant. Numerically, we deduce
cl(co(U,cer 23(GY))) = R? which contains cl(co(S)) strictly.

Therefore, when co(cl(S°)) is not pointed, it becomes much more complicated to

approximate cl(co(S)) properly if PP-BDR property does not hold on G. for some
e € £. We leave this case for future investigation.
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