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᪎㾷 ≸䀙ԙᮦᯯぁ㓺ᱥ䇗㇍ԙᮦࠖ֋Ⲻᴶะᵢ䰤从ҁж,ᆚ㄁ཽᔸ䀙Ⲻ䇗㇍ࡏᱥެѣᴶޭ᥇ᡎᙝⲺ

䈴从ҁж, ൞〇ᆜфᐛぁ䇗㇍ѣᴿ⵶ᒵ⌑Ⲻᓊ⭞, ྸᵰಞӰȽ䇗㇍ᵰ㿼㿿ȽᵰಞᆜҖȽӰᐛᲰ㜳Ƚ䘆ㆯ

ᆜȽᇼ⸷ᆜૂ᧝࡬䇰ㅿ. ᵢᮽ㔉ਾ֒㘻Ⲻ⹊ガᡆ᷒, 㔲䘦Ҽㅜਭᮦᯯٲ⌋൞䇗㇍ԙᮦ㌱㔕ᆚ㄁ཽᔸ䀙Ƚ

⢯ࡡᱥ䘇ղཽᔸ䀙㋴ौф僂䇷ᯯ䶘Ⲻ⹊ガ䘑ኋ, ᒬሯᵠᶛⲺ⹊ガᯯੇᨆ࠰Ҽኋᵑ.

ީ䭤䈃 ԙᮦᯯぁ㓺 ᆚ㄁ཽᔸ䀙 ㅜਭᮦᯯٲ⌋ 䘇ղ䀙Ⲻ㋴ौ 䘇ղ䀙Ⲻ僂䇷

MSC (2010) ѱ从࠼㊱ 65H10, 74G35, 68W30, 32S99

1 ᕋ䀶

ԓᮠᯩ〻㓴 (ᴹᰦҏㆰ〠ԓᮠ㌫㔏) ᱟа㓴ᮠฏ K (ྲᇎᮠฏ R) кⲴཊݳཊ亩ᔿᯩ〻, ᆳⲴ䀓ᱟ

┑䏣ޘ䜘ᯩ〻Ⲵа㓴ԓᮠ䰝ฏ K (ྲ༽ᮠฏ C) кⲴ٬. ަѕṬᇊѹྲл.

ᇐѿ 1.1 (ԓᮠᯩ〻㓴) ᮠฏ K кⲴ n ԓᮠᯩ〻㓴Ѫݳ

f1(x1, . . . , xn) = 0, f2(x1, . . . , xn) = 0, . . . , fm(x1, . . . , xn) = 0,

ަѝ fi Ѫ K кⲴ n .ཊ亩ᔿݳ 䇠 f(x) = {f1, . . . , fm}, 㤕 ξ ∈ Kn
┑䏣 f(ξ) = 0, 〠ࡉ ξ ᱟ f(x) = 0

Ⲵ䀓.

≲䀓ԓᮠᯩ〻㓴ᱟ䇑㇇ԓᮠࠐօⲴᴰสᵜ䰞仈ѻа, ൘、ᆖоᐕ〻䇑㇇ѝᴹ⵰ᒯ⌋Ⲵᓄ⭘, ྲᵪ

ಘӪǃ䇑㇇ᵪ㿶㿹ǃχ ಘᆖҐǃӪᐕᲪ㜭ǃ䘀ㆩᆖǃᇶ⸱ᆖ઼᧗ࡦ䇪ㅹ (৲㿱᮷⥞ [1]).

ׁ 1.1 (Gough-Stewart ᒣਠ) Gough-Stewart ᒣਠᱟа⿽ᒦ㚄ᵪỠ᡻, ᒯ⌋ᓄ⭘Ҿ伎㹼⁑ᤏಘǃ

ᆖᙗ㜭䈅傼઼ԯ⭏ᵪಘӪㅹ亶ฏ࣋ (㿱മ 1(a)). ᆳ⭡ањᇊᒣਠǃањࣘᒣਠ઼䘎᧕єњᒣਠ䰤Ⲵ 6

њਟը㕙Ⲵἡḡᖒᢗ㹼ಘ㓴ᡀ (㿱മ 1(b)). ަսု↓䀓䰞仈, ণ㔉ᇊ 6 њἡḡᖒᢗ㹼ಘⲴ䮯ᓖ⺞ᇊࣘ

ᒣਠⲴս㖞઼ုᘱ, ਟᖂ㔃Ѫ≲䀓ݳޝԓᮠᯩ〻㓴䰞仈 (৲㿱᮷⥞ [2]).
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ׁ 1.2 (⴨ᵪսုḷᇊᢰᵟ) ⴨ᵪսုḷᇊᢰᵟ൘䇑㇇ᵪ㿶㿹ǃχ ಘӪ઼⭥ᖡࣘ⭫ࡦ֌ㅹ亶ฏ

ᴹᒯ⌋Ⲵᓄ⭘ (㿱മ 2(a)). ᆳᱟᤷ㔉ᇊа㓴オ䰤ሩ䊑൘䙊⭘඀ḷ㌫лⲴ 3 㔤ս㖞оަᡀۿᣅᖡ൘മ

඀ḷ㌫лⲴۿ 2 㔤ս㖞ѻ䰤Ⲵሩᓄޣ㌫, ⺞ᇊ⴨ᵪⲴս㖞оုᘱ (㿱മ 2(b)). 䘉њ䰞仈ҏਟᖂ㔃Ѫ≲

䀓ݳޝԓᮠᯩ〻㓴䰞仈 (৲㿱᮷⥞ [3]).

᤹ᯩ〻Ⲵњᮠ, ԓᮠ㌫㔏ਟ࠶Ѫ䎵ᇊ㌫㔏 (m > n)ǃᚠᇊ㌫㔏 (m = n) ઼⅐ᇊ㌫㔏 (m < n); ᤹

䀓Ⲵњᮠ, ԓᮠ㌫㔏ਟ࠶Ѫ䶎а㠤㌫㔏 (ᰐ䀓)ǃ䴦㔤㌫㔏 (ᴹ䲀ཊњ䀓) ઼↓㔤㌫㔏 (ᰐェཊњ䀓). ൘

ཊᮠᛵᖒл, 䎵ᇊ㌫㔏Ѫ䶎а㠤㌫㔏, ᚠᇊ㌫㔏Ѫ䴦㔤㌫㔏, ⅐ᇊ㌫㔏Ѫ↓㔤㌫㔏. ਖཆ, ᤹䀓Ⲵተ䜘

ᙗ䍘, ԓᮠ㌫㔏Ⲵ䀓ਟ࠶Ѫ䶎ཷᔲ䀓઼ཷᔲ䀓. ᵜ᮷⹄ウⲴ䰞仈ᱟᚠᇊԓᮠᯩ〻㓴ᆔ・ཷᔲ䀓Ⲵ䇑㇇,

ަᯩ〻㌫ᮠᡰ኎ᮠฏѪᇎᮠฏ R ᡆ༽ᮠฏ C, ަ䀓ᡰ኎ᮠฏѪ༽ᮠฏ C.
ᇐѿ 1.2 (ᆔ・ཷᔲ䀓) ሩҾᚠᇊԓᮠᯩ〻㓴 f(x) = 0, ྲ᷌ ξ ∈ Cn ┑䏣

(1) f(ξ) = 0;

(2) ᆈ൘ॺᖴѪ r > 0 Ⲵ n 㔤⨳փ B(ξ, r) ⊆ Cn, ֯ᗇަѪ f(x) = 0 ൘ B(ξ, r) ;Ⲵୟа䀓޵

(3) Jacobi ⸙䱥 Df(ξ) нਟ䘶;

(4) ԫ᜿䐍⿫ f(x) 䘁Ⲵ䀓᷀᱐ሴ࠶ݵ g(x) ൘ B(ξ, r) ᆈ൘޵ µ њ䀓┑䏣 g(x) = 0, 1 < µ < ∞,

〠ࡉ ξ ᱟ f(x) = 0 Ⲵᆔ・ཷᔲ䀓, µ Ѫަ䟽ᮠ.

(a) (b)

ࣘᒣਠ

⍫ຎ

ժᴽ㕨

ժᴽ䰰
ᇊᒣਠ

ഴ 1 (㖇㔒⡾ᖟഴ) Gough-Stewart ᒩਦ. (a) ᆽᇏᗤ⌘㜂Ქ䗆ሺ䱫ࡍ (ഴ⡽ᶛ㠠㖇㔒 https://upload.

wikimedia.org/wikipedia/commons/thumb/e/e7/AMiBA 1.jpg/250px-AMiBA 1.jpg); (b) ৕⨼⽰

ᝅഴ [4]

(a) (b)

⴨ᵪ඀ḷ㌫

ц⭼඀ḷ㌫

ഴ 2 (㖇㔒⡾ᖟഴ) ⴮ᵰփဵḽᇐᢶᵥ. (a) ໔ᕰ⧦ᇔ (augmented reality, AR) ᓊ⭞ (ഴ⡽ᶛ㠠㖇㔒 http:

//userimages16.51sole.com/20170829/b 4030850 201708291124298459.jpg); (b) ৕⨼⽰ᝅഴ [5]
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ᆔ・ཷᔲ䀓Ⲵ䇑㇇ᱟ≲䀓ԓᮠᯩ〻㓴ѝᴰާ᥁ᡈᙗⲴ䈮仈ѻа, ൘ࠐօᔪ⁑ѝ䎧⵰䟽㾱Ⲵ֌⭘.

ׁ 1.3 (ᴢ㓯ᴢ䶒ᤃᢁ䇑㇇) 䇑㇇ᴢ㓯ᴢ䶒ᤃᢁ൘䇑㇇ᵪ䖵ࣙࠐօ䇮䇑઼䇑㇇ᵪമᖒᆖㅹ亶ฏ

ᴹ⵰ᒯ⌋Ⲵᓄ⭘, ަѝ⎹৺Ⲵᴰޣ䭞䇑㇇ᱟ⺞ᇊཷᔲ⛩Ⲵս㖞઼Ӕ⛩༴Ⲵ࠶᭟ᮠ䟿. ཷᔲ⛩ⲴᇊѹѪ

ᴢ㓯ᴢ䶒к┑䏣䳀ᔿԓᮠᯩ〻ޘሬᮠѪ 0 Ⲵ⛩, ަս㖞ਟᖂ㔃Ѫ䇑㇇Ҽݳ (ᴢ㓯) ᡆйݳ (ᴢ䶒) ԓᮠ

ᯩ〻㓴Ⲵᆔ・ཷᔲ䀓䰞仈, .᭟ᮠ䟿ሩᓄҾ䟽ᮠ࠶ മ 3 Ѫਜ਼ᴹ 65 њཷᔲ⛩Ⲵ Barth .ཊ亩ᔿ⅑ޝ

ᖃ n = 1 ᰦ, ཊݳԓᮠᯩ〻㓴䘰ॆѪঅਈݳཊ亩ᔿᯩ〻, ަᆔ・ཷᔲ䀓䘰ॆѪ䟽ṩ. ⴨ᓄൠ, ᇊ

ѹ 1.2 ѝⲴᶑԦ (3) 䘰ॆѪа䱦ሬᮠ f ′(ξ) ㅹҾ 0, ᇊѹ 1.2 ѝⲴᶑԦ (4) 䘰ॆѪ䟽㔃ᶴ

f(ξ) = f ′(ξ) = · · · = f (µ−1)(ξ) = 0 ф f (µ)(ξ) %= 0. (1.1)

ሩҾཊݳԓᮠᯩ〻㓴Ⲵᆔ・ཷᔲ䀓, ᓄྲօᆼ༷ൠ࡫⭫䀓Ⲵ䟽㔃ᶴ? ㅜ 2 㢲ሶ䱀䘠䀓Ⲵ䟽㔃ᶴ - ተ䜘

ሩڦオ䰤, ᆳ൘䇑㇇ԓᮠᯩ〻㓴ᆔ・ཷᔲ䀓ѝ䎧⵰䶎ᑨ䟽㾱Ⲵ֌⭘.

ᡰ䉃ԓᮠᯩ〻㓴Ⲵ䘁լ䀓, ণ ξ̃ ∈ Cn ┑䏣 f(ξ̃) ≈ 0. ൘ᇎ䱵ᓄ⭘ѝ, ӪԜᖰᖰᐼᵋᗇࡠ儈㋮ᓖⲴ

䘁լ䀓ᡆ㘵ሩ㔉ᇊⲴ䈟ᐞ⭼ r,㜭؍䇱䈟ᐞ┑䏣 ‖ξ̃− ξ‖ ! r. ഐ↔,ᵜ᮷ѫ㾱⹄ウᚠᇊԓᮠᯩ〻㓴䘁լ

ཷᔲ䀓Ⲵ㋮ॆо傼䇱䰞仈.

䰤从 1.1 (䘁լ䀓Ⲵ㋮ॆ) ሩҾ䘁լ䀓 ξ̃ ∈ Cn, 䇑㇇ ξ̃′ ∈ Cn ֯ᗇ

‖ξ̃′ − ξ‖ < ‖ξ̃ − ξ‖. (1.2)

䰤从 1.2 (䘁լ䀓Ⲵ傼䇱) ሩҾ䘁լ䀓 ξ̃ ∈ Cn, 䇑㇇ r > 0 ┑䏣

൘ B(ξ̃, r) ᆈ൘޵ f(x) = 0 Ⲵୟа䀓. (1.3)

ሩҾ䘁լ䶎ཷᔲ䀓 (Jacobi ⸙䱥ਟ䘶ᡆ䟽ᮠㅹҾ 1), Newton-Raphson ᯩ⌅

ξ̃′ = ξ̃ −Df(ξ̃)−1f(ξ̃) (1.4)

൘ަ䱴䘁ާᴹҼ⅑᭦ᮋᙗ,

‖ξ̃′ − ξ‖ = O(‖ξ̃ − ξ‖2). (1.5)

ഴ 3 (㖇㔒⡾ᖟഴ) ᴨ㓵ᴨ䶘ᤉᢇ䇗㇍. Barth ཐ亯ᕅ⅗ޣ (ഴ⡽ኔӄ Oliver Labs, ഴ⡽ᶛ㠠㖇㔒 https://

imaginary.org/gallery/oliver-labs)
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Smale Ⲵ䱯ቄ⌅⨶䇪 [6, 7] ᤷࠪ, ྲ᷌ Df(ξ̃) ਟ䘶ф䘁լ䀓㋮ᓖ┑䏣

α(f, ξ̃) = ‖Df(ξ̃)−1f(ξ̃)‖ sup
k!2

∥∥∥∥Df(ξ̃)−1D
kf(ξ̃)

k!

∥∥∥∥

1
k−1

<
13− 3

√
17

4
, (1.6)

ᖃࡉ r = 2‖Df(ξ̃)−1f(ξ̃)‖ ᰦ, ൘ B(ξ̃, r) ᆈ൘޵ f(x) = 0 Ⲵୟа䀓.

