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1. Introduction

A (noncommutative) semiring S is a set together with binary operations

+,∗ : S × S → S

respectively called addition and multiplication, and with elements 0S ,1S ∈ S such that (S,+,0S ) is a 
commutative monoid, (S,∗,1S ) is a noncommutative monoid and such that the multiplication dis
tributes over the addition (Golan, 1999).

In (Fritz, 2021a, Definition 3.5), the definition of a commutative semialgebra is given, which can be 
easily modified to a noncommutative version, although the noncommutative case is not considered in 
Fritz (2021a) at all: A (noncommutative) semialgebra S is a (noncommutative) semiring together with 
a (nonnegative) scalar multiplication

ℝ+ × S → S, (r, x) ↦→ r · x

that is a commutative monoid homomorphism from (ℝ+,+) or (S,+) to (S,+) in the first or the 
second argument respectively, and satisfies the following additional laws: i) 1 · x = x, ii) (r · x)∗ (s · y) =
(rs) · (x ∗ y). These laws imply that

(r · 1S) ∗ x = (r · 1S) ∗ (1 · x) = r · (1S ∗ x) = r · x,

from which we have

r · (s · x) = (r · 1S) ∗ (s · x)

= (rs) · (1S ∗ x)

= (rs) · x.

This is the module property, which will be used from time to time in the following arguments.

Definition 1.1. A semialgebra S is zero-sum-free if for any a,b ∈ S , a + b = 0S implies a = b = 0S . It is 
zero-divisor-free if for any a,b ∈ S , a ∗ b = 0S implies a = 0S or b = 0S .

In a zero-divisor-free semialgebra S , r · a = 0S implies r = 0 or a = 0S for any r ∈ ℝ+ and a ∈ S: 
r · a = 0S ⇒ (r · 1S ) ∗ a = 0S ⇒ r · 1S = 0S or a = 0S . If a ≠ 0S and r ≠ 0, then 1S = r−1 · (r · 1S ) =
r−1 · 0S = 0S . Hence a = a ∗ 1S = a ∗ 0S = 0S , which is a contradiction.

A preorder relation (or, preorder) ≤ on a set X is a binary relation that is both reflexive and tran
sitive (Golan (1999), pp. 119). Set x, y ∈ X , we sometimes write ``x ≥ y'' instead of ``y ≤ x'', and write 
“x < y'' or ``y > x'' instead of the condition ``x ≤ y and x ≠ y'' throughout the paper. A preorder rela
tion ≤ on X is considered trivial if x ≤ y holds for any x, y ∈ X .

A preordered semiring (Fritz, 2021b, Definition 2.2) is a semiring with a preorder relation ≤ such 
that for all a, x, y in the semiring,

x ≤ y implies 

⎧⎪⎨
⎪⎩

a + x ≤ a + y,

a ∗ x ≤ a ∗ y,

x ∗ a ≤ y ∗ a.

(1)

Similarly, a preordered semialgebra is a semialgebra with a preorder relation ≤ such that x ≤ y implies 
the inequalities in (1). Note that it also implies the inequality

r · x ≤ r · y (2)

for any r ∈ℝ+ , since r · x = (r · 1S ) ∗ x ≤ (r · 1S ) ∗ y = r · y.
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Example 1.2. Let ℝ+ ⟨x1, . . . , xn⟩ be the set of all noncommutative polynomials in variables x1, . . . , xn

with coefficients in ℝ+ . Define

S = ℝ+⟨x1, . . . , xn⟩′
= {0} ∪ {p ∈ℝ+ ⟨x1, . . . , xn⟩ | p has nonzero constant term},

then S is a noncommutative semialgebra with ``+'', ``∗'' and ``·'' being the usual addition, multiplication 
and (nonnegative) scalar multiplication for noncommutative polynomials in ℝ+ ⟨x1, . . . , xn⟩.

For any polynomial p ∈ℝ+ ⟨x1, . . . , xn⟩ and any term (word) T generated by the noncommutative 
variables x1, . . . , xn , we denote by coe(T , p) the coefficient of p with respect to the term T if T is a 
term of p, and define coe(T , p) = 0 otherwise. The coe�icient-wise preorder ≤ on S is then defined 
by

p ≤ q if and only if ∀ T , coe(T , p) ≤ coe(T ,q),

for any p,q ∈ S . For instance, set{︄
p = 2x2

1x3
2x1 + x2x1x2 + 7

q = 3x2
1x3

2x1 + 5x2x1x2 + x3x1 + 9
,

then we have p ≤ q since⎧⎪⎪⎪⎨
⎪⎪⎪⎩

coe(x2
1x3

2x1, p) = 2 ≤ 3 = coe(x2
1x3

2x1,q)

coe(x2x1x2, p) = 1 ≤ 5 = coe(x2x1x2,q)

coe(x3x1, p) = 0 ≤ 1 = coe(x3x1,q)

coe(1, p) = 7 ≤ 9 = coe(1,q)

.

It is straightforward that S becomes a preordered semialgebra if it is equipped with the coe�icient
wise preorder (i.e., the implications in (1) hold).

Let E and K be two semialgebras. A map f from E to K is a semialgebra homomorphism (or, 
simply homomorphism) if f (0E ) = 0K , f (1E ) = 1K and for any x, y ∈ E and any r ∈ℝ+ , the following 
equations hold

f (x + y) = f (x) + f (y), f (x ∗ y) = f (x) ∗ f (y) and f (r · x) = r · f (x).

If ≤E and ≤K are two preorder relations on E and K respectively, then a map f from E to K is 
monotone (w.r.t. ≤E and ≤K ) if for any x, y ∈ E , x ≤E y implies f (x) ≤K f (y).

The following definition of a power universal element in a noncommutative preordered semialgebra 
is a natural generalization of (Fritz, 2021b, Definition 2.8).

Definition 1.3. Let S be a noncommutative preordered semialgebra with 1S ≥ 0S . An element u ∈ S
with u ≥ 1S is power universal (w.r.t. the preorder ≤) if for every nonzero x ∈ S there is a number 
k ∈ℕ such that

uk ∗ x ≥ 1S , x ∗ uk ≥ 1S and uk ≥ x. (3)

Recently, Strassen’s separation theorem (Strassen, 1988; Zuiddam, 2019) for preordered semirings 
(called ``Strassen’s Vergleichsstellensatz'' Fritz (2021c)) has been generalized tremendously by Fritz 
and Vrana (Fritz, 2021a,b,c; Vrana, 2021). This is motivated by its various applications to real al
gebraic geometry, probability theory, theoretical computer science, and quantum information theory 
(Fritz, 2021b; Zuiddam, 2019; Li and Zuiddam, 2020; Perry et al., 2021; Bunth and Vrana, 2021; 
Robere and Zuiddam, 2022; Fritz, 2021d). Strassen’s Vergleichsstellensatz and its generalizations are 
analogs of those Positivstellensätze in real algebraic geometry focusing mainly on ordered rings and 
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fields. Among them, Fritz’s results (Fritz, 2021b,c) recover the classical Positivstellensatz of Krivine
Kadison-Dubois, which suggests that the theory of semirings and semialgebras can provide us with 
new insights into real algebraic geometry.

While Strassen’s Vergleichsstellensatz and its generalizations accept only the commutative setting 
for the semirings under consideration, we prove in this paper a noncommutative version of one of 
Fritz’s generalized Vergleichsstellensätze in Fritz (2021b). As in the commutative case, the main as
sumption on the preordered semialgebra S considered in our theorem is:

Assumption 1.4. The inequality ``1S ≥ 0S '' holds in the preordered semialgebra S , and there is a power 
universal element u ∈ S .

The assumption of the existence of a power universal element is similar to the Archimedean con
dition in the traditional real algebraic geometry. Moreover, the semialgebra S considered in this paper 
also satisfies the following assumption:

Assumption 1.5. The semialgebra S is both zero-sum-free and zero-divisor-free, and the inequality 
“1S ≠ 0S '' holds.

Then our main result can be stated as follows:

Theorem 1.6. Let (S,≤) be a preordered semialgebra satisfying Assumptions 1.4 and 1.5, with a power univer
sal element u ∈ S. Then, for every nonzero x, y ∈ S, the following are equivalent:

(a) f (x) ≥ f (y) for every monotone semialgebra homomorphism f : S →ℝ+ .
(b) For every real number ϵ > 0, there is a finite number m ∈ℕ such that

x +
m ∑︂

j=0 
ϵ j+1 · u j ≽ y. (4)

(c) For every real number r ∈ ℝ+ and every real number ϵ > 0, there is a polynomial p ∈ ℚ+[X] such that 
p(r) ≤ ϵ and

x + p(u) ≽ y.

(d) For every real number r ∈ ℝ+ and every real number ϵ > 0, there is a polynomial p ∈ ℚ+[X] such that 
p(r) ≤ 1 + ϵ and

p(u) ∗ x ≽ y. (5)

The elements x, y and u above are the images of x, y and u for the canonical map (Definition 2.10) 
from S to the semialgebra of its fractions, and the preorder ``≼'' is a preorder on the semialgebra of 
the fractions which is directly derived from the original preorder ``≤'' on S (Definition 3.1).

Example 1.7. Let S =ℝ+⟨x1, . . . , xn⟩′ be the semialgebra in Example 1.2 equipped with the coe�icient
wise preorder. Then it is straightforward that it satisfies Assumptions 1.4--1.5 with the element u =
2 + ∑︁n

i=1 2 · xi being power universal. Theorem 1.6 can therefore be applied.

The main technical difficulty in proving Theorem 1.6 is to define properly the semialgebra of the 
fractions of a noncommutative semialgebra: In the commutative case, every fraction of elements in 
a commutative semialgebra/semiring can be written in the simple form a 

b for two elements a,b in 
the semialgebra/semiring. However, fractions in the noncommutative case can be of more complicated 
forms, e.g., d−1 ∗ g ∗h−1 and (d+ g−1)−1, which can no longer be written in the form a 

b . Our definition 
for the semialgebra of the fractions of a noncommutative semialgebra in Subsection 2.3 generalizes 
some of the definitions in the literature, and it coincides with the usual definition in the commutative 
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case (see Proposition B.4 in Zheng and Zhi (2023)). Now that theories on commutative semirings 
and semialgebras help us better understand commutative real algebraic geometry, it is reasonable to 
expect the same thing in the noncommutative case.

