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Agnes Szanto (1966-2022) was an advocate 
and enthusiastic proponent of hybrid 
symbolic-numeric computations. She 
dedicated much of her career to describing 
and certifying singular solutions of 
polynomial systems (Hauenstein et al., 
2015, 2017; Akoglu et al., 2018; 
Mantzaflaris et al., 2020, 2023), and was 
widely regarded as one of the most active 
experts in this area. It is with great sadness 
that we acknowledge her passing, which 
represents a significant loss to our 
community. As a tribute to her memory, we 
dedicate this paper to Agnes Szanto and 
will remember her for her enthusiasm, 
generosity, and kindness.

We propose a two-step Newton’s method for refining an approx-
imation of a singular zero whose deflation process terminates af-
ter one step, also known as a deflation-one singularity. Given an 
isolated singular zero of a square analytic system, our algorithm 
exploits an invertible linear operator obtained by combining the 
Jacobian and a projection of the Hessian in the direction of the 
kernel of the Jacobian. We prove the quadratic convergence of the 
two-step Newton method when it is applied to an approxima-
tion of a deflation-one singular zero. Also, the algorithm requires a 
smaller size of matrices than the existing methods, making it more 
efficient. We demonstrate examples and experiments to show the 
efficiency of the method.
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1. Introduction

Consider a square analytic system f = [ f1, . . . , fn]� and a zero ξ ∈Cn of f = 0. Let D f (ξ) denote 
the Jacobian matrix of f evaluated at ξ . When D f (ξ) is invertible, the Newton iteration N( f , x) =
x − D f (x)−1 f (x), applied to an approximation x that is close enough to ξ , converges quadratically to 
ξ . Namely, ‖N( f , x) − ξ‖ = O(‖x − ξ‖2) where O(g) indicates that the value is bounded above by g
up to a positive constant.

When D f (ξ) is not invertible, i.e., dim ker D f (ξ) ≥ 1, Newton’s method fails to maintain local 
quadratic convergence because there may exist a positive-dimensional manifold near ξ that satisfies 
det D f (ξ) = 0 (Reddien, 1978). Various modifications have been proposed to restore the quadratic 
convergence of Newton’s method for isolated singular zeros from different perspectives.

In cases where dim ker D f (ξ) = 1, a two-step Newton’s method was proposed in (Li and Zhi, 2012) 
for refining an approximate zero x such that it converges quadratically to ξ . The first step of the iter-
ation involves projecting x to x′ such that x′ − ξ approximately belongs to the one-dimensional linear 
space spanC{v ′}, which approximately coincides with ker D f (ξ). The second step of the iteration es-
timates a step length δ by solving a sequence of least squares problems and a linear system such that 
the resulting approximate solution x′′ = x′ + δ · v ′ satisfies ‖x′′ − ξ‖ = O(‖x − ξ‖2). In (Li and Zhi, 
2022), an improved two-step Newton’s method was proposed, which retains quadratic convergence 
without solving any least-squares problems or linear systems.

This paper extends the algorithm in (Li and Zhi, 2022) to the case of deflation-one singular zeros, 
i.e., the deflation algorithm proposed by Leykin et al. (2006) terminates in one iteration. We present 
a two-step Newton’s method for refining the deflation-one singular zeros and prove its quadratic 
convergence.

One possible application of Newton’s method for singular zeros is the zero cluster isolation problem, 
which considers constructing a region that separates a cluster of points approximating a singular zero 
of the system from other zeros. This problem has been studied for various forms of singular zeros in 
works such as (Dedieu and Shub, 2001; Hao et al., 2020; Burr and Leykin, 2021; Burr et al., 2023). As 
these methods often require a well-approximated point as input, our two-step Newton’s method can 
provide such a point.

Note that our computations are limited to a small enough neighborhood of one point and can 
allow small perturbations of functions within that neighborhood. Hence, it is possible to substitute 
analytic functions with polynomials provided there is a reliable method for estimating the difference 
between the two (see Example 9 (3)). For this reason, we will focus on the polynomial case for the 
rest of the paper.

Outline of results

Let f = [ f1, . . . , fn]� ∈ C[X1, . . . , Xn]n be a square polynomial system with an isolated singular 
zero ξ . In Theorem 4, we show that ξ is a deflation-one singular solution if and only if the linear 
operator

A(ξ) = D f (ξ) + D2 f (ξ)(v,�ker D f (ξ)·)
is invertible for almost all choices of v ∈ ker D f (ξ), where �ker D f (ξ) is the Hermitian projection to 
ker D f (ξ). We can apply the singular value decomposition to D f (ξ), which is denoted by U · � ·
V ∗ , and obtain U = [U1, U2], V = [V 1, V 2], where U1, V 1 ∈ Cn×(n−κ) and U2, V 2 ∈ Cn×κ , with κ
2
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being the corank of D f (ξ). In Theorem 5, we show that the deflation-one singularity can be further 
characterized by the invertibility of a smaller matrix of size κ × κ

B(ξ) = U∗
2 · D2 f (ξ) · v · V 2.

We propose a two-step Newton’s method for refining a given approximation x of a deflation-one 
singular zero ξ . Note that when x is sufficiently close to ξ , the singular value decomposition of D f (ξ)

can be approximated as D f (x) = U · � · V ∗ . Thus, we can compute the breadth κ by using D f (x)
and then verify if ξ is a deflation-one singular zero by checking the invertibility of A(x). The method 
involves computing the singular value decomposition D f (x) = U · � · V ∗ and applying the following 
steps:

(1) Refine x to

x′ = x − V 1 · �−1
1 · U∗

1 · f (x),

where �1 = diag(σ1, . . . , σn−κ ) is a diagonal matrix consisting of the first n − κ singular values 
of D f (x).

(2) Refine x′ to

x′′ = x′ + V 2 · δ,
where δ is obtained by solving the linear equation B′ ·δ = −U∗

2 · D f (x′) · v with B′ = U∗
2 · D2 f (x′) ·

v · V 2. Here, note that U∗
2, v and V 2 in the definition of B′ are taken from D f (x) not D f (x′).

We prove the quadratic convergence of the iterations when the approximation x is sufficiently close 
to the exact deflation-one singular solution ξ .

Related works

There are many different numeric and symbolic approaches to compute singular zeros of polyno-
mial systems. In (Rall, 1966), Rall studied the convergence property of Newton’s method for singular 
solutions, and many modifications of Newton’s method to restore the quadratic convergence for sin-
gular solutions have been proposed in (Rall, 1966; Reddien, 1978, 1979; Decker and Kelley, 1980a,b; 
Griewank and Osborne, 1981; Decker and Kelley, 1982).

In (Griewank, 1985), Griewank constructed a bordered system from the initial system f and the 
singular value decomposition of the Jacobian matrix D f (x) to restore the quadratic convergence of 
Newton’s method when the Jacobian at the exact zero has corank one. The method was extended by 
Shen and Ypma (2005, 2007) to the case where the Jacobian has an arbitrary high-rank deficiency.

In (Ojika et al., 1983; Yamamoto, 1984; Ojika, 1987), Ojika et al. proposed a deflation method 
to construct a regular system to refine an approximate isolated singular solution to high accuracy. 
In (Lecerf, 2002), Lecerf gave a deflation algorithm that outputs a regular triangular system at the 
singular solution. In (Giusti et al., 2005, 2007), Giusti, Lecerf, Salvy and Yakoubsohn established the 
criterion for detecting clusters and convergence analysis for Newton’s method for one variable and 
singularity of embedding dimension one cases. The deflation method has been further developed 
and generalized by Leykin et al. (2006, 2008) for singular solutions whose Jacobian matrix has ar-
bitrary high-rank deficiency and for overdetermined polynomial systems. Furthermore, they proved 
that the number of deflations needed to derive a regular solution of an augmented system is strictly 
less than the multiplicity. Dayton and Zeng (2005), Dayton et al. (2011) proved that the depth of 
the local dual space is a tighter bound for the number of deflations. In (Mantzaflaris and Mourrain, 
2011), Mantzaflaris and Mourrain proposed a one-step deflation method and verified a multiple zero 
of a nearby system with a given multiplicity structure which depends on the accuracy of the given 
an approximate multiple zero. Hauenstein, Mourrain and Szanto proposed a novel deflation method 
that extends their early works (Mantzaflaris and Mourrain, 2011; Akoglu et al., 2018) to verify the 
existence of an isolated singular zero with a given multiplicity structure up to a given order (Hauen-
stein et al., 2015, 2017). In (Giusti and Yakoubsohn, 2020), Giusti and Yakoubsohn proposed a new 
3



K. Lee, N. Li and L. Zhi Journal of Symbolic Computation 123 (2024) 102278
deflation sequence using the kernel operator defined by the Schur complement of the Jacobian ma-
trix and proved a new γ -theorem for analytic regular systems. In (Mantzaflaris et al., 2020, 2023), 
Mantzaflaris, Mourrain, and Szanto proposed a certified iteration method for computing isolated sin-
gular roots. From the perspective of polynomial homotopy continuation, Verschelde and Viswanathan 
(2022) considered a way to deal with singularity while tracking a homotopy path. More recently, 
the technique of inflation has also been introduced for separating singular zeros in (Burr and Leykin, 
2021; Burr et al., 2023).

