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Abstract

In this paper we generalize the factorization theorem of Gouveia, Parrilo and Thomas
to a broader class of convex sets. Given a general convex set, we define a slack operator
associated to the set and its polar according to whether the convex set is full dimensional,
whether it is a translated cone and whether it contains lines. We strengthen the condition
of a cone lift by requiring not only the convex set is the image of an affine slice of a given
closed convex cone, but also its recession cone is the image of the linear slice of the closed
convex cone. We show that the generalized lift of a convex set can also be characterized

by the cone factorization of a properly defined slack operator.

Key words: lift; convex set; recession cone; polyhedron; cone factorization; nonnegative rank;

positive semidefinite rank.

1 Introduction

Given a linear programming problem, how to reformulate it to a standard form with fewer
constraints is an important problem. In [I1], Yannakakis proved that the nonnegative rank of
a slack matrix of a polytope P is the minimum number k such that P is the linear image of
an affine slice of the nonnegative quadrant R%. In [3, 6], Yannakakis’s result was generalized
to decide whether a convex body C (a compact convex set containing the origin in its interior)
is the linear image of an affine slice of a given convex cone K (K-lift) via cone factorizations
of slack operators. Although it was claimed that results in [6] hold for all convex sets, we
notice that it is more complicated to identify whether a non-compact convex set C' containing
no lines has a K-lift since C' could be generated by not only extreme points but also extreme

directions. Moreover, if a convex set contains lines, then it has no extreme points or extreme
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directions. Furthermore, if the convex set does not contain the origin in its interior, linear
functions corresponding to its polar cannot characterize the convex set completely (see Example
3.1)). These facts motivate us to study how to extend the definitions of K-lift and the slack
operator to a general convex set and show the relationship between lifts of convex sets and cone
factorizations of slack operators when the convex set is not a convex body.

Our contribution: Let C' be a closed convex set in R™ and K a closed convex cone in R™.
We consider how to generalize the factorization theorem in [6] to a broader class of convex sets.

Our main results are as follows.

e When C contains the origin, since C = C'°°; C' can be described by all vectors in C°. When
C does not contain the origin, we show that a convex set C' can be characterized completely
by vectors in C°, 07C° ={l| (l,z) <0, Vz € C} and C5 = {l | (l,z) < —1, Vz € C}.

e We extend the question of when a given convex body C' is the linear image of an affine
slice of a convex cone to the case where C' is not compact and may not contain the origin
in its interior and may contain lines. We introduce two ways to characterize the existence
of a K-lift of C. The first one is based on all points in C and the second one uses only
extreme points, extreme directions and an orthogonal basis of the lineality space of C' if it
contains lines. Although the first method can be used to check the existence of a K-lift of
any convex set, it is difficult to use, see Remark Therefore, in the paper, we focus on
the second method. We extend Definition 1,2 and Theorem 1 in [6] to a broader class of
convex sets and show that the generalized lift of a convex set can also be characterized by
the cone factorization of properly defined slack operator according to whether the convex
set is full dimensional, whether it is a translated cone and whether it contains a line.

e We specialize the results of the cone lift of general convex sets to polyhedra and show
that the conclusion can be strengthened when C' and K are both polyhedra. When K is a
positive semidefinite convex cone, we give a lower bound on the positive semidefinite rank
of a polyhedron, which generalizes the result in [7]. We also extend results in [4, B} [7]
to identify whether a given nonnegative matrix is a slack matrix of a polyhedron and

characterize the rank of a slack matrix in terms of the dimension of a polyhedron.

The paper is organized as follows. In Section[2| we provide some preliminaries about convex
sets and cones. Some well-known results in convex analysis are recalled. In Section [3| we
generalize the factorization theorem in [6, Theorem 1] to convex sets which are not convex
bodies. In Section [d] we specialize results established in Section [3]to the case where the convex
set is a polyhedron. Some results in [4, 5l [7] on the positive semidefinite rank of a slack matrix

are extended to the case that the convex set is a polyhedron.

2 Preliminary

In this section, we recall some definitions and known results about convex sets in [9]. Let R”

be a n-dimensional linear space, 8™ the space of real symmetric m X m matrices. A non-empty
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subset C' C R™ is said to be convez if (1 — X)z+ Ay € C whenever zx € C, y € C and 0 < A < 1.
We denote ¢l (C) and int (C) as the closure and interior of C respectively. The affine hull of
a convex set C, denoted by aff(C), is the unique smallest affine set containing C. If a closed
convex set C' is compact and contains the origin in its interior, it is called a convex body.

A subset K of R™ is called a cone if it is closed under nonnegative scalar multiplication, i.e.
Az € K when z € K and A > 0. We denote the m-dimensional nonnegative quadrant by R’
and the cone of m x m real symmetric positive semidefinite (psd) matrices by ST*. A convex
cone K is pointed if it is closed and K N —K = {0}. The polar of a non-empty convex cone K
is defined as

K°={x e R" |Vy € K, (z,y) < 0}.

Given a set C, if there exists a cone Cy and a vector x € R™ such that C = x + Cy, then C is
said to be a translated cone.

The recession cone 0TC of a non-empty convex set C' is the set including all vectors y
satisfying z + Ay € C for every A > 0 and = € C. We say that C' recedes in the direction of y.
The set 07C N (—0%C) is called the lineality space of C.

Let Sy be a set of points in R™ and S; a set of directions in R™. We define the convex hull
co(S) of S = Sy U S7 to be the smallest convex set C' in R™ such that C' O Sy and C recedes
in all directions in Sj.

Algebraically, a vector z belongs to co (S) if and only if it can be expressed in the form

k
2 =M1+ + Mk A1 Zeg1 + o+ AT, YN =1,
i=1
where x1, ..., 2, are vectors in Sy and 41, ..., 2, are vectors whose directions are in S; and
A >0 for 1 <i<m. If Sy ={0} and S; is not empty, then C = co (Sp U S}) is a cone which
is also denoted as cone (S7).

The relative interior ri (C) of a convex set C' in R™ is defined as the interior when C is
regarded as a subset of its affine hull aff(C'). A face of a convex set C' is a convex subset C’ of
C such that every closed line segment in C' with a relative interior in C’ has both endpoints in
C’. The zero-dimensional faces of C are called the extreme points of C. If C’ is a half-line face
of a convex set C, we shall call the direction of C’ an estreme direction of C. If C is a convex
cone, an extreme ray is a face which is a half-line emanating from the origin. Note that every
extreme direction of a closed convex set C' can also be regarded as an extreme ray of 07C. Let

z = (x1,...,2,) and y = (y1,...,Yn) be two vectors in R™, the inner product of z,y in R™ is
n

expressed by (z,y) = Y z;y;.
i=1

The polar of a non-empty convex set C' C R" is a closed convex set defined as
C°={zeR"|VyeC, (x,y) <1}

We have C°° = cl(co (C U {0})).
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The indicator function § (-,C) is defined by

0 if zeC,

§(x,C) = .
+oo if xzé¢C.

The support function §* (xz,C) of a convex set C' € R™ is defined by
5 (,C) = sup{{z,y) | y € C}.
The barrier cone of C' is defined as the effective domain of §* (z, C):
domé™ (z,C) ={z | 6" (z,C) < +o0}.

A convex function f is said to be proper if its epigraph is non-empty and contains no vertical
lines, i.e. if f(z) < +oo for at least one x and f(z) > —oo for every z.