The main difference between Theorem 1.6 and Fritz’s Vergleichsstellensatz (Fritz, 2021b, Theorem 
2.12) is that, in the commutative case, the corresponding inequalities in conditions (b) - (d) can be 
rewritten as inequalities in the original semialgebra S (see Proposition C.2 in Zheng and Zhi (2023)), 
while in Theorem 1.6, one may find it non-trivial to do the same thing. Luckily, in Theorem 6.7, 
a variation of Theorem 1.6, we express those equivalence conditions in a form only involving the 
original preorder ≤ and some equations in the semialgebra of fractions.

In the next section, we define the semialgebra of the fractions of a noncommutative semialgebra 
that satisfies Assumption 1.5. This definition is the cornerstone of the main theorem of our paper. 
Section 3 indicates how a preorder relation on a semialgebra derives another preorder relation on 
the semialgebra of its fractions. Section 4 is devoted to interpreting how an ℝ+-valued semialgebra 
homomorphism can be extended from a semialgebra to the semialgebra of its fractions. In Section 5, 
we explain how an ℝ-linear space can be constructed from a (noncommutative) semialgebra. This is 
mentioned in Fritz (2021b), but we include it for rigorousness and completeness. Finally, in Section 6, 
we present the proof of Theorem 1.6 and illustrate it with some examples.

2. The semialgebra of the fractions of a noncommutative semialgebra

Throughout the paper, the letter ``S'' stands for a noncommutative semialgebra that satisfies As
sumption 1.5.

In the following example, we introduce a simple method in which one may define the semialgebra 
of nonnegative rational numbers ℚ+ from the semialgebra of natural numbers ℕ . Then we define 
the semialgebra of the fractions of S similarly.

Example 2.1. To define ℚ+ from ℕ , there are 2 steps:
i) Define the set of formal expressions U = {n ⊘ m | n,m ∈ ℕ} with ⊘ the formal division. There 

are obviously some ``illegal'' expressions in U like 3 ⊘ 0 and 0 ⊘ 0, but we only care about the set of 
“legal'' expressions W = {n ⊘ m | n,m ∈ℕ,m > 0}.

ii) Since there are some expressions, e.g., 2⊘6 and 3⊘9, which clearly stand for the same rational 
number, we need an equivalence relation R on W telling whether two expressions ``equal''. Here is a 
simple way to define R: n ⊘ m

R∼ i ⊘ j if and only if nj = mi. We then define ℚ+ = W /R , which can 
be regarded as the semialgebra of the fractions of ℕ .

We will find that we can define the semialgebra of the fractions of S in the same way.

2.1. Defining the set of formal rational expressions of the elements in S

The first step is to construct the set of all formal expressions of fractions (as the set U in Exam
ple 2.1). Since S is noncommutative, the ``fractions'' of S may have more complicated forms than just 
a/b. For instance, we should allow expressions like (2 · a ∗ b + c−1)−1, which contains multiplication, 
scale multiplication, addition, and inversion. Thus, we define U to be the set of all finite formal ex
pressions in the elements in S with the formal addition ``⊕'', the formal multiplication ``⊛,'' the formal 
scalar multiplication ``⊙'' and the formal inversion ``−1'' (⊕, ⊛, and ⊙ are binary operations while −1

is unary). To be precise, we have

Definition 2.2. The set U (S) (or simply U , if it won’t cause any ambiguity) of formal rational expres
sions consisting of finitely many formal operations and elements in a semialgebra S , refers to the set 
determined exactly by the following rules:

i) S ⊂ U ,
ii) a ⊛ b ∈ U ⇔ a ∈ U ∧ b ∈ U ,
iii) a ⊕ b ∈ U ⇔ a ∈ U ∧ b ∈ U ,
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iv) r ⊙ a ∈ U ⇔ r ∈ℝ+ ∧ a ∈ U ,
v) a−1 ∈ U ⇔ a ∈ U .

The number of formal operations (i.e., ``⊛'', ``⊕'', ``⊙'' or ``−1'') contained in any x ∈ U , which will 
be used later, can also be defined inductively as follows:

Definition 2.3. The number of formal operations contained in x ∈ U , denoted by |x|, is given by the 
following inductive rules:

i) |x| = 0 if x ∈ S ,
ii) |x| = |a| + |b| + 1 if x = a ⊛ b or x = a ⊕ b with a,b ∈ U ,
ii) |x| = |a| + 1 if x = r ⊙ a or x = a−1 with a ∈ U .
Sometimes we simply say ``x has |x| (formal) operations''.

Note that there is no such element as a ⊕ b ⊕ c in U since ⊕ is a binary operation. But there 
are elements of U of the form (a ⊕ b) ⊕ c or a ⊕ (b ⊕ c). By Definition 2.2, every element of U
either contains no formal operations (i.e., it is in S) or is of exactly one of the following forms: 
r ⊙a,a⊛b,a ⊕b,a−1. To illustrate, set si ∈ S , then these are respectively some elements of U of those 
forms:

2 ⊙ (s1 ⊕ s2)
−1, 0S ⊛ s1, (0S ⊛ s1) ⊕ (0ℝ ⊙ s−1

2 ), (0S ⊛ s1)
−1.

The numbers of formal operations contained in those elements are, respectively, 3, 1, 4 and 2, by 
Definition 2.3. Moreover, it is clear that the last expression is ``illegal'' since it is the inverse of an 
expression that ``equals'' to zero (called a null expression). Therefore, the set of ``legal'' expressions in 
U are such that whenever they contain a sub-expression of the form a−1, a is not a null expression. 
On the other hand, there are many null expressions in U , as the second and the third ones shown 
above. The set of all ``legal'' expressions (denoted by W ) is not as clear as in the commutative case in 
Example 2.1, since the set of null expressions (denoted by 𝒪) is more complicated. We define these 
two sets together now that they tangle with each other:

Definition 2.4. The sets of legal and null formal rational expressions of the elements in a semialgebra 
S , denoted by W (S) (or W ) and 𝒪(S) (or 𝒪) respectively, refer to the subsets of U which are 
determined exactly by the following rules:

i) S ⊂ W and 𝒪 ∩ S = {0S };
for all a,b ∈ U ,
ii) a ⊕ b ∈ W ⇔ a ∈ W ∧ b ∈ W ;
a ⊕ b ∈𝒪 ⇔ a ∈𝒪 ∧ b ∈𝒪;
iii) a ⊛ b ∈ W ⇔ a ∈ W ∧ b ∈ W ;
a ⊛ b ∈𝒪 ⇔ (a ∈𝒪 ∧ b ∈ W ) ∨ (b ∈𝒪 ∧ a ∈ W );
for all a ∈ U and r ∈ℝ+ ,
iv) r ⊙ a ∈ W ⇔ a ∈ W ;
r ⊙ a ∈𝒪 ⇔ a ∈𝒪 ∨ (r = 0ℝ ∧ a ∈ W );
for all a ∈ U ,
v) a−1 / ∈𝒪;
a−1 ∈ W ⇔ a ∈ W \𝒪.

All these rules are easy to understand: Rule i) means elements of S are legal expressions and 0S

is the only null expression in S . The first conditions of Rules ii) -- iv) mean that the legal expressions 
are closed w.r.t. the formal operations ⊕,⊛ and ⊙ and that only legal expressions can generate other 
legal expressions. The second condition in Rule v) means that only the inverses of those legal-but-not
null expressions are legal inverses. The second condition in Rule ii) says the set of null expressions is 
closed w.r.t. the formal addition and the zero-sum-free property holds. The second condition in Rules 
iii) -- iv) means a null expression times any legal expression is again a null expression, and that the 
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zero-divisor-free property holds. The condition a−1 / ∈ 𝒪 in Rule v) means anything of the form a−1

cannot be a null expression.
Definition 2.4 does uniquely characterize two subsets of U , since there is an algorithm deciding 

whether a given expression a ∈ U is in W (or 𝒪) or not. Some examples are sufficient for the readers 
to understand that:

Example 2.5. Let si be some nonzero elements of S . Then we have

(s1 ⊕ s2)
−1 ∈ W

⇔ s1 ⊕ s2 ∈ W \𝒪
⇔ s1 ⊕ s2 ∈ W ∧ s1 ⊕ s2 / ∈ 𝒪
⇔ (s1 ∈ W ∧ s2 ∈ W ) ∧ (s1 / ∈ 𝒪 ∨ s2 / ∈ 𝒪)

⇔ True.

The reasoning above uses only rules in Definition 2.4 several times. Whenever a rule is used, an oper
ation in the expression (s1 ⊕ s2)

−1 is reduced. When there are no operations, Rule i) in Definition 2.4
helps decide whether the statement is true or false. Here is another example:

(0S ⊛ s1)
−1 ∈ W

⇔ 0S ⊛ s1 ∈ W \𝒪
⇔ 0S ⊛ s1 ∈ W ∧ 0S ⊛ s1 / ∈ 𝒪
⇔ (0S ⊛ s1 ∈ W ) ∧ 0S / ∈ 𝒪 ∧ s1 / ∈ 𝒪
⇔ False,

which means (0S ⊛ s1)
−1 is not legal. We can also decide whether an element of U is in 𝒪. For 

instance, we have (s1 ⊕ s2)
−1 / ∈𝒪 according to Rule v) in Definition 2.4, and

s1 ⊕ s2 ∈ 𝒪
⇔ s1 ∈ 𝒪 ∧ s2 ∈ 𝒪
⇔ False

, and

0S ⊛ s1 ∈ 𝒪
⇔ 0S ∈ 𝒪 ∨ s1 ∈ 𝒪
⇔ True

.

The following proposition shows that all null expressions are legal, which is important.

Proposition 2.6. The set 𝒪 is a subset of W .

Proof. It suffices to show that

∀i ∈ℕ,∀a ∈ 𝒪, |a| = i ⇒ a ∈ W ,

where |a| is the number of formal operations contained in a (Definition 2.3). But this can be proved 
inductively (for i) using Definition 2.4. □
Remark 2.7. Combining Proposition 2.6 with the second rule in Conditions iii) of Definition 2.4, one 
obtains the implication

a ∈ 𝒪 ∧ b ∈ 𝒪 ⇒ a ⊛ b ∈ 𝒪.

Since Proposition 2.6 itself is derived from Definition 2.4, so is the implication above. Thus there is 
no need to include that implication in Definition 2.4.

7 
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2.2. Constructing an equivalence relation on the set of legal expressions

As in Example 2.1, we define in this subsection an equivalence relation R(S) (or written as R) 
on the set W so that the quotient W /R becomes a semialgebra of the fractions of S with every 
nonzero element invertible. This is why it is called the semialgebra-oriented equivalence relation (Def
inition 2.9). The principal is to ensure that R includes only necessary relations, such that R is as small 
as possible, and the semialgebra of fractions W /R can then be as general as possible.