ᱮ❦, к䘠ᯩ⌅઼㔃䇪н䘲⭘Ҿᆔ・ཷᔲ䀓, ഐѪ Jacobi ⸙䱥൘ཷᔲ䀓༴нਟ䘶. һᇎк, ሩҾ

䘁լཷᔲ䀓Ⲵ㋮ॆ䰞仈, Newton-Raphsonᯩ⌅൘ᆔ・ཷᔲ䀓䱴䘁а㡜ਚᱟ㓯ᙗ᭦ᮋ;㘼ᆔ・ཷᔲ䀓Ⲵ

傼䇱䰞仈ᵜ䓛ቡᱟањᮠ٬⯵ᘱ䰞仈,ഐѪᯩ〻㌫ᮠԫ᜿ᗞሿⲴᢠࣘ䜭ਟ㜭ሬ㠤ањᆔ・ཷᔲ䀓ਈᡀ

а㈷䶎ཷᔲ䀓. ഐ↔, ⭘ᑖᴹ㠽ޕ䈟ᐞⲴ⎞⛩ᮠ䇑㇇ᶕ傼䇱ԓᮠᯩ〻㓴ᱟ੖ᤕᴹᆔ・ཷᔲ䀓ᱟањн

ਟ㜭ᆼᡀⲴԫ࣑. 䶒ሩк䘠᥁ᡈ, ᡁԜሶ࡛࠶൘ㅜ 3 ઼ 4 㢲ѝ㔬䘠สҾㅖਧᮠ٬䇑㇇Ⲵᆔ・ཷᔲ䀓Ⲵ

㋮ॆᯩ⌅઼傼䇱ᯩ⌅. ⢩࡛ൠ, ሩҾ┑䏣 Jacobi ⸙䱥ҿ〙ㅹҾ 1 Ⲵᆔ・ཷᔲ䀓, ሶӻ㓽ᴤ儈᭸Ⲵ㋮ॆ

઼傼䇱㇇⌅.

л䶒ㆰ㾱ൠӻ㓽ㅖਧᮠ٬ᯩ⌅. ᮠ٬䇑㇇ᱟสҾᮠ٬ (ᴹ䲀㋮ᓖⲴ⎞⛩ᮠ)Ⲵ䇑㇇,ᆳާᴹᆈۘオ

䰤ሿ઼䘀㇇䙏ᓖᘛㅹՈ⛩, ն㠽ޕ䈟ᐞሬ㠤Ҷ䗃٬ޕǃѝ䰤٬઼䗃ࠪ٬ਟ㜭ᱟ “ⵏ٬” Ⲵ䘁լ. ഐ↔,

䴰㾱ᶑԦᮠ઼㇇⌅Ⲵᮠ٬っᇊᙗᶕ㺑䟿䇑㇇㔃᷌Ⲵ㋮⺞ᓖ.ྲ᷌䗃٬ޕⲴᗞሿᢠࣘՊ䙐ᡀ䗃ࠪ٬Ⲵᐘ

བྷٿ⿫, .ᡆ䰞仈ᵜ䓛ᱟ⯵ᘱⲴ⌅㇇〠ࡉ ㅖਧ䇑㇇ᱟสҾㅖਧ (ᰐ㠽ޕ䈟ᐞⲴᮤᮠᡆᴹ⨶ᮠ) Ⲵ䇑㇇,

ᆳнᆈ൘䇑㇇㔃᷌н߶⺞Ⲵ䰞仈, նঐ⭘䍴Ⓚཊ, ⎸㙇ᰦ䰤䮯. ⭘ㅖਧᮠ٬ᯩ⌅䇑㇇ԓᮠᯩ〻㓴ᆔ・

ཷᔲ䀓ሶެਆҼ㘵ѻ䮯: ⭘ㅖਧᯩ⌅ሶ “⯵ᘱ”䰞仈䖜ॆѪ “䶎⯵ᘱ”䰞仈,⭘ᮠ٬ᯩ⌅䀓ߣ “䶎⯵ᘱ”

䰞仈, ᒣ㺑Ҷ㇇⌅Ⲵ㋮ᓖ઼᭸⦷.

2 ԙᮦ㌱㔕ཽᔸ䀙Ⲻ䠃㔉ᶺ

ᵜ㢲ӻ㓽ྲօ⭘ተ䜘ሩڦオ䰤ᶕ࡫⭫ԓᮠ㌫㔏ཷᔲ䀓Ⲵ䟽㔃ᶴ, वᤜተ䜘ሩڦオ䰤ⲴᇊѹǃสⲴ

䇑㇇৺ Jacobi ⸙䱥ҿ〙ㅹҾ 1 ᰦⲴ儈᭸㇇⌅.

2.1 ᇐѿ

䇠 CкⲴ nݳཊ亩ᔿ⧟Ѫ C[x] := C[x1, . . . , xn]. 㔉ᇊ α ∈ Nn ઼ ξ ∈ Cn,ᗞ࠶⌋࠭ dα
ξ : C[x] → C

ᴹྲлᇊѹ:

dα
ξ (g) :=

1

α1! · · ·αn!
· ∂|α|g

∂xα1
1 · · · ∂xαn

n
(ξ), ∀ g ∈ C[x].

䇠ަ⅑ᮠѪ deg(dα
ξ ) := |α| = α1 + · · ·+ αn. ྲкᇊѹⲴᗞ࠶⌋࠭ dα

ξ ┑䏣

dα
ξ

( n∏

i=1

(xi − ξi)
βi

)
=





1, ྲ᷌ α = β,

0, ྲ㤕н❦.
(2.1)

ᖃ ξ кл᮷ᰐ↗ѹᰦ, 䇠 dα
ξ := dα = dα1

1 · · · dαn
n , ަѝ dαi

i = 1
αi!

∂αi

∂x
αi
i
. 䇠 Dξ := SpanC{dα,α ∈ Nn}

Ѫ {dα}൘ CкᕐᡀⲴੁ䟿オ䰤. 䇮 Λ :=
∑

cαdα ∈ Dξ, 䇠 ΛⲴ᭟᫁Ѫ supp(Λ) := {dα | cα %= 0}, ަ
⅑ᮠѪ deg(Λ) := max{deg(dα) | dα ∈ supp(Λ)}.
ሩҾа㓴ཊ亩ᔿ f = {f1, . . . , fn} ⊆ C[x], 〠

If = (f1, . . . , fn) :=

{ n∑

i=1

hifi

∣∣∣∣ ∀h1, . . . , hn ∈ C[x]
}
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Ѫ f ⭏ᡀⲴ⨶ᜣ. ᱮ❦, f(ξ) = 0 ᖃфӵᖃ g(ξ) = 0 ሩԫ᜿Ⲵ g ∈ If ᡀ・.

ᇐѿ 2.1 (ተ䜘ሩڦオ䰤) ԓᮠᯩ〻㓴 f(x) = 0 ൘䀓 ξ ༴Ⲵተ䜘ሩڦオ䰤Ѫ

Dξ(If ) := {Λ ∈ Dξ | Λ(g) = 0, ∀ g ∈ If}, (2.2)

ণ Dξ(If ) ᱟ⭡ Dξ ѝ֌⭘Ҿ If ѝԫ᜿ཊ亩ᔿⲶѪ 0 Ⲵᗞ࠶⌋࠭ᶴᡀⲴᆀオ䰤.

ᇐѿ 2.2 (ᇭᓖо␡ᓖ) 䇠 Dt
ξ(If ) := {Λ ∈ Dξ(If ) | deg(Λ) ! t} Ѫ⭡ Dξ(If ) ѝ⅑ᮠሿҾᡆㅹҾ

t Ⲵᗞ࠶⌋࠭ᶴᡀⲴᆀオ䰤, ࡉ

(1) ᇭᓖᇊѹѪ κ := dim(D1
ξ(If ))− dim(D0

ξ(If ));

(2) ␡ᓖᇊѹѪ ρ := max{deg(Λ) | Λ ∈ Dξ(If )} = min{t ∈ N | dim(Dt+1
ξ (If )) = dim(Dt

ξ(If ))}, ަ
ѝ κ = n− rank(Df(ξ)).

ሩҾԓᮠᯩ〻㓴 f(x) = 0 Ⲵᆔ・ཷᔲ䀓 ξ ∈ Cn, ተ䜘ሩڦオ䰤 Dξ(If ) ᆼ༷ൠ࡫⭫Ҷަ䟽㔃ᶴ,

фᇊѹ 1.2 ѝⲴᶑԦ (2)–(4) ㅹԧҾ (৲㿱᮷⥞ [8]):

(2′) Dξ(If ) Ⲵ␡ᓖᴹ䲀, ণ ρ < +∞;

(3′) Dξ(If ) Ⲵᇭᓖ䶎䴦, ণ κ > 0;

(4′) Dξ(If ) Ⲵ㔤ᮠㅹҾ ξ Ⲵ䟽ᮠ, ণ µ = dim(Dξ(If )).

ׁ 2.1 㘳㲁 f = {x2
1x2 − x1x2

2, x1 − x2
2} ઼ ξ = (0, 0).

ᱮ❦, f(ξ) = 0, ф Dξ(If ) := SpanC{1, d2, d22 + d1, d32 + d1d2}. ഐ↔, ξ ᱟ f(x) = 0 Ⲵᆔ・ཷᔲ䀓,

ф┑䏣 κ = 1, ρ = 3, µ = 4.

һᇎк, ཊݳԓᮠᯩ〻㓴൘ᆔ・ཷᔲ䀓༴Ⲵተ䜘ሩڦオ䰤 (2.2) ᱟঅਈݳཊ亩ᔿᯩ〻൘䟽ṩ༴Ⲵ

ሬᮠࡉ߶࡛ࡔ (1.1) Ⲵ᧘ᒯ. ᡆ㘵䈤, (1.1) ᱟ (2.2) Ⲵањ⢩ֻ (κ = 1). ㅜ 2.3 ሿ㢲ӻ㓽ᇭᓖѪ 1 ᛵ

ᖒлተ䜘ሩڦオ䰤Ⲵ⢩↺ᙗ䍘. ਖཆ, ተ䜘ሩڦオ䰤ᒦ䶎ཊݳԓᮠᯩ〻㓴൘ᆔ・ཷᔲ䀓༴䟽㔃ᶴୟа

Ⲵᆼ༷᧿䘠. ᆳҏਟ㻛㺘⽪Ѫ If Ⲵ߶㍐࠶᭟ If,ξ, ྲֻ 2.1 ѝ, If,ξ = (x4
2, x1 − x2

2). һᇎк, If,ξ ᱟ

Dξ(If ) Ⲵሩڦオ䰤:

If,ξ = {g ∈ C[x] | Λ(g) = 0, ∀Λ ∈ Dξ(If )}.

❦㘼, о If,ξ ⴨∄, Dξ(If ) Ⲵᮠ٬っᇊᙗᴤ֣, ഐަสⲴ䇑㇇ਟᖂ㔃Ѫ≲䀓⸙䱥䴦オ䰤䰞仈.

2.2 ቶ䜞ሯڬグ䰪ะⲺ䇗㇍

ሩҾԓᮠᯩ〻㓴 f(x) = 0 Ⲵᆔ・ཷᔲ䀓 ξ, Macaulay ᯩ⌅о MMM (Marinari-Mora-Möller)ᯩ⌅

ᱟ䇑㇇ Dt
ξ(If ) а㓴สⲴє⿽䟽㾱ᯩ⌅.

ᯯ⌋ 2.1 [9] 㤕ᗞ࠶⌋࠭ Λ :=
∑

cαdα ∈ Dξ (deg(Λ) ! t) ┑䏣

Λ((x− ξ)βf) = 0, ∀β ∈ Nn ┑䏣 |β| < t, (2.3)

ࡉ Λ ∈ Dt
ξ(If ).

สҾк䘠ᙗ䍘, Macaulay[9]ᨀࠪҶа⿽䇑㇇ተ䜘ሩڦオ䰤สⲴᯩ⌅: ሶ (2.3)㺘⽪ᡀԕ (x−ξ)βf Ѫ

㹼ᤷḷфԕ dαѪࡇᤷḷⲴ⸙䱥Mt,⭡ (2.1), Mtvec(cα) = 0ᖃфӵᖃ Λ ∈ Dt
ξ(If ),ഐ↔, null(Mt)Ⲵส

о Dt
ξ(If )Ⲵสааሩᓄ;⭡ t = 1ᔰ࿻,䙀⅑䇑㇇ Dt

ξ(If )Ⲵส,ⴤ㠣 dim(null(Mt+1)) = dim(null(Mt)),

ণ dim(Dt+1
ξ (If )) = dim(Dt

ξ(If )).
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ׁ 2.1 㔣 ṩᦞ Macaulay ᯩ⌅, Dξ(If ) Ⲵสਟ᤹ྲл↕僔䇑㇇:

t = 1, M1 =

1 d1 d2

f1

f2



 0

0

0

1

0

0




,

t = 2, M2 =

1 d1 d2 d21 d1d2 d22

f1

f2

x1f1

x1f2

x2f1

x2f2





0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

1

0

−1

0

0

0

0





,

t = 3, M3 =

1 d1 d2 d21 d1d2 d22 d31 d21d2 d1d22 d32

f1

f2

x1f1

x1f2

x2f1

x2f2

x2
1f1

x2
1f2

x1x2f1

x1x2f2

x2
2f1

x2
2f2





0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

−1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

1

0

0

0

0

0

0

0

0

1

0

0

−1

0

0

−1

0

0

0

0

0

0

0

1

0

0

0

0

0

−1

0

0

0

0

0

0





.

ഐѪ dim(null(M4)) = dim(null(M3)) = 4, ᡰԕᴹ Dξ(If ) := SpanC{1, d2, d22 + d1, d32 + d1d2}.
Macaulay ᯩ⌅ѝ, ⸙䱥Ⲵᴰབྷ㿴⁑Ѫ n

(ρ+n
n

)
×
(ρ+n+1

n

)
. ᱮ❦, ᆳՊ䲿⵰ ρ ᤷᮠ㓗ᘛ䙏໎䮯.

ᯯ⌋ 2.2 (MMM) 㤕ᐢ⸕ Dt
ξ(If ), ࡉ Λ ∈ Dt+1

ξ (If ) ┑䏣

Φi(Λ) ∈ Dt
ξ(If ), ∀ i = 1, . . . , n, ф Λ(f) = 0, (2.4)

ަѝ Φi(dα) = dα1 · · · dαi−1 · · · dαn , 㤕 αi > 0; ੖ࡉ, Φi(dα) = 0. һᇎк, (2.4) о (2.3) ㅹԧ, ഐѪ

Φi(Λ)(f) = Λ((xi − ξi)f), i = 1, . . . , n.

ᇊѹ㇇ᆀ Ψi : Dξ → Dξ : Ψi(dα) = dα1 · · · dαi+1 · · · dαn , 㤕 α1 = · · · = αi−1 = 0; 㤕н❦, ࡉ

Ψi(dα) = 0. สҾ (2.4), л䘠ᇊ⨶䱽վҶᗞ࠶⌋࠭᭟᫁Ⲵ㠚⭡ᓖᒦ⴨ᓄൠ߿ቁҶ㓯ᙗᯩ〻Ⲵњᮠ.
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ᇐ⨼ 2.1 [10, 11] 㤕 Dt
ξ(If ) = SpanC{1,Λ1, . . . ,Λk}, ࡉ Λ ∈ Dt+1

ξ (If ) (Λ %= 1) ᗵᴹྲлᖒᔿ:

Λ =
k∑

j=1

c1,jΨ1(Λj) + · · ·+
k∑

j=1

cn,jΨn(Λj), (2.5)

ф┑䏣

(i)
∑k

j=1 ci,jΦl(Λj)−
∑k

j=1 cl,jΦi(Λj) = 0, 1 ! i < l ! n;

(ii) Λ(f) = 0.