Theorem 2.1 [9, Theorem 8.3] Let C' be a non-empty closed convex set, and let y # 0.
If there exists even one x € C such that the half-line {x + Ay | A > 0} is contained in C, then
the same thing is true for every x € C, i.e. one hasy € 0FC.

Theorem 2.2 [J, Theorem 18.5] Let C be a closed convex set containing no lines, and

let S be the set of all extreme points and extreme directions of C. Then C' = co(S).
Theorem 2.3 [9, Theorem 8.7] Let f be a closed proper convexr function. Then all the

non-empty level sets of the form {x | f(z) < a}, a € R, have the same recession cone and the

same lineality space.

Corollary 2.4 [9, Corollary 14.2.1] The polar of the barrier cone of a non-empty closed

convex set C is the recession cone of C.

Theorem 2.5 [9, Theorem 13.1] Let C be a conver set. Then x € cl(C) if and only if
(x,x*) < 8* (z,C) for every vector z*.

3 Cone lifts of non-compact convex sets

Let ext;(C) denote the set of extreme points of a closed convex set C' and exty(C) the set
of extreme rays of a closed convex cone C. An extreme ray is also the common direction of
vectors in this ray. In the following part of our paper, we represent each extreme ray by one
vector and denote exty(C) as the collection of such vectors.

If C' is a compact convex set containing the origin in its interior, according to [0, Definition
1], a K-liftof C C R™is a set Q = KNL where L C R™ is an affine subspace and 7 : R™ — R”
is a linear map such that

C=n(KnNL). (3.1)

If L intersects the interior of K, we say that @) is a proper K-lift of C. Define the operator
S:R” xR™ — R to be S(z,y) =1 — (x,y). The Slack operator S, of C is the restriction of S
to extq1(C) x extq(C?). The slack operator S is K -factorizable if there exist maps

A:ext1(C) - K, B:ext1(C°) — K*
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such that Sc(z,y) = (A(z), B(y)) for all (z,y) € ext1(C) x exty(C?), see [0, Definition 2].
In this section, we explain how to generalize the argument in [6] to more general convex
sets and show the relationship between cone lifts of convex sets and cone factorizations of slack

operators when the closed convex set is not a convex body.

3.1 C' is full dimensional

Assume that C is a full dimensional closed convex set in R", we define
CO={zx|6(x,C)<1},07C° = {x|6*(2,C) <0}, C3 = {z | § (x,C) < —1}.

It is clear that C°, C5 are closed convex sets containing no lines and 07 C° is a closed pointed

cone that contains C3. Let
Dy = ext1(C°)\0, Dy = exto(07C) N {x | §* (z,C) = 0}, D3 = ext;(C3).
By Theorem we have 07C° = 0+ (3. Let
D3y = exty(07C°) N {x | 6* (2,C) = —1}.

It is clear that D3 C D3 but Dg3s is not always equal to Ds.

Example 3.1 We consider a compact convex set
C={zy)lz+yzlr+y<3, y-z>-1 y-a<1}

Then, we have

C° = {zy)|20+y<1, 2+2y<1, 2<1, y <1},
0vC’ = {(z,y) |z <0, y <0},
Cz = {(z,y)|e<-1, y< -1},

see Figure [1| Furthermore, we have D3, = () and

Dy = {(~1,1), (5, 3), (1, =D}, D2 = {(-1,0),(0,~1)}, Dy = {(~1, -1}

C co 0*ce Cq
2 5 2 2
0 i D\_\; DL‘— 0
i 9 2 2
5, 0 5 i 0 3 g 0 5 0 2

Figure 1: Example

Remark 3.2 According to Theorem and we can show:
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1. The convex set C° can be expressed as convex combinations of all points in Dy and all

directions of vectors in Dy and D3s.

2. The convex cone 0T C° can be expressed as convex combinations of all directions of vectors
in D2 and D32.

3. The convex set C3 can be expressed as convex combinations of all points in D3 and all

directions of vectors in Dy and Dss.

Theorem 3.3 Given a full dimensional closed conver set C C R™, the following state-

ments are true:

1. The set Dy is empty if and only if C° is a closed cone. If Dy is not empty, for every

vector x in Dy, we have §* (z,C) = 1.

2. The set Do is empty if C' contains the origin in its interior. When C' is not compact and
contains the origin on its boundary, Do is not empty and each extreme ray of 0T C° is the

direction of a vector in Ds.

3. The set D3 is empty if and only if C contains the origin. If D3 is not empty, for every
vector x in Ds, 0* (z,C) = —1.

Moreover, the convex cone generated by C° is domd* (z,C).

Proof Since C° contains no lines, D; is empty if and only if the origin is the only extreme
point of C°, i.e. C? is a closed cone. If there exists an extreme point z € D; such that
0* (z,C) < 1, then there exists A > 0 such that §* ((1+ M)z,C) < 1 and §* ((1 — A)z,C) < 1.
So (1 — Az and (14 A)z are both in C° which contradicts to the fact that z is an extreme
point of C°.

When C contains the origin in its interior, C° is compact and 0TC° contains only zero
vector. Hence, Dy is empty. If C' contains the origin, for every x in domd* (x,C), we have
0* (x,C) > 0. If the origin is on its boundary, there exists a supporting hyperplane of C
through the origin. So C° is not compact and 07 C° contains a nonzero vector. Combined with
the fact that 6* (z,C) = 0 for all z in 07 C°, Dy can represent all extreme rays of 07 C®°.

It is clear that Cj3 is empty if and only if §* (y, C') > 0 for all y € R™. By Theorem this
is equal to say that C contains the origin. Therefore, D3 is empty if and only if C contains the
origin. Similar arguments can be used to show §* (z,C) = —1 for every vector z in Ds.

For every x € cone (C?), there exists A > 0 and y € C° such that x = Ay. So ¢* (x,C) =
A0* (y,C) < oo and = € domd* (x,C). On the other hand, for each z € domé* (z,C), if
0* (x,C) =M > 0, then /M is in C° and z is in cone (C°). Hence cone (C°) = domd* (z, C).

Remark 3.4 When C does not contain the origin, it is not easy to identify whether
the set Dy is empty. The convex set C' in Example does not contain the origin, Dy =
{(-1,0),(0,—1)}. However, for the convex set C defined by C' = {(z,y) | y > z+1,y > —z+1},
we have C° = 07C° = {(x,y) | t+y < 0, y —x < 0}. The extreme rays of 07C° are
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Iy =(-1,-1) and I3 = (1,—1). We have 6* (I;,C) = 6* (I3,C) = —1 < 0. Hence, the set D5 is
empty.

When C' contains the origin in its interior, by Theorem Dy and D3 are empty and C' can
be characterized by D; alone. However, when C' does not contain the origin in its interior, as
shown by the following example, the linear functions with coefficients in Dy or D1 U Dy cannot

characterize C completely.

Example (continued) In this example, every linear function f(x) = (l;,2) where [; €

D¢ has maximal value 1 on C, therefore,
B ={(z,y) |aax+cy <1, (c1,c2) € D1} ={(z,y) | —2+y <1, z—y <1, z+y <3}
The linear function f(x) = (lo, z) where I3 € Dy has maximal value 0 on C' and
Ey ={(z,y) | iz + c2y <0, (c1,¢2) € Do} = {(z,y) [ =0, y > 0}.
The linear function f(x) = (I3, x) where I3 € D3 has maximal value —1 on C, hence,

By = {(z,y) | iz + coy < =1, (c1,¢2) € D3} = {(w,y) [z +y > 1}.

