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ABSTRACT

We associate mirror games with the universal game algebra and
use the *-representation to describe quantum commuting operator
strategies. We provide an algebraic characterization of whether or
not a mirror game has perfect commuting operator strategies. This
new characterization uses a smaller algebra introduced by Paulsen
and others for synchronous games and the noncommutative Null-
stellensatz developed by Cimpric, Helton and collaborators. An
algorithm based on noncommutative Grébner basis computation
and semidefinite programming is given for certifying that a given
mirror game has no perfect commuting operator strategies.
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1 INTRODUCTION

Quantum nonlocal games have been an active area of research for
mathematicians, physicists, and computer scientists in past decades.
The violation of Bell inequality has verified the non-locality of
quantum mechanics [1], which can be explained in the framework
of nonlocal games [8, 34]. A nonlocal game has two or multiple
players and a verifier. The verifier sends a question to each player
separately, and each player sends an answer back to the verifier
without communicating with the others. The verifier determines
whether the players win for the given questions and answers. We
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have a classical strategy if the players can only share classical
information. We have a quantum strategy if we allow the players
to share quantum information. Bell inequality violations have been
proved in the CHSH game [7], where the winning probability using
classical strategies is at most 3/4, while a quantum strategy using
an entangled state shared by two players can achieve a success
probability cos?(7/8) ~ 0.85. Noncommutative Positivstellensitze
have been used to study nonlocal games in [11, 32].

A synchronous game is a nonlocal game with two players called
Alice and Bob, where Alice and Bob are sent the same question and
win if and only if they send the same response. Paulsen and his
collaborators found a simpler formulation using a smaller algebra
and hard zeroes to study synchronous games in [19, 35]. It has
been shown that the success probability of a synchronous game is
given by the trace of a bilinear function on a smaller algebra, see
Theorem 5.5 in [35], and Theorem 3.2 in [19]. In [2, 19, 42], they
give algebraic characterizations of perfect quantum commuting
operator strategies for a general game using noncommutative Null-
stellensitze [4-6] and Positivstellensétze 3, 17, 18, 29]. Theorem
8.3 and 8.7 in [2] provide a simplified version of the Nullstellensatz
theorem for synchronous games.

In [27], Lupini, et al. introduce a new class of nonlocal games
called imitation games, in which another player’s answer com-
pletely determines each player’s answer. Any synchronous game
is an imitation game as the players send the same answers for the
same questions. Some imitation games are not synchronous, such as
mirror games, unique games [37], and variable assignment games
[27]. Lupini, etc., associates a C*-algebra with any imitation game
and characterizes perfect quantum commuting strategies in terms
of the properties of this C*-algebra.

As an interesting subclass of imitation games, mirror games in-
clude unique games and synchronous games. Theorem 5.5 in [35]
for synchronous games has been generalized to Theorem 6.1 in [27]
for mirror games, and a representation of perfect quantum com-
muting strategies for mirror games in terms of traces is also given
in the paper. It is natural to ask whether one can obtain similar
results as Theorem 8.3 and 8.7 in [2] for mirror games. We answer
the question in Theorem 3.1: we provide an algebraic character-
ization of whether or not a mirror game has perfect commuting
operator strategies based on a noncommutative Nullstellensatz and
sums of squares. This new characterization uses a smaller algebra
introduced by Paulsen and others for synchronous games and the
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noncommutative Nullstellensatz developed by Cimpric, Helton, and
collaborators [4-6]. An example is given to demonstrate how to
use noncommutative Grobner basis algorithm [30] and semidefinite
programming [41] to verify that a given mirror game has no perfect
commuting operator strategies. It would be interesting to see how
to extend these results to imitation games.

The paper is organized as follows. Section 2 introduces some
preliminary results and definitions of nonlocal games. Some back-
ground material on classical strategies and quantum strategies of
nonlocal games are included. We also introduce the universal game
algebra and its *-representation. Section 3 contains our main re-
sult on characterizing whether or not a mirror game has perfect
commuting operator strategies based on a noncommutative Null-
stellensatz and sums of squares. Finally, Section 4 shows how to
use noncommutative Grébner basis and semidefinite programming
to verify that a given mirror game has no perfect commuting op-
erator strategies. A running example is given to demonstrate the
computations.

2 PRELIMINARIES

A nonlocal game G involves a verifier and two players, Alice and
Bob. For fixed non-empty finite sets X,Y and A, B, there exists
a distribution p on X X Y. After choosing a pair (x,y) € X XY
randomly according to u(x,y), the verifier sends elements x to
Alice and y to Bob as questions. Alice and Bob send the verifier
corresponding answers a € A and b € B. After receiving an answer
from each player, the verifier evaluates the scoring function

A: XXYXAXxB— {0,1} (2.1)

If A(x,y,a,b) = 1, we say Alice and Bob win; otherwise, they lose
the game. Alice and Bob know the sets X, Y, A, B and the scoring
function A, but they can’t communicate during the game. Alice and
Bob can make some arrangements before the game starts.