Structure of the paper Section 2 recalls some definitions and introduces the deflation method given in 
(Leykin et al., 2006) for refining singular solutions. In Section 3, we characterize more properties of 
deflation-one singularity. Section 4 proposes the two-step Newton’s method for such singular zeros. 
In Section 5, we compare the performance of our algorithm with the algorithm in (Leykin et al., 2006) 
for a list of benchmark examples.

2. Preliminaries

In this section, we introduce some symbolic tools and numerical algorithms for analyzing isolated 
singular zeros of polynomial systems. We begin with the definition of an isolated singular zero.

Definition 1. We say that ξ ∈Cn is an isolated singular zero of a polynomial system f = [ f1, . . . , fn]� ∈
C[X1, . . . , Xn]n , if

(1) ξ is an isolated zero of f , i.e., there is r > 0 such that ξ is the only zero of f in Ball(ξ, r),
(2) D f (ξ) is singular, i.e., dim ker D f (ξ) > 0.

We introduce two key tools for analyzing isolated singular zeros of polynomial systems: the local 
dual space and the deflation method. The local dual space is a hybrid (symbolic-numeric) tool used 
for computing the multiplicity structure of an isolated singular zero, while the deflation method is 
a numerical algorithm for reducing the multiplicity of an isolated singular zero. For the deflation 
method, we particularly focus on an algorithm established in (Leykin et al., 2006).

2.1. Local dual space

The local dual space is a powerful tool to characterize the multiplicity structure of an isolated 
singular zero for a polynomial system. Given a sequence α = (α1, . . . , αn) ∈ Nn and a point ξ ∈ Cn , 
we define a differential functional dα

ξ :C[X1, . . . , Xn] →C by

dα
ξ (g) = 1

α1! · · ·αn! · ∂ |α|g
∂ Xα1

1 · · · ∂ Xαn
n

(ξ), ∀g ∈C[X1, . . . , Xn]

where |α| = α1 + · · · + αn . To simplify notation, we will often omit ξ when it is clear from context, 
and use di instead of ∂

∂ Xi
. The local dual space of a polynomial system f at an isolated zero ξ is a 

subspace of Dξ = spanC{dα
ξ } which is defined by D f ,ξ = {� ∈ Dξ | �(g) = 0, ∀g ∈ I f } where I f is 

the ideal generated by polynomials in f . In other word, � ∈ D f ,ξ if and only if �(h� · f ) = 0 for 
all h ∈ C[X1, . . . , Xn]n . This condition is called the closedness condition or the stability condition (see 
(Stetter, 2004, Chapter 8)).

Let D(k)

f ,ξ be the subspace of D f ,ξ containing differential functionals of order at most k. We define 
three constants:

(1) κ = dim
(
D(1)

f ,ξ

)
− dim

(
D(0)

f ,ξ

)
(breadth),

(2) ρ = min
{

k | dim
(
D(k+1)

f ,ξ

)
= dim

(
D(k)

f ,ξ

)}
(depth),

(3) μ = dim
(
D(ρ)

f ,ξ

)
(multiplicity).
4
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From the definition, it is clear that ξ is an isolated singular zero of f if and only if 1 ≤ κ =
dim ker D f (ξ) ≤ n and 0 < ρ < μ < ∞.

Let C(k)

f ,ξ be the subspace of Dξ consisting of functionals � such that 
i(�) ∈ D(k−1)

f ,ξ for i =
1, . . . , n, where 
i is a linear operator defined by 
i(dα

ξ ) = dα−ei
ξ if αi > 0, and zero otherwise. Note 

that C(k)

f ,ξ is a closed subspace of Dξ consisting of functionals with differentials of order at most k. 
By the closedness condition, we have � ∈ D f ,ξ if and only if 
i(�) ∈ D f ,ξ for all i = 1, . . . , n and 
�( f ) = 0. Therefore, it is straightforward to get D(k−1)

f ,ξ ⊂D(k)

f ,ξ ⊂ C(k)

f ,ξ .

By using C(k)

f ,ξ as an intermediate step, it is possible to compute a basis for D f ,ξ in a recursive 
manner

D(0)

f ,ξ ↗ C(1)

f ,ξ ↘ D(1)

f ,ξ ↗ · · · ↘ D(ρ)

f ,ξ ↗ C(ρ+1)

f ,ξ ↘ D(ρ+1)

f ,ξ

where ↗ and ↘ indicate the process of solving certain linear systems. To clarify the meaning of ↘, 
it corresponds to solving a linear system to find a basis of D(k)

f ,ξ given a basis of C(k)

f ,ξ . For example, 

if we have C(k)

f ,ξ = spanC{�1, . . . , �mk }, then D(k)

f ,ξ is isomorphic to the kernel of the matrix C =
[�1( f ) · · · �mk ( f )]. Trivially, rank C = dim C(k)

f ,ξ − dim D(k)

f ,ξ ≤ n.

2.2. Newton’s method with deflation

Deflation is a method to desingularize isolated singular zeros by introducing additional equations 
and variables to a given system, generating an augmented system with a “deflated” multiplicity struc-
ture at the isolated singular zero (see (Leykin et al., 2006) for instance). Suppose we are given an 
isolated singular zero ξ ∈ Cn of a polynomial system f with breadth κ . To construct an augmented 
system with a new isolated zero, we choose a random matrix B ∈ Cn×(n−κ+1) and a random vector 
b ∈ Cn−κ+1 such that there exists a unique vector λ = [λ1, λ2, . . . , λn−κ+1]� satisfying (ξ, λ) as an 
isolated zero of the new system⎡

⎣ f
D f · B · λ
b� · λ − 1

⎤
⎦ . (1)

If (ξ, λ) remains singular, the process is iterated for the augmented system (1) and the augmented 
zero (ξ, λ).

When an approximation x of the singular zero ξ is given, the breadth κ can be determined by 
solving SVD with truncating singular values within a tolerance τ , and the vector λ can be determined 
by solving the least square problem. The resulting zero (x, λ) approximates the exact zero. We refer 
Algorithm 2 in (Leykin et al., 2006) as LVZ algorithm.

It is known that LVZ algorithm terminates after finitely many steps if ξ is isolated and x is suffi-
ciently close to ξ . In (Leykin et al., 2006, Theorem 3.1), it is proved that the number is less than the 
multiplicity μ. In (Dayton and Zeng, 2005, Theorem 3), Dayton and Zeng improved the bound to at 
most ρ . Li and Zhi in 2012, Theorem 3.8 studied the case of κ = 1 and proved that the number of 
iterations is always equal to μ −1. Based on the benchmark examples in (Dayton and Zeng, 2005), we 
have observed that for many types of polynomial systems with an isolated singular zero, the LVZ algo-
rithm terminates after only one deflation step. Once the deflation process terminates, then Newton’s 
method can be applied to the system (1) to refine the approximation (x, λ).