C E1 E1ﬁ E2 E1r~. Ezﬁ E3
2 2 2 2
| Q | | C> | Q
0 0 0 0
1 1 -1 1
2 2 2 2
2 0 2 2 0 2 2 0 2 2 0 2

Figure 2: Example

We show below that a full dimensional closed convex set C' can be characterized completely

by elements in Dy, Dy and Ds.

Theorem 3.5 Let C C R" be a full dimensional closed convex set. Then we have

(b, x)

LT Vi, € Dy,
rel (la, x)

1
0 Vlg S DQ, (32)
<l3,l‘> S -1 Vlg € Dg.

IN

IN

Proof Since C is full dimensional, C° contains no lines and Dy, D2 and D3 are well defined.
The necessity is clear. Suppose on the other hand that x satisfies the conditions on the right
hand side of , we shall show that © € C. By Theorem it is enough to show that
(I,z) < 6* (xz,C) for every | € domd* (z,C). Let Iy = §* (I,C), we prove that (I,z) < Iy in all
three cases below:
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e If iy > 0, then we have [/l € C°. By Remark there exist A} > 0, )\? >0, A2 >0
and z; € D1, y; € Do, 2, € D3y satisfying the following equality:

Yo=Y Nwi+> Nyj+Y Ao, Y AN=L
i j k i
According to the definitions of Dy, Dy, D3, we have

) Z)\l T, X +Z/\§<yj’x>+z)‘i<zka$>SZA%ZI.
J k i

e If [y = 0, then | € 07C°. By Remark [3.2] there exist )\2 >0, A} >0 and y; € Do,
zr € D3g satisfying the following equahty.

1= Nyj+ > A
j k

So (l,x) = Zx\?(@/j,@ + Xk:)é(zk,x) <0.

J
o If [y < 0, then I/|ly] € C3. By Remark there exist Al > 0, )\? >0, A} > 0 and
x; € D3, y; € Do, 2, € D3y satisfying the following equality:

Ullol =Y Mai+> Ny + > Nap, Y M =1
i J k i
So (U/|lo], ) = DA {wi, ) + 25 A3 (Y, 2) + o A2k, 2) < 30N = —
i j k i

Theorem 3.6 Suppose C C R" is a full dimensional closed convex set. If there exists
x € R™ such that 1 — (l1,2) =0, Vl; € Dy, —(ls,2) =0, Viy € Dy, —1 — (I3, 2) =0, Vi3 € D3,
then x is the only extreme point of C' and C is a translated convex cone.

Proof By Theorem z is in C. By Theorem and Remark for every [ €
domd* (z,C), thereex1st)\1>0 2—1 i17)\2>0j:1 cjoand AP >0, k=1,...,ks
such that [ = Z Az + Z ASyj + Z Aizy for x; € Dy, y; € Dy and 25, € Dsa. Since for every

i=1
y; € D, 6* (y;,C) =0, we have the follovvlng inequality:

i1 k3 i1 ks
5 (1,C) < DA (24, C) + Y N (2, 0) = DM =Y A
k=1 i=1 k=1

=1

11 kS
=Y M@ x) + Y Nz, 2) = (I, 2).
=1 k=1

Furthermore, it is clear that 6* (I,C) < (l,z) 4+ ¢ (I,domd* (I,C)) for every I € R™. Take

closure for both sides, we have:
0" (1,C) < (l,z) + 0 (I,cl (domé™ (x, C)))

(t,
(LLz) + 6 (1,(07C)°) (by Corollary 2.4)
& (Lz+07C).
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This implies that C C 2 + 07C. On the other hand, since z € C, we have z + 07C C C.
Therefore, C = x4+ 07C, i.e. C is a translated convex cone and contains x as the only extreme
point.

3.1.1 C(C contains no lines

When C C R” is a full dimensional closed convex set and contains no lines, we set the slack
operator S¢ to be

S&(z,y) =1—(z,y) for (z,y) € C x Dy,
Sc =14 S&(z,y) = —(z,y) for (x,y) € C x Dy, (3.3)
S3(x,y) = —1— (z,y) for (z,y) € C x Ds.
In this definition, D1, Do and Dj3 are disjoint and may be empty for some convex set C. If one
of them is empty, we just remove the corresponding slack operator from the definition.

Definition 3.7 Let K C R™ be a full dimensional closed convex cone and C C R"™ a full
dimensional convex set containing no lines. We say that the slack operator S¢ defined by ([3.3)
is K-factorizable, if there exist maps

AZC—)K, BliDl—)K*7 B2:D2_>K*, BgZD3—>K*
such that
o Si(z,y) = (A(z), Bi(y)) for all (z,y) € C x D; and i = 1,2, 3.

Theorem 3.8 Let K C R™ be a full dimensional closed convex cone and C C R™ a full
dimensional closed convex set containing no lines. Assume C' is not a translated cone. If C' has
a proper K-lift defined by , then the slack operator Sc defined by is K -factorizable.
Conversely, if Sc defined by is K-factorizable, then C has a K-lift defined by .

The proof of Theorem can be modified slightly to show the correctness of Theorem

Example 3.9 Consider C = {z | z > —1}. Let K be S and

a1 Gai2 a3

3
L= a1 G ag3 | €87 ann =1, a13 =0, a3 =0, azz =a;x +1

as1 asz2 ass

aix a2 ais
We construct a linear map 7 from S to R': | ay;  age  asg | — ass. It is easy to check that
az1 agz a33
C has a K-lift, i.e. C =n(KNL).
Now let us check whether the slack operator S¢ defined by is K-factorizable. Because
C contains the origin in its interior, according to Theorem D5y and D3 are empty. Since
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C° ={z| -1 <z < 0}, we have D; = ext1(C°)\0 = {(—1)}. Let us define the maps
AIC—)K, B1:D1—>K* as

1 =z 0 0 0 O
Al) =z 22 0 , Bily) =10 0 0
0 0 z+1 0 0 —y

Since 1 — (z,y) = (A(z), B1(y)) for all (z,y) € C x Dy, we claim that the slack operator S¢ is
K-factorizable.

Remark 3.10 Although Definition [3.7] and Theorem [3.8 have extended the argument in
[6] to more general convex sets, it is not easy to use. The main reason is that we have to define
the map A and check whether S¢ is factorizable for all points in C. This is difficult since C
usually contains infinite number of points even when it is a polyhedron.

By Theorem if C' contains no lines, every point in it can be expressed as the convex
combination of extreme points ext;(C) and extreme directions exts(07C'). By introducing the
cone lift of the recession cone 07C and defining its slack operator and cone factorization, we

extend results in [6] to non-compact convex sets.
Definition 3.11 Let K C R™ be a full dimensional closed convex cone. A K-lift of a
non-compact closed convex set C' C R™ is a set Q = K N L such that
C=n(KNL), 0"C=n(KNO"L) (3.4)
where L C R™ is an affine subspace and 7 : R™ — R" is a linear map. We say that @ is a
proper K-lift of C, if L Nint (K) # 0.
We would like to emphasize that the condition 07C' = 7(K N 0T L) is not redundant and

cannot be deduced from the condition C = 7(K N L) in general, see the following example.