On the one hand, there are no semialgebra laws in the set of legal expressions W , e.g., w1 =
(a ⊕ b) ⊕ c and w2 = a ⊕ (b ⊕ c) are not the same. On the other hand, from Example 2.1, we know 
that (a,b) ∈ R means a = b in the semialgebra of fractions W /R . Therefore, we will have w1 = w2

(and thus the associative law of addition) in W /R if and only if we include the pair (w1, w2) into the 
equivalence relation R . Since we expect W /R to be a semialgebra, all pairs (like (w1, w2) mentioned 
above) which stand for any semialgebra axioms should necessarily be included in R . These pairs are 
in the sets listed below:

A1 = {((a ⊕ b) ⊕ c,a ⊕ (b ⊕ c)), ((a ⊛ b)⊛ c,a ⊛ (b ⊛ c)),

h(a ⊛ (b ⊕ c), (a ⊛ b) ⊕ (a ⊛ c)), ((b ⊕ c)⊛ a, (b ⊛ a) ⊕ (c ⊛ a)),

h(a ⊕ b,b ⊕ a), (0S ⊕ a,a), (a ⊕ 0S ,a) | a,b, c ∈ W },
A2 = {(1S ⊛ a,a), (a ⊛ 1S ,a), (0S ⊛ a,0S), (a ⊛ 0S ,0S) | a ∈ W },
A3 = {(r ⊙ (a ⊕ b), (r ⊙ a) ⊕ (r ⊙ b)), ((r +ℝ t) ⊙ a, (r ⊙ a) ⊕ (t ⊙ a)),

h(r ⊙ (a ⊛ b), (r ⊙ a)⊛ b), (r ⊙ (a ⊛ b),a ⊛ (r ⊙ b)),

h((rt) ⊙ a, r ⊙ (t ⊙ a)), (1ℝ ⊙ a,a), (0ℝ ⊙ a,0S) | r, t ∈ℝ+,a,b ∈ W }.

(6)

Similarly, since (a ⊛ b)−1 and b−1 ⊛ a−1 are different expressions in W , we need to include into R
those axioms involving inversion:

A4 = {(a−1 ⊛ a,1S), (a ⊛ a−1,1S), ((a ⊛ b)−1,b−1 ⊛ a−1), (1−1
S ,1S),

h(s ⊙ (a−1), ( 1
s ⊙ a)−1) | a,b ∈ W \𝒪, s ∈ℝ>0}. (7)

Besides, we also expect that the identities in S remain valid in W /R . For instance, suppose s1 = x1 ∗
x2 +2, s2 = x1 ∗x2 ∗x1 ∗x2 +2 and s3 = 2x1 ∗x2 +1 are elements in the semialgebra S =ℝ+⟨x1, . . . , xn⟩′
defined in Example 1.2, then s2

1 = s2 + 2s3 is an identity in S . This identity should also be true in the 
semialgebra of the fractions of S . To explain that explicitly, we define

Q = {w ∈ W | w does not contain the formal inversion},
then any w ∈ Q can be evaluated in the semialgebra S: one takes off all the ``circles'' of the symbols 
⊕,⊛ and ⊙, turning them into +,∗ and · (the operations in S) respectively, whenever they occur 
in the expression w . In this way, the expression w results in an element of S , denoted by w S . To 
illustrate, let s1 and s2 be as above, then w = s2 ⊕(2 · s3) is an expression without the formal inversion 
and w S = s2 + 2s3, which is an element in S . Now the condition ``identities in S remains valid in 
W /R'' require us to include into R the following set of pairs:

A5 = {(a,b) ∈ Q × Q | aS = bS}. (8)

Finally, the expressions in the set 𝒪 defined in Definition 2.4 should be regarded as zero. Thus we 
need to include into R the pairs in the set below:

A6 = {(a,0S) | a ∈ 𝒪} = 𝒪 × {0S}. (9)

From above, the pairs in the set ∪6
i=1 Ai should be included in R . However, to define operations 

in the semialgebra of fractions W /R , R needs to be closed under formal operations ⊕,⊛,⊙ and −1. 
Precisely, we have
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Definition 2.8. Suppose that R is an equivalence relation on the set of legal expressions W . Then R is 
called to be closed under the formal operations ⊕,⊛,⊙ and −1 if the following conditions hold:

i) (a,b) ∈ R ∧ (c,d) ∈ R ⇒ (a ⊕ c,b ⊕ d) ∈ R ∧ (a ⊛ c,b ⊛ d) ∈ R;
ii) (a,b) ∈ R ⇒ (r ⊙ a, r ⊙ b) ∈ R;
iii) (a,b) ∈ R ∧ a / ∈𝒪 ∧ b / ∈𝒪 ⇒ (a−1,b−1) ∈ R;
for any a,b, c,d ∈ W and any r ∈ℝ+ .

To see why the set R has to meet these conditions, suppose a,b ∈ W /R are the equivalence classes 
of a,b ∈ W , respectively. Then it is natural to define the addition in W /R by

a + b = a ⊕ b.

Now ``the relation R is closed under the formal addition ⊕'' ensures that this addition is well-defined. 
Otherwise, it seems impossible to define an addition in W /R .

Note that if R1, R2 ⊂ W × W are two equivalence relations on W which are both closed under all 
the formal operations, then so is their intersection R1 ∩ R2. Therefore we have the following definition

Definition 2.9. The semialgebra-oriented equivalence relation R(S) ⊂ W × W on the set W of legal 
formal rational expressions in elements of a semialgebra S is defined to be the minimal subset of 
W × W such that (1) it contains ∪6

i=1 Ai , that (2) it is an equivalence relation and that (3) it is closed 
under the formal operations ⊕,⊛,⊙ and −1. In other words, if R is the set of all subsets of W × W
which meet these three conditions, then

R =
⋂︂

T ∈R

T .

The equivalence relation R is well-defined since W × W ∈ R and R is not empty.

Definition 2.10. For any w ∈ W , we denote by w the R-equivalence class containing w . The map 
a : W → W /R, w ↦→ w is called the generalized canonical map while its restriction to S , i.e., the map 
a : S → W /R, s ↦→ s, is called the canonical map.

The following proposition is important, but its proof is tedious. The details of the proof can be 
found in Zheng and Zhi (2023) Proposition 2.11.

Proposition 2.11. These two sets coincide: 0S =𝒪.

2.3. Defining the semialgebra of the fractions of S

Set F = W /R to be the set of equivalence classes in W , to turn it into a semialgebra, we can 
define an addition, a multiplication, an inversion, and a scalar multiplication in F as follows,

a + b = a ⊕ b

a ∗ b = a ⊛ b

r · a = r ⊙ a

c−1 = c−1

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, ∀a,b ∈ W , ∀r ∈ℝ+, ∀c ∈ W \𝒪.

Proposition 2.12. The operations given above are well-defined, and they turn F into a semialgebra with any 
nonzero element invertible.

Proof. The definitions of addition, multiplication, and scalar multiplication are all well-defined since 
R is closed under the formal operations ⊕,⊛, and ⊙. The relations in the set A1 ∪ A2 ∪ A3 ensure 
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that all semialgebra axioms are valid in F . Moreover, 0S and 1S are the identities of addition and 
multiplication.

We must show that the inversion is well-defined and is ``the inversion'' for the multiplication 
defined here.

Set e ∈ W and suppose that e = c. By Proposition 2.11, c / ∈𝒪 implies c ≠ 0S . Hence e ≠ 0S , mean
ing that e / ∈ 𝒪. Thus e−1 ∈ W . Moreover, e−1 = c−1 since R is closed under inversion. Therefore, the 
inversion is well-defined for any c / ∈𝒪, i.e., for any c ≠ 0S . Finally, the relations in the set A4 guaran

tee that the following equations hold for any a,b ≠ 0S : a−1 ∗ a = 1S = a ∗ a−1, (a ∗ b)−1 = b
−1 ∗ a−1, 

meaning that this is exactly the inversion for the multiplication ``∗''. □
Therefore, we have the following important definition:

Definition 2.13. The semialgebra of the fractions of a semialgebra S satisfying Assumption 1.5, denoted 
by F (S) (or simply by F ), refers to the semialgebra W (S)/R(S) proposed in Proposition 2.12.

The proposition below is clear since A5 ⊂ R:

Proposition 2.14. The canonical map from S to F is a semialgebra homomorphism.

Remark 2.15. The semialgebra F is also zero-sum-free and zero-divisor-free:

• a + b = 0S implies that a ⊕ b ∈𝒪. Hence a,b ∈𝒪, that is, a = b = 0S ;
• a ∗ b = 0S implies that a ⊛ b ∈𝒪. Hence a ∈𝒪 or b ∈𝒪, that is, a = 0S or b = 0S ;
• r · b = 0S implies that r ⊙ b ∈𝒪. Hence r = 0ℝ or b ∈𝒪, that is, r = 0ℝ or b = 0S .

The following proposition is natural. Its proof can be found in Zheng and Zhi (2023) Proposition 
2.16.

Proposition 2.16. Suppose that S is a semialgebra satisfying Assumption 1.5 and that E ⊂ S is a sub
semialgebra with 0S and 1S its additive and multiplicative identities. Let W (S) and R(S) be the sets defined 
in Definitions 2.4 and 2.9 for the semialgebra S, and W (E) and R(E) the corresponding sets defined for the 
sub-semialgebra E. Then, we have W (E) ⊂ W (S) and R(E) ⊂ R(S). Moreover, there is a natural semial
gebra homomorphism between the following two semialgebra of fractions: F (E) → F (S) : aE ↦→ aS , where 
a ∈ W (E) is any legal formal expressions in the elements of E, and aE : W (E) → F (E) and aS : W (S) → F (S)

are the generalized canonical maps.

2.4. Related work

The new definition of the semialgebra of fractions in this section generalizes the one in (Golan, 
1999, Proposition 11.5), where elements in the semiring of the fractions of a noncommutative 
semiring are only allowed to be of the form a−1 ∗ b. While our definition allows the inversion to 
appear in any position or even to be nested in an element, e.g., we have elements of the form 
a−1 ∗ b ∗ c−1 + d ∗ p−1 ∗ q and (a + b−1)−1, etc., which are apparently much more complicated.

In (Golan, 1999, Chap. 18), the author also generalized the definition of the semiring of fractions 
in (Golan, 1999, Chap. 11) via the Gabriel filter, which is a classical and powerful tool in algebra. We 
are not clear how our generalization and the one given in (Golan, 1999, Chap. 18) could possibly be 
related.