Remark 2. We note that when applying Newton’s method to the overdetermined system obtained by 
the deflation algorithm, convergence to a stationary point rather than a global minimum is possible. 
For example, for an equation f = x2, the augmented system [x2, 2x]� obtained by f and D f has the 
origin as the only regular zero. On the other hand, since ‖[x2, 2x]�‖2 = x4 + 4x2, a stationary point 
x = 2i exists that is not a zero of the augmented system. This type of convergence to a stationary 
point cannot be avoided, regardless of the distance between the approximation and the isolated zero.
5
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3. Characterizing deflation-one singularity

We are interested in isolated singular zeros such that LVZ algorithm terminates by one iteration, 
which we call deflation-one singularities. Our goal is to characterize such singularities to establish 
Newton’s method to refine them.

We propose an augmented system equivalent to the system (1). Let V = [V 1, V 2] ∈ Cn×n be an 
invertible matrix satisfying

(1) V 1 ∈Cn×(n−κ) , im V 1 = {ker D f (ξ)}⊥ ,
(2) V 2 ∈Cn×κ , im V 2 = ker D f (ξ).

Let λ2 = [λ1, . . . , λκ ]� ∈ Cκ be a random vector and λ1 = [λκ+1, . . . , λn]� be a vector consisting of 
n − κ variables. Then, there is an augmented system with 2n − κ variables (that is, X1, . . . , Xn, λ1) 
and 2n equations

g =
[

f
D f · V · λ

]

where λ = [λ1; λ2]. Furthermore, (ξ, 0) is an isolated zero of g . The Jacobian matrix of g evaluated at 
(ξ, 0) is

Dg(ξ,0) =
[

D f (ξ) 0
D2 f (ξ) · V 2 · λ2 D f (ξ) · V 1

]
∈C2n×(2n−κ), (2)

where D2 f (ξ) is the n × n × n tensor consisting of all second order derivatives of f at ξ . Therefore, ξ
is of deflation-one singularity for f if and only if Dg(ξ, 0) is of full column rank for almost all choices 
of λ2 ∈Cκ . We will explain the words “almost all” later in this section. The following example gives 
an intuitive description of the deflation-one criterion.

Example 3. (Kobayashi et al., 1998) The system

f (x, y, z) =
⎡
⎣ x2 − x + y + z − 2

y2 + x − y + z − 2
z2 + x + y − z − 2

⎤
⎦

has an isolated singular zero at ξ = [1, 1, 1]� with κ = 2, ρ = 2 and μ = 4. Then, we have

D f (ξ) =
⎡
⎣1 1 1

1 1 1
1 1 1

⎤
⎦ .

We choose V = [V 1, V 2], where V 1 =
⎡
⎣1

1
1

⎤
⎦ and V 2 =

⎡
⎣ 1 1

−1 0
0 −1

⎤
⎦ for the deflation. If we set λ2 =

[
1
1

]
, then (ξ, 0) is an isolated regular zero of the augmented system

g =
⎡
⎣ f

D f · V ·
[

λ

λ2

]⎤
⎦ =

⎡
⎢⎢⎣

f
2xλ + 4x + λ − 4
2yλ − 2y + λ + 2
2zλ − 2z + λ + 2

⎤
⎥⎥⎦ ,

and its Jacobian matrix
6
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Dg(ξ,0) =
[

D f (ξ) 0
D2 f (ξ) · V 2 · λ2 D f (ξ) · V 1

]
=

⎡
⎢⎢⎢⎢⎢⎣

1 1 1 0
1 1 1 0
1 1 1 0
4 0 0 3
0 −2 0 3
0 0 −2 3

⎤
⎥⎥⎥⎥⎥⎦

is of full column rank. Therefore, ξ is a deflation-one singular zero of f .

For almost all choices of v ∈ ker D f (ξ), the following theorem shows that the existence of an 
invertible linear operator is equivalent to a deflation-one singularity.

Theorem 4. Let ξ ∈ Cn be a deflation-one singular zero of a polynomial system f ∈ C[X1, . . . , Xn]n, then 
Dg(ξ, 0) is of full column rank for almost all choices of λ2 ∈Cκ if and only if the linear operator

A(ξ) = D f (ξ) + D2 f (ξ)(v,�ker D f (ξ)·) (3)

is invertible for almost all choices of v ∈ ker D f (ξ), where �ker D f (ξ) is the Hermitian projection to ker D f (ξ).

Proof. Consider the singular value decomposition D f (ξ) = U · � · V ∗ . Assume U = [U1, U2], V =
[V 1, V 2], where U2, V 2 ∈ Cn×κ , im V 1 = {ker D f (ξ)}⊥ and im V 2 = ker D f (ξ). Furthermore, we let 
v = V 2 · λ2 ∈ ker D f (ξ). Then, we have

A(ξ) = D f (ξ) + D2 f (ξ) · v · V 2 · V ∗
2 .

Let w = [w1, w2]� ∈Cn where w1 ∈Cκ , w2 ∈Cn−κ . Then, we have

Dg(ξ,0) is of full column rank,

⇔ Dg(ξ,0)

[
V 2 · w1

w2

]
= 0 implies w = 0,

⇔ (D2 f (ξ) · V 2 · λ2) · (V 2 · w1) + D f (ξ) · V 1 · w2 = 0 implies w = 0,

⇔ A(ξ) · V · w = 0 implies w = 0,

⇔ A(ξ) is invertible.

It concludes the desired result. �
The above theorem confirms that the deflation-one singularity can be characterized by the invert-

ibility of an n ×n matrix A(ξ) instead of the full-column rank condition of the 2n × (2n −κ) Jacobian 
matrix Dg(ξ, 0). The following theorem reveals that the invertibility of a smaller matrix can be used 
to characterize the deflation-one singularity.

Theorem 5. Consider the singular value decomposition D f (ξ) = U ·� · V ∗ with U = [U1, U2], V = [V 1, V 2], 
where U2, V 2 ∈ Cn×κ , im V 1 = {ker D f (ξ)}⊥ and im V 2 = ker D f (ξ). Then for v ∈ ker D f (ξ), a κ × κ

matrix

B(ξ) = U∗
2 · D2 f (ξ) · v · V 2 (4)

is invertible if and only if A(ξ) is invertible.

Proof. It is a straightforward result since

U∗ ·A(ξ) · V =
[

U∗
1

U∗
]

·
(

D f (ξ) + D2 f (ξ) · v · V 2 · V ∗
2

)
· [V 1, V 2]
2

7
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=
[

�1 U∗
1 · D2 f (ξ) · v · V 2

0 B(ξ)

]
,

where �1 = diag(σ1, . . . , σn−κ ) consists of the first n − κ singular values of D f (ξ). �
Example 6 (Example 3 continued). Consider the singular value decomposition

D f (ξ) = U · � · V ∗ =

⎡
⎢⎢⎣

−
√

3
3

√
2

2

√
6

6

−
√

3
3 0 −

√
6

3

−
√

3
3 −

√
2

2

√
6

6

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣

3 0 0

0 0 0

0 0 0

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣

−
√

3
3 −

√
3

3 −
√

3
3√

2
2 0 −

√
2

2

−
√

6
6

√
6

3 −
√

6
6

⎤
⎥⎥⎦

of D f (ξ). Choosing v = [2, −1, −1]� , we have

A(ξ) =

⎡
⎢⎢⎣

11
3 − 1

3 − 1
3

5
3 − 1

3
5
3

5
3

5
3 − 1

3

⎤
⎥⎥⎦ , B(ξ) =

⎡
⎣ 1 −√

3
√

3 1

⎤
⎦ .

The matrices A(ξ), B(ξ) are both invertible. Hence, ξ is a deflation-one singular zero of f .

The sizes of the matrices Dg(ξ, 0), A(ξ), and B(ξ) decrease from 6 ×4, 3 ×3 to 2 ×2, respectively. 
Therefore, using B(ξ) would result in a more efficient algorithm for refining a singularity.

Remark 7. Since the exact singular solution ξ is unknown, the two-step Newton’s method starts with 
an approximation x. Assuming x is sufficiently close to ξ , the singular value decomposition of D f (x)
is used to estimate the breadth κ and approximate the kernel of D f (ξ), and to construct the matrix 
B(x). Note that B(x) remains invertible as long as x − ξ is sufficiently small and κ is accurately 
estimated.