สҾк䘠ᙗ䍘, Marinari ㅹ [10] ᨀࠪҶа⿽䇑㇇ተ䜘ሩڦオ䰤สⲴᯩ⌅; 䲿ਾ, Mourrain [11] ৸ሩ

ᆳ䘋㹼Ҷ᭩䘋: ሶᶑԦ (i) ઼ (ii) 㺘⽪ᡀԕ Ψi(Λj) ѪࡇᤷḷⲴ⸙䱥 Mt+1, ᴹ Mt+1vec(ci,j) = 0 ᖃф

ӵᖃ Λ ∈ Dt+1
ξ (If ) (Λ %= 1), ഐ↔, null(Mt+1) Ⲵสо Dt+1

ξ (If ) Ⲵสааሩᓄ; ⭡ D0
ξ(If ) = SpanC{1},

䙀⅑䇑㇇ Dt+1
ξ (If )Ⲵส,ⴤ㠣 dim(null(Mt+1)) = dim(null(Mt)). Haoㅹ [12] 㔉ࠪҶ䇑㇇ཷᔲ䀓Ⲵ䟽㔃

ᶴⲴ Matlab ㇇⌅ᇎ⧠.

ׁ 2.1 㔣 ṩᦞ MMM ᯩ⌅, Dξ(If ) Ⲵสਟ᤹ྲл↕僔䇑㇇:

t = 0, M1 =

d1 d2

 0

1

0

0




,

t = 1, M2 =

d1 d2 d1d2 d22



0

1

0

0

0

0

0

0

1

0

−1

0




,

t = 2, M3 =

d1 d2 d1d2 d22 d21 + d1d22 d32



0

1

0

0

0

0

0

0

0

0

1

0

0

−1

0

0

−1

0

0

1

0

0

−1

0




.

ഐ dim(null(M4)) = dim(null(M3)) = 3, ᭵ Dξ(If ) := SpanC{1, d2, d22 + d1, d32 + d1d2}.
MMM ᯩ⌅ѝ, ⸙䱥Ⲵᴰབྷ㿴⁑Ѫ ( 12µ(n− 1)n+ n)× µn. ᱮ❦, ᆳ䲿⵰ µ Ⲵ໎䮯㘼㓯ᙗൠ໎䮯.

2.3 ᇳᓜѰ 1 ᛻ᖘ

㤕 κ := n− rank(Df(ξ)) = 1, ࡉ

dim(Dt+1
ξ (If )) = dim(Dt

ξ(If )) + 1, t = 0, 1, . . . , ρ− 1, (2.6)

⢩࡛ൠ, µ = ρ+ 1. ሩҾ κ = 1 Ⲵ⢩ֻ, ᖃ䙀⅑䇑㇇ Dt
ξ(If ) Ⲵสᰦ, ᯠ໎Ⲵᗞ࠶⌋࠭㠣ཊਚᴹањ, ণ

ᆈ൘ Dξ(If ) Ⲵа㓴ส {1,Λ1, . . . ,Λρ}, ┑䏣 deg(Λi) = i, i = 1, . . . , ρ.
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ഐ n− rank(Df(ξ)) = 1, ᗵ❦ᆈ൘ࡉ Df(ξ) ⲴḀаࡇਟ㻛ަԆ n− 1 ,⽪㓯ᙗ㺘ࡇ н࿘䇮ᆳѪㅜ

аࡇ, ণ Λ1 := d1 + c1,2d2 + · · · + c1,ndn. ሩҾ⢩ֻ κ = 1, л䘠ᇊ⨶䘋а↕䱽վᗞ࠶⌋࠭᭟᫁Ⲵ㠚⭡

ᓖ㠣 n− 1 ᒦ⴨ᓄൠ߿ቁ㓯ᙗᯩ〻Ⲵњᮠ㠣 n.

ᇐ⨼ 2.2 [13] 㤕ᐢ⸕ Dt
ξ(If ) = SpanC{1,Λ1, . . . ,Λt}, ┑䏣

Λi =
∑

1<|α|"i

cαdα + ci,2d2 + · · ·+ ci,ndn = ∆i + ci,2d2 + · · ·+ ci,ndn, i = 1, . . . , t, (2.7)

ᯠ໎Ⲵࡉ Λt+1 ∈ Dt+1
ξ (If ) ᗵᴹྲлᖒᔿ:

Λt+1 = Ψ1(Λt) +
t∑

j=1

ct+1−j,2Ψ2(Λj) + · · ·+
t∑

j=1

ct+1−j,nΨn(Λj) + ct+1,2d2 + · · ·+ ct+1,ndn

= ∆t+1 + ct+1,2d2 + · · ·+ ct+1,ndn, (2.8)

ф┑䏣 Λt+1(f) = 0.

สҾк䘠ᙗ䍘,ᡁԜᨀࠪҶа⿽䪸ሩ⢩ֻ κ = 1Ⲵ䇑㇇ተ䜘ሩڦオ䰤สⲴᯩ⌅: ሶ Λt+1(f) = 0㺘

⽪ᡀԕ f1, . . . , fnѪ㹼ᤷḷфԕ d2, . . . , dn,∆t+1ѪࡇᤷḷⲴ⸙䱥Mt+1,ࡉMt+1vec(ct+1,2, . . . , ct+1,n, 1)

= 0 ᖃфӵᖃ Λt+1 ∈ Dt+1
ξ (If ), ഐ↔, null(Mt+1) Ⲵสо Dt+1

ξ (If ) ѝᯠ໎Ⲵสааሩᓄ; ⭡ D1
ξ(If ) =

SpanC{1,Λ1} ᔰ࿻, 䙀⅑䇑㇇ Dt+1
ξ (If ) ѝᯠ໎Ⲵส, ⴤ㠣 dim(null(Mt+1)) = 0.

ׁ 2.1 㔣 ṩᦞк䘠ᯩ⌅, Dξ(If ) Ⲵสਟ᤹ྲл↕僔䇑㇇ (㻛 Df(ξ) ަԆࡇ㓯ᙗ㺘⽪ⲴࡇѪㅜ 2

:(ࡇ ⭡ D1
ξ(If ) = SpanC{1, d2}, ਟᗇ

t = 1, M2 =

d1 d22

 0

1

0

−1




,

t = 2, M3 =

d1 d32 + d1d2

 0

1

0

0



 ,

t = 3, M4 =

d1 d42 + d1d22 + d21

 0

1

−1

0



 .

ഐ dim(null(M4)) = 0, ᭵ Dξ(If ) := SpanC{1, d2, d22 + d1, d32 + d1d2}.
ሩҾ⢩ֻ κ = 1, к䘠ᯩ⌅ѝ⸙䱥㿴⁑ᚂѪ n× n.

2.4 ቅ㔉

⭡к䘠ࠐ⿽สⲴ䇑㇇ᯩ⌅н䳮ⴻࠪ, ሩҾ䘁լཷᔲ䀓 ξ̃, ӽਟ䇑㇇а㓴㓯ᙗᰐޣⲴᗞ࠶⌋࠭֯ަ

֌⭘ࡠԫ᜿ (x− ξ)βf к䜭䘁լѪ 0. ֻྲ, ሩҾ⢩ֻ κ = 1, ਟ䙂ᖂൠ≲䀓㓯ᙗᴰሿҼ҈䰞仈

min
y∈Cn

‖(d2(f), . . . , dn(f))y + ∆̃t(f)‖. (2.9)
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Ԕ ∆̃1 = d1, ሩҾ t " 1, ≲䀓 (2.9) ᗇࡠ (ct,2, . . . , ct,n). Ԕ Λ̃t = ∆̃t + ct,2d2 + · · · + ct,ndn, ᤹➗ (2.8)

ᶴ䙐 ∆̃t+1, ⴤ㠣ሩҾḀњ t, (2.9) ⲴᴰՈ٬བྷҾ亴䇮䰸٬ ε > 0. ഐ↔, ተ䜘ሩڦオ䰤нӵᆼ༷ൠ࡫⭫

Ҷᆔ・ཷᔲ䀓Ⲵ䟽㔃ᶴ, ᒦфሩҾ䘁լཷᔲ䀓ާᴹ㢟ྭⲴᮠ٬っᇊᙗ, Ѫ㋮ॆᯩ⌅Ⲵ㓸→ᙗ઼᭦ᮋᙗ,

ԕ৺傼䇱ᯩ⌅Ⲵ㢟ᘱॆᨀ׋Ҷਟ䶐Ⲵ᷀࠶ᐕާ. ਖཆ, (2.8) ަᇎᱟ⢩ֻ κ = 1 ᛵᖒѝа㓴㓖ॆสⲴ৲

ᮠॆ㺘⽪, สҾ䈕㺘⽪, ᡁԜਟԕᗇࡠᇭᓖѪ 1 ᛵᖒл, 䘁լཷᔲ䀓Ⲵ㋮ॆ઼傼䇱Ⲵᴤ儈᭸Ⲵ㇇⌅.

3 ᆚ㄁ཽᔸ䀙Ⲻ㋴ौ

ᵜ㢲ሶ䇘䇪䘁լཷᔲ䀓Ⲵ㋮ॆ䰞仈 (1.2). ഐ Jacobi ⸙䱥нਟ䘶, ሩҾԓᮠᯩ〻㓴 f(x) = 0 Ⲵ䘁

լཷᔲ䀓 ξ̃, Newton-Raphson ᯩ⌅ (1.4) а㡜ਚᱟ㓯ᙗ᭦ᮋ.

ׁ 3.1 㘳㲁 f(x) = {x2
1 + x2 − 3, x1 +

1
8x

2
2 − 3

2} ઼ ξ̃ = (1.01, 2.01).

䇠 ξ̃0 = ξ̃, ξ̃k Ѫ k ⅑ Newton 䘝ԓਾⲴ䘁լ䀓, ࡉ

ξ̃1 = (1.0025083056, 1.9950332226),

ξ̃10 = (1.0000700981, 1.9998598007),

ξ̃100 = (1.0000014182, 1.9999971635).

ᵜ㢲ሶӻ㓽є⿽൘ᆔ・ཷᔲ䀓䱴䘁ާᴹҼ⅑᭦ᮋ (1.5) Ⲵ㋮ॆᯩ⌅: สҾ৫ཷᔲॆⲴ᭦㕙ᯩ⌅઼䪸ሩ

⢩ֻ κ = 1 Ⲵ㋮ॆᯩ⌅.

3.1 ะӄৱཽᔸौⲺ᭬㕟ᯯ⌋

ഐ κ = n − rank(Df(ξ)) = dim(null(Df(ξ))) > 0, ᭵ᆈ൘䶎䴦ੁ䟿 ζ ∈ Cn ┑䏣 Df(ξ)ζ = 0. ส

Ҿк䘠ᙗ䍘, Ojika ㅹ [14]ǃYamamoto [15] ઼ Ojika [16] ᨀࠪҶа⿽สҾ৫ཷᔲॆⲴ᭦㕙ᯩ⌅; Leykin

ㅹ [17, 18] :Ҷ᭩䘋઼᧘ᒯڊ 䇠 r := rank(Df(ξ)), ᶴ䙐໎ᒯԓᮠ㌫㔏

g(x,y) =






f(x)

Df(x)By

h&y − 1





= 0, (3.1)

ަѝ䲿ᵪ⸙䱥 B ∈ Cn×(r+1) ઼䲿ᵪੁ䟿 h ∈ Cr+1 ѝⲴݳ㍐ᶕ㠚༽অսശ, ᆳԜᾲ⦷Ѫ 1 ൠ؍䇱Ҷ ζ

Ⲵୟаᙗ, ণ؍䇱Ҷ g(x,y) = 0 Ⲵ䀓 (ξ, ζ) Ⲵᆔ・ᙗ; ሩҾ䘁լཷᔲ䀓 ξ̃, 䇠 r Ѫ Df(ξ̃) Ⲵ䘁լ〙, ҏ

ণ Df(ξ̃) Ⲵཷᔲ٬┑䏣 σ1 " · · · " σr " ε > σr+1 " · · · " σn > 0 (ε > 0 Ѫ亴䇮䰸٬). 䇠 ζ̃ ѪᴰሿҼ

҈䰞仈

min
y∈Cn

∥∥∥∥∥∥



Df(ξ̃)B

h&



y −



 0

1





∥∥∥∥∥∥

2

(3.2)

ⲴᴰՈ䀓, ࡉ (ξ̃, ζ̃) Ѫ g(x,y) = 0 Ⲵ䘁լ䀓; 㤕 dim(null(Dg(ξ, ζ))) > 0, 䙂ᖂൠ䟽༽к䘠໎ᒯԓᮠࡉ

㌫㔏઼໎ᒯ䀓Ⲵᶴ䙐䗷〻.

䇮ᴰ㓸Ⲵ໎ᒯԓᮠ㌫㔏Ѫ g, ᴰ㓸Ⲵ໎ᒯ䘁լ䀓Ѫ η̃, 䇠 η̃0 = η̃, ֯⭘䘝ԓޜᔿ㋮ॆ໎ᒯ㌫㔏Ⲵṩ

η̃k+1 = η̃k − (Dg(η̃k)
∗Dg(η̃k))

−1 Dg(η̃k)
∗g(η̃k). (3.3)
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٬ᗇ⌘᜿Ⲵᱟ, о (1.4) ⴨∄, ഐѪ g ᱟ䎵ᇊ㌫㔏, ᭵ (3.3) ѝ⭘ᒯѹ䘶ԓᴯҶ Jacobi ⸙䱥Ⲵ䘶.

ׁ 3.1 㔣 ਆ ε = 0.01. 俆ݸ, ᶴ䙐໎ᒯԓᮠ㌫㔏

Df(x) =



 2x1 1

1 0.25x2



 , Df(ξ̃) =



 2.02 1

1 0.5025



 , r = 1,

g =






f

2x1x3 + x4

x3 + 0.25x2x4

x3 − 1






, η̃ = (ξ̃, 1,−2.02),

Dg(x) =





2x1 1 0 0

1 0.25x2 0 0

2x3 0 2x1 1

0 0.25x4 1 0.25x2

0 0 1 0





, Dg(η̃) =





2.02 1 0 0

1 0.5025 0 0

2 0 2.02 1

0 −0.5025 1 0.5025

0 0 1 0





, r = 3,

g =






g

2x1x5 + x6

x5 + 0.25x2x6

2x3x5 + 2x1x7 + x8

0.25x4x6 + x7 + 0.25x2x8

x7

x5 − 1






, η̃ = (η̃, 1,−2.02, 0,−2.02).

↔ᰦ, Dg(η̃) Ⲵ䘁լ〙Ѫ 8, ҏণ dim(null(Dg(η̃))) = 0.