Another topic related to the content of this section is the theory of skew fields Cohn (1995), which 
deals primarily with rings in which every nonzero element has a multiplicative inverse. This property 
also holds for the semialgebra of fractions defined in this section (Proposition 2.12). The difference is 
that subtraction is allowed in a skew field, but not in the semialgebra of fractions introduced here.

In Proposition B.4 of Zheng and Zhi (2023), we show that when the semialgebra S is commutative, 
the semialgebra F of its fractions defined in this section coincides with the corresponding concept 
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in the commutative case, which can be obtained naturally from (Golan, 1999, Example 11.7). There
fore, the new definition of the semialgebra of fractions generalizes the corresponding concept in the 
commutative case, indicating that our definition is reasonable.

3. Preordered semialgebra and the derived preorder relation on the semialgebra of its fractions

This section discusses how a preorder relation on a semialgebra S derives a relation on the semi
algebra F = F (S) of the fractions of S .

In a semialgebra, we are only concerned with preorders that are compatible with all the semialge
bra operations (that is, which satisfy the implication in (1)). Denote by P the set of such preorders 
on the semialgebra F (S), then the intersection of any elements of P is still an element of P . On the 
other hand, an inequality in S is naturally expected to be true in F . Therefore, we have the following 
definition:

Definition 3.1. Let (S,≤) be a preordered semialgebra, and F be the semialgebra of the fractions of 
S . Set I = {(x, y) | x ≤ y in S}. Then the derived preorder ≼ on F w.r.t. the preorder ≤ is the minimal 
preorder which is compatible with all the semialgebra operations and contains the set I . That is,

{(a,b) ∈ F × F | a ≼ b} =
⋂︂

I ⊂P∈P

P . (10)

For any a,b ∈ F , if there are k ∈ℕ≥1, g1, . . . , gk,h1, . . . ,hk ∈ F and A1, . . . , Ak, B1, . . . , Bk ∈ S such 
that Ai ≤ Bi for all i, and that{︄

a = ∑︁k
i=1 gi Aihi

b = ∑︁k
i=1 gi Bihi

(11)

in F , then we write ``a⋖b''. The proposition below gives another perspective into the derived preorder:

Proposition 3.2. If a,b ∈ F , then a ≼ b if and only if there are c1, . . . , ck ∈ F for some k ∈ℕ such that

a ⋖ c1 ⋖ · · ·⋖ ck ⋖ b. (12)

The proof, consisting of some routine reasoning, can be found in Zheng and Zhi (2023) Proposition 
3.3. While the following corollary is interesting:

Corollary 3.3. If a ≼ b ∈ F , then there is w ∈ F such that a + w ⋖ b + w. That is, there are k ∈ ℕ≥1 , 
g1, . . . , gk,h1, . . . ,hk ∈ F and A1, . . . , Ak, B1, . . . , Bk ∈ S such that Ai ≤ Bi for all i, and that{︄

a + w = ∑︁k
i=1 gi Aihi,

b + w = ∑︁k
i=1 gi Bihi .

Proof. One observes that a ⋖ c ⋖ b implies a + c ⋖ c + b. Thus, when a ⋖ c ⋖ b for some c ∈ F , there is 
some w ∈ F (e.g., w = c) such that a + w ⋖ b + w . By reasoning inductively, one finds that condition 
(12) also ensures the existence of such a w . □

Recall that, for a commutative zero-divisor-free semiring K with preorder relation ``≤'', the usual 
semiring of its fractions refers to the semiring

K fr =
{︂ x 

a

⃓⃓
x,a ∈ K ,a ≠ 0K

}︂
(see (Golan, 1999, Example 11.7)) and the preorder ≤fr on K fr induced by ≤ is as follows (see, e.g., 
Fritz 2021b, page 13): for any x, y ∈ K and any a,b ∈ K\{0K },

11 
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x 
a

≤fr y

b 
if and only if ∃t ∈ K\{0K }, x ∗ b ∗ t ≤ y ∗ a ∗ t. (13)

If K is a commutative zero-sum-free semialgebra, then the definitions of K fr and ≤fr above work 
as well. On the other hand, we may define the semialgebra F (K ) of the fractions of K as in Defi
nition 2.13. Proposition B.4 of Zheng and Zhi (2023) shows that the two semialgebras K fr and F (K )

coincide with each other. Furthermore, in Zheng and Zhi (2023) Proposition C.2, we indicate that the 
preordered semialgebras (F (K ),≼) and (K fr,≤fr) are also isomorphic to each other, with ≼ the de
rived preorder of ≤ given in Definition 3.1. This indicates that Definition 3.1 of the derived preorder is 
a noncommutative generalization of the definition of ≤fr in condition (13) for the commutative case.

The following proposition is important for the proof of the main theorem:

Proposition 3.4. If u ∈ S is power universal in S (with respect to ≤), then u is power universal in F (with 
respect to ≼).

Proof. We may assume that u ≠ 0S , since otherwise, the preorder relations ≤ on S and ≼ on F
would be trivial. In that case, the property we want to prove is trivially true. Since (S\{0S }) ∩𝒪 = ∅, 
u ≠ 0S clearly implies λ · u ≠ 0S for any fixed real number and λ > 1. In the following, we first prove 
that λ · u is power universal in F , then indicate that u is power universal, too.

For any x ∈ W \𝒪 (or equivalently, any nonzero x ∈ F ), we need to show that there is a number 
k ∈ℕ such that

(λ · u)k ∗ x ≽ 1S , x ∗ (λ · u)k ≽ 1S and (λ · u)k ≽ x. (14)

For any element w ∈ W , we denote by |w| the number of formal operations in it, as in Definition 2.3. 
Suppose that |x| = i for i ∈ℕ , we prove inductively on i: 

The ``i = 0'' case:
When i = 0, x ∈ S and x ≠ 0S . Since u is power universal in S , there is an integer k ∈ℕ such that 

inequalities (3) hold. By the definition of ≼, we also have

uk ∗ x ≽ 1S , x ∗ uk ≽ 1S and uk ≽ x.

Since λ > 1, λ · u = u + (λ − 1) · u ≽ u. Thus (λ · u)k ≽ uk , and we obtain the inequalities in (14). 

The induction step:
Assume that for any 0 ≤ i ≤ ℓ (ℓ ∈ ℕ) and any x ∈ W \𝒪 with |x| = i, there is an integer k ∈ ℕ

such that the inequalities in (14) hold. We prove that this is also valid for i = ℓ + 1:
Set x ∈ W \𝒪 with |x| = ℓ + 1. Then there are several cases:
1) x = b ⊕ c for some b, c ∈ W : Then x = b + c with |b| ≤ ℓ and |c| ≤ ℓ. Since x ≠ 0S , b ≠ 0S or 

c ≠ 0S . If one of b and c equals 0S , say, b = 0S , then x = c. According to the inductive assumption, 
for c ∈ W \𝒪, there is an integer k ∈ ℕ such that (14) hold with ``x'' replaced by ``c''. Therefore, 
inequalities in (14) hold for x itself as well. Now, set b ≠ 0S and c ≠ 0S , then we have k1,k2 ∈ℕ such 
that {︄

(λ · u)k1 ∗ b ≽ 1S , b ∗ (λ · u)k1 ≽ 1S , (λ · u)k1 ≽ b,

(λ · u)k2 ∗ c ≽ 1S , c ∗ (λ · u)k2 ≽ 1S , (λ · u)k2 ≽ c.
(15)

Set k̂ = max{k1,k2}, and choose sufficiently large k ≥ k̂ satisfying λk ≥ 2λk̂ , then

(λ · u)k ∗ x ≽ (λ · u)k̂ ∗ x = (λ · u)k̂ ∗ (b + c) ≽ 1S + 1S ≽ 1S .

Similarly, we have x ∗ (λ · u)k ≽ 1S . On the other hand,

(λ · u)k = λk · uk ≽ (2λk̂) · uk̂ = 2 · (λ · u)k̂ ≽ b + c = x.

12 



T. Zheng and L. Zhi Journal of Symbolic Computation 140 (2027) 102630 

2) x = b⊛ c for some b, c ∈ W : Then x = b ∗ c with b, c ∈ W \𝒪 such that |b| ≤ ℓ and |c| ≤ ℓ. Hence 
the inequalities (15) hold for some k1,k2 ∈ℕ . Set k = k1 + k2. Multiplying the rightmost inequalities 
in each rows of (15), we get (λ · u)k ≽ b ∗ c = x. Multiplying the leftmost inequality in the first row 
and the middle inequality in the second row of (15), we obtain (λ · u)k1 ∗ b ∗ c ∗ (λ · u)k2 ≽ 1S . Then, 
by multiplying (λ · u)−k1 and (λ · u)−k2 from the left and the right sides, respectively, one derives 
x ≽ (λ · u)−k . From that, one obtains both (λ · u)k ∗ x ≽ 1S and x ∗ (λ · u)k ≽ 1S by simply multiplying 
(λ · u)k from the left and the right sides respectively.

3) x = r ⊙ b for r ∈ ℝ+ and b ∈ W : In this case, x = r · b with b ∈ W \𝒪 and r a positive real 
number. Moreover, |b| ≤ ℓ. Hence there is an integer k1 ∈ℕ such that the inequalities in the first row 
or (15) hold. Choose a sufficiently large integer m ∈ℕ satisfying λm ≥ max{r,1/r} and set k = m +k1. 
Then we have

(λ · u)k ∗ x ≽ (λ · 1S)
m ∗ (λ · u)k1 ∗ (r · b)

≽ (λmr) · ((λ · u)k1 ∗ b)

≽ 1ℝ · 1S

= 1S ,

and similarly

x ∗ (λ · u)k ≽ (r · b) ∗ (λ · u)k1 ∗ (λ · 1S)
m

≽ (λmr) · (b ∗ (λ · u)k1)

≽ 1ℝ · 1S

= 1S .

Moreover, we have (λ · u)k = (λ · u)m ∗ (λ · u)k1 ≽ (λ · 1S )
m ∗ b = λm · b ≽ r · b = x.

6) x = b−1 for some b ∈ W \𝒪: We have x = b
−1

. Since |b| ≤ ℓ, b satisfies the inequalities in the 
first row of (15) for some integer k1 ∈ ℕ . From the rightmost inequality we obtain both (λ · u)k1 ∗
b

−1 ≽ 1S and b
−1 ∗ (λ · u)k1 ≽ 1S by multiplying b

−1
from its right and left sides, respectively. From 

the leftmost one we obtain (λ · u)k1 ≽ b
−1

by multiplying b−1
from its right side.