The invertibility of B(ξ) also clarifies the meaning of “for almost all choices of v ∈ ker D f (ξ)” and 
“for almost all choices of λ2 ∈Cκ ” in Theorem 4. Suppose v = V 2 · λ2 ∈ ker D f (ξ), then we can view 
h(λ2) = detB(ξ) as a homogeneous polynomial in the variables λ1, . . . , λκ . It is evident that B(ξ) is 
invertible if and only if λ2 ∈Cκ \h−1(0). Hence, if h is not identically zero, then h−1(0) is an algebraic 
variety of dimension κ − 1, implying that B(ξ) is invertible for almost all choices of v ∈ ker D f (ξ). 
Thus, if h is not identically zero, A(ξ) is invertible for almost all choices of v ∈ ker D f (ξ), such that 
Dg(ξ, 0) is of full column rank for almost all choices of λ2 ∈ Cκ . Based on the above analysis, one 
necessary condition of deflation-one singularity can be proposed using the local dual space D f ,ξ and 
its closed subspace C f ,ξ .

Corollary 8. If B(ξ) is invertible for almost all choices of v ∈ ker D f (ξ), then dim C(2)

f ,ξ − dim D(2)

f ,ξ = n.

Proof. Since dim C(2)

f ,ξ − dim D(2)

f ,ξ ≤ n, we only need to prove that detB(ξ) ≡ 0 if dim C(2)

f ,ξ −
dim D(2)

f ,ξ < n. Since C(1)

f ,ξ = spanC{1, d1, . . . , dn}, then D(1)

f ,ξ is isomorphic to the kernel of C1 =
[0 D f (ξ)] which is the image of 

[
1 0
0 V 2

]
. As κ > 0, letting V 2 = [v1, . . . , vκ ], we have that D(2)

f ,ξ

is isomorphic to the kernel of

C2 =
[

0 D f (ξ) D2 f (ξ) · v1 · v1 · · · D2 f (ξ) · v1 · vκ · · · D2 f (ξ) · vκ · vκ

]

satisfying that rank C2 = dim C(2)

f ,ξ − dim D(2)

f ,ξ .
8
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On the other hand, B(ξ) can be rewritten in the form of

B(ξ) = U∗
2 · C2 ·

[
0(n+1)×κ[
λ2

]
κ(κ−1)/2×κ

]
,

where 
[
λ2

]
is some matrix of size κ(κ−1)

2 × κ consisting of λ1, . . . , λκ and 0 such that the equality 
holds.

Finally, if dim C(2)

f ,ξ − dim D(2)

f ,ξ < n, then dim ker C∗
2 > 0. Moreover, since we have ker C∗

2 ⊂
ker D f (ξ)∗ = im U2, it follows that dim ker(C∗

2 · U2) > 0. Therefore, detB(ξ) ≡ 0. �
We conclude this section by presenting several examples that illustrate important properties of the 

deflation-one singularity.

Example 9.

(1) The deflation terminates in one iteration doesn’t mean that the zero is isolated. The system

f (x, y) =
[

x2

xy

]

has a non-isolated singular zero ξ at the origin. Then, we have that

C(2)

f ,ξ = spanC
{

1,d1,d2,d2
1,d1d2,d2

2

}
,

and D(2)

f ,ξ is isomorphic to the kernel of C2 = [02×1 02×2 e1 e2 02×1]. Therefore,

B(ξ) = C2 ·

⎡
⎢⎢⎣

03×1 03×1
λ1 0
λ2 λ1
0 λ2

⎤
⎥⎥⎦ =

[
λ1 0
λ2 λ1

]
,

so that detB(ξ) = λ2
1 �≡ 0. Thus, the zero ξ requires only one iteration of the deflation. However, 

it is an embedded zero on the one-dimensional variety x = 0. More results for the deflation on 
embedded singularities can be found in (Leykin, 2008; Hauenstein and Wampler, 2013).

(2) The converse of Corollary 8 is not true in general. The system

f (x, y, z) =
⎡
⎣ x2

z3 + xy
y2

⎤
⎦

has an isolated singular zero ξ at the origin with κ = 3, ρ = 5 and μ = 12. Note that D(2)

f ,ξ is 
isomorphic to the kernel of C2 = [03×1 03×3 e1 e2 03×1 e3 03×1 03×1] since

C(2)

f ,ξ = spanC
{

1,d1,d2,d3,d2
1,d1d2,d1d3,d2

2,d2d3,d2
3

}
.

It means that rank C2 = dim C(2)

f ,ξ − dim D(2)

f ,ξ = 3. However, we have

B(ξ) =
⎡
⎣ λ1 0 0

λ2 λ1 0
0 λ2 0

⎤
⎦ ,

which implies that detB(ξ) ≡ 0. Consequently, the origin is not a deflation-one singular zero of 
f (x, y, z) = 0 even though dim C(2)

f ,ξ −dim D(2)

f ,ξ = 3. It requires two steps of deflation to regularize 
the zero.
9
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(3) It has been shown in (Dayton et al., 2011, Corollary 3) that for an isolated singular zero of an an-
alytic system, the same multiplicity structure is presented as in the truncated polynomial system 
from its Taylor series up to a certain order at the same zero. Hence, we may extend the concept 
of deflation-one singularity to analytic systems. Consider the system from (Dayton et al., 2011, 
Example 3)

f (x, y, z) =
⎡
⎣x3 + z sin (y)

y3 + x sin (z)
z3 + y sin (x)

⎤
⎦

has an isolated singular zero ξ at the origin with κ = 3, ρ = 4 and μ = 11. We have

B(ξ) =
⎡
⎣ 0 λ3 λ2

λ3 0 λ1
λ2 λ1 0

⎤
⎦

which concludes that detB(ξ) = 2λ1λ2λ3 �≡ 0. Thus, ξ is a deflation-one singular zero of 
f (x, y, z) = 0.

4. Two-step Newton’s method

We present a two-step Newton’s method for refining deflation-one singular zeros, and prove its 
quadratic convergence when an approximation x is sufficiently close to the exact solution ξ . To estab-
lish the quadratic convergence of the two-step Newton’s method, we need to assume that x satisfies 
the following assumption:

Assumption 10. For a given polynomial system f ∈C[X1, . . . , Xn]n with a deflation-one singular zero 
ξ ∈Cn and κ = dim ker D f (ξ), assume that a point x ∈Cn satisfies that ε = ‖x − ξ‖, where 0 < ε < 1
is sufficiently small.

A concrete range for the value of ε can be obtained by convergence analysis for Newton’s method 
(see (Blum et al., 1998, Chapter 8)). For isolated singular solutions, it was done for multiplicity 2 case 
(Dedieu and Shub, 2001) and for κ = 1 case (Hao et al., 2020). We do not pursue the convergence 
analysis for deflation-one singularity in this paper.

4.1. Perturbations

To analyze the convergence of Newton’s method, we recall some known results in (Weyl, 1912; 
Wedin, 1972). Let A ∈ Cn×n be an n × n matrix with its singular value decomposition A = U · � ·
V ∗ where � = diag(σ1, . . . , σn) with σ1 ≥ · · · ≥ σn . Consider a perturbation Ã = A + E of A and its 
singular value decomposition Ã = Ũ · �̃ · Ṽ ∗ where �̃ = diag(σ̃1, . . . , σ̃n) with σ̃1 ≥ · · · ≥ σ̃n . Weyl gave 
the error bounds for the paring singular values in (Weyl, 1912):

|σ̃i − σi| ≤ ‖E‖, i = 1, . . . ,n. (5)

Note that the norm used here is 2-norm. For the rest of the paper, the norm notation denotes either 2-
norm or F-norm without distinction since they are equivalent to each other and are unitarily invariant.