A deterministic strategy for the players consists of two functions:

a:X— A b:Y—B, (2.2)

and Alice sends a(x) to the verifier if she receives x, and Bob sends
b(y) to the verifier if he receives y. Given a deterministic strategy,
the players win the game G with an expectation

D HE Ay a(x), b(y)). (23)
Xy

We can also give a probabilistic strategy for G as follows: for each
pair (x,y) € X X Y, let Alice and Bob have mutually independent
distributions px,q, gy, for a € A, b € B. When the players receive
the questions (x,y), Alice sends the answer a to the verifier with
probability px o and Bob sends the answer b to the verifier with
probability g, ;. The winning expectation is

Z H(x,Y)pxaqypA(x.y, a,b). (2.4)
x,y,a,b

All deterministic strategies and probabilistic strategies are col-
lectively referred to as classical strategies. We record the set of
all classical strategies as C., which is a closed set. Notice that any
probabilistic strategy can be expressed as a convex combination of
deterministic strategies so that the maximal winning expectation
of a nonlocal game G with classical strategies is always obtained
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by some deterministic strategy. The classical value of G is defined
as the maximal winning expectation

ve(G) = max Zy p(x, y)A(x, y, a(x), b(y)). (2.5)

We use the Dirac notation in quantum information to represent
the unit vector (a state) in Hilbert space. If Alice and Bob are allowed
to share a quantum entangled state |/) € H4 ® Hp, where both
H 4 and Hp are finite-dimensional Hilbert space, and then they can
have a quantum strategy described as follows:

o If Alice receives x, she performs the projection-valued mea-
sure (PVM) Py ; on Hy part of |) and sends the measure-
ment result a to the verifier.

o If Bob receives y, he performs the PVM Q, ;, on Hp part of
|) and sends the measurement result b to the verifier.

If we replace PVM by POVM (positive operator-valued measure),
the results below will also hold [14, 36].

We record the set of all finite-dimensional quantum strategies
as Cgq. If we drop the requirement of finite dimension, i.e., Ha, Hp
can be infinite-dimensional Hilbert spaces, then we get a set of
quantum strategies denoted as Cys. Slofstra [38, 39] has proved that
neither Cg nor Cys is a closed set. We denote the closure of Cy as
Cqa- It is evident that

Ce € Cq € Cgs € Cqa

Each of the above ” C ” is strictly inclusive. The first strict inclusion
comes from Bell’s inequality, and the last two strict inclusions come
from results in [9, 12, 38, 39].

The winning expectation for the given quantum strategy is
DT uCey) - YIPea ® Quult) - Axy.ab).  (26)
x,y,a,b

If we take all of the quantum strategies, the supremum of winning
expectations is

0g(@) = sup > p(xy) - (YIPra ® Qupld) - Axy, a.b),
t,{A’ﬂg'l/;’ x,y,a,b
x.a, Ly,

2.7)
which is called the quantum value of G. The quantum value can
certainly be attained in Cgq, but not necessarily in Cg or Cys.

Now we give a quantum commuting operator strategy for G as
follows. Let H be a (perhaps infinite-dimensional) Hilbert space,
|) € H, and for every (x,y) € X X Y, Alice and Bob have PVMs
{E(1)%, a € A} and {E(Z)g, b € B}, respectively. Those two sets
of PVMs satisfy the following conditions:

E()3E(2)) =EQ2)JE(1)}, V (x,y,a.b) € XX Y X AXB. (2.8)

When Alice receives an input x, she performs {E(1), a € A} on |¢)
and sends the result a to the verifier; Similarly, when Bob receives
an input y, he performs {E(Z)g, b € B} on |¢) and sends the result
b to the verifier.

We denote the set of all the quantum commuting operator strate-
gies as Cgc. We know that Cy. is closed [13]. Given a quantum
commuting operator strategy of G, the winning expectation is

Z p(xy) - (YIEQ)E - E(2))19) - Axy.ab).  (29)

x,y.a,b
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Then the supremum of winning expectation (note that it can cer-
tainly be obtained) is

veo(@) = sup Y p(x ) WIETEQ) 1Y) A(x,y.a.b)
E(l)}’; ‘Z’u)z xyab
(2.10)
which is called the quantum commuting operator value of G.

It is easy to see that Cgq S Cyc [13], so that we have w.(G) <
0q(G) < weo(G). If we restrict the Hilbert space H to be finite-
dimensional in the commuting operator strategies, then wg(G) =
co(G) (see [38, 40]). There exist games G for which wq(G) <
weo (@) in the infinite-dimensional case, see [13, 39]. The problem
of whether Cgc = Cyq is the famous Tsirelson’s problem, and it is
true if and only if the Connes’ embedding conjecture is true [10].
Kirchberg shows that Connes’ conjecture has several equivalent re-
formulations in operator algebras and Banach space theory [22]. In
[25], Klep and Schweighofer show that Connes’ embedding conjec-
ture on von Neumann algebras is equivalent to the tracial version
of the Positivstellensatz. In 2020, Ji and his collaborators proved
MIP* = RE, which implies that Connes’ embedding conjecture
is false [20]. But we still don’t know an explicit counterexample.
See [13, 16, 33] for recent results on the Connes’ embedding prob-
lem. This is the main motivation for us to study quantum nonlocal
games.