ሶ䘝ԓ (3.3) ᓄ⭘Ҿ໎ᒯ㌫㔏 g(x1, . . . , x8) ઼䘁լṩ η̃0 = (1.01, 2.01, 1,−2.02, 1,−2.02, 0,−2.02),

ᗇࡠ

η̃1 = (1.0000304949, 2.0000271380, . . .), η̃2 = (1.0000000005, 1.9999999999, . . .).

Leykin ㅹ [17] 㔉ࠪҶл䘠ᇊ⨶, .䇱Ҷ໎ᒯԓᮠ㌫㔏ᶴ䙐䗷〻Ⲵᴹ䲀㓸→ᙗ؍

ᇐ⨼ 3.1 [17] ໎ᒯ䀓 η Ⲵ䟽ᮠሿҾ ξ Ⲵ䟽ᮠ.

ṩᦞк䘠ᇊ⨶,а⅑໎ᒯԓᮠ㌫㔏Ⲵᶴ䙐 (3.1)Պ֯໎ᒯ䀓Ⲵ䟽ᮠѕṬл䱽. ഐ↔,ᶴ䙐ᯩ⌅ (3.1)

㻛〠֌᭦㕙ᯩ⌅,䙂ᖂ䗷〻ণѪ৫ཷᔲॆ䗷〻. ⭡Ҿᴰ㓸໎ᒯ䀓Ⲵ䟽ᮠѪ 1,ᶴ䙐䗷〻Ⲵ䙂ᖂ⅑ᮠ㠣ཊ

Ѫ µ− 1 ⅑. 䇠 Ig Ѫа⅑᭦㕙ਾⲴԓᮠ㌫㔏 g ⭏ᡀⲴ⨶ᜣ, Dayton ઼ Zeng [19] 㔉ࠪⲴл䘠ᇊ⨶ᨀ׋

Ҷ䙂ᖂ⅑ᮠᴤሿⲴк⭼.

ᇐ⨼ 3.2 [19] ተ䜘ሩڦオ䰤 Dη(Ig) Ⲵ␡ᓖሿҾ Dξ(If ) Ⲵ␡ᓖ.

ṩᦞк䘠ᇊ⨶, ᶴ䙐䗷〻Ⲵ䙂ᖂ⅑ᮠ㠣ཊѪ ρ ⅑. ↔к⭼ᴤሿ, ഐѪ ρ ! µ − 1, ᒦфㅹਧᡀ・ᖃ

фӵᖃ κ = 1. ഐѪа⅑໎ᒯԓᮠ㌫㔏Ⲵᶴ䙐 (3.1) ֯␡ᓖѕṬ䱽а, ᭦㕙ᯩ⌅ѝ⸙䱥㿴⁑Ⲵк⭼Ѫ
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2ρn× 2ρn. л䘠ᇊ⨶䇱᰾Ҷ᮷⥞ [19] ѝⲴ⥌ᜣ, ণሩҾᴰᑨ㿱ᆔ・ཷᔲ䀓 (κ = 1), ᭦㕙ᯩ⌅Ⲵ༽ᵲᓖ

(⸙䱥㿴⁑) ᙫᱟ䗮ࡠᴰᐞᛵᖒ.

ᇐ⨼ 3.3 [20] Dη(Ig) Ⲵ␡ᓖㅹҾ Dξ(If ) Ⲵ␡ᓖ߿а.

ഐ↔, 䪸ሩ⢩ֻ κ = 1 ⲴҼ⅑᭦ᮋфվ༽ᵲᓖⲴ㋮ॆᯩ⌅ᱟᶱަᗵ㾱Ⲵ.

3.2 䪾ሯ⢯ׁ κ = 1κ = 1κ = 1 Ⲻ㋴ौᯯ⌋

ഐ κ = dim(null(Df(ξ))) = 1, ᭵ᆈ൘ୟа䶎䴦ੁ䟿 ζ ∈ Cn ┑䏣 Df(ξ)ζ = 0 ф ‖ζ‖ = 1. ሩҾ䘁

լཷᔲ䀓 ξ̃, 䇠 ζ̃ Ѫ

min
‖y‖=1

‖Df(ξ̃)y‖ (3.4)

ⲴᴰՈ䀓. һᇎк, ζ̃ Ѫ Df(ξ̃) Ⲵᴰሿཷᔲ٬ሩᓄⲴঅսཷᔲੁ䟿. ⋯ ζ̃ ᯩੁ, ᱟ੖ᆈ൘ਸ䘲Ⲵ↕䮯 δ

֯ᗇ

‖ξ̃ + δζ̃ − ξ‖ = O(‖ξ̃ − ξ‖2)? (3.5)

ׁ 3.1 㔣 䇮ᐢ⸕ ξ = (1, 2), ሩҾࡉ ξ̃ = (1.01, 2.01), ‖ξ̃ − ξ‖2 ≈ 0.0141. 䇑㇇ Df(ξ̃) Ⲵཷᔲ٬

䀓࠶

Df(ξ̃) =



 2.02 1

1 0.5025



 ≈



−0.8957 −0.4447

−0.4447 0.8957







 2.5165 0

0 0.0060







−0.8957 −0.4447

−0.4447 0.8957



 ,

ࡉ ζ̃ = (−0.4447, 0.8957). 䇑㇇ min ‖ξ̃ + δζ̃ − ξ‖2 = 0.0134, ↔ᰦ δ = −0.0045.

㤕㘳㲁䘁լཷᔲ䀓 ξ̃′ = (1.01, 1.98), ࡉ ‖ξ̃′ − ξ‖2 ≈ 0.0224. 䇑㇇ཷᔲ࠶٬䀓઼ᴰሿҼ҈ᗇࡠ

ζ̃ ′ = (−0.4436, 0.8962), min ‖ξ̃′ + δ′ζ̃ ′ − ξ‖2 = 0.00008891,

↔ᰦ δ′ = −0.0224, ξ̃′ + δ′ζ̃ ′ = (1.00007968, 2.00003944).

к䘠ֻᆀ㺘᰾, ൘⢩ֻ κ = 1 Ⲵᆔ・ཷᔲ䀓䱴䘁, ᆈ൘ḀӋ䘲ᖃս㖞Ⲵ䘁լཷᔲ䀓, ┑䏣㤕ԕަ

Jacobi ⸙䱥ᴰሿཷᔲ٬ሩᓄⲴঅսཷᔲੁ䟿Ѫᯩੁ, .Ҽ⅑᭦ᮋⲴ㋮ॆ䀓ࡠᆈ൘ਸ䘲Ⲵ↕䮯֯ަ᢮ࡉ

สҾк䘠ᙗ䍘, ᵜሿ㢲ሶ䱀䘠: ྲօሶа㡜Ⲵ䘁լཷᔲ䀓⸛↓㠣䘲ᖃս㖞, ԕ৺ྲօ䇑㇇ਸ䘲Ⲵ↕䮯

֯㋮ॆ䀓Ҽ⅑᭦ᮋ? ᆳԜа䎧ᶴᡀҶ䪸ሩ⢩ֻ κ = 1 Ⲵ㋮ॆᯩ⌅.

3.2.1 ะӄ↙ࡏौᴶቅӂҎⲺփ㖤⸡↙

䇠 σn Ѫ Df(ξ̃) Ⲵᴰሿཷᔲ٬, ω̃ Ѫ↓ॆࡉᴰሿҼ҈䰞仈

min
y∈Cn

‖Df(ξ̃)y + f(ξ̃)‖2 + σn‖y‖2 (3.6)

ⲴᴰՈ䀓, ࡉ ξ̃′ = ξ̃ + ω̃ Ѫ⸛↓ਾⲴ䘁լཷᔲ䀓. л䘠ᇊ⨶䇱᰾Ҷ ξ̃′ 㲭ᵚҼ⅑᭦ᮋ㠣 ξ, ն f(ξ̃′) ᐢҼ

⅑᭦ᮋ㠣 0.

ᇐ⨼ 3.4 [21] ⸛↓ਾⲴ䘁լཷᔲ䀓 ξ̃′ ┑䏣

‖ξ̃′ − ξ‖ = O(‖ξ̃ − ξ‖) ф ‖f(ξ̃′)‖ = O(‖ξ̃ − ξ‖2). (3.7)
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䇮ٷ Df(ξ̃′) = UΣV & Ѫ Df(ξ̃′) Ⲵཷᔲ࠶٬䀓, ަѝ Σ = diag{σ1, . . . ,σn} Ѫཷᔲ٬㓴ᡀⲴሩ䀂
⸙䱥, V = (v1, . . . ,vn) Ѫཷᔲੁ䟿㓴ᡀⲴ䝹⸙䱥. л䘠ᇊ⨶؍䇱Ҷᆈ൘ਸ䘲Ⲵ↕䮯֯ᗇ (3.5) ᡀ・.

ᇐ⨼ 3.5 [21] ⸛↓ਾⲴ䘁լཷᔲ䀓 ξ̃′ ┑䏣

|v&
i (ξ̃

′ − ξ)| = O(‖ξ̃ − ξ‖2), i = 1, . . . , n− 1. (3.8)

㤕⋯ ζ̃ ′ = vn ᯩੁ, ԕ δ′ = −v&
n(ξ̃

′ − ξ) Ѫ↕䮯, ㋮ॆ䀓ࡉ ξ̃′ + δ′ζ̃ ′ ┑䏣

‖V &(ξ̃′ + δ′ζ̃ ′ − ξ)‖ =

∥∥∥∥∥∥∥∥∥∥∥∥∥





v&
1(ξ̃

′ − ξ) + δ′v&
1vn

...

v&
n−1(ξ̃

′ − ξ) + δ′v&
n−1vn

v&
n(ξ̃

′ − ξ) + δ′v&
nvn





∥∥∥∥∥∥∥∥∥∥∥∥∥

.

ഐ V Ѫ䝹⸙䱥, Ҿᱟ, v&
i vn = 0, i = 1, . . . , n− 1 ф v&

nvn = 1. ṩᦞк䘠ᇊ⨶, ᤱ؍䝹⸙䱥⭡޽ Euclid

㤳ᮠнਈⲴᙗ䍘, ਟᗇ

‖ξ̃′ + δ′ζ̃ ′ − ξ‖ = ‖V &(ξ̃′ + δ′ζ̃ ′ − ξ)‖ = O(‖ξ̃ − ξ‖2).

ഐ↔, ሩҾа㡜Ⲵ䘁լཷᔲ䀓 ξ̃, 䙊䗷䀓↓ॆࡉᴰሿҼ҈䰞仈 (3.6), ਟሶަ⸛↓㠣 “ᴹ᭸” ս㖞 ξ̃′, ֯

ަ┑䏣㤕ԕ ζ̃ ′ Ѫᯩੁ, ᆈ൘↕䮯ࡉ δ′ ֯㋮ॆ䀓 ξ̃′ + δ′ζ̃ ′ Ҽ⅑᭦ᮋ.

ׁ 3.1 㔣 ሩҾ䘁լཷᔲ䀓 ξ̃′ = (1.01, 2.01), 䀓ԕ σ2 ≈ 0.0060 Ѫ↓ॆࡉ৲ᮠⲴ (3.6), ᗇࡠ

ω̃ ≈ (−0.0119,−0.0060), ξ̃′ ≈ (0.9981, 2.0040), f(ξ̃′) ≈ (0.0001442, 0.00007224).

䇑㇇ Df(ξ̃′) Ⲵཷᔲ࠶٬䀓

Df(ξ̃′) =



 1.9962 1

1 0.5010



 ≈



−0.8941 −0.4479

−0.4479 0.8941







 2.4972 0

0 0.000039







−0.8941 −0.4479

−0.4479 0.8941



 ,

ࡉ ζ̃ ′ = v2 ≈ (−0.4479, 0.8941).

⸕䇮ᐢٷ ξ = (1, 2), ࡉ v&
1(ξ̃

′ − ξ) ≈ −0.00009285. Ԕ δ′ = −v&
2(ξ̃

′ − ξ) ≈ −0.004427, ࡉ

ξ̃′ + δ′ζ̃ ′ = (1.00008301, 2.00004159).

ഐ ξ ᵚ⸕, ᭵䴰᢮ࡠḀ⿽ᯩ⌅䇑㇇↕䮯 δ′ = −ζ̃ ′&(ξ̃′ − ξ), ণ⸛↓ਾⲴ䘁լཷᔲ䀓 ξ̃′ Ⲵ↻ᐞ൘ ζ̃ ′

ᯩੁкⲴᣅᖡ.

3.2.2 ะӄቶ䜞ሯڬグ䰪Ⲻ↛䮵䇗㇍

ሩҾ⸛↓ਾⲴ䘁լཷᔲ䀓 ξ̃′, 䇠 {1, Λ̃1, . . . , Λ̃ρ} Ѫ䘁լተ䜘ሩڦオ䰤 Dξ̃′(If ) Ⲵа㓴㓖ॆส (ਟ

⭡৲ᮠॆ㺘⽪ (2.8) ઼䀓ᴰሿҼ҈䰞仈 (2.9) 䙂ᖂൠᗇࡠ). л䘠ᇊ⨶䇱᰾Ҷнӵ f(ξ̃′) ᐢҼ⅑᭦ᮋ㠣

0, 㘼ф Λ̃i(f) (i = 1, . . . , ρ− 1) ⲶᐢҼ⅑᭦ᮋ㠣 0.

ᇐ⨼ 3.6 [21] ⸛↓ਾⲴ䘁լཷᔲ䀓 ξ̃′ ┑䏣

‖Λ̃i(f)‖ = O(‖ξ̃ − ξ‖2), i = 1, . . . , ρ− 1. (3.9)
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䇠 ∆̃µ Ѫ᤹➗ (2.8) ᶴ䙐Ⲵ µ ⅑ᗞ࠶⌋࠭, ν̃ ѪᴰሿҼ҈䰞仈

min
y∈Cn

‖(∆̃µ(f), d2(f), . . . , dn(f))y + Λ̃ρ(f)‖ (3.10)

ⲴᴰՈ䀓, л䘠ᇊ⨶؍䇱Ҷ↕䮯 δ′ = ν̃1/µ ֯ᗇ (3.5) ᡀ・.

ᇐ⨼ 3.7 [21] 㤕䘁լተ䜘ሩڦオ䰤 Dξ̃′(If ) Ⲵᇭᓖ κǃ␡ᓖ ρ ઼䟽ᮠ µ о Dξ(If ) а㠤, Df(ξ̃′)

Ⲵㅜаࡇਟ㻛ަԆࡇ䘁լ㓯ᙗ㺘⽪, ࡉ

‖ξ̃′ + δ′ζ̃ ′ − ξ‖ = O(‖ξ̃ − ξ‖2), (3.11)

ަѝ ζ̃ ′ Ⲵㅜа࠶䟿٬ㅹҾ 1.