Since singular vectors corresponding to a cluster of singular values may be unstable, error com-
parisons are made instead for singular subspaces corresponding to the cluster of singular values. Let

A = [U1, U2] ·
[

�1 0
0 �2

]
·
[

V ∗
1

V ∗
2

]
and Ã = [Ũ1, Ũ2] ·

[
�̃1 0
0 �̃2

]
·
[

Ṽ ∗
1

Ṽ ∗
2

]
,

where U2, V 2, Ũ2, Ṽ 2 ∈ Cn×κ and �2, �̃2 ∈ Cκ×κ . Define the canonical angles between im V 2 and 
im Ṽ 2 by θ j = arccosγ j for j = 1, . . . , κ , where γ1 ≥ · · · ≥ γκ are the singular values of Ṽ ∗

2 · V 2. The 
10
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corresponding singular subspaces im V 2 and im Ṽ 2 are said to be near if the largest canonical angle 
θ1 is small. It is known from (Wedin, 1972) that if there is a δ > 0 such that

min
i=1,...,n−κ,

j=1,...,κ

|σ̃i − σn−κ+ j| ≥ δ and min
i=1,...,n−κ

σ̃i ≥ δ, (6)

then

sin θ j ≤ ‖E‖
δ

, j = 1, . . . , κ, (7)

so that the angles can be used as the error bounds. The error bounds (7) are also applicable to 
the singular values of Ũ∗

2 · U2. Additionally, as [V 1, V 2] and [Ṽ 1, Ṽ 2] are both orthogonal, it can be 
concluded that the same error bounds hold for Ṽ ∗

1 · V 1, and likewise for Ũ∗
1 · U1.

Let us consider an exact isolated zero ξ and its approximation x, and treat D f (x) as an approxima-
tion of D f (ξ). Let κ be the corank of D f (ξ), the singular value decompositions of D f (x) and D f (ξ)

are

D f (x) = [U1, U2] ·
[

�1 0
0 �2

]
·
[

V ∗
1

V ∗
2

]
and D f (ξ) = [Ũ1, Ũ2] ·

[
�̃1 0
0 0

]
·
[

Ṽ ∗
1

Ṽ ∗
2

]
, (8)

where U1, V 1, Ũ1, Ṽ 1 ∈Cn×(n−κ) , U2, V 2, Ũ2, Ṽ 2 ∈Cn×κ , �1 and �̃1 are diagonal matrices of singular 
values σ1, . . . , σn−κ and σ̃1, . . . , σ̃n−κ , respectively, and �2 is a diagonal matrix of singular values 
σn−κ+1, . . . , σn . The following lemma estimates the errors between singular value decompositions of 
D f (x) and D f (ξ) given in (8).

Lemma 11. Under Assumption 10, let ε = ‖x − ξ‖ and 0 < ε < 1 satisfy that

‖D f (ξ) − D f (x)‖ <
c

4
,

where c = σ̃n−κ is the smallest positive singular values of D f (ξ). Then the following results hold:

(1) σn−κ ≥ 3c/4 and ‖�2‖ =O(ε),
(2) Ṽ ∗

1 · V 1 and Ṽ ∗
2 · V 2 are well-conditioned, and so are Ũ∗

1 · U1 and Ũ∗
2 · U2 . That is, condition numbers of 

these matrices are less than some constant μ greater than 1. In addition, ‖Ṽ ∗
1 · V 2‖ =O(ε), ‖Ṽ ∗

2 · V 1‖ =
O(ε), ‖Ũ∗

1 · U2‖ =O(ε) and ‖Ũ∗
2 · U1‖ =O(ε),

(3) Let v ∈ im V 2 be unitary, then B(x) = U∗
2 · D2 f (x) · v · V 2 is well-conditioned.

Proof. Let E = D f (ξ) − D f (x), then ‖E‖ =O(ε) < c/4 since D f :Cn →Cn×n is Lipschitz continuous.

(1) According to the error bound (5), we have σn−κ ≥ σ̃n−κ − ‖E‖ > 3c/4 and σn−κ+ j ≤ σ̃n−κ+ j +
‖E‖ =O(ε) < c/4 for j = 1, . . . , κ . Hence we have ‖�2‖ =O(ε).

(2) Set δ = cp for some 1/4 < p < 3/4. Then, for all i = 1, . . . , n − κ and j = 1, . . . , κ , we have 
σ̃i − σn−κ+ j ≥ σ̃n−κ − ‖E‖ > 3c/4 > δ and σ̃i ≥ c > δ so that the conditions in (6) are satisfied. 
Thus, according to the error bounds (7), we know that sin θ j ≤ ‖E‖/δ < 1

4p for j = 1, . . . , κ so 

that singular values γ j for Ṽ ∗
2 · V 2 are greater than cos θ j >

√
16p2−1

4p > 0 when 1/4 < p < 3/4. 
It concludes that Ṽ ∗

2 · V 2 is well-conditioned since its condition number is upper bounded by 
4p√

16p2−1
which is greater than 1 if 1/4 < p < 3/4. The first part is proved by setting μ = 4p√

16p2−1
for some p in between 1/4 and 3/4. It is preferred to select a value near 3/4 to achieve a μ
value close to 1. Likewise, Ṽ ∗

1 · V 1, Ũ∗
1 · U1 and Ũ∗

2 · U2 are well-conditioned as well.
For the second part, since ‖U∗ · E · Ṽ ‖ = ‖E‖ =O(ε) and

U∗ · E · Ṽ =U∗ · (D f (ξ) − D f (x)) · Ṽ
11
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=
[

U∗
1

U∗
2

]
·
(

Ũ · �̃ · Ṽ ∗ − U · � · V ∗) · [Ṽ 1, Ṽ 2]

=
[

U∗
1

U∗
2

]
·
(

Ũ1 · �̃1 · Ṽ ∗
1 − U1 · �1 · V ∗

1 − U2 · �2 · V ∗
2

)
· [Ṽ 1, Ṽ 2]

=
[

U∗
1 · Ũ1 · �̃1 − �1 · V ∗

1 · Ṽ 1 −�1 · V ∗
1 · Ṽ 2

U∗
2 · Ũ1 · �̃1 −�2 · V ∗

2 · Ṽ 2

]
,

we have ‖Ṽ ∗
2 · V 1‖ =O(ε) and ‖Ũ∗

1 ·U2‖ =O(ε). Likewise, ‖Ṽ ∗
1 · V 2‖ =O(ε) and ‖Ũ∗

2 ·U1‖ =O(ε)

hold.
(3) Let v = V 2 · λ2 ∈ im V 2 be unitary. Then, we have

B(x) = U∗
2 · D2 f (x) · V 2 · λ2 · V 2

= U∗
2 · D2 f (ξ) · V 2 · λ2 · V 2 + U∗

2 ·
(

D2 f (x) − D2 f (ξ)
)

· V 2 · λ2 · V 2

= U∗
2 · [Ũ1, Ũ2] ·

[
Ũ∗

1
Ũ∗

2

]
· D2 f (ξ) · V 2 · λ2 · V 2 +O(ε)

= U∗
2 · Ũ2 · Ũ∗

2 · D2 f (ξ) · V 2 · λ2 · V 2

+ U∗
2 · Ũ1 · Ũ∗

1 · D2 f (ξ) · V 2 · λ2 · V 2 +O(ε)

= U∗
2 · Ũ2 · Ũ∗

2 · D2 f (ξ) · V 2 · λ2 · V 2 +O(ε)

= U∗
2 · Ũ2 · Ũ∗

2 · D2 f (ξ) · (Ṽ 2 · Ṽ ∗
2 ) · V 2 · λ2 · (Ṽ 2 · Ṽ ∗

2 ) · V 2 +O(ε)

= (U∗
2 · Ũ2) · B(ξ) · (Ṽ ∗

2 · V 2) +O(ε)

Observe that the third equality can be derived by the fact that ‖D2 f (x) − D2 f (ξ)‖ = O(ε), the 
fifth equality is obtained by ‖U∗

2 · Ũ1‖ =O(ε), and the last equality follows since (Ṽ 2 · Ṽ ∗
2 ) · V 2 ·λ2

is a unitary vector in im Ṽ 2. Note that B(ξ) is invertible by Theorem 5. Because U∗
2 · Ũ2 and 

Ṽ ∗
2 · V 2 are well-conditioned, by the error bounds (5), it concludes that B(x) is well-conditioned 

as well. �
Combining all these, we present the two-step Newton’s method algorithm like the following:

Algorithm 1 Two-step Newton’s method for refining deflation-one singular zeros.
Require:

f : a square polynomial system from C[X1, . . . , Xn];
x: an approximation of a deflation-one singular zero ξ ;
τ : a tolerance for determining the numerical rank of D f (x);

Ensure:
x′′: the refined approximation of ξ ;

1: calculate D f (x) = U · � · V ∗ via SVD,
where U = [u1, . . . , un], V = [v1, . . . , vn] are unitary and � = diag(σ1, . . . , σn) with σ1 ≥ · · · ≥ σn ≥ 0.