We say a strategy is perfect if and only if the players can certainly
win the game with this strategy. A natural problem is to ask whether
there exists a perfect strategy in Cc (or Cg, Cgs, Cga, Cqc) for a given
game G.

In [27], the authors introduce a new class of nonlocal games
called imitation games, and they provide an algebraic characteriza-
tion of perfect commuting operator strategies for these games. In
this paper, we mainly discuss the mirror game, which is a special
subclass of imitation games.

DEFINITION 2.1 (MIRROR GAME). Let G be a nonlocal game with
a question set X X Y, an answer set A X B and a scoring function
A: X XYXAXB — {0,1}. The distribution on X X Y is the
uniform distribution. We say G is a mirror game if there exist functions
£:X > Yandn:Y — X such that:
A(x, E(x), a,b)A (x, E(x),a’,b) =0, Vx € X,a # d’ € Ab € B,(2.11)
(), y,a,b)A (n(y),y,ab) =0, Yy e Y,ac A b#b" € B.(2.12)

Example 2.1. Let X = Y = A = B = {0,1} and the scoring
function A be given as follows:

AN (% y)
0,0) | (0,1) | (1,0) | (1,1)
(a,b)
(0,0) 1 0 1 0
0,1) 0 0 1 1
(1,0) 0 1 0 0
1,1 1 0 0 1

We can check that G = (X, Y, A, B, 1) is a mirror game with
E:0—0,1-0,7:0—0, 1 1.

We use the universal game algebra and representation defined in
[2] to describe the relations between the PVMs in the commuting
operator strategy below.
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DEFINITION 2.2 (UNIVERSAL GAME ALGEBRA). Let

e=(e(D)})xex.aea Y (e(2)))yey ben (2.13)

and C(e) be the noncommutative free algebra generated by the tuple e.
Let .7 be the two-sided ideal generated by the following polynomials:

[eie@] - e@pe | vx.y.ab)
U{(e(3)? - e(1) | ¥xah U {(e(@))? - ()] | Vub)

U {e(1)X e(DE, | Vx, ar # ag} U {e(z)zle(Z)gZ | Vy, by # bz}

U{Z e(l)g—l|Vx}U{Ze(2)g—l|Vy}.

acA beB
(2.14)

Then we define U = C(e)/.# and equip U with the involution
induced by

(e(DP)" = e(1)F, (e(2))" =€), (2.15)

where the” = ” of a complex number is its conjugate. We call U the
universal game algebra of G.

For the universal game algebra U/, we can use *-representation
to describe a commuting operator strategy. A *-representation of
U is a unital *-homomorphism

m:U— B(H), (2.16)

where B(H) denotes the set of bounded linear operators on a
Hilbert space H and x satisfies (u*) = w(u)*, Yu € U.Itis obvious
that any commutative PVMs {E(1)X, a € A} and {E(Z)g, b € B}
can be obtained by the unital *-homomorphism

mie()y = E(DF, e(2)) = E2)), (2.17)

and given an arbitrary unital *-homomorphism, the image of U’s
generators is commutative PVMs. Therefore, each commuting oper-
ator strategy corresponds to a pair (7, [/)), where 7 : U — B(H)
is a *-representation and |¢/) € H is a state (a unit vector). We can
use the language of representation to rewrite w¢ (G) as follows:

weo(G) = Su£<¢|ﬂ(<bg)|¢>, (2.18)

where
5= Y ulepileyabeie@y, (219
%Y ab

and the supremum is taken over all *-representations 7 of U into
bounded operators on a Hilbert space H and state |¢/) € H.

Since we assume that y is a uniform distribution, ®g can be
simplified to

l X
6= X XZ; z}; A(x.y.a.b)e(1)Fe(2)). (2.20)

It’s obvious that a game G has a perfect commuting operator strat-
egy if and only if

wco(G) = 1. (2.21)

We also need the concept of tracial linear functional and tracial
state.
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DEFINITION 2.3. A linear mapping v : A — C on an algebra A
is said to be tracial if and only if

t(ab) = (ba), Ya,b € A. (2.22)

Given a Hilbert space H and an operator algebra A acting on H, a
state |) € H is called a tracial state if the linear mapping it induces
is tracial, i.e.

(Ylably)y = (Y|baly), Ya, b € A. (2.23)

Especially if A is a von Neumann algebra, and there exists such a
tracial linear mapping t on A, we say (A, ) is a tracial von Neumann
algebra.

The definition of determining set is given in [2].

DEFINITION 2.4 (DETERMINING SET). Let G be a nonlocal game; its
universal game algebraisU. A set  C U is denoted as a determining
set of G if it satisfies that a pair (r,|y)) is a perfect commuting
operator strategy if and only if m(F)|y) = {0}.

According to Theorem 3.5 in [2], given any nonlocal game, we
have a natural determining set:

ProPOSITION 2.1. Let G = (X,Y, A, B, A) be a nonlocal game, the
set of invalid elements

N ={e(1)ze(2); | A(x.y,a,b) = 0} (2.24)
is a determining set. We call it the invalid determining set.