ഐ↔, ሩҾ⢩ֻ κ = 1 Ⲵ㋮ॆᯩ⌅ਟԕᙫ㔃Ѫԕл 3 ↕:

(1) 䀓↓ॆࡉᴰሿҼ҈䰞仈 (3.6), ᗇࡠ⸛↓Ⲵ䘁լཷᔲ䀓 ξ̃′ ઼ᯩੁ ζ̃ ′;

(2) 䙂ᖂൠ䀓 ρ њᴰሿҼ҈䰞仈 (2.9), ᗇࡠᗞ࠶⌋࠭ Λ̃ρ ઼ ∆̃µ;

(3) 䀓ᴰሿҼ҈䰞仈 (3.10), ᗇࡠ↕䮯 δ̃′, ᗇࡠ㋮ॆ䀓 ξ̃′ + δ′ζ̃ ′.

ሩҾ⢩ֻ κ = 1, к䘠ᯩ⌅ѝ⸙䱥㿴⁑ᚂѪ n× n.

ׁ 3.1 㔣 俆ݸ, ⸛↓Ⲵ䘁լཷᔲ䀓Ѫ ξ̃′ = (0.9981, 2.0040), ᯩੁѪ ζ̃ ′ = (1,−1.9961). ❦ਾ, 䙂

ᖂൠ䀓ᴰሿҼ҈䰞仈

∆̃1 = d1, min

∥∥∥∥∥∥∥∥∥

d2

 1

0.5010



 y
+

∆̃1

 1, 9962

1





∥∥∥∥∥∥∥∥∥

= 0.0001101, Λ̃1 = ∆̃1 − 1.9961d2,

∆̃2 = d21 − 1.9961d1d2 + 3.9844d22, min

∥∥∥∥∥∥∥∥∥

d2

 1

0.5010



 y
+

∆̃2

 1

0.4981





∥∥∥∥∥∥∥∥∥

= 0.002593,

Λ̃2 = ∆̃2 − 0.9988d2,

∆̃3 = d31 − 1.9961d21d2 + 3.9844d1d
2
2 − 7.9533d32 − 0.9988d1d2 + 3.9874d22,

min

∥∥∥∥∥∥∥∥∥

d2

 1

0.5010



 y
+

∆̃3

 0

0.4984





∥∥∥∥∥∥∥∥∥

= 0.4456,

䀓ᴰሿҼ҈䰞仈

min

∥∥∥∥∥∥∥∥∥

∆̃3 d2

 0

0.4984

1

0.5010



y
+

Λ̃2

 0.0012

−0.001999





∥∥∥∥∥∥∥∥∥

,

ᗇࡠ δ̃′ = 0.001971. ᴰਾ䗃ࠪ

ξ̃′ + δ′ζ̃ ′ = (1.00003716, 2.00007382).
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3.3 ቅ㔉

ᵜ㢲㔬䘠ҶสҾ৫ཷᔲॆⲴ᭦㕙ᯩ⌅઼а⿽䪸ሩ⢩ֻ κ = 1 Ⲵ㋮ॆᯩ⌅, ᆳԜ൘ᆔ・ཷᔲ䀓䱴䘁

ާᴹҼ⅑᭦ᮋᙗ.

䲔Ҷк䘠є⿽ᯩ⌅ԕཆ, ަԆㅖਧᮠ٬ᯩ⌅ҏ㠤࣋Ҿ䀓ߣ䘁լཷᔲ䀓Ⲵ㋮ॆ䰞仈. Rall [22] ᷀࠶

Ҷ Newton-Raphson ᯩ⌅൘ᆔ・ཷᔲ䀓䱴䘁Ⲵ᭦ᮋᙗ䍘. ѻਾ, 䈨ཊᯩ⌅൘н਼ᶑԦٷ䇮лᚒ༽Ҷ

Newton-Raphson ᯩ⌅൘ᆔ・ཷᔲ䀓䱴䘁ⲴҼ⅑᭦ᮋᙗ (৲㿱᮷⥞ [22–28]).

ᖃ Jacobi ⸙䱥 Df(ξ̃) Ⲵҿ〙ㅹҾ 1 ф Hesse ⸙䱥 D2f(ξ̃) ┑䏣Ḁ↓ࡉᙗᶑԦᰦ, Griewank [29]

࡙⭘ f(x) = 0 ઼ Df(ξ̃) Ⲵཷᔲ࠶٬䀓ᶴ䙐Ҷањव䗩㌫㔏, ᒦ֯⭘㊫լ (3.3) Ⲵ䘝ԓޜᔿᚒ༽Ҷ

Newton-Raphson ᯩ⌅൘↔㊫ᆔ・ཷᔲ䀓䱴䘁ⲴҼ⅑᭦ᮋᙗ. Shen ઼ Ypma [30, 31] ሶ䘉⿽व䗩ᯩ⌅᧘

ᒯ㠣 Df(ξ̃) ҿ〙བྷҾ 1 ф D2f(ξ̃) ┑䏣↓ࡉᙗᶑԦⲴᛵᖒ.

Ojika ㅹ [14]ǃYamamoto [15] ઼ Ojika [16] ᴮᨀࠪа⿽สҾ Df(ξ̃) 㹼ࡇᔿⲴ᭦㕙ᯩ⌅ᶕᶴ䙐໎ᒯ

㌫㔏. ↓ᱟਇ䈕ᯩ⌅੟ਁ, Leykin ㅹ [17, 18] ᔰਁҶᮠ٬っᇊᙗᴤྭⲴสҾ Df(ξ̃) 䴦オ䰤Ⲵ᭦㕙ᯩ⌅.

Lecerf [32] ᨀࠪҶа⿽ᯠⲴ᭦㕙ᯩ⌅ਟԔᴰ㓸໎ᒯ㌫㔏Ѫй䀂ॆ㌫㔏. Mantzaflaris ઼ Mourrain [33] ࡙

⭘ተ䜘ሩڦオ䰤оަሩᓄ୶⧟ѝ┑䏣৏࿻ - ሩڦⲴа㓴ส, ᨀࠪҶа⿽а↕᭦㕙ᯩ⌅ᶕӔᴯ㋮ॆ䘁լ

ཷᔲ䀓о䘁լተ䜘ሩڦオ䰤Ⲵа㓴ส. ਇ䈕ᯩ⌅੟ਁ, Hauenstein ㅹ [34, 35] ઼ Akoglu ㅹ [36] ᶴ䙐Ҷа

⿽ᯠⲴ᭦㕙ᯩ⌅ਟ਼ᰦ㋮ॆ䘁լཷᔲ䀓઼䘁լተ䜘ሩڦオ䰤Ⲵа㓴ส. ᆓᥟѹㅹ [37] ᭩䘋Ҷ Mourrain

ㅹⲴሩڦオ䰤Ⲵ䇑㇇, ᒦᓄ⭘Ҿа㊫䶎㓯ᙗᯩ〻㓴ཷᔲ䀓Ⲵ䇑㇇ (৲㿱᮷⥞ [38]).

Giusti ઼ Yakoubsohn [39] สҾ Df(ξ̃) Schur 㺕⸙䱥Ⲵ䴦オ䰤ᶴ䙐Ҷа㓴᭦㕙ᒿࡇ, ᒦ㔉ࠪҶḀ⿽

ᇊ䟿Ⲵ᭦ᮋᙗ؍䇱, ᧘ᒯҶ Smale Ⲵ Gamma ᇊ⨶.

4 ᆚ㄁ཽᔸ䀙Ⲻ僂䇷

ᵜ㢲ሶ䇘䇪䘁լཷᔲ䀓Ⲵ傼䇱䰞仈 (1.3). ഐѪᯩ〻㌫ᮠԫ᜿ᗞሿⲴᢠࣘ䜭ਟ㜭ሬ㠤ањᆔ・ཷ

ᔲ䀓ਈᡀа㈷䶎ཷᔲ䀓, ഐ↔, অ⤜⭘ᑖᴹ㠽ޕ䈟ᐞⲴ⎞⛩ᮠ䇑㇇ᶕ傼䇱ԓᮠᯩ〻㓴ᱟ੖ᤕᴹᆔ・ཷ

ᔲ䀓ᱟањнਟ㜭ᆼᡀⲴԫ࣑.

ׁ 3.1 㔣 㘳㲁 f̃ = {x2
1 + x2 − 3− ε2, x1 +

1
8x

2
2 − 3

2 −
1
2ε

2}, ᆳ൘ ξ = (1, 2) 䱴䘁ᴹ 3 њ䶎ཷᔲ䀓

ξ̃1 = (1 + ε, 2− 2ε), ξ̃2 = (1− ε, 2 + 2ε), ξ̃3 = (1 + ε
√
4− ε2 − 2ε, 2 + 2ε

√
4− ε2 − 4ε).

ሩҾ䘁լཷᔲ䀓Ⲵ傼䇱䰞仈, ਟԕ㘳㲁л䘠єњ㢟ᘱॆ⡸ᵜ.

䰤从 4.1 (ᢠࣘ㌫㔏ᆔ・䀓Ⲵ傼䇱) ሩҾ䘁լཷᔲ䀓 ξ̃ ∈ Cn, 䇑㇇ r > 0 ઼ r′ > 0 ┑䏣

൘ B(ξ̃, r) ᆈ൘޵ f̃(x) = 0 Ⲵୟа䀓ф ‖f̃ − f‖∞ ! r′, (4.1)

ަѝ ‖f̃ − f‖∞ Ѫ㌫ᮠᢠࣘ䈟ᐞⲴᴰབྷ٬.

䰤从 4.2 (ԓᮠ㌫㔏а㈷䀓Ⲵ傼䇱) ሩҾ䘁լཷᔲ䀓 ξ̃ ∈ Cn, 䇑㇇ r > 0 ┑䏣

൘ B(ξ̃, r) ᆈ൘޵ f(x) = 0 Ⲵа㈷䀓фᆳԜⲴ䟽ᮠѻ઼Ѫ µ. (4.2)

ᵜ㢲ሶ࡛࠶ӻ㓽┑䏣 (4.1) ઼ (4.2) Ⲵ䘁լཷᔲ䀓傼䇱ᯩ⌅.
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4.1 僂䇷ᢦࣞ㌱㔕Ⲻᆚ㄁䀙

䇠 IC (IR) ᱟ C (R) кⲴ४䰤䳶ਸ, ICn (IRn) ઼ ICn×n (IRn×n) ᱟ C (R) кⲴ४䰤ੁ䟿䳶ਸ઼
४䰤⸙䱥䳶ਸ. 䲔Ҷ Smale Ⲵ䱯ቄ⌅⨶䇪 (1.6), л䘠ᇊ⨶ҏਟ㔉ࠪ䶎ཷᔲ䘁լ䀓ⲴѕṬ䈟ᐞ⭼, ֯ᗇ

ⵏ䀓ୟаᆈ൘ҾަᇊѹⲴ䛫ฏ޵.

ᇐ⨼ 4.1 [40–42] 㤕४䰤ੁ䟿X ∈ ICn┑䏣 0 ∈ X,४䰤⸙䱥M ∈ ICn×n┑䏣Df(ξ̃+X) ⊆ M ,ф

−Df(ξ̃)−1f(ξ̃) + (In −Df(ξ̃)−1M)X ⊆ int(X) (4.3)

ᡀ・, ᆈ൘ୟаⲴࡉ ξ ∈ ξ̃ + X ┑䏣 f(ξ) = 0, фԫ᜿Ⲵ M ∈ M ਟ䘶. ⢩࡛ൠ, Jacobi ⸙䱥 Df(ξ)

ਟ䘶.

ֻྲ,ᯩ〻 x2 − x− 2 = 0൘४䰤 [1.99, ᴹୟаⲴঅṩ,ഐѪ޵[2.03 ξ̃ = 2.01, X = [−0.02, 0.02]઼

M = [2.98, 3.06] ┑䏣 0 ∈ X, f ′(ξ̃ +X) ⊆ M ф֯ᗇ (4.3) ᡀ・.

ᱮ❦,к䘠ᇊ⨶ҏн䘲⭘Ҿᆔ・ཷᔲ䀓,նᆳਟо᭦㕙ᯩ⌅⴨㔃ਸ,傼䇱ᑖᢠࣘⲴ໎ᒯԓᮠ㌫㔏Ⲵ

䶎ཷᔲ໎ᒯ䀓,䘋㘼傼䇱ᆈ൘┑䏣 (4.1)Ⲵᆔ・ཷᔲ䀓.л䶒ㆰ㾱ӻ㓽สҾ४䰤䇑㇇傼䇱ཷᔲ䀓Ⲵ⨶䇪

ส⹰, ⴨ޣⲴ䖟Ԧਟԕ৲㿱᮷⥞ [43].

4.1.1 ะӄ᭬㕟ᯯ⌋Ⲻㅜਭᢦࣞ

ഐ κ = n− rank(Df(ξ)) = dim(null(Df(ξ))) > 0, ᭵ᗵ❦ᆈ൘ Df(ξ) ⲴḀ κ ਟ㻛ަԆࡇ n− κ ࡇ

㓯ᙗ㺘⽪, 䇠 c = {c1, . . . , cκ} ᱟᆳԜⲴᤷḷ䳶ਸ; Ӗᗵ❦ᆈ൘ Df(ξ) ⲴḀ κ 㹼㜭ཏ㻛ަԆ n − κ 㹼

㓯ᙗ㺘⽪, 䇠 k = {k1, . . . , kκ}ᱟᆳԜⲴᤷḷ䳶ਸ.䇠 Df(ξ)c ᱟ Df(ξ)ѝ৫ᦹᤷḷѪ cⲴࡇ㓴ᡀⲴ⸙

䱥, Ik ᱟঅս⸙䱥 In ѝᤷḷѪ k Ⲵࡇ㓴ᡀⲴ⸙䱥, ࡉ

rank(Df(ξ)c, Ik) = n. (4.4)

สҾк䘠ᙗ䍘, ᶴ䙐ᑖᢠࣘⲴ໎ᒯԓᮠ㌫㔏

g̃(x,y, z) =





f(x) + Ikz

Df(x)cy +Df(x)hc




 = 0, (4.5)

ަѝ hc = (0, . . . ,
c1
1 , . . . ,

cκ
1 , . . . , 0)T. ᱮ❦, g̃(x,y, z) Ѫᚠᇊԓᮠ㌫㔏, ণᯩ〻њᮠ 2n ㅹҾਈݳњᮠ

n[x] + (n − κ)[y] + κ[z]. ഐ Df(ξ)hc Ѫ Df(ξ) ѝᤷḷѪ c ⲴࡇⲴ઼, ᭵ᆈ൘ୟаⲴ ζ ∈ Cn−κ, ֯ᗇ

Df(ξ)cζ + Df(ξ)hc = 0. ഐ↔, (ξ, ζ,0) Ѫ g̃(x,y, z) = 0 Ⲵᆔ・䀓. ሩҾ䘁լཷᔲ䀓 ξ̃, c ઼ k ਟ⭡

Df(ξ̃)઼ Df(ξ̃)T Ⲵ䘁լ䴦オ䰤Ⲵ Gauss⎸৫䗷〻ᗇࡠ (ሩᓄ㹼ѫݳᡆࡇѫݳⲴᤷḷ).䇠 ζ̃ ѪᴰሿҼ

҈䰞仈

min
y∈Cn−κ

‖Df(ξ̃)cy +Df(ξ̃)hc‖2 (4.6)

ⲴᴰՈ䀓, ࡉ (ξ̃, ζ̃,0) Ѫ g̃(x,y, z) = 0 Ⲵ䘁լ䀓. 㤕 dim(null(Dg̃(ξ, ζ,0))) > 0, 䙂ᖂൠ䟽༽к䘠໎ࡉ

ᒯԓᮠ㌫㔏઼໎ᒯ䀓Ⲵᶴ䙐䗷〻.