By now, we have shown that λ · u is power universal in F since the inequalities in (14) hold. 
We show that u is also power universal. Apparently, (λ · 1S )

k ≠ 0S , hence there is k0 ∈ ℕ such that 
uk0 ≥ (λ · 1S)

k . Therefore uk0 ≽ (λ · 1S )
k in F . Using the inequalities in (14), we have uk0+k ≽ (λ · 1S )

k ∗
(λ−k · x) = x, and uk0+k ∗ x ≽ (λ · 1S )

k ∗ uk ∗ x = (λ · u)k ∗ x ≽ 1S . Similarly, we also have x ∗ uk0+k ≽ 1S . 
Hence u is indeed power universal. □
4. Extending ℝ+-valued homomorphisms from a semialgebra to the semialgebra of its fractions

This section will show that a monotone homomorphism from the preordered semialgebra S to 
some other preordered semialgebra T (which shares some good properties) can be extended to the 
semialgebra F of the fractions of S . In particular, the extension is always guaranteed when T =ℝ+ .

The proofs of Propositions 4.1 and 4.2 in this section can be found in Section 4 of Zheng and Zhi 
(2023). These proofs are inductive and consist of routine but tedious checks. Skipping them does no 
harm to the completeness of the paper.

Suppose that (S,≤) is a preordered semialgebra satisfying Assumptions 1.4 and 1.5, and that 
(T ,≤T ) is a zero-sum-free and zero-divisor-free preordered semialgebra with every nonzero element 
invertible, and a nontrivial preorder relation ≤T such that 1T ≥T 0T (e.g., if T = ℝ+ , then all the 
assumptions on the semialgebra T are satisfied).

For any monotone semialgebra homomorphism f : S → T , the following proposition defines a map 
f W from the set of legal formal rational expressions W (S) (Definition 2.4) to the semialgebra T :
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Proposition 4.1. Suppose f : S → T is a monotone semialgebra homomorphism with preordered semialgebras 
S and T described above. Then, the recursive assignment below for f W makes it a well-defined map from W
to T :

1) For any x ∈ S, set f W (x) = f (x);
2) If x ∈ W \S contains some formal operations, then set

f W (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f W (a) + f W (b), i f x = a ⊕ b with a,b ∈ W ,

f W (a) ∗ f W (b), i f x = a ⊛ b with a,b ∈ W ,

r · f W (a), i f x = r ⊙ a with r ∈ℝ+,a ∈ W ,

( f W (a))−1, i f x = a−1 with a ∈ W \𝒪.

(16)

The following proposition indicates that we can obtain a monotone semialgebra homomorphism 
from F to T by restricting f W to F .

Proposition 4.2. For any monotone semialgebra homomorphism f : S → T and any a,b ∈ W such that a = b, 
we have f W (a) = f W (b). Therefore, the map f F : F → T , x ↦→ f W (x) (∀x ∈ W ) is well-defined. Moreover, 
it is also a monotone semialgebra homomorphism.

Remark 4.3. Clearly we have f F (x) = f W (x) = f (x) for every x ∈ S , in which sense the map f F

extends f .

Remark 4.4. For any monotone semialgebra homomorphism η : F → T such that η(x) = f F (x) for all 
x ∈ S (i.e., it extends the monotone semialgebra homomorphism f ), we can prove inductively that 
η = f F . This indicates the universal property of the semialgebra F of the fractions of S .

Remark 4.5. Set T = ℝ+ , then Proposition 4.2 indicate that any monotone semialgebra homomor
phism f : S → ℝ+ can be extended to a monotone semialgebra homomorphism mapping from F to 
ℝ+ .

5. From a semialgebra to a linear space

This section defines a preordered ℝ-linear space based on the semialgebra F . This definition is 
already given by Fritz (2021b), while we rewrite it for the completeness of the present paper.

Define V = F − F to be the Grothendieck group (Karoubi, 1978, Chap. II) of the commutative 
monoid (F ,+), with each element in V of the form a − b for some a,b ∈ F , and with a − b = a′ − b′
in V if and only if ∃c ∈ F s.t. a + b′ + c = a′ + b + c in F . The addition in V is given by the rule

(a − b) + (c − d) = (a + c) − (b + d),

with the identity 0F − 0F , while the inverse of a − b in V is given by

−(a − b) = b − a.

Then, V becomes an ℝ-linear space once we define a scalar multiplication on it as below:

r · (a − b) =
{︄

r · a − r · b, if r ∈ ℝ≥0,

(−r) · b − (−r) · a, if r ∈ ℝ<0.

In the sequel, we define a preorder relation on V based on the preorder relation ≼ on F .
For any a,b, c,d ∈ F (or equivalently, for any a − b, c − d ∈ V ), we write a − b ⊴ c − d if and only if 

there is a g ∈ F so that a + d + g ≼ b + c + g in F . It is straightforward to prove that the relation ⊴
is well-defined and a preorder. Furthermore, it is not hard to show that
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a − b ⊴ c − d implies 

{︄
(a − b) + (g − h) ⊴ (c + d) + (g − h),

r · (a − b) ⊴ r · (c − d),
(17)

for any a,b, c,d, g,h ∈ F and any r ∈ℝ+ . These inequalities are similar to those in implication (1).
To conclude, the ℝ-linear space V is preordered with the relation ⊴, which is compatible with 

the addition and the scalar multiplication defined in itself.

6. The main theorem and the proof

This section is devoted to the proof of the main theorem: The first subsection gives the framework 
of the proof, while the second one provides some details that are skipped in the first subsection.

6.1. The framework of the proof

We state the main theorem again for convenience:

Theorem 1.6. Let (S,≤) be a preordered semialgebra satisfying Assumptions 1.4 and 1.5, with a power univer
sal element u ∈ S. Suppose that (F ,≼) is the preordered semialgebra of the fractions of S defined in Subsection 
2.3 with ``≼'' in Definition 3.1 and a : S → F , x ↦→ x the canonical map in Definition 2.10. Then, for every 
nonzero x, y ∈ S, the following are equivalent:

(a) f (x) ≥ f (y) for every monotone semialgebra homomorphism f : S →ℝ+ .
(b) For every real number ϵ > 0, there is m ∈ℕ such that

x +
m ∑︂

j=0 
ϵ j+1 · u j ≽ y. (18)

(c) For every r ∈ ℝ+ and every real number ϵ > 0, there is a polynomial p ∈ ℚ+[X] such that p(r) ≤ ϵ

and

x + p(u) ≽ y. (19)

(d) For every r ∈ℝ+ and every real number ϵ > 0, there is a polynomial p ∈ℚ+[X] such that p(r) ≤ 1+ϵ

and

p(u) ∗ x ≽ y. (20)

Proof. The proof of the implication ``(b) ⇒ (c)'' is almost the same as its counterpart in the proof of 
Theorem 3.1 in Fritz (2021b): for given r, we choose ϵ < r−1 and m such that Equation (18) holds, 
and take p(X) = ∑︁m

j=0 ϵ j+1 · X j . Then we have p(r) = ∑︁m
j=0 ϵ j+1 · r j ≤ ϵ

1−ϵr , which indeed can be 
made arbitrarily small.

The proof of ``(c) ⇒ (d)'' is also similar to the corresponding part of the proof of Theorem 3.1 in 
Fritz (2021b). But there are some tiny differences since we are dealing with noncommutative semial
gebras. So we rewrite the proof of ``(c) ⇒ (d)'' for clearness:

Since x ∈ S and x ≠ 0S , x / ∈𝒪, we have x ≠ 0S . By Proposition 3.4, u is power universal in F . Hence 
there is an integer k ∈ℕ so that uk ∗ x ≽ 1S . For any r ∈ℝ+ and any real number ϵ > 0, set

ϵ′ =
{︄

ϵ
rk , if r > 0,

1, if r = 0.

Applying (c) to the numbers r and ϵ′ , we obtain p0 ∈ℚ+[X] such that p0(r) ≤ ϵ′ and p0(u) + x ≽ y. 
Set p = 1 + p0 Xk , then

p(r) = 1 + p0(r)r
k ≤ 1 + ϵ′rk ≤ 1 + ϵ
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and

p(u) ∗ x = x + p0(u) ∗ uk ∗ x ≽ x + p0(u) ≽ y.

Hence (d) is deduced.
``(d)⇒(a)'': Let f : S → ℝ+ be a monotone semialgebra homomorphism, we need to show that 

f (x) ≥ f (y). By Remark 4.5, the map

f F : F → ℝ+,a ↦→ f W (a) (∀a ∈ W )

is a well-defined monotone semialgebra homomorphism. Setting r = f F (u) and applying f F to in
equality (20), we obtain

p(r) f F (x) ≥ f F (y),

where p(r) ≤ 1 + ϵ , f F (x) = f W (x) = f (x) and f F (y) = f (y). Thus, we have (1 + ϵ) f (x) ≥ f (y) for 
any real number ϵ > 0. Taking ϵ → 0, we obtain f (x) ≥ f (y).

``(a)⇒(b)'': This part of the proof is almost the same as the proof of Theorem 3.1 in Fritz (2021b). 
This is mainly due to the well-defined semialgebra of the fractions of a noncommutative semialgebra 
given in previous sections. We only sketch the proof of this part below, while the skipped details can 
be found in the next subsection.

Assume that F is order-cancellative, i.e. g + w ≽ h + w implies g ≽ h (∀g,h, w ∈ F ). Let V be the 
linear space defined in Section 5. Define

C = {v ∈ V | v ⊵ 0V } = {g − h ∈ V | g,h ∈ F , g ≽ h},
then C is a cone in V by (17). For any real number ϵ > 0, set

𝒩ϵ = {a ∈ F | ∃m ∈ℕ s.t. a ≼
m ∑︂

j=0 
ϵ j+1 · u j},

and define 𝒩ϵ − 𝒩ϵ = {a − b ∈ V | a,b ∈ 𝒩ϵ}. Then, as in Fritz (2021b), using the set 𝒩ϵ − 𝒩ϵ as ϵ
varies a basis of neighborhoods of 0V makes V a locally convex topological vector space. Denoting by 
C the closure of C in that topology, we have

x − y ∈ C ⇔ the condition (b) holds, (21)

where the proof of the direction ``⇒'' relies on the assumption that ≼ is order-cancellative. Denote 
by V ∗ the dual space of V , i.e., the topological vector space consisting of all continuous linear (real
valued) functions on V and equipped with the weak-* topology. Define

C∗ = {︁
ℓ ∈ V ∗ | ℓ(C) ⊂ [0,∞)

}︁
,

then C∗ is a closed convex cone in V ∗ such that

C∗ = conv(Er(C∗)), (22)

with Er(·) the set of all the extreme rays of a cone and conv(·) the closure of the convex hull of a set. 
In the following, we assume that (b) does not hold and deduce the negation of condition (a).