2: determine n − κ = arg max{i | σi > τ } and denote U = [U1, U2], V = [V 1, V 2], �1 = diag(σ1, . . . , σn−κ ), �2 =
diag(σn−κ+1, . . . , σn) where U2 = [un−κ+1, . . . , un], V 2 = [vn−κ+1, . . . , vn].

3: refine x to x′ = x − V 1 · �−1
1 · U∗

1 · f (x).
4: construct the invertible κ × κ matrix B′ = U∗

2 · D2 f (x′) · v · V 2 where v ∈ im V 2 is a random sample with ‖v‖ = 1.
5: solve the linear equations B′ · δ = −U∗

2 · D f (x′) · v .
6: refine x′ to x′′ = x′ + V 2 · δ.

4.2. Quadratic convergence

We prove the quadratic convergence of Algorithm 1 under Assumption 10.
12



K. Lee, N. Li and L. Zhi Journal of Symbolic Computation 123 (2024) 102278
Theorem 12. Suppose that a square polynomial system f ∈ C[X1, . . . , Xn]n with its deflation-one singular 
zero ξ , and an approximation x are given under Assumption 10. Then, applying the two-step Newton’s method 
proposed in Algorithm 1 iteratively, an approximation x converges quadratically to the exact zero ξ .

Theorem 12 is deduced immediately from Lemma 13 and Lemma 14, which measure the error at 
each refinement step of Algorithm 1.

Lemma 13. Let y = −V 1 ·�−1
1 ·U∗

1 · f (x). Then, the projection x′ = x + y satisfies 
∥∥x′ − ξ − V 2 · α∥∥ =O(ε2)

where α = V ∗
2 (x′ − ξ).

Proof. Note that

∥∥x′ − ξ − V 2 · α∥∥ = ∥∥V ∗ (
x′ − ξ − V 2 · α)∥∥ = ‖V ∗

1 (x′ − ξ)‖ = ‖�̃−1
1 · Ũ∗

1 · D f (ξ)(x′ − ξ)‖.
Hence, we claim that ‖D f (ξ)(x′ − ξ)‖ =O(ε2). Considering Taylor expansion of f (x′) at ξ , we have

f (x′) = f (ξ) + D f (ξ)(x′ − ξ) +
∑
k≥2

Dk f (ξ)

k! (x′ − ξ)k.

Since f (ξ) = 0, we have ‖D f (ξ)(x′ − ξ)‖ ≤ ‖ f (x′)‖ +O(ε2). Thus, it is enough to show that ‖ f (x′)‖ =
O(ε2). By Taylor expansion of f (x′) at x, we have

f (x′) = f (x) + D f (x)y +
∑
k≥2

Dk f (x)

k! yk.

Since ‖y‖ = O(ε), we know that the last term is O(ε2). Additionally, because U is a unitary matrix, 
we get that ‖ f (x′)‖ ≤ ‖ f (x) + D f (x)y‖ +O(ε2) = ‖U∗ · f (x) + U∗ · D f (x)y‖ +O(ε2). Furthermore,

‖U∗ · f (x) + U∗ · D f (x)y‖ = ‖U∗
1 · f (x) + U∗

1 · D f (x)y‖ + ‖U∗
2 · f (x) + U∗

2 · D f (x)y‖
= ‖U∗

1 · f (x) − �1 · V ∗
1 · V 1 · �−1

1 · U∗
1 · f (x)‖

+ ‖U∗
2 · f (x) − �2 · V ∗

2 · V 1 · �−1
1 · U∗

1 · f (x)‖
= ‖U∗

1 · f (x) − U∗
1 · f (x)‖ + ‖U∗

2 · f (x) − 0‖
= ‖U∗

2 · f (x)‖.
Finally, by Taylor’s expansion of f (ξ) at x, we get

0 = f (ξ) = f (x) + D f (x)(ξ − x) +
∑
k≥2

Dk f (x)

k! (ξ − x)k,

and hence ‖U∗
2 · f (x)‖ ≤ ‖U∗

2 · D f (x)(ξ − x)‖ + O(ε2) ≤ ‖�2 · V ∗
2 (ξ − x)‖ + O(ε2) = O(ε2). The last 

inequality is obtained by Lemma 11 because ‖�2‖ = O(ε). Thus, ‖ f (x′)‖ = O(ε2), and the result 
follows. �

Note that x′ may not necessarily converge closer to ξ than x. However, it has been adjusted to a 
special location such that x′ − V 2 ·α allows the quadratic convergence to ξ if the step-length vector α
is properly estimated. The following lemma shows that the solution δ of the linear equation B′ · δ =
−U∗

2 · D f (x′) · v satisfies that ‖ − α − δ‖ =O(ε2).

Lemma 14. Suppose that δ = −B′−1 · U∗
2 · D f (x′) · v where B′ = U∗

2 · D2 f (x′) · v · V 2 and v ∈ im V 2 is 
unitary. Then, the refinement x′′ = x′ + V 2 · δ satisfies that ‖ξ − x′′‖ =O(ε2).
13
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Proof. According to Lemma 11, we may consider that B′ is invertible. Therefore,

‖δ‖ = ∥∥B′−1 · U∗
2 · D f (x′) · v

∥∥
= ∥∥B′−1 · U∗

2 · (D f (x) +O(‖x′ − x‖)) · v
∥∥

≤ ∥∥B′−1 · U∗
2 · D f (x) · v

∥∥ +O(ε)

= O(ε).

The inequality is obtained by the fact that ‖x′ − x‖ = ‖y‖ = O(ε). Considering Taylor’s expansion of 
D f (x′′) · v at x′ , we have

D f (x′′) · v = D f (x′) · v + D2 f (x′) · v(x′′ − x′) +
∑
k≥2

Dk+1 f (x′) · v

k! (x′′ − x′)k.

We claim that ‖D f (x′′) · v‖ =O(ε2). From the fact that

U∗
2 · D2 f (x′) · v(x′′ − x′) = (U∗

2 · D2 f (x′) · v · V 2) · δ = B′ · δ
and B′ · δ = −U∗

2 · D f (x′) · v , it can be derived that

D f (x′′) · v =
∑
k≥2

Dk+1 f (x′) · v

k! (x′′ − x′)k.

Therefore, we have ‖U∗
2 · D f (x′′) · v‖ = ‖D f (x′′) · v‖ = O(ε2). By Taylor expansion of D f (ξ) · v at x′′ , 

we know that

D f (ξ) · v = D f (x′′) · v + D2 f (x′′) · v(ξ − x′′) +
∑
k≥2

Dk+1 f (x′′) · v

k! (ξ − x′′)k. (9)

We consider the second term from the expansion. By Lemma 13, we have that

U∗
2 · D2 f (x′′) · v(ξ − x′′) = U∗

2 · D2 f (x′′) · v(ξ − x′ + x′ − x′′) = U∗
2 · D2 f (x′′) · v(V 2 · (−α − δ)).

Also, using Lemma 11, we can show that U∗
2 · D f (ξ) · v = (U∗

2 · Ũ1) · �̃1 · (Ṽ ∗
1 · V 2) · λ2 = O(ε2). Since 

‖U∗
2 · D f (x′′) · v‖ = O(ε2) is already derived, we have ‖U∗

2 · D2 f (x′′) · v(ξ − x′′)‖ = O(ε2) from the 
expansion (9). It means that ‖U∗

2 · D2 f (x′′) · v(V 2 · (−α − δ))‖ = O(ε2). Because ‖ξ − x′′‖ = O(ε), 
applying the similar argument of the proof for Lemma 11 (3) shows that U∗

2 · D2 f (x′′) · v · V 2 is 
invertible. Thus, ‖ − α − δ‖ =O(ε2), and so

‖ξ − x′′‖ = ‖ξ − x′ + x′ − x′′‖ = ‖V 2 · (−α − δ)‖ = O(ε2).

The result follows. �
Remark 15.