䇠 g(x,y) ѪሩᓄҾ (4.5) Ⲵᰐᢠࣘ໎ᒯԓᮠ㌫㔏 (ᰐ Ikz 亩), ໎ᒯ䀓Ѫަࡉ (ξ, ζ). л䘠ᇊ⨶؍

䇱ҶᑖᢠࣘⲴ᭦㕙ᯩ⌅оᰐᢠࣘⲴ᭦㕙ᯩ⌅ާᴹ⴨਼Ⲵ৫ཷᔲॆ䗷〻, ণᢠࣘ (Ikz) ሶ䎵ᇊ䰞仈㓖ॆ

Ѫᚠᇊ䰞仈.
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ᇐ⨼ 4.2 [44] Dg̃(ξ, ζ,0) Ⲵ䴦オ䰤о Dg(ξ, ζ) Ⲵ䴦オ䰤ㅹԧ:

null(Dg̃(ξ, ζ,0)) =








 v

0



 ∈ C2n

∣∣∣∣ v ∈ null(Dg(ξ, ζ))




 . (4.7)

ਖаᯩ䶒, ᰐᢠࣘⲴ᭦㕙ᯩ⌅ᱟ (3.1) Ⲵ⢩ֻ, ഐ↔, ᑖᢠࣘⲴ᭦㕙ᯩ⌅ (4.5) о (3.1) ާᴹ⴨਼Ⲵ

㓸→ᙗᶑԦ, ণ䙂ᖂ⅑ᮠ㠣ཊѪ ρ ⅑.

,→䇮৫ཷᔲॆ䗷〻ᵚа⅑㓸ٷ ণ dim(null(Dg̃(ξ, ζ,0))) > 0, 䇠 g̃′ ѪҼ⅑᭦㕙ⲴᑖᢠࣘⲴ໎ᒯ

ԓᮠ㌫㔏, c′ ઼ k′ ѪҼ⅑᭦㕙Ⲵᤷḷ䳶ਸ (rank(Dg̃(ξ, ζ,0)c
′
, Ik′) = 2n). л䘠ᇊ⨶䇱᰾Ҷᢠࣘާᴹঅ

䈳ᙗ.

ᇐ⨼ 4.3 [44] ᆈ൘ᤷḷ䳶ਸ c′ ઼ k′ ┑䏣

c′ ⊆ c, k′ ⊆ k + n. (4.8)

к䘠ᇊ⨶㺘᰾, Ҽ⅑᭦㕙ⲴᢠࣘՊ࣐㠣 (4.5) Ⲵ Df(x)cy +Df(x)hc ѝ, ণ

g̃′(x,y, z) =






f(x) + Ikz1

Df(x)cy1 +Df(x)hc + Ik′−nz2

Dg̃(x,y1, z1)c
′
y2 +Dg̃(x,y1, z1)hc′





= 0. (4.9)

һᇎк, Ҽ⅑᭦㕙Ⲵᢠࣘਟᨀॷ㠣 (4.5) Ⲵ f(x) + Ikz ѝ, ণ

ḡ′(x,y, z) =






f(x) + Ikz1 + Ik′−nxc′z2

Dxf̃(x, z)cy1 +Dxf̃(x, z)hc

Dx,y1,z1 ḡ(x,y1, z)c
′
y2 +Dx,y1,z1 ḡ(x,y1, z)hc′





= 0, (4.10)

ަѝ Ik′−nxc′ ᱟঅս⸙䱥 InѝᤷḷѪ k′−nⲴ҈ࡇᤷḷѪ c′Ⲵਈݳ㓴ᡀⲴ⸙䱥, f̃(x, z)Ѫ ḡ′(x,y, z)

Ⲵࡽ n њᯩ〻, ḡ(x,y1, z) Ѫ ḡ′(x,y, z) Ⲵࡽ 2n њᯩ〻, Dxf̃(x, z) Ѫ Jacobi ⸙䱥 Df̃(x, z) ѝሩᓄ x

Ⲵ n ,㓴ᡀⲴ⸙䱥ࡇ Dx,y1,z1 ḡ(x,y1, z) Ѫ Jacobi ⸙䱥 Dḡ(x,y1, z) ѝሩᓄ xǃy1 ઼ z1 Ⲵ 2n 㓴ᡀࡇ

Ⲵ⸙䱥.

н䳮傼䇱, null(Dg̃′(ξ, ζ,0)) = null(Dḡ′(ξ, ζ,0)), ণᢠࣘⲴᨀॷᒦн᭩ਈᑖᢠࣘ᭦㕙ᯩ⌅Ⲵ৫ཷᔲ

ॆ䗷〻. ഐ↔, ᭦㕙ᯩ⌅ (4.10) о (4.9) ާᴹ⴨਼Ⲵ㓸→ᙗᶑԦ, ণ䙂ᖂ⅑ᮠ㠣ཊѪ ρ ⅑. ਼Ѫᑖᢠࣘ

Ⲵ໎ᒯԓᮠ㌫㔏,⴨䖳 (4.9), (4.10)ⲴՈ࣯൘Ҿ,㤕 (ξ, ζ, η)Ѫ ḡ′(x,y, z) = 0Ⲵ䶎ཷᔲ䀓,ࡉ ξ Ѫᢠࣘ

ԓᮠ㌫㔏 f̃(x, η) = 0 Ⲵᆔ・ཷᔲ䀓, ഐѪ

ḡ′(ξ, ζ, η) = 0 ⇒ ḡ(ξ, ζ1, η) = 0 ⇒ f̃(ξ, η) = 0 ф Dxf̃(ξ, η)
cζ1 +Dxf̃(ξ, η)h

c = 0. (4.11)

䇮ᴰ㓸ᑖᢠࣘⲴ໎ᒯԓᮠ㌫㔏Ѫ ḡ, ᢠࣘԓᮠ㌫㔏Ѫ

f̃(x, z) = f(x) + Ikz1 +
t∑

i=1

Ik(i)−2i−1nx
i
c(i)zi+1

(Ik(i)−2i−1nx
i
c(i) ᱟঅս⸙䱥 In ѝᤷḷѪ k(i) − 2i−1nⲴ҈ࡇᤷḷѪ c(i) ⲴਈݳⲴ i⅑ᑲ㓴ᡀⲴ⸙䱥),

ᴰ㓸Ⲵ໎ᒯ䘁լ䀓Ѫ (ξ̃, ζ̃,0).
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ᇐ⨼ 4.4 [44] 㤕 (X,Y ,Z)┑䏣 0 ∈ (X,Y ,Z), M ┑䏣 Dḡ((ξ̃, ζ̃,0) + (X,Y ,Z)) ⊆ M , ф (4.3)

ᡀ・, ᆈ൘ୟаⲴࡉ ξ ∈ ξ̃ +X, η ∈ η̃ +Z ┑䏣 f̃(x, η) = 0, ф Dxf̃(ξ, η) нਟ䘶, ণ ξ Ѫᢠࣘԓᮠ㌫

㔏 f̃(x, η) = 0 Ⲵᆔ・ཷᔲ䀓.

ׁ 4.1 㘳㲁 f = {x4
1−x2x3x4, x4

2−x1x3x4, x4
3−x1x2x4, x4

4−x1x2x3}઼ ξ̃ = (0.01, 0.01, 0.01, 0.01).

俆ݸ, ṩᦞ (4.10) ᶴ䙐ᑖᢠࣘⲴ໎ᒯԓᮠ㌫㔏

ḡ′(x,y, z) =






f(x) + I{1,2,3,4}z1 + I{1,2,3,4}x{1,2,3,4}z2

Dxf̃(x, z)h{1,2,3,4}

Dx,y1,z1 ḡ(x,y1, z){1,2,3,4}y2 +Dx,y1,z1 ḡ(x,y1, z)h{1,2,3,4}





= 0,

໎ᒯ䘁լ䀓 (0.01, 0.01, 0.01, 0.01, 0.0003, 0.0003, 0.0003, 0.0003, 0, 0, 0, 0, 0, 0, 0, 0).

❦ਾ, ሩ ḡ′ ઼ (ξ̃, ζ̃,0) 䈳⭘ INTLAB [45] ѝⲴ࠭ᮠ verifynlss, ᗇࡠ

ξ̃ = (0, 0, 0, 0), η̃ = (0, 0, 0, 0, 0, 0, 0, 0), X = [−10−321, 10−321]×4, Z = [−10−321, 10−321]×8.

ᴰਾ,ṩᦞк䘠ᇊ⨶ਟ⸕,ᆈ൘ୟаⲴ ξ ∈ ξ̃+X ઼ η ∈ η̃+Z,֯ᗇ ξ Ѫᢠࣘԓᮠ㌫㔏 f̃(x, η) = 0

Ⲵᆔ・ཷᔲ䀓, ަѝ

f̃(x, η) =






x4
1 − x2x3x4 + η1 + η5x1

x4
2 − x1x3x4 + η2 + η6x2

x4
3 − x1x2x4 + η3 + η7x3

x4
4 − x1x2x3 + η4 + η8x4






,

ф┑䏣 ‖ξ̃ − ξ‖∞ ! 10−321 ઼ ‖f̃ − f‖∞ = ‖η̃ − η‖∞ ! 10−321.

4.1.2 䪾ሯ⢯ׁ κ = 1κ = 1κ = 1 Ⲻᆚ㄁ཽᔸ䀙僂䇷

ഐᑖᢠࣘⲴ᭦㕙ᯩ⌅ (4.10) Ⲵ䙂ᖂ⅑ᮠ㠣ཊѪ ρ ⅑, ަ⸙䱥㿴⁑Ⲵк⭼Ѫ 2ρn × 2ρn, фሩҾ⢩

ֻ κ = 1 ᙫᱟ䗮ࡠᴰᐞᛵᖒ. һᇎк, ⭘а㓴㓖ॆสⲴ৲ᮠॆ㺘⽪ (2.8), ਟᶴ䙐㿴⁑ᴤሿⲴᑖᢠࣘⲴ

໎ᒯԓᮠ㌫㔏.

н࿘䇮 k = c = {1}, 䇠 e1 Ѫঅս⸙䱥 In Ⲵㅜаࡇ, ࡉ

ḡ(x,y, z) =






f(x) + e1z1 +
ρ−1∑

i=1

e1x
i
1zi+1

Λ1(y1)(f̃(x, z))
...

Λρ(y1, . . . ,yρ)(f̃(x, z))






= 0 (4.12)

ᴹ䶎ཷᔲ䀓 (ξ, ζ,0), ަѝ ζ = (ζ1, . . . , ζρ), ζi Ѫ Λi ѝᯠ໎Ⲵ n− 1 њ৲ᮠⲴ٬. ᱮ❦, ḡ(x,y, z) ᚠᇊ,

ণᯩ〻њᮠ (ρ+ 1)n ㅹҾਈݳњᮠ n[x] + ρ(n− 1)[y] + ρ[z]. ሩҾ䘁լཷᔲ䀓 ξ̃, ζ̃ ਟ⭡䙂ᖂൠ䀓 ρ њ

ᴰሿҼ҈䰞仈 (2.9) ᗇࡠ.

ᇐ⨼ 4.5 [20] 㤕 (X,Y ,Z)┑䏣 0 ∈ (X,Y ,Z), M ┑䏣 Dḡ((ξ̃, ζ̃,0) + (X,Y ,Z)) ⊆ M , ф (4.3)

ᡀ・, ᆈ൘ୟаⲴࡉ ξ ∈ ξ̃ +X ઼ η ∈ η̃ +Z ֯ᗇ ξ Ѫᢠࣘԓᮠ㌫㔏 f̃(x, η) = 0 Ⲵᆔ・ཷᔲ䀓, ᒦф

ᆈ൘ୟаⲴ ζ ∈ ζ̃ + Y ֯ᗇ {1,Λ1(ζ1), . . . ,Λρ(ζ1, . . . , ζρ)} Ѫ Dξ(If̃ ) Ⲵа㓴ᰒ㓖ส.

33
 https://engine.scichina.com/doi/10.1360/SSM-2019-0289



ᵾᾐㅹ: 䇑㇇ԓᮠᯩ〻㓴ᆔ・ཷᔲ䀓Ⲵㅖਧᮠ٬ᯩ⌅

ׁ 3.1 㔣 俆ݸ, ṩᦞ (4.12) ᶴ䙐ᑖᢠࣘⲴ໎ᒯԓᮠ㌫㔏

ḡ(x,y, z) =






x2
1 + x2 − 3 + z1 + z2x1

x1 + 0.125x2
2 − 1.5

2x1 + y1 + z2

1 + 0.25y1x2

1 + y2

0.125y21 + 0.25y2x2






= 0

઼໎ᒯ䘁լ䀓 (0.01, 0.01, 0.01, 0.01, 0.0003, 0.0003, 0.0003, 0.0003, 0, 0, 0, 0, 0, 0, 0, 0).

❦ਾ, ሩ ḡ ઼ (ξ̃, ζ̃,0) 䈳⭘ INTLAB ѝⲴ࠭ᮠ verifynlss, ᗇࡠ

ξ̃ = (1, 2), ζ̃ = (−2,−1), η̃ = (0, 0),

X = [−10−14, 10−14]×2, Y = [−10−14, 10−14]×2, Z = [−10−14, 10−14]×2.

ᴰਾ, ṩᦞк䘠ᇊ⨶ਟ⸕, ᆈ൘ୟаⲴ ξ ∈ ξ̃ +X ઼ η ∈ η̃ +Z, ֯ᗇ ξ Ѫᢠࣘԓᮠ㌫㔏 f̃(x, η) = 0 Ⲵ

ᆔ・ཷᔲ䀓, ަѝ

f̃(x, η) = {x2
1 + x2 − 3 + η1 + η2x1, x1 + 0.125x2

2 − 1.5},

ф┑䏣 ‖ξ̃ − ξ‖∞ ! 10−14 ઼ ‖f̃ − f‖∞ = ‖η̃ − η‖∞ ! 10−14.

ਖཆ, Dξ(If̃ ) ᴹа㓴ᰒ㓖ส Dξ(If̃ ) = SpanC{1, d1 + ζ1d2, d21 + ζ1d1d2 + ζ21d
2
2 + ζ2d2}, ф┑䏣

‖ζ̃ − ζ‖∞ ! 10−14.