According to (21), ``(b) does not hold'' means x − y / ∈ C . By the geometric Hahn-Banach theorem 
(Rudin, 1991), there is an ℓ ∈ C∗ such that ℓ(x − y) < 0. Combining with the property in (22), one 
further claims that

∃ f ∈ Er(C∗) ⊂ C∗, f (x − y) < 0. (23)

Then we have f
(︁
1S − 0S

)︁
> 0 and the function
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f̂ : S → ℝ+, c ↦→ 1 
f
(︁
1S − 0S

)︁ f (c − 0S) (24)

is a monotone semialgebra homomorphism such that f̂ (x) < f̂ (y), contradicting to the condition (a).
When F is not order-cancellative, we apply the reduction to the order-cancellative case described 

in Fritz (2021b): equipping F with the new preorder relation in which g is less than or equal to h if 
and only if

∃w ∈ F , g + w ≼ h + w.

Then F is order-cancellative by construction. Therefore by what we have already shown, condition (a) 
implies that for every ϵ > 0 there are m ∈ℕ and w ∈ F with

x +
m ∑︂

j=0 
ϵ j+1 · u j + w ≽ y + w.

We can now use the following standard argument to get rid of w . By induction and chaining inequal
ities -- see the proof of (Fritz, 2017, Theorem 6.18) and references thereafter -- we can prove that for 
every n ∈ℕ>0,

n · (x +
m ∑︂

j=0 
ϵ j+1 · u j) + w ≽ n · y + w.

Thus choosing k > m with uk ≽ w and taking n ≥ ϵ−(k+1) , we get

x +
k ∑︂

j=0 
ϵ j+1 · u j ≽ x +

m ∑︂
j=0 

ϵ j+1 · u j + ϵk+1 · uk ≽ y + 1

n 
· w ≽ y,

which again proves condition (b). □
6.2. Some observations needed in the proof

This subsection provides some technical details that are skipped in the last subsection. Skipping 
this subsection does not harm to understand the entire paper.

In Observations 6.1--6.5, we verify the condition given in (21), the equation (22), the claim given 
in (23) and the claim that the function f̂ in (24) is a monotone homomorphism. These claims have 
already been given by Fritz in Fritz (2021b), and part of the proofs of them are also contained therein. 
However, we rewrite these proofs for completeness. Note that the proof of the equation (22) below 
(Observation 6.3) is provided by Fritz through private communications.

Observation 6.1. x − y ∈ C ⇔ the condition (b) holds.

Proof. The condition x − y ∈ C implies that

∀ϵ > 0, ∃v ∈ C s.t. v ∈ (x − y) + (𝒩ϵ −𝒩ϵ).

There are c,d ∈𝒩ϵ such that (x− y)+ (c −d) = v ⊵0V . By the assumption that F is order-cancellative, 
this implies x + c ≽ y + d ≽ y. Since c ∈𝒩ϵ , then (18) holds.

Since the inequality (18) holds, we have

(︁
x +

m ∑︂
j=0 

ϵ j+1 · u j)︁ − 0S ⊵ y − 0S .

Adding 0S − y to the both sides, one obtains
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(︁
x +

m ∑︂
j=0 

ϵ j+1 · u j)︁ − y ⊵ y − y = 0V ,

which is equivalent to

(x − y) + (︁ m ∑︂
j=0 

ϵ j+1 · u j − 0S
)︁ ∈ C, (25)

with 
∑︁m

j=0 ϵ j+1 · u j − 0S ∈ 𝒩ϵ − 𝒩ϵ . By inequality (25), we know that there is a point in C that is 
also in the neighborhood (x − y) + (𝒩ϵ −𝒩ϵ) for any ϵ > 0. Thus x − y ∈ C . □

In the proof of the next observation, we need the following definition:

Definition 6.2. Asimow (1969) Suppose P is a cone in some locally convex topological vector space. A 
set M is said to be a cap of the cone P if M is a compact convex subset of P for which P\M is also 
convex. If each point of P is contained in a cap, then P is said to be well-capped.

Observation 6.3. C∗ = conv(Er(C∗)).

Proof. Proposition 21 in Choquet (1962) indicates that any well-capped closed convex cone in a lo
cally convex topological vector space is the closed convex hull of its extreme rays. To prove (22), it is 
sufficient to show that C∗ is well-capped (since V ∗ is already locally convex). In Fritz (2021b), Fritz 
defined the sets

C∗
ϵ = {︁

ℓ ∈ C∗ | ℓ(𝒩ϵ − 0S) is bounded
}︁

and

Dϵ = {︁
ℓ ∈ C∗

ϵ | ℓ(𝒩ϵ − 0S) ⊂ [0,1]}︁,
which satisfy the equation

C∗ =
⋃︂
ϵ>0

C∗
ϵ =

⋃︂
ϵ>0
n∈ℕ

nDϵ (26)

and claimed that Dϵ was a cap of C∗ (hence C∗ is well-capped by equation (26)). While the other 
conditions in the definition of a cap are verified in Fritz (2021b) for the set Dϵ , the condition ``the 
set C∗\Dϵ is convex'' is somehow left out. Hence, Fritz provides the following proof of the condition 
through personal communications:

Note that 
m ∑︁

j=0
ϵ j+1 · u j ∈𝒩ϵ for any m ∈ℕ , we have

Dϵ =
{︂
ℓ ∈ C∗

ϵ

⃓⃓∀m ∈ ℕ, ℓ
(︁ m ∑︂

j=0 
ϵ j+1 · u j − 0S

)︁ ≤ 1
}︂
.

Then

C∗
ϵ\Dϵ =

{︂
ℓ ∈ C∗

ϵ

⃓⃓∃m ∈ℕ, ℓ
(︁ m ∑︂

j=0 
ϵ j+1 · u j − 0S

)︁
> 1

}︂

is convex: Set f i ∈ C∗
ϵ\Dϵ with mi such that f i

(︁ mi∑︁
j=0

ϵ j+1 · u j − 0S
)︁

> 1, i = 1,2. For any μ1,μ2 =
1 − μ1 ∈ (0,1) and m̂ = max{m1,m2}, we have
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(μ1 f1 + μ2 f2)
(︁ m̂∑︁

j=0
ϵ j+1 · u j − 0S

)︁

= μ1 f1
(︁ m̂∑︁

j=0
ϵ j+1 · u j − 0S

)︁ + μ2 f2
(︁ m̂∑︁

j=0
ϵ j+1 · u j − 0S

)︁

≥ μ1 f1
(︁ m1∑︁

j=0
ϵ j+1 · u j − 0S

)︁ + μ2 f2
(︁ m2∑︁

j=0
ϵ j+1 · u j − 0S

)︁
> 1.

(27)

Thus μ1 f1 + μ2 f2 ∈ C∗
ϵ\Dϵ .

The set C∗\Dϵ is also convex. Set f1, f2 ∈ C∗\Dϵ and μ1,μ2 = 1 −μ1 ∈ (0,1). If one of f1 and f2
is not in C∗

ϵ (i.e., is not bounded over the set 𝒩ϵ − 0S ), then neither is the functional μ1 f1 + μ2 f2. 
Thus, μ1 f1 +μ2 f2 ∈ C∗\C∗

ϵ ⊂ C∗\Dϵ . On the contrary, if both f1 and f2 are in C∗
ϵ , they are in C∗

ϵ\Dϵ . 
Now (27) implies μ1 f1 + μ2 f2 ∈ C∗

ϵ\Dϵ ⊂ C∗\Dϵ . □
Observation 6.4. ∃ f ∈ Er(C∗) s.t. f (x − y) < 0.

Proof. This part was also omitted in Fritz (2021b). Hence we give a proof here. Since there is an 
ℓ ∈ C∗ so that ℓ(x − y) < 0, the intersection ℋ ∩ C∗ is not empty, where

ℋ = {ϕ ∈ V ∗ | ϕ(x − y) < 0}
is an open half-space in V ∗ . It is sufficient to show that there is f ∈ Er(C∗) so that f ∈ℋ. Assume that 
none of the extreme rays of C∗ is in ℋ. By the equation (22), for any ϕ ∈ C∗ and any neighborhood 

O ∋ ϕ, there is ϕ′ ∈ O ∩ conv(Er(C∗)). Thus ϕ′ =
s ∑︁

i=1
μiϕi for some s ∈ ℕ , some ϕi ∈ Er(C∗) and 

some real numbers μi ∈ [0,1] with 
s ∑︁

i=1
μi = 1. Since ϕi / ∈ ℋ by the assumption, ϕi(x − y) ≥ 0 for any 

1 ≤ i ≤ s. Hence ϕ′(x − y) ≥ 0, i.e., ϕ′ / ∈ ℋ. This means that O ∩ (V ∗\ℋ) ≠ ∅ for any neighborhood 
O of ϕ. Since V ∗\ℋ is clearly closed, ϕ ∈ V ∗\ℋ. Noting that ϕ is an arbitrary element in C∗ , we 
conclude that C∗ ∩ℋ = ∅, which is a contradiction. □
Observation 6.5. Let f ∈ Er(C∗) be any extreme ray of C∗ , then f (1S − 0S ) > 0 and f̂ defined in (24) is a 
monotone semialgebra homomorphism.

Proof. Without loss of generality, we may assume that for any nonzero a ∈ F , 1S +a ≠ 0S . Otherwise, 
there would be a nonzero a ∈ F so that 0S = 1S + a ≽ 1S . It is also true that 1S ≽ 0S , hence one 
concludes that the preorder ≼ is trivial. Now that conditions (a)--(d) are all trivially true, and so is 
the theorem’s conclusion.