Example (continued) Although we have C' = n(K N L), it is clear that
Rl =0"C #n(KN0tL),

since
a1l aiz2 a13
0"L = asi azs asy | €S* a1 =0, a13 =0, azs =0, azz = a2
azip asz ass
and (K NOtL) ={0}.

We define the slack operator S¢ of a full dimensional closed convex set C' as

Sé’(xay) =1- <’I,y> for
S%(.T,y) = _<1},y> for

(

Se = (
Sg‘(x’y) =-1- <$,y> for (JJ,

(

Sé+c(x,y) = —<1'7y> for
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In this definition, Dq, Dy and D3 are disjoint and may be empty for some convex set C. If one

of them is empty, we just remove the corresponding slack operator from the definition.

Definition 3.12 Let K C R™ be a full dimensional closed convex cone and C C R" a full

dimensional closed convex set containing no lines. We say that the slack operator S¢ defined
by (3.5)) is K-factorizable, if there exist maps

A1 : Cth(C) — K, AQ : CXt2(0+C) — K,
BliD1—>K*, Bg:Dg—)K*, Bg:Dg—)K*,

such that
o Si(z,y) = (Ai(x), Bi(y)) for all (z,y) € ext;(C) x D; and i = 1,2,3.
o Siio(z,y) = (Az(x), Bi(y)) for all (z,y) € exto(0YC) x D; and i = 1,2,3.

Theorem 3.13 Let K C R™ be a full dimensional closed convex cone. Assume C' C R"™ is
a full dimensional closed convex set containing no lines and C' is not a translated cone. If C has
a proper K-lift defined by , then the slack operator Sc defined by is K -factorizable.
Conversely, if S¢ defined by is K-factorizable, then C has a K-lift defined by .

Proof Suppose C has a proper K-lift, then we set L = wg+ Lo in R™ where Ly is a linear
subspace, wy € int (K) and 7 : R™ — R™ is a linear map such that C = n(K N L), 07C =
7(K NOTL). Since 0t L = Ly, we have 0YC = 7(K N Ly). We need to construct maps Aj, Az
and By, By, B3 from the K-lift that factorize the slack operator Sc.

For every point x1 € ext;(C), there exists a point w; in the convex set K N L such that
m(wy) = x1. We define Ay (z1) := w;. Moreover, for every point x5 € exts(0TC), there exists a
point ws in the convex set K N Lo such that w(wy) = z2. We define As(z2) := ws.

The definitions of By, By and Bjs are similar to those given in [6 Theorem 1], which use
the properness condition to guarantee the strong duality holds. The only difference is that for
ly € Dy, max{(l1,z) | © € C} is 1, for Iy € Do, max{(lz,z) | x € C} is 0 and for I3 € Ds,
max{(ls,z) | x € C} is —1. Therefore, we only give the definitions and omit all proofs. For
every y; € Dy, we define By(y;) := z — 7*(y1) where z is any point in Lg N (K* 4+ 7*(y;)) that
satisfies (wyg, z) = 1. For every ya € Dy, we define Bs(ys) := 2z — 7*(y2) where z is any point in
Ly N(K*+7*(y2)) that satisfies (wp, z) = 0. For every y3 € D3, we define Bs(y3) 1= z — 7" (y3)
where 2z is any point in Ly N (K* + 7*(y3)) that satisfies (wp, z) = —1. It remains to check
that S and Sé+c have K-factorizations given in Definition The K-factorization of S¢
can be checked by the same method used in [6, Theorem 1]. For each zy € exts(07C) and
y; € Dy, 1 =1,2,3, we have

(22, yi) = (m(w2), yi) = (w2, 7" (y:)) = (w2, 2 — Bi(y:))
= — (w2, Bi(y;)) = —(A2(x2), Bi(y:))-

Therefore, S, is K-factorizable according to Definition
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Suppose on the other hand that S is K-factorizable, i.e. there exist maps A;, A> and
B1, Bs, B3 such that Si(x,y) = (A1(z), Bi(y)) for all (z,y) € ext1(C) x D;, i = 1,2,3 and
St o(z,y) = (Aa(z), Bi(y)) for all (z,y) € exta(07C) x D;, i = 1,2,3. We construct the affine

space

L={(z,z) e R" xR™ [ 1~ (x,y1) = (2, B1(y1)), Vo1 € D1,
—(x,92) = (2, B2(y2)), Yy2 € D2, —1 — (x,y3) = (2, B3(y3)), Yys € Dz},

and let L be the projection of L onto the second component z.

We need to show firstly that 0 ¢ Ly. If 0 € Ly, there exists € R™ such that 1 — (z,y1) =
0, Yy1 € Dy, —(z,y2) = 0, Yya € Dy, —1 — (x,y3) = 0, Yy3 € D3. By Theorem C
is a translated cone and this contradicts to the assumption. For each z € ext;(C), we have
Ai(z) € KN Lk, then K N L # 0.

Since C' contains no lines, we can show that for every z € K N Lk, there exists unique
2, € R™ such that (x,,z) € L. Hence, the map 7 from z to z, is a well defined affine map.
Since the origin is not in Lg, we can extend the map to a linear map: R™ — R". We prove
below that C' = n(K N Lg).

For every « € R"™, if there exists z € K such that (x,z) € L, then (x,y1) = 1— (2, B1(11)) <
1, Yy € Dy, {z,y2) = — (2, Ba(y2)) <0, Yys € Do, and (z,y3) = —1—(z, B3(ys3)) < —1, Yy3 €
Ds. By Theorem [3.5, we have x € C. Hence, 7(K N Lk) C C.

For every = € C, there exist A} >0, i =1,..., 11, )\? >0, 3=1,...,72 such that

i1 J2 i1
x = Z/\}xi —|—Z/\?yj, Z)\zl =1,
i=1 j=1 i=1

i J2
where z; € ext(C) and y; € exta(07C). Let z = 21: AAL(zi) + X0 A3 Az (y;). Since Se is
i=1 j=1

K-factorizable, it is easy to check that z € K N Lx and therefore, x = w(z) € (K N Lg). We
can deduce that C' = w(K N Lg).

Furthermore, we need to show that 07C = 7(K N 0" Lk). Since C = n(K N Lk ), we know
that 0YC D n(K N0TLg). On the other hand, for every x € exty(0TC), by the definition of
L, we claim that As(z) is in K N 0" Lk. Hence, we have 07C' = (K N0 Lg).

The following example shows that the K-factorization of Si(z,y) for (x,y) € ext;(C) x D;
and ¢ = 1,2,3 cannot guarantee that the convex set C has a K-lift defined by . It is
necessary to consider the K-factorization of S}, ,(x,y) for all (z,y) € ext(07C) x D; and
i =1,2,3 too.

