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ABSTRACT

Klep and Schweighofer asked whether the Nirgendsnegativsemidefinitheit-
sstellensatz holds for a symmetric noncommutative polynomial whose eval-
uations at bounded self-adjoint operators on any nontrivial Hilbert space
are not negative semidefinite. We provide an example to show the open
problem has a negative answer.
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1. Introduction

This paper considers polynomials generated by noncommutative variables X :=
{X1,Xs,...,X;n} with coefficients from k € {C,R}, where R, C are real num-
bers and complex numbers respectively. Let N := {1,2,...} be the set of natural
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numbers. Let
P= Y puw

weEW,
be a polynomial in &k (X) with finitely many nonzero coefficients p,,, and let W,,
be the set of words generated by {X1, Xs,..., X;n}. The length of the longest
word appearing in a polynomial p is defined as the degree of p. We define the
transpose of a polynomial p as

pr= Y pLwt,

wEW,,
where w* = X;, -+ X;, X;, for the word w = X;, X, --- X;,. If p = p*, we say
p is symmetric. The set of symmetric polynomials is denoted by Sym k(X).

Let M denote a separable k—Hilbert space, and let B(?H) denote the set of
bounded operators on H. We evaluate a polynomial p at A = (A, Aa, ..., An),
where each A; is a self-adjoint operator in B(H) for 1 <4 < m. The evaluation
of a tuple A = (A1, Aa, ..., A;,) on the empty word is Idy, which is the identity
operator in H.

Let S be a subset of symmetric polynomials Sym k(X). The noncommutative
semialgebraic set Kg consists of tuples A = (41,...,A4,,) of bounded self-
adjoint operators on a nontrivial k-Hilbert space #H such that s(A4) is positive
semidefinite for all s € S, i.e.,

Ks={AeBH)™ | Al = A;, 0<i<m, s(A) =0, Vs € S}.

Let Mg be the quadratic module defined by the set of elements of the form

Ms = {ngsigi | 9: € k(X), si € SU{1}, nGN}.
i=1
When S is an empty set, the quadratic module My is denoted by SoS.

If Mg is an Archimedean quadratic module, i.e., there exists an N € N, such
that N — X? — X2 — ... — X2 € Mg, then it has been proved in Theorem 1.4
[5] that p(A4) is not negative semidefinite for any A € Ky if and only if there
exist a positive integer r € N and polynomials g1, ... g, € k(X) such that

T
> gipgi € 1+ Ms.

i=1
Different proofs have been given in Theorem 5 in [2], Theorem 4.2 in [3], and
Proposition 17 in [9].
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2. A negative answer to Klep and Schweighofer’s open problem
Klep and Schweighofer posted an interesting open problem in [5].
OPEN PROBLEM: [5] Given a symmetric polynomial p € k(X), are the following

two conditions equivalent?

(a) p(A1,...,An) is not negative semidefinite for any nontrivial k-Hilbert
space H (H # 0) and bounded self-adjoint operators Ay, ... A, on H;
(b) There exist r € N and polynomials g1, ... g, € k(X) such that

(1) Zg;‘pgi € 1+ SoS.
i=1
If f is a commutative polynomial in R[X7, ..., X,,], then we have

flA1,...,An) A0 <= f(41,...,4,) >0, where 4; e R, 1 <i<m.

According to the Positivstellensatz in [6, 10], we have f > 0 on R™ if and only
if there exist » € N and polynomials ¢1,...g, € R[X,..., X,,] such that

(igf) f €14 SoS.

i=1
Therefore, for commutative cases (dimH = 1), Klep and Schweighofer’s ques-
tion has a positive answer. However, their open problem has a negative answer
for symmetric noncommutative polynomials whose evaluations at bounded op-

erators on any nontrivial Hilbert space are not negative semidefinite.
Example 1: Let the polynomial f(X7, X5) be given as
(2) f(X1,X2) = X1 X5X1 — Xo X7 Xo + 1.