Set f F (w) = f (w − 0S) for any w ∈ F , then we have

f F
(︁
(1S + a)−1 ∗ w

)︁ + f F
(︁
a ∗ (1S + a)−1 ∗ w

)︁ = f F (w)

by the linearity of f . Let{︄
g(w) = f F

(︁
(1S + a)−1 ∗ w

)︁
h(w) = f F

(︁
a ∗ (1S + a)−1 ∗ w

)︁
then g,h are both linear and monotone on F since f F is. Set gV (b −d) = g(b)− g(d) and hV (b −d) =
h(b)− h(d) for any b,d ∈ F (or equivalently, for any b − d ∈ V ), then both gV and hV are well-defined 
on V . Moreover, a routine check indicates that they are monotone and linear maps from V to ℝ and

gV + hV = f . (28)
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For any nonzero t ∈ F , the operator

t∗ : V → V , b − d ↦→ t ∗ b − t ∗ d (29)

is well-defined and continuous (Lemma 6.6). Noting that gV = f ◦ (︁
(1S + a)−1

)︁
∗ and hV = f ◦ (︁

a ∗
(1S + a)−1

)︁
∗ , one observes that both gV and hV are continuous since f is. To conclude, we have 

gV ,hV ∈ C∗ .
By the equation (28) and the fact that f is an extreme ray, we conclude that there are nonnegative 

real numbers s1(a) and s2(a) such that gV = s1(a) f and hV = s2(a) f . As a ray of C∗ , f ≠ 0. There is 
some b0 − d0 ∈ V such that f (b0 − d0) ≠ 0. Thus

gV (︁
(1S + a) ∗ b0 − (1S + a) ∗ d0

)︁ = f (b0 − d0) ≠ 0

and

hV (︁
(1S + a) ∗ a−1 ∗ b0 − (1S + a) ∗ a−1 ∗ d0

)︁ = f (b0 − d0) ≠ 0,

which means gV ≠ 0 and hV ≠ 0. Hence s1(a), s2(a) ∈ ℝ>0. Therefore, we have hV = γ (a)gV for the 
positive number γ (a) = s2(a)/s1(a) and hV (w − 0S ) = γ (a)gV (w − 0S ) for any w ∈ F , i.e.,

f F
(︁
a ∗ (1S + a)−1 ∗ w

)︁ = γ (a) f F
(︁
(1S + a)−1 ∗ w

)︁
. (30)

Replacing w in (30) by (1S + a) ∗ w one obtains

f F (a ∗ w) = γ (a) f F (w) (31)

for any w ∈ F . Taking w = 1S in (31), we have

f F (a) = γ (a) f F (1S). (32)

Now 0 ≠ f (b0 − d0) = f F (b0) − f F (d0) indicates that f F (b0) ≠ 0 or f F (d0) ≠ 0. We may assume 
f F (b0) ≠ 0, then clearly b0 ≠ 0S . Taking a = b0 in (32), we have f F (b0) = γ (b0) f F (1S ). Since f F (b0) ≠
0, we obtain f F (1S ) ≠ 0. In fact, f F (1S ) > 0 since f ∈ C∗ . From (32) we see that γ (a) = f F (a)/ f F (1S). 
Substituting that back to (31), we have

f F (a ∗ w) = f F (a) 
f F (1S)

f F (w) (33)

for any w ∈ F and any nonzero a ∈ F . Indeed, when a = 0S , the identity (33) also holds since both 
of its two sides equal 0. Define f̂ (c) = 1 

f F (1S )
f F (c) for any c ∈ S , then the identity (33) indicates that 

f̂ : S → ℝ+ preserves the multiplications. The fact that it also preserves the additions and scalar 
multiplications and is monotone is straightforward. Thus, f̂ is a monotone semialgebra homomor
phism. □

The following lemma (also claimed in Fritz (2021b)) is needed in the proof above.

Lemma 6.6. For any nonzero t ∈ F , the map given in (29) is well-defined and continuous w.r.t. the topology in 
V .

Proof. Suppose b −d = b′ −d′ in V for some b,d,b′,d′ in F . Then there is e ∈ F such that b +d′ +e =
b′ + d + e in F . Hence

t ∗ b + t ∗ d′ + t ∗ e = t ∗ b′ + t ∗ d + t ∗ e,

which means t ∗ b − t ∗ d = t ∗ b′ − t ∗ d′ in V . Therefore, the map t∗ is well-defined.
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The map t∗ is linear. To prove the continuity, it is sufficient to show that it is continuous at the 
point 0V = 0S − 0S : Let k ∈ ℕ such that uk ≽ t . For any ϵ > 0, we set δ = (min{ϵ,1})k+1. Then, for 

any b ∈𝒩δ , b ≼
m ∑︁

j=0
δ j+1 · u j for some m ∈ℕ . On the other hand,

t ∗ b ≼ uk ∗ (
m ∑︁

j=0
δ j+1 · u j)

=
m ∑︁

j=0
δ j+1 · u j+k

≼
m ∑︁

j=0
(min{ϵ,1})k+ j+1 · u j+k

=
m+k∑︁
j=k 

(min{ϵ,1}) j+1 · u j

≼
m+k∑︁
j=k 

(min{ϵ,1}) j+1 · u j +
k−1∑︁
j=0 

(min{ϵ,1}) j+1 · u j

=
m+k∑︁
j=0 

(min{ϵ,1}) j+1 · u j,

which means t ∗ b ∈𝒩min{ϵ,1} ⊂𝒩ϵ . Therefore, for any b,d ∈𝒩δ , we have t ∗ b − t ∗ d ∈𝒩ϵ −𝒩ϵ . That 
is, t∗ is continuous at 0V . □
6.3. A variation of the main theorem and some examples

Theorem 1.6 is a noncommutative counterpart of Theorem 2.12 in Fritz (2021b), although in the 
noncommutative case, an equivalent characterization for the preorder relation ≼ via the original re
lation ≤ similar to the one in (13) is presently not available. However, via Proposition 3.2, we obtain 
another version of Theorem 1.6 involving only the preorder ``≤'' and the semialgebra of fractions, 
rather than the derived preorder ``≼.''

Theorem 6.7. Let (S,≤) be a preordered semialgebra satisfying Assumptions 1.4 and 1.5, with a power uni
versal element u ∈ S. Suppose that F is the semialgebra of the fractions of S defined in Subsection 2.3 and 
a : S → F , x ↦→ x is the canonical map in Definition 2.10. Then, for every nonzero x, y ∈ S, the following are 
equivalent:

(a) f (x) ≥ f (y) for every monotone semialgebra homomorphism f : S →ℝ+ .

(b) For every real number ϵ > 0, there are m ∈ ℕ , k ∈ ℕ≥1 , g1, . . . , gk, h1, . . . ,hk, w ∈ F and 
A1, . . . , Ak, B1, . . . , Bk ∈ S such that Ai ≥ Bi for all i, and that{︄

x + ∑︁m
j=0 ϵ j+1 · u j + w = ∑︁k

i=1 gi Aihi,

y + w = ∑︁k
i=1 gi Bihi .

(34)

(c) For every r ∈ℝ+ and every real number ϵ > 0, there are p ∈ℚ+[X], k ∈ℕ≥1 , g1, . . . , gk,h1, . . . ,hk, w ∈
F and A1, . . . , Ak, B1, . . . , Bk ∈ S such that p(r) ≤ ϵ , that Ai ≥ Bi for all i, and that{︄

x + p(u) + w = ∑︁k
i=1 gi Aihi,

y + w = ∑︁k
i=1 gi Bihi .

(35)

(d) For every r ∈ℝ+ and every real number ϵ > 0, there are p ∈ℚ+[X], k ∈ℕ≥1 , g1, . . . , gk,h1, . . . ,hk, w ∈
F and A1, . . . , Ak, B1, . . . , Bk ∈ S such that p(r) ≤ 1 + ϵ , that Ai ≥ Bi for all i, and that
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{︄
p(u) ∗ x + w = ∑︁k

i=1 gi Aihi,

y + w = ∑︁k
i=1 gi Bihi .

Proof. From Corollary 3.3, one observes that conditions (b) -- (d) in Theorem 1.6 imply, respectively, 
conditions (b) -- (d) in this theorem. Now it suffices to prove that (b) ⇒ (a), (c) ⇒ (a), and (d) ⇒ (a) 
in this theorem.

(b) ⇒ (a): Suppose f : S →ℝ+ is any monotone homomorphism. Take

ϵ =
{︄

δ/ f (u), if f (u) ≠ 0,

δ, if f (u) = 0,

where 0 < δ < 1 is any real number, then equations (34) hold. Evaluating f F at both sides of each 
equation in (34), we will get two equations involving real numbers. Subtracting the second one from 
the first one, we obtain

f (x) +
m ∑︂

j=0 
ϵ j+1 f (u) j − f (y) ≥ 0.

If f (u) = 0 then f (x) ≥ f (y). Otherwise, we have

m ∑︂
j=0 

ϵ j+1 f (u) j =
m ∑︂

j=0 
δ j+1/ f (u) <

δ

f (u)(1 − δ)
.

Therefore, f (x) + δ/( f (u)(1 − δ)) > f (y). Letting δ tend to zero, we have f (x) ≥ f (y).
(c) ⇒ (a): Suppose f : S → ℝ+ is any monotone homomorphism. Take r = f (u) and ϵ to be any 

positive number. Applying f F to equations (35) as before, we obtain f (x) + p(r) − f (y) ≥ 0. Since 
p(r) ≤ ϵ and ϵ is arbitrary, f (x) ≥ f (y).

The proof of the implication (d) ⇒ (a) is similar. □
In Fritz (2021b) Example 4.1, the commutative version of the above theorem (Fritz (2021b) The

orem 1.12) is applied to the commutative semiring S = ℝ+[x1, . . . , xn]′ , which is the semiring of 
commutative real polynomials with nonnegative coefficients and strictly positive constant coefficient 
together with zero. It is indicated that the most difficult implication in Fritz (2021b) Theorem 1.12, 
which is a commutative version for implication (a) ⇒ (b) in the above theorem, follows from Pólya’s 
Positivstellensatz (Pólya, 1928), which moreover gives a concrete form for the consequent of that 
implication in Fritz (2021b) Theorem 1.12.

Positivstellensätze are at the core of real algebraic geometry since they have both theoretical 
value and significant importance for scientific computing (such as polynomial optimization), while 
Pólya’s Positivstellensatz is well-known as one of the classic Positivstellensätze. It claims that if a ho
mogeneous polynomial f in the commutative ring ℝ[x1, . . . , xn] is strictly positive on the standard 
codimension-1 simplex

Δn = {(x1, . . . , xn) ∈ ℝn+ | x1 + · · · + xn = 1},
then (x1 + · · · + xn)m f strictly has positive coefficients for some nonnegative integer m ∈ℕ .