Example 3.14 Let C be a 3-dimensional polyhedron in R?® defined by the following
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inequality:
V3
1 o2 0
1
2
0 2B 0
1
-1 ? 0 T 1
C = (le,xQ,.’Eg) GR?) : 1 _? 0 X9 < 1
0 -2 3 !
3 1
1 —? 0 0
0 0 -1
1_
08—
06— ;
04— /[D.S
02—
05

Figure 3: Example

The six vertices of C are {(cos(im/3), sin(im/3),0), i =0,...,5} and 07C = cone ({(0,0,1)}).
According to Definition its slack matrix is

0012 210
10 01 2 2 0
21 001 20
S=122100 10
12 2 1 00 0
01 2 2100
00 00O0O0°1

It has been shown in [6, Example 2] that the first 6 x 6 submatrix Sy of S has a R, -factorization.
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However, we claim that the matrix S does not have a Ri-factorization. If it does, we can assume
it has the following nonnegative decomposition:

Sy 0 A A Bi1 Bio

0 1 Azy Ao By B

Since As1B11 + AsoBo1 = 0, we have AssBoy = 0. We claim that Ass = 0. Otherwise, By will
be zero and Sy = A11B11. This contradicts to the fact that Sy has no Ri—factorization. From
As1B1s + AsaBss =1 and Ass = 0, we have Biy # 0. However, since A11B12 + A12Bos = 0,
there exists one column of Aj; which is a zero column. Therefore, Sy has a nonnegative
decomposition in R} which is also a contradiction. Hence, according to Theorem C has no
R?, -lift.

A cone K is nice if K* + F* is closed for all faces F of K [I]. In [8], Pataki points out that
K is nice if and only if F* = K*+ F* for all faces F of K. In [, Corollary 1], they have shown
that if K is a nice cone, then whenever a convex body C has a K-lift (not necessarily proper),
the slack operator has a K-factorization. We extend their results to the case that C is not a

convex body.

Corollary 3.15 If K is nice cone and C C R" is a full dimensional closed convex set
containing no lines and C is not a translated cone, then whenever C has a K-lift, Sc has a

K-factorization.

Proof Let @ := KNLin K and F be the minimal face of K containing Q, i.e. QNri (F') # (.
If C has a K-lift defined by , then it is clear that Q@ = F N L. Furthermore, we have
0tYC = 7(KNOTL) = 7(07Q) = n(0"(FNL)) = n(FNOtL). Therefore, @ also have a
proper F-lift defined by (3.4). The F-factorization of slack operator S¢: defined by can
be constructed by the same way as in the proof of Theorem [3.13] The maps A; and A, are
also maps to K. Since K is a nice cone and F is a face of K, we have F* = K* + F+ [8]
Remark 1]. Similar to [0, Corollary 1], we can construct new maps Bj(y) = z € K* such that
Bi(y) — z € F+ for 1 <i < 3 and show that the slack operator S¢ is K-factorizable.

In Theorem [3.13] we have assumed that the full dimensional closed convex set C' is not a

translated cone. If C is a translated cone, a K-lift of C' can be defined as
C=b+n(KNL), (3.6)

where b € R" is a constant vector, L is a linear space and 7 : R™ — R" is a linear map. In this
case, we only need to characterize exts(0TC). Without loss of generality, we can assume b = 0

and C is a cone. We define the slack operator S¢ as
Sc(z,y) = —(z,y) for (z,y) € exta(C) X exta(C?). (3.7)
We say that the slack operator S¢ is K-factorizable, if there exist maps
A:exte(C) - K, B:exty(C?) — K*

such that
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o Sc(z,y) = (A(x), B(y)) for all (z,y) € exta(C) X exta(C?).

Theorem 3.16 Let K be a full dimensional closed conver cone in R™ and C a full
dimensional closed pointed conver cone in R™. If C' has a proper K-lift defined by (@, then
Sc defined by is K-factorizable. Conversely, if Sc defined by is K-factorizable, then
C has a K-lift defined by (@

The proof that S¢ is K-factorizable if C' has a proper K-lift is similar to the one given for
Theorem [3.13] We omit the proof here. Below we give a short proof to show that C has a
K-lift if S¢ is K-factorizable.

Proof Suppose S¢ is K-factorizable, we construct the linear space

L={(z,2) | =(,y) = (2, B(y)), Yy € exty(C?)}.

Let Li be the projection of L onto the second component z. Since C' contains no lines, for
every z € L, there exists unique x, € R™ such that (x.,z) € L. Hence, we can define a linear
map 7m: L — x,. Since L is a linear space, we can extend 7 to a linear map: R™ — R™.

For every = € R™, if there exists z € K such that (z,z) is in L, then (z,y) < 0 for all y €
exto(C?). Hence x € C°° = cl(C) = C since C is a closed convex set. We have 7(K N L) C C.
On the other hand, since S¢ is K-factorizable, for every = € exta(C), (z, A(xz)) € L, hence
C C (K NL). The proof is completed.

3.1.2 C(C contains lines

When C'is a full dimensional closed convex set containing lines, Definition and Theorem
3-8 can be generalized without any change. However, when C' contains lines, it has no extreme
points and 07C contains no extreme rays, so Definition and Theorem need to be
adjusted properly.

Let Ly denote the lineality space of C' and {ly...,ls} be an orthogonal basis of L;. The

convex set containing lines can be decomposed as
C=Cy+ Ly, (38)

where Cy = C' N Li is a closed convex set containing no lines and L7 is the orthogonal

complement of L.

Lemma 3.17 L1 is the affine hull of C°.

Proof Since C = Cy+ L1, we have C° = CgﬂLf-. The convex set Cjy contains no lines, then
0% Cy contains no lines. By Corollary [2.4] and Theorem we claim cl (cone (Cg)) = (07 Cp)°.
Since (0% Cp)® contains an interior, it is clear that cone (Cg) contains an interior. As Cp isin Li,
cone (Cg) contains L;. Hence cone (C°) = cone (C§) N Li has an interior in Li. Furthermore,
C° = C§ N Ly has an interior in Li too. Hence Li is the affine hull of C°.

We define the slack operator Sc of a full dimensional closed convex set C' containing lines
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as
St (zy) =1—(z,y) for (x,y) € ext1(Co) x Dy,
S%O(a:,y) = —(z,y) for (x,y) € ext1(Cy) x Do,
Sc = Sgo(x,y) =—-1—{(x,y) for (z,y) € ext1(Cy) X D3, (3.9)
é+cg (z,y) = —(z,y) for (z,y) € exta(07Cy) x D;, i =1,2,3,
Sp,(x,y) = (z,y) for (x,y) € {l1,...,ls} x{l1,...,ls}.

Definition 3.18 Let K C R™ be a full dimensional closed convex cone and C' C R"™ a full
dimensional non-compact closed convex set containing lines. We say that the slack operator
Sc defined by (3.9) is K-factorizable, if there exist maps

Ay rexty(Co) = K, Ag rextz2(07Co) — K, Az : {l,...,ls} = K,
By:Dy — K*, By: Do — K*, By:Ds — K* F:{l1,...,I;} = R™,
such that
o St (z,y) = (A1(x), Bi(y)) for all (z,y) € ext1(Co) x D; and i =1,2,3,
* Shic,
Sp, (z,y) = (As(x), F(y)) for all (z,y) € {l1,...,ls} x {l1,...,1ls},

(As(z), B;i(y)) =0 for all (x,y) € {l1,...,ls} x D; and i =1,2,3,

(z,y) = (Aa(x), B;(y)) for all (z,y) € exto(07Cy) x D; and i = 1,2, 3,

o (Ai(x),F(y)) =0 for all (z,y) € ext1(Co) x {l1,...,ls},
o (Ay(x), F(y)) =0 for all (z,y) € exta(07Co) x {l1,...,1ls}.

Theorem 3.19 Let K be a full dimensional closed convex cone in R™. Assume C is a
full dimensional closed convex set in R™ which can be decomposed as @) and Cy is not a
translated cone. If C has a proper K-lift defined by , then the slack operator S¢ defined
by 18 K -factorizable. Conversely, if Sc defined by is K -factorizable, then C has a

K-lift defined by .