COROLLARY 2.2. The left ideal L(N) generated by N is also a
determining set.

For a mirror game G, suppose its universal game algebra is U,
and we define:

f:,;gy) = ZaeA,A(ry(y),y,a,b):l e(l)z(y)’ (2.25)
95,(;) = 2beBA(xE(x).ab)=1 e(z)i("). (2.26)

DEFINITION 2.5. Let G = (X,Y, A, B,A) be a nonlocal game. For
xeX,yeY,ac Aandb € B, denote

E,“(’y ={beB:A(x,y,a,b) =1} (2.27)
EY, ={acA:A(xyab) =1} (2.28)

We define a mirror game as regular if and only if
UaeAES 4,y = B and Upcp Ez(y)’y =AVxeXyeY. (229

Remark that this condition appeared in [27] firstly, but they didn’t
name it.

LEMMA 2.1. A mirror game G is regular if and only if the universal
game algebra satisfies:

Ex) _ n(y) _
Z 9xa =1, Vx € X and ny,b =1, VyeY. (2.30)
a€cA beB

ProoF. By the definition of regularity and the universal game
algebra. O

Example 2.1 (continued). For the mirror game G defined in Exam-
ple 2.1, we can compute that

O = e, ;1 = e ;1Y =0, ;1Y = e +e(1) = 1.
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It is easy to check that e f}y;y) =1, Vy €Y. Similarly, we have

0 0 1 1
gy = €@, g57) =e@, g1 =1, g1 =0

It is true that ) gc o gi(g) =1, Vx € X. Hence, G is a regular mirror

game.
In the following sections, we’ll only consider regular mirror
games.

3 MAIN RESULT

Given a universal game algebra U of a nonlocal game G, a general
noncommutative Nullstellensatz developed by Cimpric, Helton, and
their collaborators [5, 6] has been adapted to Theorem 4.1 and 4.3
in [2] to show that G has a perfect commuting operator strategy if
and only if there exists a *-representation 7 : U — B(H) and a
state |¢) € H satisfying

r(LIN)Iy) = {0}, (3.1)
which is also equivalent to
-1¢ L(N)+ L(N)* +S0Sq, (3.2)
where
n
SOSq; = {Z ujuiluie U, ne N}, (3.3)
i=1

L(N) is the left ideal generated by the invalid determining set N.

For synchronous games, the authors use a smaller algebra ¢/ (1)
which is the subalgebra of U generated by e(1), and prove that a
synchronous game has a perfect commuting operator strategy if
and only if there exists a *-representation 7’ : U(1) — B(H) and
a tracial state |/) € H satisfying

7' (J (synchB(1))|y) = {0}, (34)
where J (synchB(1)) is a two-sided ideal in U(1), see Theorem
8.3 and 8.7 in [2].

In Theorem 3.1, we generalize Theorem 8.3 and 8.7 in [2] for
mirror games and provide a characterization of whether or not
a mirror game has perfect commuting operator strategies using
smaller algebras U (1) and U(2), where U(1) is the subalgebra
of U generated by e(1)} only, and U(2) is the subalgebra of U
generated by e(2) 13 only.

Let J (mir1) be the two-sided ideal of U/(1) generated by

[l 1A y.ab) =0}, (55
and J (mir2) be the two-sided ideal of U/(2) generated by
[e@igt 1 2xy.ab) =0} (3.6)

Example 2.1 (continued). Let’s continue the computation in Ex-
ample 2.1. The two-sided ideal J (mirl) is generated by the following
elements:

{e(1)ge(1)Y, e(1)Je(1)], 0, e(1)5, e(1)Y, e(1)1e(1)], e(1)1e(1)},0,0}.
It is clear that J (mirl) is generated by {e(l)g, e(l)(l)} inU(1).
THEOREM 3.1 (MAIN RESULT). A regular mirror game with its

universal game algebra U and invalid determining set N has a perfect

commuting operator strategy if and only if any of the equivalent
conditions are satisfied:
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(1) There exists a *-representation &7 : U — B(H) and a state

|y € H satisfying
(LIN)IY) = {0} (3.7)

(2) There exists a “-representation ©’ : U(1) — B(H) and a tracial
state |) € H satisfying

7' (J (mir1))[y) = {0}; (3-8)

(3) There exists a *-representation &’ : U(2) — B(H) and a tracial
state |¢) € H satisfying

7" (J (mir2))|¢) = {0}; (3.9)

(4) There exists a “-representation 1 of U(1) mapping into a tracial
von Neumann algebra W C B(H) satisfying

7o(J (mir1)) = {0}; (3.10)

(5) There exists a *-representation ;" of U (2) mapping into a tracial
von Neumann algebra W’ C B(H) satisfying

7 (J (mir2)) = {0}. (3.11)
To prove our main theorem, we introduce several lemmas.

LEMMA 3.1. Foreveryx € X and a € A, we have e(1)} — gi(g)

L(N). Similarly, for everyy € Y andb € B, we have e(Z)b f”(y)
L(N).