THEOREM 2.1: The polynomial f given in (2) satisfies condition (a) but does
not satisfy condition (b) in the open problem. Hence, the non-Archimedean
Nirgendsnegativsemidefinitheitsstellensatz is not true.

Proof. Firstly, we show that f satisfies condition (a),
f(A,B) £0, VA= A" B=DB", A, B € B(H).

For any Hilbert space % and bounded self-adjoint operator A, B € B(H),
we have AB = (BA)*. Therefore, the bounded operator AB?>A and BA%B are
both positive semidefinite. Moreover, the set of bounded operators B(H) is an
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example of C*-algebra [1]. Let the symbol || - || denote the operator norm. We
have the following equations

a = |[AB*A|| = |(BA)*BA|| = | BA|* = |AB|* = | BA*B||.

If a = 0, then we have AB2A = BA%?B = 0, and f(A, B) = Idy is not
negative semidefinite.
If a > 0, let (-,-) denote inner product on H. There exists a sequence of unit
vectors {v;} € H such that
a = lim (AB?Av;, v;).
71— 00

Hence, there exists a number 5 € N such that
1
(AB?Avj,vj) > a — X —(BA?Buj,v;) > —a.

Adding two sides of the inequalities, we derive that f(A, B) is not negative
semidefinite as

1

<f(A, B)’l}j7’l)j> > 5
Secondly, we show that f does not satisfy condition (b). In [4, Lemma 2.1],
Helton proved that for any given symmetric noncommutative polynomial p,
there exists a symmetric matrix M, not dependent on X, and a vector V(X)

of monomials in X such that
p(X) = V(X)" M,V (X).

Furthermore, the vector V(X) can always be chosen as V¢(X) which contains
the monomials whose degree is at most d, where d = [deg(p)/2]. As shown in
[8, Theorem 2.1], a symmetric polynomial p € SoS if and only if there exists a
positive semidefinite matrix M,, such that

p(X) = V(X)" M,V (X).

For a monomial w in p, we can find its corresponding entries whose index (v, u)
My (v, u).

The matrix M, is not unique, but for a monomial w in p whose degree is 2d,

satisfies w = v*u in M,,, and the coefficient of w in p equals to >

w=v*u

it has only one corresponding entry, i.e., there is a unique choice such that
w = v*u where degrees of u and v are equal to d.
For the polynomial f defined in (2), we have

F(X1, Xo) = VA(X) "M, V2(X)
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where a matrix My can be written as

1 X, Xo X2 X1Xo XoX, X2
1 1
X, 0
X2 0
Mj= X2 0
X1X, ~1
Xo X, 1
X2 0

and V2(X) is the monomial vector
V2(X)* = (1 X1 X X2 XX, X1 Xo Xg)

For any r € N and ¢1,92,...,9r € k(X), we have the symmetric polynomial

i=1

F=Y gifo:=>Y giXiX5X19:— Y 9i Xo X7 Xogi + > _ 9} 9:-
i=1 i=1 i=1

Define D = max{ds,...,d,}, where d; denotes the degree of g; for 1 < i < r.
There always exists a monomial u with the maximal degree D in some g; for
1< <r.

For any matrix M which satisfies that

F = VD+2(X)MOVD+2(X),

the diagonal entry in M, indexed by (X;Xou,X;Xou) must be the coeffi-
cient of the monomial u*X,X?Xou which is negative in F since the degree
of u* Xy X% Xou is 2D + 4. Therefore, M, can not be positive semidefinite, i.e.,
we have

F = ngfgi ¢ SoS.
i=1

Since 1+ SoS C SoS, we have shown that there are nor € N and ¢1,92,...,9, €
k(X), such that condition (b) holds. |

Remark 2.1: Similar to the proof of Theorem 2.1, we can show that the following
symmetric polynomial with complex coefficients

(3) g(Xl,XQ) = 21X2X1 - 21X1X2 +1
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satisfies condition (a) but does not satisfy condition (b) [7, Theorem 3.1]. How-

ever, if we allow evaluations at unbounded operators, then the polynomial g

does not satisfy condition (a) [7].
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