Proof Suppose C has a proper K-lift, then we set L = wy + Lo in R where Lg is a linear
subspace, wg € int (K) and 7 : R™ — R” is a linear map such that C = n(K N L), 07C =
(K NOTL). Since 0YL = Ly, we have 07C = 7(K N Lg). We need to construct maps
Ay, Ay, A3, By, By, B3 and F that factorize the slack operator Sc from the K-lift. We can
define Ay, Ay, By, B, B3 by the same way used in the proof of Theorem [3.13] For every [;,
i=1,...,s, there exists a point w; € K N Ly such that w(w;) = ;. So we define A3z(l;) := w;
fori=1,...,s. Furthermore, we define F(l;) := n*({;) fori=1,...,s.

The equalities for Séo, Sé+cg’ i =1,...,3 in Definition can be checked by the same
method used in the proof of Theorem For each z,y € {l,...,ls}, we have

(z,y) = (7(A3(x)),y) = (A3(), F(y)).



Lifts of Non-compact Convex Sets and Cone Factorizations 17

For each x € {ly,...,ls} and y € D;, we have

(A3(2), Bi(y)) = (A3(2),z = 7" (y)) = —(7(As(2)), ) = —(2,y) = 0.

For each z € ext;(Cp) and y € {l4,...,ls}, we have

(Ar(z), F(y)) = (n(A1()),y) = (z,y) = 0.

For each = € ext2(07Cp) and y € {l1,...,ls}, we have

(A2(2), F(y)) = (r(A2(2)), y) = (z,y) = 0.

Therefore, S¢ is K-factorizable.

Suppose S¢ is K-factorizable. We need to construct an affine space L:

L={(z,2) e R" x R™ | x = &1 + 2 such that z; € Lf and o € Ly,
1-— <$17y1> = <Z7Bl(yl)>7 Vyl S Dla _<x1ay2> = <ZaB2(y2)>a VZU2 S D2a
-1- <$17y3> = <27B3(93)>> VyB S D37 <.'L'2,l7,‘> = <27F(ll)>7 Vi = 17 .. '78}'

Let Lk be the projection of L onto the second component z.

We need to show that 0 ¢ Lg. If 0 € Lk, there exists © = 21 + x5 such that 1 — (x1,y1) =
0, Vy1 € D1, —(w1,y2) =0, Yy € Dy, =1 — (z1,y3) = 0, Vy3 € D3. By Theorem [3.6] Cy is a
translated convex cone and this leads to a contradiction. Moreover, K N L # ) since for each
x € ext1(Co), we have Aj(x) € K N Lg.

Now we prove that for each z € K N L, there exists unique € R™ such that (z,z) € L.
If for some z € K N Lg, there exist two different points ' = #1 + 2} and 22 = 2% + 23
such that both (x!,2) and (2%, 2) are in L. Because (z1 — 2%,y) = 0 for y € Dy U Dy U D3,
we have (z] — z%,y) = 0 for y € C°. According to Lemma Li is the affine hull of C°,

hence z1 — 2% € L;. Since 2} — 2% is also in Li-, we have x1 — 23 = 0. Furthermore, because

(xd —23,1;) = 0,1 < i < sand 23 — 23 € Ly, we also have 3 — 23 = 0. Hence, the map 7
from z to x, is a well defined affine map. Since the origin is not in L, we can extend it to
a linear map: R™ — R”. By the same method used in proving Theorem we can show
C=n(KNLg)and 07C = 7(K N0T Lg).

Remark 3.20 If K is a nice cone, the proper condition can also be removed from Theorem
In this case, the K-lift of C' and the K-factorization of the slack operator S¢ is equivalent.

When C is a closed translated convex cone that contains lines, C' can be decomposed as
and we have results similar to those given in Theorem The slack operator S of a

convex set C' containing lines is defined as

g | Serlmn) = —{r.y) for (a,y) € exta(Co) x exta(C7), (3.10)

Sp,(z,y) = —(z,y)  for (z,y) € {l1,..., s} x {l1,...,1s}.
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Definition 3.21 We say that the slack operator S¢ defined by (3.10) is K-factorizable,
if there exist maps

A2 : eXtQ(Co) — K, A3 : {l17...,ls} — K,
B:exty(C%) = K*, F:{ly,...,ls} > R™,

such that
o Scy(x,y) = (As(x), B(y)) for all (z,y) € exta(Co) x exta(C?),
o Sp,(2,y) = (As(x), F(y)) for all (w,y) € {I1,.... I} x {l1,.... 1},
o (Ay(z), F(y)) = 0 for all (z,y) € exta(Co) x {I1, ..., L},
o (As(x), B(y)) = 0 for all {I1,...,1,} x ext(C).

Theorem 3.22 Let K be a full dimensional convez cone in R™ and C' is a full dimensional
closed translated convex cone in R™ that contains lines and C' can be decomposed as (@ IfC
has a proper K-lift defined by (@, then Sc defined by 1s K -factorizable. Conversely,

if Sc defined by is K-factorizable, then C has a K-lift defined by (3.6]).
Theorem [3.22 can be proved using similar arguments for Theorem and Theorem [3.19

3.2 ( is not full dimensional

Theorem 3.23 Let C' be a closed convex set in R™. The polar C° contains lines if and
only if C is contained in a non-trivial linear space. When C' contains the origin, C is not full

dimensional if and only if C° contains lines.

Proof C° contains lines if and only if there exists a € R™ such that §* (a,C) < 0 and
§* (—a,C) <0, i.e. C is contained in the set {z | a’x = 0}.

When C contains the origin, C' is not full dimensional if and only if there exists a € R™ such
that C is contained in {z | aTz = 0}.

We assume that the convex set C' is not full dimensional and contains no lines. Then C°
may or may not contain lines. If C° contains no lines, we have the same results as the case
that C is full dimensional. When C° contains lines, there exists no extreme point or extreme
direction in C° and the sets Dy, Dy and D3 are empty. Let Lo denote the lineality space of C°.
Assume C° = C' + Ly such that C’ = C° N Ly. The closed convex set C’ contains no lines. It
is clear that 07C’ = 0F*C°N Ly . Recall that C3 = {x | §* (x,C) < —1}, C} = C3N Ly contains

no lines. Let
D} = ext;(C")\0, Dy = eXt2(0+Cl) N{x |6 (z,C") =0}, Dg = extl(Cé).

Let
Dy, = exto(0TC") N {z | 6* (z,C") = —1}.

Then D}, C Dj.
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Theorem 3.24 Assume a closed convezr set C C R™ is not full dimensional and contains
no lines. For a vector x € R™, x € C if and only if for every l € D, (I,x) < 1, for every
le D, (I,x) <0, for every | € D, {I,x) < —1 and x € Ly, where Ly is the lineality space of
ce.

Proof  Similar to the proof of Theorem [3.5

Assume the closed convex set C' is not full dimensional and contains no lines. By replacing
D; by D, for i = 1,2,3 in Theorem and Definition we can define the slack operator
Sc and its K-factorization, then all results in Subsection [3.1.1] can be extended trivially to the
case that C' is not full dimensional. Although results in Subsection can also be extended
to the case that the closed convex set C' is not full dimensional and contains lines, it becomes

much more complicated and we omit the discussions here.