Proor. Firstly, by 34 e(1)%, = 1, we have
e(1) - ga”

=e(1>2§—(2 e(l)")gxﬂi‘)—eu)a e - gia

a’ €A

+ (Z e(1)},

a’#a ) (beB,A(x,é’(x),a,b) 1

= e(1)} e(2);™
beBA(x,E(x),a,b)=1

vy D (e,
a'#abeBA(x,E(x),a,b)=1

e(z)f(x))

Notice that

1- > e(2))™ = >

beBA(x,E(x),a,b)=1 beBA(x,E(x),a,b)=0
By the definition of L(N), we have

e(1)Z (1 ~ LbeBA(xE(x),ab)=1 6(2)§<X))

= SheBa(vé(ab—o e(D3e@) ) € LIN).  (3.12)
On the other hand, it is known by the definition of mirror games
that A(x, £(x),a’,b) = 0 when a’ # aand A(x, £(x), a,b) = 1. Hence
we have e(l)Z,e(Z)g(x) € N which implies

(@),

e(Fe@; e LN).  (313)
a’#abeB,A(x,E(x),ab)=1

Therefore, we have

(1)} - 5% e L(N). (3.14)
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can be rewritten as follows:

Similarly, e(Z)Z - f;;y)

e@y 17, = e - £, (Z e<z>,§’,)

b’eB

ﬂ(y)e(z)b + Z U(y)e(z)g/
b'#b

e(l)?”) ~e(2))

=e(2)) - f

1 —
( acAA(n(y),y.a,b)=1

£y D e Pe(2)?,.
b'#b acAA(n(y).y.ab)=1

We still have
(l = ZacAA(n(y).y.ab)=1 e(l)Z(y)) -e(2))

= Sacaitn().pan=0cDi P e@ € LIV, (3.15)

and by the definition of the mirror game, we have

eIV e LIN).  (316)
b'#bacAA(n(y),y.ab)=1

Therefore, we have

e(2)) - 1" € LIN). (3.17)

LEmMMA 3.2. We have the following inclusion relations:
{e(Ef1Y 1Ak ,0.b) = 0} € LIN); (3.18)
{e(2V9va) | Mx.y.a.b) = 0} € L(N). (3.19)

Proor. Notice that

eI = e()3e()] - e(D} (2] - £11")
As A(x,y,a,b) = 0, we know e(1)3e(2); € N € L(N). By Lemma
3.1, we have e(2)! - f;;w € L(N). Therefore, we have
e(1)* fl(by) € LIN). (3.20)
For e(Z)Zg,i(a ), we have
e(2))g5% = @) - e (e - 52

= e(3e)] - e()] (e( - 55”)
(as e(1)} always commutes with e(Z) )

We still have e(l)xe(Z)b e N ¢ L(N) by A(x,y,a,b) = 0, and
e(1)X - gi(g) € L(N) by Lemma 3.1. Then we have

e2)!g5 Y e LN, (3.21)
m]

LEMMA 3.3. We have J (mirl) € L(N) and J (mir2) € L(N).
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Proor. Firstly let us consider a monomial
w(e(1) = e(1)g; -+~ e(1)g; € U),
we have:
eI+ e(1)3! = gl e(D3! -+ e(D31)
= e(D)3! e (3 = e(D3 -+~ eV g5 %)
= e e (3 (e - 6505 ) € LOV).
Then we have

E(xe) E(xt-1) &(x1)

e(l)fzc; e e(l))acf::e(l))a{f ~ xpai Ixi_v.ai-1 " Ix,a1
= e(D)F - e(D)F - gsC e()X (1)
4 gy QT+ e = g e+ e )
e ghln) gl (e - gu)) € LOV).
(3.22)
&(xz) E(xy)

It’s known that g5, 4, 93, .a;, = w"(g). Then equation (3.22) can
be written as

w(e(1)) —w*(g9) € LIN). (3.23)
Suppose

-2

x,y,a,b, A(x,y,a,b) =0

u,w

where u(e(1)), w(e(1)) are monomials in ¢/(1) and A(x, y, a, b) = 0,
we compute:

p= 3 (e emIf - (wie(n) = w'(9))
+ule(n) - e(Ef1Y W (9))
= 3" (ute() - eI 1Y - (wler) - w'(9)
+w*(g) u(e(D) - e(VESNY ).
The second ” = ” is true because w*(g) is a polynomial in U(2),

which commutes with all of elements in U(1). By the equation
(3.23), we know that

u(e(1)) - e(EfIY - (wle() = w'(9)) € LN),  (3:29)
and from Lemma 3.2 we know

W (@u(e(1)) - e(VEfIY € LIN). (325)

u(e(1)-e(D5f," -wle(1)) € F (mirD),

Then we conclude that every p € J (mirl) satisfies p € L(N),
which means J (mir1) € L(N).
Similarly, we have

6(2)311 L. e(z)by: _ n(yz)e(z)g: . e(z)ym

yt’b[ Yr-1
= o) @ - e(2)) e @ 0
e e @y — 1) e LN, (320

It is also true that
w(e(2) —w*(f) =e(2))! -+ -e(2),' e(2),!