(1) A correct estimation of κ is necessary for the quadratic convergence of Algorithm 1, which can 
be achieved by a suitable choice of a tolerance τ . Assume ε = ‖x − ξ‖ is sufficiently small such 
that ‖D f (ξ) − D f (x)‖ < c/4 and ‖B(ξ) − B(x)‖ < c′/4 where c and c′ are the smallest positive 
singular values of D f (ξ) and B(ξ) respectively. Then setting τ = min{c/2, c′/2} guarantees the 
estimation of κ determined by n − κ = arg max{i | σi > τ } is correct. Even though c and c′ are 
not known a priori, τ can still be set suitably from the gap between singular values of D f (x). See 
(Konstantinides and Yao, 1988) for more results about determining numerical ranks of perturbed 
matrices.

(2) When κ = n, the first refinement in Algorithm 1 is redundant since 
∥∥x′ − ξ − V · α∥∥ = 0 holds for 

α = V ∗(x′ − ξ). Therefore, if κ = n, we will skip the first three steps. The quadratic convergence 
of Algorithm 1 still holds in this case. See Example 18.
14
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4.3. Examples

In this subsection, we provide examples illustrating how the two-step Newton’s method works. 
Each example demonstrates possible scenarios that can happen while the algorithm runs. The first 
example shows how the algorithm works regularly.

Example 16 (Example 3 continued). Let x = [1.001, 0.999, 1.001]� be an approximation of the deflation-
one singular zero ξ = [1, 1, 1]� with an error ‖x − ξ‖ ≈ 1.7 × 10−3 and τ = 0.1 be a tolerance to 
identify the type of singularity.

The singular value decomposition of D f (x) gives

D f (x) =
⎡
⎣1.002 1 1

1 0.998 1
1 1 1.002

⎤
⎦ = U · � · V ∗

where � = diag(3.0007, 0.0020, 0.0007),

U =
⎡
⎣−0.5776 0.7071 0.4079

−0.5768 3.6 × 10−15 −0.8169
−0.5776 −0.7071 0.4079

⎤
⎦ , and

V ∗ =
⎡
⎣−0.5776 −0.5768 −0.5776

0.7071 4.5 × 10−14 −0.7071
−0.4079 0.8169 −0.4079

⎤
⎦ .

It determines that κ = 2, and hence we know that U = [U1, U2] and V = [V 1, V 2] with U1, V 1 ∈C3×1

and U2, V 2 ∈C3×2. As the first refinement, we update x to

x′ = x − 1

3.0007
V 1 · U∗

1 · f (x) = [1.000666,0.998667,1.000666]�,

with an error ‖x′ − ξ‖ ≈ 1.6 × 10−3. Choosing v = [2, −1, −1]� from the numerically approximated 

kernel, we have invertible B′ =
[

1.0000 −1.7305
1.7305 1.0018

]
. Then, we have the step length δ = −B′ · U∗

2 ·
D f (x′) · v = [−7.1 · 10−7, 0.0016]� . Finally, we update x′ to

x′′ = x′ + V 2 · δ = [0.99999967,1.00000067,1.00000067]�
with an error ‖x′′ − ξ‖ ≈ 1.0 × 10−6. Therefore, the two-step Newton’s method achieves quadratic 
convergence. The pictorial description is in Fig. 1.

If x − ξ is approximately orthogonal to ker D f (x), then quadratic convergence can already be 
achieved after running the first refinement (that is, step 1, 2, and 3 in Algorithm 1). The following 
example describes this case.

Example 17 (Example 3 continued). Let x = [1.001, 1.001, 1.001]� be an approximation of the deflation-
one singular zero ξ = [1, 1, 1]� with an error ‖x − ξ‖ ≈ 1.7 × 10−3. A tolerance is chosen by τ = 0.1. 
The singular value decomposition of D f (x) produces � = diag(3.0020, 0.0020, 0.0020) with

U =
⎡
⎣−0.5774 0.8165 −8.8 × 10−17

−0.5774 −0.4082 −0.7071
−0.5774 −0.4082 0.7071

⎤
⎦ , and V ∗ =

⎡
⎣−0.5774 −0.5774 −0.5774

0.8165 −0.4082 −0.4082
0 −0.7071 0.7071

⎤
⎦

so that we estimate κ = 2. Note that x − ξ = [0.001, 0.001, 0.001]� approximately spans {ker D f (x)}⊥ . 
The first refinement returns

x′ = x − 1
V 1 · U∗

1 · f (x) = [1.00000033,1.00000033,1.00000033]�

3.0020

15
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Fig. 1. The description of Example 16. The point x is depicted in red, while the blue point x′ and the black point x′′ are obtained 
through the refinement steps. The orange plane represents the kernel of the Jacobian of f . The origin of the coordinate axes 
has been shifted to a suitable point due to scaling issues. The second figure shows the projection onto y = x plane. The solid 
blue and red lines are contours of ‖ f ‖ = 10−3.5 and 10−3 respectively and dotted circles describe the distance from ξ to x and 
x′ . The distance from ξ to x′′ is negligible compared to the other distances and thus omitted. (For interpretation of the colors 
in the figure(s), the reader is referred to the web version of this article.)

with an error ‖x′ − ξ‖ ≈ 5.8 × 10−7. Therefore, the first refinement achieves quadratic convergence.

The last example shows that if κ = n holds, then the first three steps should be redundant, and 
the last three steps will achieve quadratic convergence.

Example 18 (Example 9 (3) continued). Let x = [0.0001, 0.0001, 0.0001]� be an approximation of the 
deflation-one singular zero ξ at the origin with an error ‖x − ξ‖ ≈ 1.7 × 10−4 and τ = 0.1. Then, 
the SVD of D f (x) returns � = diag(2 × 10−4, 2 × 10−4, 2 × 10−4), so that κ = 3. Therefore, x′ = x. 
Choosing v = [2, −1, −1]� , we have

B′ =
⎡
⎣5.1 × 10−17 −2.3 × 10−17 −1.4134

8.2 × 10−9 2.0006 1.4 × 10−8

1.4134 3.6 × 10−15 −2.0006

⎤
⎦ and δ =

⎡
⎣1.7326 × 10−4

−7.1 × 10−13

0

⎤
⎦

and we get

x′′ = [−3.0019 × 10−8,−3.0019 × 10−8,−3.0018 × 10−8]�
with an error ‖x′′ − ξ‖ ≈ 5.2 × 10−8.

5. Experiments

We present extensive experimental results to demonstrate the effectiveness of our proposed two-
step Newton’s method. All experiments were conducted using Maple 2018 (Maplesoft, 2018) on a 
MacBook Pro equipped with a 2.3 GHz 8-Core Intel Core i9 processor and 16 GB 2400 MHz DDR4 
memory running Catalina. The Maple environment variable was set to Digits:=14.

5.1. Performance

Our primary goal in this section is to evaluate the effectiveness and stability of our new algorithm 
in refining deflation-one singular zeros.

5.1.1. Effectiveness
The effectiveness is measured by observing the distance ‖x − ξ‖ from an approximation x to the 

exact zero ξ as the number of iterations increases. We use an initial guess with two digits of precision 
16
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Table 1
The result of Algorithm 1 on benchmark examples. The column “Numerical Errors” shows the exponent of ‖x − ξ‖ at each 
iteration, and the symbol → means the change of exponents. The notation < −20 indicates that the exponent of ‖x − ξ‖
goes less than −20.

Systems Zeros κ ρ μ Numerical Errors

cbms1 (Sturmfels, 2002) (0,0,0) 3 4 11 −02 → −03 → −05 → −10
cbms2 (Sturmfels, 2002) (0,0,0) 3 3 8 −02 →< −20 →< −20 →< −20
mth191 (Leykin et al., 2006) (0,1,0) 2 2 4 −02 → −04 → −09 → −17
KSS (Kobayashi et al., 1998) (1,1,1,1,1) 4 4 16 −02 → −05 → −12 →< −20
Caprasse (Moritsugu and Kuriyama, 1999) (2,−√

3i,2,
√

3i) 2 2 4 −02 → −05 → −10 → −13
Cyclic9 (Faugere, 1999) ∗C9 2 2 4 −02 → −05 → −10 → −12

∗C9 = (z0, z1, z2, z0, −z2, −z1, z0, −z2, −z1) with z0 ≈ −.9396926 − .3520201i, z1 ≈ −2.4601472 − .8954204i, z2 ≈
−.3589306 − .1306401i.