4 Cone lifts of polyhedra

Similar to [6] Section 3|, we specialize results given in previous section to the case of cone
lifts of polyhedra. Let C' C R™ be a polyhedron defined by a set of linear inequalities:

Ay gl(‘r) S 07‘ <. 7gk2(x) é 07 (41)
hl(x) S 7ﬂ1; .. -,hk3($) § 7Bk3}a

where o; > 0 for 1 < ¢ < ky and 3; > 0 for 1 < j < k3. The recession cone of C has the

following form:

0tC ={r e R" :f1(z) <0,..., fr,(x) <0, g1(x) <0,...,gr(x) <O, (4.2)
hi(x) <0,..., hg, () <0}

Let the convex set C be generated by a set of points cy,...,c¢; and directions rq,...,7rs. We

extend the definition of a slack matrix in [6] [1T].

Definition 4.1 We define the slack matriz of C as [ST, ST, ST, where

1. Sy € RFX(+s) whose (i, j)-entry is a;— fi(ej) fori=1,... ki, j=1,...,t and (i,t+)-
entry is —fi(r;) fori=1,... ki, j=1,...,s.

2. Sy € Rk=x(+9) whose (i, j)-entry is —gi(c;) fori=1,...,ks, j =1,...,t and (i,t + j)-
entry is —g;(r;) fori=1,... ks, j=1,...,s.

3. Sy € Rksx(t+9) whose (i,j)-entry is —B; — hi(c;) for i = 1,...,ks, j = 1,...,t and
(t,t+j)-entry is —hi(r;) fori=1,... ks, j=1,...,s.

Assume C' is a full dimensional polyhedron containing no lines, the slack matrix S is called the
canonical slack matriz of C if f;, gi, hi represent the facets of C, o; =1,8; =1 fori=1,... k1,
j=1,...ks and c1,...,¢; and r1,...,rs are the vertices and the extreme directions of C

respectively.
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Definition 4.2 [6] Definition 7] Let M = (M;;) € RE*? be a nonnegative matrix and K
a closed convex cone. Then, a K-factorization of M is a pair of ordered sets a,...,a, € K
and b1,...,b, € K* such that (a;,b;) = M;;.

Deﬁnition generalizes nonnegative factorizations of nonnegative matrices [11] to arbitrary
closed convex cones. We generalize results [3, Theorem 13], [6, Theorem 3] and [11, Theorem 3]
to show the equivalence between the K-lift of a polyhedron and the K-factorization of a slack
matrix.

When C'is a full dimensional polyhedron containing no lines and K C R™ a full dimensional
polyhedral cone, the K-factorization of a slack operator is identical to the K-factorization of
the canonical slack matrix of C. Theorem can be deduced directly from Theorem [3.13] and
[3.16] when C is full dimensional.

Theorem 4.3 Let K be a full dimensional closed convex cone in R™. If a full dimen-
sional polyhedron C' C R™ containing no lines has a proper K-lift defined by then every
slack matriz of C' admits a K-factorization. Conversely, if some slack matriz of C' has a
K -factorization, then C has a K-lift defined by[3.4}

4.1 K is a polyhedral cone

Although we have pointed out in previous section the condition 0YC' = w(K N 0T L) is not
redundant and cannot be deduced from the condition C' = 7(K N L) in general. When C' and
K are both polyhedra, (3.1) and (3.4]) are equivalent.

Lemma 4.4 Let C C R™ be a full dimensional polyhedron containing no lines and K C
R™ a full dimensional polyhedral cone, then C' has a K-lift defined by if and only if it has

a K-lift defined by .

Proof 1t is sufficient to show that if there exists an affine space L and a linear map
7 from R™ to R™ such that C' = w(K N L), we will have 0TC = 7#(K N0*L). It is clear
that if we define @ to be K N L, then @ is a polyhedron. For Va € @, there exist extreme
points aq,...,q; in @ and non-zero extreme directions y1,...,as1s in 07Q such that z =
Aag 4+ o+ Aoy + A1 + o+ AprsQigs, where A + -+ A = 1 and A\; > 0 for
i=1,...,t+s. Then we have 7(z) = M7m(a1)+- -+ (o) + Apprm(ongr) +- - -+ AppsT(Qpys).
So 07 C is generated by m(cy11), -+, m(azss). On the other hand, since oy y1,- - - , apys generate
0tQ = KNOYL, thus m(ay41), -+, m(uys) generate m(K NOTL). Hence, 07C = KNOTL and
our proof is completed.

Theorem 4.5 Let C C R™ be a full dimensional polyhedron containing no lines and
K C R™ a full dimensional polyhedral cone. If C' is not a translated convex cone, then C has
a K-lift defined by if and only if the slack matriz of C' has a K-factorization. If C is a
translated convex cone, we can have the same result if we replace the K-lift by the K-lift

:

Proof  According to Lemma the polyhedron C has a K-lift defined by (3.1)) if and
only if it has a K-lift defined by (3.4). The properness condition that L intersects int (K) is
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used to guarantee the strong duality in the proof Theorem (see the proof of Theorem 1 in
[6]). When K is a polyhedral cone, the minimization problem involved in the proof becomes a
linear-programming problem and the strong duality holds if K N L # (.

Example 4.6 Consider the polyhedron C' C R? defined by

0 1 2
—2+/3 1 V3
1-v3 V3-1 1

—1 23 o 2-3

C = (x1,22) € R?: <

-1 243 2 V3 -2
1-v3 1-3 —2V3+3
-24+3 —1 V3 -2

0 —1 0

Figure 4: Example

By Theorem [4.5] C has a R$-lift if and only if the slack matrix S has a R} -factorization. We
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denote the coefficient matrix by H and the right hand side vector by d. The slack matrix .S is

0o 1-¥ 1 1 P14+ 2 0
0 0 2—-v3 V3-1 3-v3 3 2 23
2-3 0 0 2-v3 V3-1 3-v3 V3 V3-1
V3—-1 2-3 0 0 2-v3 V3-1 3-3 1
3—V3 V3-1 2—3 0 0 2—-v3 V3-1 1
V3 3-V3 V3-1 2-3 0 0 2-v3 V3-1

2 V3 3-v3 V3-1 2—-3 0 0 2—-/3

2 1+4 3 1 1= 0 0 |
We compute a Ri-factorization of Sas S =U -V where
[ 1 0 1-%L 0 0 |
1 —2v34+4 2-+3 0 0 0
N R R R
. 2 -3 0 0 2 -3 0 1
- 0 0 0 2-V3 2-V3 1 7
0 0 By 0 VBl Pl
0 —2V3+4 23 0 1 0
0 1 0o 1-¥ 1 0

0 0o 1 1 100 0 0

0 0 0 v3—-1 0 0 0 1
V:

0 1 0 0 0 1 0 0

2 V31 0 0 0O 0 0

vV3—-1 0 0 0 0 0 V3-1

—

The RS-lift of C is:
C={(z1,72) | Iy € Ri st. Hx+Uy=d}.
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If we eliminate x; and x5 from Hx + Uy = d, we have

V3+1 V3+1
5 U

{yeRS |y =1+ (V3— 1y + 6~ 5 Ys—Us
11 v+l L V341 ,
92—2 2y4 1 Ys 4 Y3y

4.2 K is a positive semidefinite cone

The positive semidefinite rank (psd rank) of a polytope C is the smallest k such that C has
an Sk-lift [6] [7], we refer to [2] for a nice survey on the mathematical properties of psd rank.
The definition can be extended to the case that C' is a polyhedron. Since a positive semidefinite
cone is a nice cone, the psd rank of C' is equal to the psd rank of the slack matrix of C. The

following lemma extends the result in [7, Proposition 3.8].