) ) e L. e2)
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Then for
g= u(e(2) e(2))g5s) - wle(2)) € I (mir2),
we also have
g =3 (u(e(@) - e@)}gel - (w(e() = w ()
+u(e(2) - e(2)ga W ()
= 3 (u(e(@) - e@gk - (wie@) = w' ()
AW (Nule(2) e’ ) e LN).  (.29)
Therefore we have J (mir2) € £L(N). o
LEMMA 3.4. Let (m, |{/)) be a perfect commuting operator strategy

of a regular mirror game G, then |y} is a tracial state on both t(U (1))
and t(U(2)).

Proor. For the case m(U(1)), it suffices to show that for any
different e(l)Zi and e(l)Zj, we have

Wlr(e(a)m(e(Dg)lP) = (Ylr(e(1)g)m(e(Da) ),

and we can complete the proof by using inductions on the length
of monomials and linearity.

In fact, since (7, |/)) is a perfect commuting operator strategy
of G, we have 7(L(N))|¢) = {0} according to Definition 2.4 and

Proposition 2.1. Lemma 3.1 tells us that every e(1) —g;%’((f) € L(N),
so we have
m(e(1)3 = ghoa ) = 0, and w(e(3 - 652y = o.
Therefore, we have
Wlr(e(Da)m(e(Dgh)P)
= Wl(e(3) gk )
= ir (2ot ) 19)
= i gk e ) 19y (gh) commutes with (1))
= Wlr(ga)m(e(D)I)
= (Ylm(e(D)g))m(e(Dg))I¥).
This shows that [¢/) is a tracial state on 7 (U (1)).
Similarly, using e(Z)Z - fy”’;y) € L(N), we can prove that |)
is a tracial state on 7w (U(2)). O

(7 is a representation)

Now we can prove our main theorem.

ProOF OF THEOREM3.1. We show that (1) < (2) < (4)
and (1) & (3) < (5).

Firstly, (1) is equivalent to the existence of a perfect commuting
operator strategy by the definition of the determining set.

(1) = (2):Suppose (7, |{)) is a pair that satisfies the conditions
in (1), and we let 7’ be the restriction of 7 to U (1). It is obvious

' (J (mir1)) [} = 7(J (mir1)) [y € 7(LIN)|Y) = {0},

where the first ” = ” comes from the restriction, the ” C ” is derived

>

from Lemma 3.3, and the second ” = ” is derived from Proposition
2.1. By Lemma 3.4, We know [¢/) is a tracial state. Then (1) = (2)
has been proved.
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(2) = (1): Using (7', ¢), we define the following positive linear
functional

O UNL) > C b Yl (RY).

Since /) is a tracial state, we know ¢’ is tracial. Next extend ¢’ to
a linear functional £ on U by mapping a monomial

£ wie(1)u(e(2)) - ¢ (w(e(1)u*(f)),

Where (ye) en(ye-1) (y1)
* — £Ye) oN\Ye-1) o711
u (f) - fy:,bt Yr-1,b1-1 fyl,bl
ifu(e(2)) = e(Z)byll -~~e(2)g:lle(2)£:.We show that ¢ is well-defined.

It is sufficient to show that £ is well defined on C. Notice that the
regularity ensures that:

Z f;;y) =1, Vy €Y. (by Lemma 2.1)
beB '
Then we have

f(z e<z>,§’) =0 (Z fy’{;y)) =(ly)=1Vyev.

beB beB
On the other hand,

¢ (Z e(z)g) =¢(1)=£(1)=1.
beB
Therefore, ¢ is really well defined.

Next we show that ¢ can distinguish —1 and SOS¢; +£L(N) +
L(N)*. The motivation of this proof is similar to the proof of
Theorem 8.3 in [2].

Since |¢) is a tracial state, we know that £ is symmetric in a sense
that ¢ (h*) = £(h)* for all h € U(1). To check that ¢ is positive, let
h =% Bijwi(e(1))u;(e(2)) € U, then we have

=" BiBis - wi (e(1)wiele(1)u (e(2))us (e(2)),

i,j ks
whence
E(ER) =" BB - £ (w] (e(D)wie(e (D)l (Huj(f)) -
Lj ks
' (3.29)
Set 5
h=" pijwie(1)u;(f) € U1)
ij
Then we have
Rh= """ BiiBesui(H)w) (e()wie()us (),
i,j ks
¢ (RR) = 30 3" BBrst’ () ()] (e(D)wi(e(1)ss ().
Lj ks
' (3.30)

Since ¢’ is tracial, we have
¢ (wi (e()wi(e(D)ug (fu;(f))
=" (uj(f)w; (e(1))wi(e(1)us(f)) .

This implies that the values in Equation (3.29) and Equation (3.30)
are the same. Therefore, we have

t(h*h) =t (E*fz) >0,
which implies £(SOSq;) > 0.