4.2 僂䇷ԙᮦ㌱㔕Ⲻж㈽䀙

ሩҾԓᮠ㌫㔏 f(x) = 0 Ⲵ䘁լཷᔲ䀓 ξ̃, ᡁԜ傼䇱ҶḀњᢠࣘԓᮠ㌫㔏 f̃(x, η) = 0 ൘㌫ᮠᢠࣘ

䈟ᐞ η ∈ Z ᆈ൘ୟаⲴᆔ・ཷᔲ䀓޵ ξ ∈ ξ̃ +X. л䘠ᇊ⨶䇱᰾Ҷ, ྲ᷌ᆈ൘ r > 0 ֯ᗇҼ㘵Ⲵ↻ᐞ

٬൘⨳䶒 ∂B(ξ̃, r) кᚂሿҾᢠࣘԓᮠ㌫㔏Ⲵ٬, ࡉ f(x) = 0 о f̃(x, η) = 0 ൘⨳փ B(ξ̃, r) ᤕᴹ⴨޵

਼њᮠⲴ䀓, ণ傼䇱Ҷԓᮠ㌫㔏 f(x) = 0 ൘ B(ξ̃, r) ,Ⲵа㈷䀓޵ ަ䟽ᮠѻ઼ㅹҾ ξ Ⲵ䟽ᮠ.

ᇐ⨼ 4.6 [46] ྲ᷌ f ઼ f̃ ┑䏣൘ B(ξ̃, r) ઼޵ ∂B(ξ̃, r) к䀓᷀, ф

‖f̃(ζ)− f(ζ)‖ < ‖f̃(ζ)‖, ∀ ζ ∈ ∂B(ξ̃, r) (4.13)

ᡀ・, ࡉ f(x) = 0 ઼ f̃(x) = 0 ൘ B(ξ̃, r) 䀓Ⲵњᮠ⴨਼޵ (䟽ᮠ䇑㇇൘޵).

ֻྲ,ᯩ〻 z5+3z3+7 = 0൘ശⴈ |z| < ᚠᴹ޵2 5њṩ,ഐѪሩԫօ |z| = 2ᴹ |3z3+7| < 32 = |z5|.
ᵜሿ㢲ሶ䪸ሩє⿽⢩ֻ: κ = 1 ઼অ⅑᭦㕙ণ㓸→, 䱀䘠ྲօ䇑㇇ᆔ・ཷᔲ䀓Ⲵተ䜘䳄⿫⭼ᶕᗇ

,⭼ԓᮠ㌫㔏٬Ⲵлࡠ 䘋㘼傼䇱┑䏣 (4.2) Ⲵа㈷䀓.

4.2.1 䪾ሯ⢯ׁ κ = 1κ = 1κ = 1 Ⲻж㈽䀙僂䇷

ሩҾԓᮠᯩ〻㓴 f(x) = 0 Ⲵᆔ・ཷᔲ䀓 ξ, ᇊѹ┑䏣 κ = 1 Ⲵ Jacobi ⸙䱥 Df(ξ) Ⲵḷ߶ර.
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ᇐѿ 4.1 (Jacobi ⸙䱥ḷ߶ර) 〠 Df(ξ) ާᴹḷ߶ර, ྲ᷌

Df(ξ) =



 0 Df(ξ)c,k

0 0



 , (4.14)

ަѝ c = {1}, k = {n}, Df(ξ)c,k ᱟ Df(ξ) ѝ৫ᦹᤷḷѪ c Ⲵ઼ࡇᤷḷѪ k Ⲵ㹼㓴ᡀⲴ⸙䱥.

һᇎк, ሩҾ⢩ֻ κ = 1, ᆈ൘䝹⸙䱥 U ઼ W ֯ᗇԓᮠᯩ〻㓴 U&f(Wx) = 0 ൘ަᆔ・ཷᔲ䀓

W &ξ ༴Ⲵ Jacobi ⸙䱥Ѫḷ߶ර. ഐ↔, ᙫਟٷ䇮 Df(ξ) Ѫḷ߶ර. ↔ᰦ, ṩᦞ (2.7) ઼ (2.8) ᶴ䙐Ⲵа

㓴㓖ॆส┑䏣

Λt(f) = 0 ⇔ ∆t(fn) = 0. (4.15)

л䘠ᇊ⨶䇱᰾Ҷ ξ ਟ֌Ѫ f(x) = 0 Ⲵᆔ・ཷᔲ䀓㻛ተ䜘䳄⿫.

ᇐ⨼ 4.7 [47] 䇮 ξ Ѫ f(x) = 0 Ⲵ┑䏣 κ = 1 ф Df(ξ) Ѫḷ߶රⲴᆔ・ཷᔲ䀓, 䇠 ζ ᱟਖањ

䀓, ࡉ

‖ζ − ξ‖ " d

2γµ
µ
, (4.16)

ަѝ

d = min(d1, d2, d3), d1 =

√
1

c2µ−1,1 + 1
, d2 =

√
1

µ− 1
,

d3 ᱟঅਈᯩݳ〻

(1− d2)
µ
2 −

∑

i+j=µ,j>0

ci,jd(1− d2)
i
2 dj−1 − d

( ∑

1"i"µ−2

ti,0 +
∑

1"i+j"µ−2,j>0

ti,j(1− d2)
i
2 dj + 1

)
= 0

Ⲵᴰሿ↓ṩ; ci,j = c(µ)i,j (i+ j = µ, j > 0) ઼ ti,j−1 = c(i+j)
i,j (2 ! i+ j ! µ− 1) ᱟ┑䏣ྲл䙂ᖂޜᔿ:

c(2)i,j =
(i+ j)!

i!j!
(i+ j = 2, j " 1),

c(i+j)
i,j =

(i+ j)!

i!j!
+

∑

2"p+q"i+j−1,q!1
p+k=i,q+l−1=j

c(p+q)
p,q · (k + l)!

k!l!
(2 < i+ j ! µ, j " 1) (4.17)

Ⲵᑨᮠ; ᑨᮠ γµ := max(γ̂µ(f, ξ), γµ,n(f, ξ)),

γ̂µ(f, ξ) = max

(
1, sup

k!2

∥∥∥∥(Df(ξ)c,k)−1 · D
kfk(ξ)

k!

∥∥∥∥

1
k−1

)
,

γµ,n(f, ξ) = max

(
1, sup

k!2

∥∥∥∥
1

∆µ(fn)
· D

kfn(ξ)

k!

∥∥∥∥

1
k−1

)
.

л䘠ᇊ⨶䘋а↕䇱᰾Ҷ ‖f(x)‖ ൘ԕ ξ Ѫ⨳ᗳǃॺᖴѪተ䜘䳄⿫⭼ⲴаॺⲴ⨳ B(ξ, d
4γµ

µ
) ᴹ޵

л⭼.

ᇐ⨼ 4.8 [47] 䇮 x ∈ B(ξ, d
4γµ

µ
), ࡉ

‖f(x)‖ " d‖x− ξ‖µ

2‖A−1
µ ‖

,

35
 https://engine.scichina.com/doi/10.1360/SSM-2019-0289



ᵾᾐㅹ: 䇑㇇ԓᮠᯩ〻㓴ᆔ・ཷᔲ䀓Ⲵㅖਧᮠ٬ᯩ⌅

ަѝ

A−1
µ =




1√
2

(
Df(ξ)c,k

)−1
0

0
√
2

∆µ(fn)



 . (4.18)

ሩҾ䘁լཷᔲ䀓 ξ̃, ᆈ൘䝹⸙䱥 Ũ ઼ W̃ ֯ᗇԓᮠᯩ〻㓴 Ũ&f(W̃x) = 0 ൘ަ䘁լཷᔲ䀓 W &ξ ༴

Ⲵ Jacobi ⸙䱥Ѫ䘁լḷ߶ර, ণㅜа઼ࡇㅜа㹼ѝⲴݳ㍐䘁լѪ 0. ഐ↔, ᙫਟٷ䇮 Df(ξ̃) Ѫ䘁լḷ

߶ර. ↔ᰦ, ަ䘁լተ䜘ሩڦオ䰤 Dξ̃(If ) Ⲵа㓴㓖ॆสਟ⭡䙂ᖂൠ≲䀓㓯ᙗᯩ〻㓴

Df(ξ̃)c,kvec(ct,2, . . . , ct,n) + ∆̃t(f) = 0 (Λ̃1 = d1, ∆̃2 = d21) (4.19)

ᗇࡠ, ⴤ㠣ሩҾḀњ t, |∆̃t(fn)| བྷҾ亴䇮䰸٬ ε > 0.

㘳㲁ᢠࣘԓᮠ㌫㔏

f̃(x) = f(x)− f(ξ̃)− d1(f)(x1 − ξ̃1)−
n∑

i=2

di(fn)en(xi − ξ̃i)−
ρ∑

t=2

∆̃t(fn)en(x1 − ξ̃1)
t = 0, (4.20)

ަѝ η̃ = (c2,2, . . . , c2,n, . . . , cρ,2, . . . , cρ,n). ⭡ (4.15)ǃ(4.19) ઼ (4.20) ਟ⸕, ԓᮠ㌫㔏 f(x) = 0 Ⲵ䘁լ

ཷᔲ䀓 ξ̃ ᱟᢠࣘԓᮠ㌫㔏 f̃(x) = 0 Ⲵ┑䏣 κ = 1 ф Df̃(ξ̃) Ѫḷ߶රⲴᆔ・ཷᔲ䀓, ഐѪ ∆̃t(f̃) = 0

(t = 1, . . . , ρ), фަ䟽ᮠѪ µ = ρ+ 1.

ᇐ⨼ 4.9 [47] 䇠 γ̃µ := max(γ̂µ(f̃ , ξ̃), γµ,n(f̃ , ξ̃)), 㤕

‖f(ξ̃)‖+
∑

1"t"µ−1

‖Ht‖
(

d

4γ̃µ
µ

)t

<
dµ+1

2(4γ̃µ
µ)µ‖A−1

µ ‖
, (4.21)

ࡉ f(x) = 0 ઼ f̃(x) = 0 ൘ B(ξ̃, d
4γ̃µ

µ
) 䀓Ⲵњᮠ⴨਼޵ (䟽ᮠ䇑㇇൘޵), ণᴹ䟽ᮠѻ઼ㅹҾ µ Ⲵа㈷

䀓, ަѝ

H1 =



 d1(fk) 0

d1(fn) dc(fn)



 (fk = {f1, . . . , fn−1}, dc = {d2, . . . , dn}),

Ht =







 0 0

∆t(fn) 0



 0n× · · ·× n︸ ︷︷ ︸
k

×(n−1)



 ∈ C
n× · · ·× n︸ ︷︷ ︸

k+1 , 2 ! t ! µ− 1. (4.22)

ׁ 3.1 㔣 䇮儈㋮ᓖ䘁լ䀓 ξ̃ ≈ (1 + 10−18, 2− 10−18), ⭡ Df(ξ̃) Ⲵཷᔲ࠶٬䀓ᶴ䙐䝹⸙䱥

Ũ ≈



−0.8944 −0.4472

−0.4472 0.8944



 , W̃ ≈



 0.4472 0.8944

−0.8944 0.4472



 ,

䘋㘼ᗇࡠ䝹ਈᦒਾⲴԓᮠ㌫㔏

Ũ&f(W̃x) =





0.2236x2

1 + 0.6708x1x2 + 0.7267x2
2 − 0.6x1 + 0.8x2 − 3.3541

− 2.5× 10−19x2
1 + 0.4472x1x2 + 0.3354x2

2 − 0.8x1 − 0.6x2 + 1.2× 10−18






઼儈㋮ᓖ䘁լ䀓 W &ξ̃ ≈ (−1.3416, 1.7889). 䇠 f(x) = Ũ&f(W̃x), ξ̃ = W &ξ̃. н䳮傼䇱,

Df(ξ̃) =



−1.3× 10−19 2.5 + 1.2× 10−18

1.6× 10−19 −1.0× 10−20




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Ѫ䘁լḷ߶ර, ф |∆̃2(f2)| = |d21(f2)| ≈ 2.53× 10−19, |∆̃3(f2)| ≈ |d31(f2)− 0.08944d1d2(f2)| ≈ 0.04.

ᶴ䙐ᢠࣘԓᮠ㌫㔏

f̃(x) = f(x)− f(ξ̃)−



 d1(f1)(x1 − ξ̃1)

d1(f2)(x1 − ξ̃1)



−



 0

d2(f2)(x2 − ξ̃2)



−



 0

∆̃2(f2)(x1 − ξ̃1)2



 .

н䳮傼䇱, ξ̃ ᱟ f̃(x) = 0 Ⲵ┑䏣 κ = 1 ф Df̃(ξ̃) Ѫḷ߶රⲴᆔ・ཷᔲ䀓, ަ䟽ᮠ µ = 3.

䇑㇇ᑨᮠ d ≈ 0.08507 Ѫঅਈᯩݳ〻

(1− 2d− 8d2)
√

1− d2 − 9d− d2 + 6d3 = 0

Ⲵᴰሿ↓ṩ; ᑨᮠ

γ̂3(f̃ , ξ̃) = max

(
1,

∥∥∥∥0.4 ·
D2f̃1(ξ̃)

2

∥∥∥∥

)
= 1,

γ3,2(f̃ , ξ̃) = max

(
1,

∥∥∥∥25 ·
D2f̃2(ξ̃)

2

∥∥∥∥

)
≈ 11.1803,

ࡉ γ̃3 = max(γ̂3(f̃ , ξ̃), γ3,2(f̃ , ξ̃)) ≈ 11.1803, ⸙䱥

A−1
µ ≈



 0.2828 0

0 35.3607



 .

ᴰ㓸, 傼䇱࡛ࡔᔿ (4.21):

1.1045× 10−18 ≈ ‖f(ξ̃)‖+ ‖H1‖
d

4γ3
3

+ ‖H2‖
d2

16γ6
3

<
d4

128γ9
3‖A

−1
µ ‖

≈ 4.2397× 10−18

ᡀ・, ࡉ f(x) = 0 ൘ B(ξ̃, 0.00001522) ,ᴹа㈷䀓޵ ަ䟽ᮠѻ઼Ѫ 3. ഐ䝹ਈᦒ؍ᤱ Euclid 䐍⿫н᭩

ਈ, ᭵傼䇱Ҷ f(x) = {x2
1 + x2 − 3, x1 +

1
8x

2
2 − 3

2} = 0 ൘ B(ξ̃, 0.00001522) (ξ̃ ≈ (1 + 10−18, 2− 10−18))

,ᴹа㈷䀓޵ ަ䟽ᮠѻ઼Ѫ 3.

4.2.2 ⢯ׁ: ঋ⅗᭬㕟঩㓾↘

㘳㲁ᆔ・ཷᔲ䀓Ⲵਖа⢩ֻ—สҾ৫ཷᔲॆⲴ᭦㕙ᯩ⌅অ⅑ণ㓸→,ণঅ⅑᭦㕙ਾⲴ໎ᒯԓᮠ㌫

㔏൘໎ᒯ䀓༴Ⲵ Jacobi⸙䱥 Dg(ξ, ζ,0)ਟ䘶. 䪸ሩঅ⅑᭦㕙ণ㓸→Ⲵ䘁լཷᔲ䀓,ᡁԜҏਟ䙊䗷䇑㇇

ᆳⲴተ䜘䳄⿫⭼ᶕᗇࡠԓᮠ㌫㔏٬Ⲵл⭼, 䘋㘼傼䇱┑䏣 (4.2) Ⲵа㈷䀓.