Lemma 4.7 Assume C is a full dimensional polyhedron containing no lines. The poly-
hedron C C R™ has a facet of psd rank k, then the psd rank of C is at least k + 1.

Proof Let F be a facet of C. Assume the slack matrix Sp of F' has psd rank k. Let
ai,...,0as be vertices of F' and 41, ..., asyt extreme directions of F. Suppose the facets of
F' correspond to the facets Fy,..., F. of C other than F. Since F' # C, there exists a vertex
or an extreme direction denoted by a which does not belong to F' and F'(a) > 0. The slack
matrix S¢ of C contains a (r 4+ 1) x (s 4+t + 1) submatrix which is indexed by Fi,..., F., F in

the row and aq, ..., a5, Qsy1, ..., Qstt, @ in the column and has the following form
S w
S = " where w € R), and F(a) > 0.
0 F(a)

According to [7, Proposition 2.6], we know that the psd rank of S’ is k 4+ 1. Hence S¢ has psd
rank at least k + 1.

The lower bound on the psd rank of a polytope given in [7, Proposition 3.2] can be extended
to the case of a polyhedron.

Theorem 4.8 If C C R" is a full dimensional polyhedron that contains no lines, then the
psd rank of C is at least n.

Proof  The proof is similar to the one given in [7, Proposition 3.2]. The only difference
is that if n = 1, C' can be a half line. Hence there exists a slack matrix whose size is 1 by 2.
Obvious, the psd rank of this slack matrix is 1. Assume the statement holds up to dimension
n — 1. We select a facet F' of C which has dimension n — 1 and its psd rank is at least n — 1.
By Lemma [£.7] the psd rank of C is at least n.

Remark 4.9 There exists a full dimensional polyhedron C' C R™ that contains no lines
such that the psd rank of C' is n. For example, consider the n-dimensional nonnegative orthant
R? ={z |x; >0, i = 1,...,n}. The slack matrix of R is (0, I,) where I,, is a unit matrix

and 0 is a zero vector and its psd rank is n.



24 WANG CHU . ZHI LIHONG

4.3 Identifying the slack matrix of a polyhedron

Gouveia et al. purposed in [5] algorithmic methods to identify whether a nonnegative
matrix is a slack matrix of a polyhedral cone or a polytope. These results can be generalized to
characterize the slack matrix of a polyhedron. Similar to [5, Lemma 10], we have the following

lemma:

Lemma 4.10 A nonnegative matrix S is a slack matriz of a polyhedron C' if and only if

it is a slack matriz of a full dimensional polyhedron which contains no lines.

Proof Since the slack matrix of a polyhedron is also a slack matrix of its translation. We
can assume that the polyhedron contains the origin. Assume that C' contains lines, and can be
decomposed as C' = Cy + Ly, where Cy = C'N L{ is a convex set containing no lines and Li- is
the orthogonal complement of L.

Let C be a polyhedron defined by a set of linear inequalities f;(z) < ay, g;(x) < 0 where
a; > 0,1 <7<k and 1 < j < ky. Every point in C' can be expressed by the convex
combinations of a set of points ¢q, ..., ¢ and directions rq,...,rs. According to Definition [4.1

the slack matrix S of a polyhedron C' can be factorized as

a —f1
a — 1 - 1 0 --- 0
S—u.y=| @ Tn (4.3)
0 —a L I & R A
0 —9k

Since the linear functions corresponding to f; and g; are bounded above on C, f; and g; are
orthogonal to Li. Let @ be the orthogonal basis of Li-, then we have f; - (I — QQT) = 0 and
g; - (I — QQT) = 0 where I is an identity matrix and 0 is a zero vector. We have the following

equalities:
1 0
S=U- -V
0 I-QQ"+QQ"
0 0 1 0
=U- -V+U-
0 I-QQ" 0 QQ"
1 0 1 0
—U. .
0 Q 0 QT
10 1 0 - _
Let U = U - and V' = -V, it is easy to see that S = U’ -V’ is the
0 @ 0 Q"

slack matrix of Q7' Cy, which is a polyhedron that contains no lines.
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If Cy is not full dimensional, aff (Cp) is a nontrivial linear space. By similar transformations
used above, we can show that S is the slack matrix of Cy in aff(Cyp).

The following theorem and its proof is similar to [5, Theorem 6].

Theorem 4.11 A nonnegative matriz S € Rﬁ_xq with rank(S) > 2 is a slack matriz of a
polyhedron if and only if S is a slack matriz of a polyhedral cone and there exists a vector whose

component consists of only 0 and 1 contained in the row space of S.

In [5] Theorem 14], [4, Corollary 5] and [7, Lemma 3.1], they characterized the rank of a
slack matrix in terms of the dimension of a polytope. When C' is a pointed polyhedral cone,
its dimension is equal to the rank of its slack matrix [5, Lemma 13]). These results can be
extended to the case that C is a polyhedron.

Theorem 4.12 Let C' C R" be a n-dimensional polyhedron containing no lines. If C is

not a translated convex cone, then the rank of the slack matriz S is n + 1.

Proof Suppose C is not a translated convex cone. Since the rank of its slack matrix does
not change after the translation of C' and all the slack matrices of C' have the same rank, we can

assume that C' contains the origin and its canonical slack matrix can be written as (4.3]). We

T
show that the matrix U is of full column rank. Otherwise, there exists a vector ! such
€2
x
that U - ! =0. If 27 #0, set 1 = 1. Then 1 — f(z2) =0 for all f € Dy and g(x2) =0
€2

for all g € Dy. By Theorem[3.6] C'is a translated convex cone. This leads to a contradiction. If
x1 = 0, since for every vector y € C°, there exist A} >0, 1 <i < kj and )\? >0, 1<j <kssuch

k k
that y = i A fi+ i A2g; for f; € Dy and g; € Dy, we have (x2,y) = 0. Since dim(C°) = n,
i=1 j=1

C® contains an interior. We derive x5 = 0 since (y,z2) = 0 for each y in C°. Hence, U is a
full column rank matrix. Moreover, since C' is a n-dimensional polyhedron, the dimension of

1 1 0 0
the cone in R™*! generated by vectors R , ey isn+ 1.

C1 Ct T1 T's
Hence, the matrix V' has rank n + 1. Therefore, the rank of S is n + 1.

Corollary 4.13 Let C be a polyhedron such that C = Cy + Ly where Ly is the lineality
space of C and Cy = C N Li. If C is not a translated convex cone, then the rank of its slack
matriz S is dim(Cq) + 1.

In [I0, Theorem 3.2], they gave an upper bound [6 min{m,n}/7] of the nonnegative rank
for a rank-three nonnegative matrix in R™*™. By Theorem and Corollary the slack
matrix S € R™*" of every polyhedron in R? is rank-three except that the polyhedron is a
translated convex cone. It is easy to show that when min(m,n) > 7, every such slack matrix

has a nontrivial nonnegative factorization. This fact motivates us to compute a Ri—factorization
of the slack matrix S € R¥*® in Example
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