ISSAC’23, July 2023, Tromso,Norway

It remains to show that £(L(N)) = {0}. Elements in L(N) are
linear combinations of monomials of the form

w(e(1))u(e(2)e(1)je(2); = wle(1))e(1)zule(2)e(2), (3.31)
with A(x,y, a, b) = 0. Applying ¢ to Equation (3.31) gives that

¢ (wleeFute@)e@)]) = ¢ (we(eEf!u (£).
But e(l)fl‘flgy) € J (mirl), whence

w(e()e(D3f1Yu" () € T (mir1),
Hence we have
¢ (wlee(EfIY u' () =o.
We have proved that £(—1) = —1 and
£(SOSa, +&(N) + £(N)*) C Ry,

whence —1 ¢ SOSg, +&(N)+L(N)*, which implies (1) by Theorem
4.3 in [2].

(2) = (4): Now we have the pair («’, |{/)), where 7’ : U(1) —
B(H) is a *-representation and i) is a tracial state. Now we con-
struct the von Neumann algebra ‘W and 7 : U(1) — W.

We denote the completion of {7z’ (U (1))|¢)} € H as H, and it’s
obvious that H is a closed subspace of H. Then we have

7 (UQ)H CH,

and 7’ induces a *-representation #’ : U(1) — B(H) naturally.
We let W = B(H) and 7 = 7’ as what we desire. Next we’ll prove
that ‘W and 7 satisfy the requirement of the item (4).

Firstly notice that 8(7H) is a von Neumann algebra because it is
closed in the weak operator topology.

Secondly, since |i/) is a tracial state on B(H), [/) is also a tracial
state on B(H). Thus 7 : B(H) — C,a — (Y|aly) is a tracial
linear functional on B(H), and (B(H), 7) is a tracial von Neumann
algebra.

Lastly, to show 7’ (. (mir1)) = {0}, it suffices to show the fol-
lowing claim:

For any u € U(1) and |¢) = 7’ (u)|y) € H, we have

#(J (mir1))|¢) = {0},

We have
#'(J (mir1))|¢)
=7/ (J (mirl)u)|yy) (the definition of @)
=7/ (J (mirl))|y) (9 (mir1) is a two-sided ideal)
={0} (by item (2)).

(4) = (2): We start with the tracial von Neumann algebra W
with trace 7 defined in (4) and perform a Gelfand-Naimark-Segal
(GNS) construction [21]. There is a Hilbert space K, a unit vector
p € K, and a *-representation 7 : ‘W — B(%K) such that

7(a) = <n{(a)p,p), aeW.

Since T is a trace, p is a tracial state for n{ (‘W). Then the *-representation

7y oy U(1) — B(K) together with p € K satisfy (2).

(1) = (3) is similar to (1) = (2), but using another side of
Lemma 3.3 and Lemma 3.4.
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(3) = (1) is similar to (2) = (1). Here, we extend ¢’ :
U(2) — C to alinear functional ¢ from algebra U to C:

o : u(e(2)w(e(1) - ¢ (u(e(2))w*(g)) .

(x)

As Ygen gia =1, Vx € X, we know that ¢ is well defined. The
proof of £1(SOSqy(1)) > 0 is similar to the corresponding part in
2) = (1).

For the proof of £; (L(N)) = {0}, since elements in U (1) com-
mute with those in U(2), elements in NV can also be written as
e(Z)Z e(1)X. Then elements in L(N) are linear combinations of
monomials of the form

w(e(1))u(e(2)e(2),/e(D)F = u(e(2))e(2),w(e(1)e(1)} (3.32)

with A(x,y, a, b) = 0. Applying the new #; to (3.32) gives that
1 (u(e(@)e(@w(e(1)e(D) = ¢ (u(e@e()ga’ v (9)).

But e(Z)ggi((f) € 9 (mir2), whence u(e(Z))e(Z)ggf;(;)w*(g) €
J (mir2). Therefore we derive that

¢ (ule@e@]gea w (@) = 0.

ie. we get £1(L(N)) = {0}. Using Theorem 4.3 in [2], we can show
(3) = ().

Finally, the proofs of (3) = (5) and (5) = (3) are similar to
the proofs of (2) = (4) and (4) = (2). O

REMARK 1. Theorem 3.1 may not hold if a mirror game is not reg-
ular. For example, let the scoring function A = 0 for all questions and
answers. It is not a regular mirror game since J (mirl) = J (mir2) =
{0}. Items (2),(4) in Theorem 3.1 always hold. However, we can eas-
ily verify that G can’t have a perfect commuting operator strategy.
Therefore, Theorem 3.1 is only true for regular mirror games.

In [25], Klep and Schweighofer show that Connes’ embedding
conjecture on von Neumann algebras is equivalent to the tracial ver-
sion of the Positivstellensatz. See 3, 23, 24] for more recent progress
in tracial optimizations. It has been shown in Theorem 8.7 [2] that,
given a *-algebra A satisfying the condition of Archimedean, i.e.
for every a € A, thereisan ¢ € Nwithe —a*a € S?)S;zh where

Sfasﬂ ={ae A|3IbeSOS4, a—bisasum of commutators}.
(3.33)
Then there exists a *-representation  : A — B(H) and a tracial
state 0 # |/) € H satisfying

7(H)lY) =0, forall f € L, (3.34)

if and only if there exists a *-representation 7 : A — ¥ into a
tracial von Neumann algebra (¥, 7) satisfying

(z(f)) =0, forall f € &; (3.35)
which is also equivalent to
—1¢S0S4 + 8 +2%, (3.36)