ᇐ⨼ 4.10 [48] 䇮 ξ Ѫ f(x) = 0Ⲵᆔ・ཷᔲ䀓, {v1, . . . , vκ}Ѫ null(Df(ξ)) Ⲵа㓴↓Ӕสф┑䏣

Aκ = Df(x) +
κ∑

i=1

D2f(ξ)

2
(vi,Πvi ·)

ਟ䘶, ަѝ Πvi Ѫੁ SpanC{vi} Ⲵ Hermite ᣅᖡ㇇ᆀ. 䇠 ζ ᱟਖањ䀓, ࡉ

‖ζ − ξ‖ " d

2γ2
κ

, (4.23)

ަѝᑨᮠ d ᱟঅਈᯩݳ〻
√
1− d2 − (κ+ 1)κd

√
1− d2 − κd2 − d = 0 Ⲵᴰሿ↓ṩ, ᑨᮠ

γκ = max

{
1, sup

k!2

∥∥∥∥A
−1
κ

Dkf(ξ)

k!

∥∥∥∥

1
k−1

}
.
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ᇐ⨼ 4.11 [48] 䇮 x ∈ B(ξ, d
4γ2

κ
), ࡉ

‖f(x)‖ " d‖x− ξ‖2

2‖A−1
κ ‖

.

ሩҾ䘁լཷᔲ䀓 ξ̃, 䇮 {v1, . . . , vκ} Ѫ䘁լ䴦オ䰤 null(Df(ξ̃)) Ⲵа㓴↓Ӕสф┑䏣

rankDf(ξ̃) |SpanC{v1,...,vκ}⊥ = n− κ, (4.24)

D2f(ξ̃)(vi, vi) /∈ imDf(x) |SpanC{v1,...,vκ}⊥ , ሩԫ᜿ i = 1, . . . ,κ ᡀ・.

㘳㲁ᢠࣘԓᮠ㌫㔏

f̃(x) = f(x)− f(ξ̃)−H(x− ξ̃), (4.25)

ަѝ H ┑䏣

Hvi = Df(ξ̃)vi ф Hζ = 0, 㤕 ζ ∈ SpanC{v1, . . . , vκ}⊥. (4.26)

⭡ (4.24)–(4.26) ਟ⸕, ԓᮠ㌫㔏 f(x) = 0 Ⲵ䘁լཷᔲ䀓 ξ̃ ᱟᢠࣘԓᮠ㌫㔏 f̃(x) = 0 Ⲵᆔ・ཷᔲ䀓,

ф┑䏣 Df̃(ξ̃)vi = 0 (i = 1, . . . ,κ),

Ãκ = Aκ −H = Df̃(ξ̃) +
κ∑

i=1

D2f̃(ξ̃)

2
(vi,Πvi ·)

ਟ䘶.

ᇐ⨼ 4.12 [48] 䇠 γ̃κ = max{1, supk!2 ‖(Aκ −H)−1Dkf(ξ̃)
k! ‖

1
k−1 }, 㤕

‖f(ξ̃)‖+ ‖H‖ d

4γ̃2
κ

<
d3

32γ̃4
κ‖(Aκ −H)−1‖ , (4.27)

ࡉ f(x) = 0 ઼ f̃(x) = 0 ൘ B(ξ̃, d
4γ̃2

κ
) 䀓Ⲵњᮠ⴨਼޵ (䟽ᮠ䇑㇇൘޵), ণᴹ䟽ᮠⲴ઼བྷҾᡆㅹҾ 2κ

Ⲵа㈷䀓 (৲㿱᮷⥞ [48, ᇊ⨶ 3.2]).

ׁ 4.2 㘳㲁 f = {x3
1 − 3x2

1x2 +3x1x2
2 −x3

2 −x2
3, x

3
2 − 3x2

2x3 +3x2x2
3 −x3

3 −x2
1, x

3
3 − 3x1x2

3 +3x2
1x3

−x3
1 − x2

2} ઼ ξ̃ = (−7.5 · 10−20 − 2.7 · 10−20i,−7.5 · 10−20 − 2.7 · 10−20i,−7.5 · 10−20 − 2.7 · 10−20i).

䇮 {v1, v2, v3} = {(1, 0, 0)T, (0, 1, 0)T, (0, 0, 1)T} Ѫ䘁լ䴦オ䰤 null(Df(ξ̃)) Ⲵа㓴↓Ӕส, ᱃傼䇱

ަ┑䏣 (4.24).

ᶴ䙐ᢠࣘԓᮠ㌫㔏 f̃(x) = f(x) − f(ξ̃) −Df(ξ̃)(x − ξ̃). н䳮傼䇱, ξ̃ ᱟ f̃(x) = 0 Ⲵᆔ・ཷᔲ䀓,

ф┑䏣 Df̃(ξ̃)vi = 0 (i = 1, 2, 3),

Ãκ = Aκ −H =
κ∑

i=1

D2f̃(ξ̃)

2
(vi,Πvi ·) ≈





0 −1 0

0 0 −1

−1 0 0





ਟ䘶.

䇑㇇ᑨᮠ d ≈ 0.07594 Ѫঅਈᯩݳ〻

√
1− d2 − 12d

√
1− d2 − 3d2 − d = 0
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Ⲵᴰሿ↓ṩ, ᑨᮠ

γ̃3 = max

{
1, sup

k!2

∥∥∥∥(Aκ −H)−1D
kf(ξ̃)

k!

∥∥∥∥

1
k−1

}
! 11.25.

ᴰ㓸, 傼䇱࡛ࡔᔿ (4.27):

‖f(ξ̃)‖+ ‖H‖ d

4γ̃2
3

! 4.3× 10−21 < 3.4× 10−9 ! d3

32γ̃4
3‖(Aκ −H)−1‖

ᡀ・, ࡉ f(x) = 0 ൘ B(ξ̃, 0.00015) ,ᴹа㈷䀓޵ ަѝ

ξ̃ = (−7.5 · 10−20 − 2.7 · 10−20i,−7.5 · 10−20 − 2.7 · 10−20i,−7.5 · 10−20 − 2.7 · 10−20i),

ަ䟽ᮠⲴ઼བྷҾᡆㅹҾ 8.

4.3 ቅ㔉

ᵜ㢲㔬䘠Ҷє⿽㢟ᘱॆⲴ䘁լཷᔲ䀓傼䇱ᯩ⌅: 傼䇱ᢠࣘ㌫㔏Ⲵᆔ・䀓઼傼䇱ԓᮠ㌫㔏Ⲵа㈷䀓

Ⲵᆈ൘ᙗ. ަԆㅖਧᮠ٬ᯩ⌅ҏ㠤࣋Ҿ䀓ߣ䘁լཷᔲ䀓Ⲵ傼䇱䰞仈. ֻྲ, Kanzawa ઼ Oishi [49] สҾ

Yamamoto [15] Ⲵᚠᇊ໎ᒯ㌫㔏,ᨀࠪҶа⿽傼䇱䶎㓯ᙗ㌫㔏 “䶎ᆼ㖾ཷᔲ䀓”Ⲵᮠ٬ᯩ⌅. 䪸ሩㆰঅ 2

䟽ṩᛵᖒ, Rump઼ Graillat [50]ᨀࠪҶа⿽ਟؑ䈟ᐞ⭼Ⲵ䇑㇇ᯩ⌅,֯ᗇᶴ䙐Ⲵᢠࣘ䶎㓯ᙗ㌫㔏൘䈟ᐞ

⌅ᆈ൘ୟаⲴᆔ・ཷᔲ䀓.↓ᱟਇ䈕ᯩ⌅੟ਁ,ᡁԜሶᢠࣘ㌫㔏ᆔ・䀓Ⲵ傼䇱ᯩ޵⭼ (4.1)᧘ᒯ㠣ԫ᜿

䟽ṩᛵᖒ (৲㿱᮷⥞ [20, 44]). Li ઼ Sang [51] ᨀࠪҶสҾ໎ᒯ㌫㔏Ⲵᯩ⌅傼䇱ཷᔲ䀓Ⲵਟؑ䈟ᐞ⭼.

Dedieu ઼ Shub [52] ሶ Smale Ⲵ䱯ቄ⌅⨶䇪 [6, 7, 53–56] ᧘ᒯ㠣ㆰঅ 2 䟽ṩᛵᖒ. 俆ݸ, ԆԜ㔉ࠪҶ

ㆰঅ 2 䟽ṩⲴተ䜘䳄⿫⭼; ަ⅑, ԆԜᨀࠪҶањสҾ Rouché ᇊ⨶ⲴࡔᇊᶑԦ, ֯ᗇ┑䏣ᶑԦⲴ䘁

լཷᔲ䀓൘Ḁ䛫ฏ޵ᆈ൘䟽ᮠⲴ઼ㅹҾ 2 Ⲵа㈷䀓. ↓ᱟਇ䈕ᯩ⌅੟ਁ, ᡁԜሶԓᮠ㌫㔏а㈷䀓Ⲵ傼

䇱ᯩ⌅ (4.2)᧘ᒯ㠣 κ = 1઼অ⅑᭦㕙ণ㓸→Ⲵє⿽⢩ֻᛵᖒ (৲㿱᮷⥞ [47,48]). ਖཆ, Yakoubsohn [57]

ሶ䱯ቄ⌅⨶䇪᧘ᒯ㠣অਈݳཊ亩ᔿᯩ〻Ⲵ䟽ṩᛵᖒ, ᒦ㔉ࠪҶ傼䇱ަа㈷䀓Ⲵ䇑㇇ᯩ⌅ (৲㿱᮷

⥞ [58]). ѻਾ, Giusti ㅹሶ䘉⿽ᯩ⌅᧘ᒯ㠣অਈݳ䀓᷀ᯩ〻ᛵᖒ [59] ઼፼ޕ㔤ᮠㅹҾ 1 Ⲵཊਈݳᚠ

ᇊ䀓᷀ᯩ〻㓴ᛵᖒ [60].

Li [61] 㔉ࠪҶสҾ䶎ḷ߶᷀࠶Ⲵᆔ・䟽ṩᇊѹ, 䇱᰾Ҷަᇊѹоᵜ᮷ᇊѹ 1.2 ѝⲴᆔ・䟽ṩ䟽ᮠ

Ⲵᇊѹㅹԧ,ᒦф൘ Van der WaerdenⲴᇊѹᴹ᜿ѹᰦ,䇱᰾Ҷަᇊѹоࡽ䶒єњᇊѹа㠤.Ԇ䘈ሶ䟼

⢩ - ੤ᯩ⌅ᓄ⭘Ҿ≲䀓Ӿ৏ᯩ〻ᗇࡠⲴਜ਼ᰐェሿ৲ᮠⲴԓᮠᯩ〻, ᗇࡠ৏ᯩ〻Ⲵᆔ・䀓Ⲵ䟽ᮠ.

↔ཆ, Dian઼ Kearfott [62]ǃKearfott઼ Dian [63] ઼ Kearfottㅹ [64] ᨀࠪҶа⿽สҾ傼䇱䶎䴦ᤃᢁ

⅑ᮠᶕ傼䇱䶎㓯ᙗ㌫㔏а㈷䀓Ⲵ䇑㇇ᯩ⌅. Cheng ㅹ [65] ᨀࠪҶᯠⲴ᭦㕙ᯩ⌅ᶕ傼䇱ཊ亩ᔿ㌫㔏ཷᔲ

䀓Ⲵᆈ൘ᙗ.

5 ᙱ㔉фኋᵑ

ᵜ᮷㔃ਸ֌㘵઼ਸ֌㘵Ⲵ⹄ウᡀ᷌ [13, 20,21,44,47,48], 㔬䘠Ҷㅖਧᮠ٬ᯩ⌅൘䇑㇇ԓᮠᯩ〻㓴ᆔ・

ཷᔲ䀓ǃ⢩࡛ᱟ䘁լཷᔲ䀓㋮ॆо傼䇱ᯩ䶒Ⲵ⹄ウ䘋ኅ. Smale Ҿ䀓᷀㌫㔏䶎ཷᔲ䀓Ⲵ䱯ቄ⌅⨶䇪ޣ

ᴹ⵰䶎ᑨ䟽㾱Ⲵ⨶䇪઼ᓄ⭘ԧ٬, 㔉ࠪҶ䟿ॆⲴ Newton 䘝ԓҼ⅑᭦ᮋⲴа㡜߶ࡉ. ሶ䱯ቄ⌅⨶䇪᧘

ᒯࡠ䀓᷀㌫㔏Ⲵཷᔲ䀓ᱟᡁԜⴞࡽ↓൘ࣚ࣋䀓ߣⲴ䟽㾱䰞仈ѻа.൘аӋ⢩↺ཷᔲ䀓Ⲵᛵᖒ,ֻྲ,ཷ
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ᔲ䀓䟽ᮠѪ 2ᡆ 3,ᡁԜᐢ㓿ਆᗇҶᖸྭⲴ㔃᷌.ᖃཷᔲ䀓Ⲵ䟽㔃ᶴ䶎ᑨ༽ᵲᰦ,䱯ቄ⌅⨶䇪Ⲵ᧘ᒯᴤ

.ᴹ᥁ᡈᙗާ࣐ ਖཆ, สҾ४䰤䇑㇇Ⲵཷᔲ䀓䟽㔃ᶴⲴ傼䇱ҏᱟᖸ䟽㾱Ⲵ⹄ウ䈮仈.

㠪䉘 ֒㘻䶔ᑮ᝕䉘ᕖᲥѣ㘷ᐾૂᶞ䐥㘷ᐾࠖॷᒪᶛሯㅜਭ䇗㇍ૂㅜਭᮦٲ␭ਾ䇗㇍⹊ガⲺཝ࣑᭥ᤷ. њփࢃ䖾Ѱѣ

ളૂള䱻䇗㇍ᵰᮦᆜⲺਇኋ֒࠰Ҽ䶔ᑮ䠃㾷Ⲻ䍗⥤, ԌԢⲺᔶᤉ᯦ࡑ㋴⾔ҕ◶ࣧ⵶ᡇԢᴪ࣑ࣖ࣠൦ᐛ֒, ৱ᥇ᡎᴪཐ

Ⲻ䇗㇍ᵰᮦᆜ䰤从. ֒㘻ҕॷ࠼᝕䉘䜓ᘍՕঐ༡ૂဒᮽᎎ⺋༡൞᧞ᒵ Smale ⨼䇰ᯯ䶘Ⲻਾ֒, ԛ਀ᇗふӰᨆ࠰Ⲻᇓ䍫

ᝅ㿷ૂᔰ䇤.
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Symbolic-numeric methods on computing isolated singular
solutions of algebraic systems

Nan Li & Lihong Zhi

Abstract Solving systems of algebraic equations is one of the most fundamental problems in computational
algebraic geometry. It is ubiquitous and widely applied across the engineering and sciences, such as in robotics,
computer vision, machine learning, artificial intelligence, cryptography, optimization, control theory and etc. One
main challenge is to compute isolated singular solutions, which plays an important rule in geometric modelings.
Based on recent research results of the authors and their collaborators, a survey for symbolic-numeric methods
on computing isolated singular solutions of algebraic systems is conducted, especially for refining and certifying
approximate solutions. Some directions for future studies on the topic are discussed as well.

Keywords system of algebraic equations, isolated singular solution, symbolic-numeric method, refining

approximate solutions, certifying approximate solutions
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