Table 2
The change of numerical errors depending on the pre-
cision of x when Algorithm 1 is applied on the system 
(10).

x Numerical Errors

(10−5,10−5,10−5) −04 → −08 → −14 → −26
(10−4,10−4,10−4) −03 → −06 → −10 → −18
(10−3,10−3,10−3) −02 → −04 → −06 → −10

and iterate the algorithm 3 times. We apply Algorithm 1 to the benchmark examples presented below, 
and the results are reported in Table 1. The tolerance for each example is chosen independently to 
accurately estimate the breadth of the deflation-one singular zero, which is not included in the table. 
The result shows that for benchmark examples, the ‖x −ξ‖ exponent decreases to at least −10 within 
3 iterations.

5.1.2. Stability
For stability, we measure how an approximation converges to the exact zero with respect to the 

change of the initial precision, the distance from the other zero, and the specified tolerance. We apply 
Algorithm 1 on the system

f (x, y, z) =
⎡
⎣ x2

y2

z2 + 10−kz

⎤
⎦ (10)

with two deflation-one singular zeros at ξ = [0, 0, 0]� and η = [0, 0, −10−k]� . Both singular zeros 
have κ = 2, ρ = 2 and μ = 4.

Firstly, we fix η = [0, 0, −10−2]� and τ = 10−2, and measure how ‖x − ξ‖ changes depending on 
the precision of an approximation x. The result is given in Table 2. The result shows when a more 
precise approximation is provided, the convergence becomes faster.

Secondly, we fix an approximation x = [10−3, 10−3, 10−3]� , but vary the value of k for η and the 
tolerance τ to see how they affect the convergence. For each case, we estimate the breadth, denoted 
by κ∗ . The result is summarized in Table 3. When η becomes closer to ξ (the first and second row) 
or τ is set larger (the last row), two singular roots ξ and η are considered as a deflation-one singular 
zero at (4ξ + 4η)/8 with κ = 3, ρ = 3 and μ = 8. So, x converges to the point (4ξ + 4η)/8. This 
result shows that not only the approximation precision but also the location of other zeros and the 
tolerance may also affect the stability of the convergence.

5.2. Comparison

In this subsection, we compare the efficiency and robustness of our new algorithm with LVZ algo-
rithm in refining deflation-one singular zeros.
17
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Table 3
The convergence of Algorithm 1 on system (10) depending on 
changes of η and τ . The symbol � means the change of the expo-
nent of the Euclidean distance between x and the point (4ξ + 4η)/8. 
The notation < −20 indicates that the exponent goes less than −20.

η τ κ∗ Numerical Errors

(0,0,10−3) 10−2 3 −02 �< −20 �< −20 �< −20
(0,0,10−4) 10−2 3 −02 � −18 �< −20 �< −20
(0,0,10−2) 10−1 3 −02 � −18 �< −20 �< −20

Table 4
Comparison of elapsed times between LVZ algorithm and the 
two-step Newton’s method (Algorithm 1).

n κ LVZ (second) Two-step Newton (second)

10 2 0.067 0.070
10 8 0.060 0.063
25 2 1.433 0.198
25 23 1.265 0.171
50 2 36.354 1.533
50 48 30.567 3.471

5.2.1. Efficiency
The efficiency comparison is conducted by applying the LVZ algorithm and ours on a random 

variant of the n × n system

f (x1, x2, x3, . . . , xn) = [
x2

1 · · · x2
k xk+1 · · · xn

]�
.

It has a deflation-one singular zero at ξ at the origin with κ = k, ρ = k, and μ = 2k . Then, an n × n
matrix A and an n-tuple vector b are randomly chosen to generate a variant system f (A(X − b)), 
which has a particular zero at b with the same type of deflation-one singularity.

The results comparing our algorithm to the LVZ algorithm are presented in Table 4. We iterate the 
algorithms 3 times and report the averaged elapsed time in seconds for one iteration. Our algorithm 
uses smaller matrices of size κ × κ , compared to the LVZ algorithm that uses matrices of size (2n +
1) × (2n − κ + 1). Therefore, as n increases and κ decreases, our algorithm may become faster than 
the LVZ algorithm.

5.2.2. Robustness
The robustness comparison is done by applying the LVZ algorithm and ours to the following sys-

tem:

f (x, y) =
[

x − y2

x2 − y2

]

with a deflation-one singular zero at ξ at the origin with κ = 1, ρ = 1 and μ = 2. Let x = [0.3, 0.3]�
be an approximation of ξ and τ = 0.1 be a tolerance to identify the type of singularity. The LVZ 
algorithm returns

g(x, y, λ) =
⎡
⎣ f (x, y)

λ − 2y
2xλ − 2y

⎤
⎦

as the deflated overdetermined system and [0.3, 0.3, 0.7059]� as an approximation of the regular zero 
[0, 0, 0]� . Then, Gauss-Newton’s method returns

(0.3,0.3,0.7059) → (0.4227,0.4718,1.0336) → (0.5086,0.6369,1.2827)
18



K. Lee, N. Li and L. Zhi Journal of Symbolic Computation 123 (2024) 102278
→ (0.5010,0.6136,1.2264) → (0.5001,0.6124,1.2248) → (0.5000,0.6124,1.2247)

after five iterations. It doesn’t converge to [0, 0, 0]� but to [1/2, 
√

6/4, 
√

6/2]� which is a stationary 
point of min ‖g‖2 (see Remark 2). Meanwhile, the two-step Newton’s method returns

(0.3,0.3) → (0.3496,0.0277) → (0.0562,0.0621)

→ (0.0121,0.0082) → (0.0002,0.0002) → (1.3 × 10−7,8.4 × 10−8)

after five iterations. The quadratic convergence is observed in the last two iterations.

6. Conclusion and possible extensions

This paper introduces the revised Newton iteration for deflation-one singular zeros of square an-
alytic systems. We provide proof of its practicality by demonstrating that an initial approximation 
for a deflation-one singular zero converges quadratically to an exact root of the system. Additionally, 
we conducted experiments to show that our algorithm has more effectiveness than the methods ex-
ploiting an overdetermined system obtained by deflation. Lastly, our examples demonstrate that our 
algorithm can be more effective for larger-sized systems.

We suggest some open problems that we didn’t pursue in this paper.

Quantitative quadratic convergence Smale’s α-theory (Blum et al., 1998) certifies the convergence 
of the Newton iteration for a given approximation. We require a quantitative quadratic conver-
gence of the Newton iteration to obtain α-theory type result for deflation-one singularity. In other 
words, for the Newton operator N( f , x) defined by

N( f , x) :=
{

x − D f (x)−1 f (x) if D f (x) is invertible
x otherwise

,

we need to show that for every k ∈N ,

∥∥∥N( f , x)k − ξ

∥∥∥ ≤
(

1

2

)2k−1

‖x − ξ‖

where N( f , x)k is the k-th iteration of the Newton operator.
Cluster isolation for deflation-one singularity The cluster isolation problem has been studied in 

(Dedieu and Shub, 2001; Hao et al., 2020), where an invertible operator was developed for sin-
gular zeros, and a region isolating the singular zero from other zeros of the system was derived. 
Since the operator A in our two-step Newton’s method plays a similar role, it may be possible to 
extend the method to approach cluster isolation for deflation-one singular zeros.

Toward higher deflation steps Extending the algorithm to isolated singular zeros that require multi-
ple deflation steps or higher-order deflation (e.g., see (Leykin et al., 2008)) is a natural direction 
for future work. The operator A must be modified accordingly to handle such singular zeros. 
Specifically, a square invertible operator must be derived from the augmented system obtained 
by the deflation method. Developing regularizing algorithms for singular zeros with multiple de-
flation steps or higher-order deflation would also be essential for understanding multiple zeros 
that have not been studied yet.

Refining iteration for the singular value decomposition As Algorithm 1 requires the singular value 
decomposition, iteratively refining the decomposition may result in faster computation. Consid-
ering that Newton’s method is often applied iteratively, the refining iteration can be induced by 
reusing the decomposition process from the previous Newton step.
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