By cyclic unitary generators defined in [2], we can show that
both U (1) and U(2) are group algebra. And by Example 4.4 of [2]
we know U (1) and U (2) are Archimedean. Hence, we can combine
the above equivalent condition (3.34), (3.36) with item (2), (4) of
our Theorem 3.1. Then we have the following corollary:
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COROLLARY 3.2. A regular mirror game with its universal game
algebra U and invalid determining set N has a perfect commuting
operator strategy if and only if—1 ¢ SOSq(1)+J (mirl)+7 (mir1)*.
For a special case, if a mirror game satisfies

-1 € SOSqy (1) +J (mir1) + J (mir1)”, (3.37)
then it cannot have a perfect commuting strategy. Similar results hold
for J (mir2).

Notice that J (mirl) is a two-sided ideal, so that J (mirl) +
J (mir1)* is still a two-sided ideal, generated by

[N F1Y e | 2(xyab) =0f. (339

Then we can use the noncommutative Grobner basis method to
solve this ideal membership problem [26, 28, 30, 43]

4 A PROCEDURE FOR PROVING
NONEXISTENCE OF PERFECT STRATEGY
According to Corollary 3.2, we can prove that a regular mirror
game G doesn’t have a perfect commuting operator strategy using
noncommutative Grébner basis and semidefinite programming.

The main steps of the procedure are listed as follows.

(1) Let C(e(1)) be the free algebra generated by {e(1)X | x € X, a €
A}, and II be the canonical projection from C(e(1)) onto U(1).
Then IT~1 (. (mir1)) is a two-sided ideal in C{e(1)), generated
by

{eEFN" 1 2 pab) =0}

(4.1)
u {(e(l)’a‘)2 — (), (D3 e(DF, > e()F - 1}.

acA

Therefore II™1(J (mir1))+I~1(J (mir1))* is a two-sided ideal
generated by

[z, F1Y e 1 Ay ab) =0}

(42)
U {(e(l)’;)Z e e e, D e - 1}.

acA

(2) We compute the noncommutative Grébner basis GB
of I1(J (mir1)) + IT"1(J (mir1))*.
(a) If 1 € GB, then we have

=1 € SOS¢(e(1)y I H(J (mir1)) + T (J (mir1))*.  (4.3)
Hence, we have
—1 € SOSqy(1) +J (mir1) + J (mir1)”, (4.4)

which implies that the game can’t have a perfect strategy.
(b) Otherwise, we check whether there exist polynomials
sj € % (1) such that

k
1+ Z stsj € 1 (mir1)) + I (mir1))*.
J=1

Let W; be the column vector composed of monomials in
C(e(1)) having a total degree less than or equal to d. Using an
SDP solver to test whether there exists a positive semidefinite
matrix G such that

1+ W;GWd —aB 0 (4.5)
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e If (4.5) has a solution G, then the mirror game can’t have a
perfect strategy.
e Otherwise, set d := d + 1 and go back.

REMARK 2. Since a free algebra generated by two or more vari-
ables is non-Noetherian, Buchberger’s procedure for computing a
non-commutative Grobner basis may not terminate [31, 43]. Thus our
procedure may not terminate in finite steps.

If the procedure stops at some degree d, we can verify that the
mirror game has no perfect commuting operator strategy. Otherwise,
we do not know whether the mirror game has a perfect commuting
operator strategy.

In fact, according to [27, Theorem 5.1], an imitation game G has
a perfect commuting operator strategy if and only if a tracial state
exists on the C*-algebra C*(G). By [15, Remark 2.21], C*(G) is a
free hypergraph C*-algebra, and there is no algorithm to determine
whether a free hypergraph C*-algebra has a tracial state [15, Theorem
3.6]. Hence, there is no algorithm that terminates in finite steps to
determine whether a mirror game (an imitation game) has a perfect
commuting operator strategy.

Example 2.1 (continued). Let C(e(1)) be the free algebra generated
by {e(l); | (i,j) € {0,1}2}, and U(1) be the subalgebra of the
universal game algebra U generated by {e(l)j. | (i,j) € {0,1}%}.
Then we have the natural projection I1 : C(e(1)) — U(1).

Notice that J (mir1) is *-closed. Hence, we have

J (mir1) + J (mirl)* = J (mir1),
and
I 1( (mir1))
={e(1)), e()Y, e(DJ +e(1)) =1, e(1)f +e(1)] -1,

e(1)ge(1)}, e(1)e(1)], e(1)ge(1)], e(1)je(1)g,

(e(1)9)? —e(1)g, (e(D)* —e(1)Y,

(e(1)5)* = e(1)g, (e(1)])? —e(1)]}
is a two-sided ideal in 7/ (1). It is evident that
—1 € SOSqq(1) +J (mirl) &= -1 € SOSc((1)y 1~ (J (mir1))

Using the software NCAlgebra (https:// github.com/NCAlgebra/), we
can show that 1 is in the Grobner basis of 171 ((J (mir1)) i.e.,

-1 € 0" Y(J (mirl)).

Therefore, this game doesn’t have a perfect commuting operator strat-
€8y-
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