Now that the most difficult implication in Fritz (2021b) Theorem 1.12 can be derived from Pólya’s 
Positivstellensatz, it can be regarded as a weaker version of Pólya’s Positivstellensatz. Note that Pólya’s 
Positivstellensatz holds for the commutative polynomial ring, one may conjecture that there are non
commutative versions of Pólya’s Positivstellensatz. As was done in Fritz (2021b) Example 4.1, we can 
apply Theorem 6.7 to the noncommutative semialgebra ℝ+⟨x1, . . . , xn⟩′ , obtaining the implication 
from (a) to (b) and regarding it as a weaker version of certain unknown noncommutative Pólya’s 
Positivstellensatz. This can be of significance in noncommutative algebraic geometry, where noncom
mutative Positivstellensätze play important roles.
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The following example illustrates implication from (a) to (b) in Theorem 6.7 in the bivariate case 
with the semialgebra being ℝ+⟨a,b⟩′ .

Example 6.8. Set S = ℝ+⟨a,b⟩′ to be the preordered semialgebra defined as in Example 1.2 with 
variables a,b and the coe�icient-wise preorder. Then u = 2 · (1 + a + b) is a power universal element. 
Moreover, every monotone semialgebra homomorphism f : S →ℝ+ is an evaluation at some point in 
ℝ2+ . Take x = a2 + b2 and y = a ∗ b + b ∗ a, then condition (a) in Theorem 6.7 holds since x(P ) ≥ y(P )

at any point P = (a,b)T ∈ℝ2+ . Therefore, condition (b) in Theorem 6.7 holds.
In the following, we illustrate condition (b) in Theorem 6.7 as the value of ϵ varies. A useful fact 

is that when ϵ < 1/2 and m tends to infinity, the limit of the coefficient of the monomial a ∗ b (and 
b ∗ a) in the polynomial 

∑︁m
j=0 ϵ j+1 · u j is Cϵ = 4ϵ3/(1 − 2ϵ)3.

When ϵ = 0.3, Cϵ > 1, we have x + ∑︁7
j=0 ϵ j+1 · u j ≥ y coe�icient-wise. Therefore, we can take 

m = 7, k = 1, g1 = h1 = 1, w = 0, A1 = x + ∑︁7
j=0 ϵ j+1 · u j and B1 = y in condition (b). This is rather 

trivial.
If ϵ = 0.3, and we take m = 6. Since the polynomial x+∑︁6

j=0 ϵ j+1 ·u j − y has negative coefficients, 
x + ∑︁6

j=0 ϵ j+1 · u j ≥ y does not hold. However, the polynomial

(1 + a + b) ∗ (x +
6 ∑︂

j=0 
ϵ j+1 · u j − y)

has no negative coefficients, which leads to

(1 + a + b) ∗ (x +
6 ∑︂

j=0 
ϵ j+1 · u j) ≥ (1 + a + b) ∗ y (36)

coe�icient-wise. Therefore, in condition (b), we can take m = 6, k = 1, g1 = 1 + a + b
−1

, h1 = 1, w = 0, 
A1 = (1 + a + b) ∗ (x + ∑︁6

j=0 ϵ j+1 · u j) and B1 = (1 + a + b) ∗ y. This is nontrivial compared with the 
case m = 7.

When ϵ = 0.278, Cϵ < 1. The polynomial x + ∑︁m
j=0 ϵ j+1 · u j − y has negative coefficients for any 

natural number m. This is different from the case ϵ = 0.3. However, if we take m = 6, then inequality 
(36) still holds. If m = 5, then we have

(1 + a + b)2 ∗ (x +
5 ∑︂

j=0 
ϵ j+1 · u j) ≥ (1 + a + b)2 ∗ y (37)

and

(1 + a + b) ∗ (x +
5 ∑︂

j=0 
ϵ j+1 · u j) ∗ (1 + a + b) ≥ (1 + a + b) ∗ y ∗ (1 + a + b) (38)

coe�icient-wise. Therefore, in condition (b) of Theorem 6.7, we may take m = 5, k = 1, g1 =
1 + a + b

−2
, h1 = 1, w = 0, A1 = (1 + a + b)2 ∗ (x + ∑︁5

j=0 ϵ j+1 · u j) and B1 = (1 + a + b)2 ∗ y. Among 

them, we may also take g1 = h1 = 1 + a + b
−1

,

A1 = (1 + a + b) ∗ (x +
5 ∑︂

j=0 
ϵ j+1 · u j) ∗ (1 + a + b)

and B1 = (1 + a + b) ∗ y ∗ (1 + a + b) instead.
When ϵ = 0.25, we also have Cϵ < 1, and the polynomial x+∑︁m

j=0 ϵ j+1 ·u j − y always has negative 
coefficients. Now that ϵ is smaller, we need larger m. For instance, if we take m = 10, then
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(1 + a ∗ b + b ∗ a) ∗ (x +
10 ∑︂
j=0 

ϵ j+1 · u j) ∗ (1 + a + b) ≥ (1 + a ∗ b + b ∗ a) ∗ y ∗ (1 + a + b)

coe�icient-wise. Therefore, in condition (b) of Theorem 6.7, we may take m = 10, k = 1, g1 =
1 + a ∗ b + b ∗ a

−1
, h1 = 1 + a + b

−1
, w = 0,

A1 = (1 + a ∗ b + b ∗ a) ∗ (x +
10 ∑︂
j=0 

ϵ j+1 · u j) ∗ (1 + a + b)

and B1 = (1+a∗b+b∗a)∗ y ∗(1+a+b). If we take m = 6, then we have (1+a+b)6 ∗(x+∑︁6
j=0 ϵ j+1 ·

u j) ≥ (1 + a + b)6 ∗ y. And those quantities in condition (b) of Theorem 6.7 can be assigned as before.
For all the cases mentioned above, we have w = 0 in equations (34), which implies the inequality 

x + ∑︁m
j=0 ϵ j+1 · u j ≽ y in F (S). Therefore, they also illustrate condition (b) in Theorem 1.6.

Roughly speaking, the smaller the number ϵ is, the larger the number m, or the higher the degree 
of Ai and Bi , shall be taken in condition (b) of Theorem 6.7.

Here is another example of noncommutative Laurent polynomials:

Example 6.9. Set S = ℝ+⟨a,b,a−1,b−1⟩′ to be the preordered semialgebra consisting of the zero 
polynomial together with other nonzero noncommutative Laurent polynomials in variables a,b with 
nonnegative coefficients and positive constant terms. S is equipped with the coe�icient-wise preorder 
≤ (see Example 1.2). Set D = a−1 +b−1 +1+a +b, then u = 2 · D is a power universal element. More
over, the monotone semialgebra homomorphisms mapping from S to ℝ+ are exactly the evaluations 
of noncommutative Laurent polynomials at the points in ℝ2

>0.
Note that the commutative polynomial 1 + s4t2 + s2t6 − 1/2s2t2 ∈ ℝ[s, t] is a nonnegative circuit 

polynomial (Dressler et al., 2017). This implies that, for any s, t ∈ℝ>0, we have 1+ s2t + st3 −1/2st ≥
0, and thus 1/(st) + s + t2 − 1/2 ≥ 0. Therefore, we may take x = a−1 ∗ b−1 + b−1 ∗ a ∗ b + 2 · b2 + 1
and y = b2 + 3/2 in S such that condition (a) in Theorem 6.7 holds. As in Example 6.8, we illustrate 
condition (b) of Theorem 6.7 as follows:

When ϵ = 1/4, we may take m = 1, since D ∗(x+∑︁1
j=0 ϵ j+1 ·u j) ≥ D ∗ y (also (x+∑︁1

j=0 ϵ j+1 ·u j)∗
D ≥ y ∗ D) in S . While m ≥ 2, we always have x + ∑︁m

j=0 ϵ j+1 · u j ≥ y in S , which is not interesting.
When ϵ = 1/8, if we take m = 2, then we have

D2 ∗ (x +
2 ∑︂

j=0 
ϵ j+1 · u j) ∗ D2 ≥ D2 ∗ y ∗ D2,

D3 ∗ (x +
2 ∑︂

j=0 
ϵ j+1 · u j) ∗ D ≥ D3 ∗ y ∗ D

and

D ∗ (x +
2 ∑︂

j=0 
ϵ j+1 · u j) ∗ D3 ≥ D ∗ y ∗ D3.

However, one observes that

D4 ∗ (x +
2 ∑︂

j=0 
ϵ j+1 · u j) ≱ D4 ∗ y

and
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(x +
2 ∑︂

j=0 
ϵ j+1 · u j) ∗ D4 ≱ y ∗ D4.

This indicates that in condition (b) of Theorem 6.7, sometimes the ``left'' and the ``right'' certificates 
gi and hi need to be both nontrivial (i.e., not equal to one). This is the essential difference between 
the noncommutative case and the commutative case.

The following theorem illustrates the first application of our result to noncommutative ordered ℝ
algebras. It is similar to the Positivstellensatz of Krivine–Kadison--Dubois (Krivine, 1964, Proposition 
3), but replaces its Archimedeanicity assumption by the power universal condition. As is known, the 
Archimedeanicity assumption is a common condition for many Positivstellensätze in real algebraic 
geometry. Therefore, Positivstellensätze without that assumption are of particular interest.

Theorem 6.10. Let R be an ℝ-algebra and P ⊂ R a sub-semialgebra satisfying Assumption 1.5. Suppose there 
is an element v ∈ P such that for every a ∈ R there is a polynomial Φ ∈ℝ+[X] satisfying Φ(v)−a ∈ P . Define 
the sub-semialgebra

S = {0} ∪ {a ∈ P | ∃n ∈ℕ>0,na − 1 ∈ P }
= {0} ∪ ⋃︁

n∈ℕ>0

(P + 1)/n,

then R = S − S. For any x, y ∈ S, the following statements are equivalent:
(a) f (x − y) ≥ 0 for every algebra homomorphism f : R →ℝ satisfying f (P ) ⊂ℝ+ .
(b) For every r ∈ℝ+ , and every real number ϵ > 0, there are q ∈ℚ+[X], k ∈ℕ≥1 , g1, . . . , gk,h1, . . . ,hk, 

w, w ′ ∈ W (S) ⊂ W (P ) and p1, . . . , pk ∈ P such that q(r) ≤ ϵ , and{︄
x + q(v) + w = w ′ + ∑︁k

i=1 gi pihi,

y + w = w ′,
(39)

where x → x is the generalized canonical map from W (P ) to F (P ).

Proof. As in the proof of (Fritz, 2021b, Theorem 4.4): The existence of v clearly implies that R =
P − P . The set S is indeed a semialgebra because it is closed under addition, multiplication and 
nonnegative scalar multiplication: Taking p+1

m ,
p′+1

n ∈ S and r ∈ ℝ>0 with p, p′ ∈ P and m,n ∈ ℕ>0, 
we have⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p+1
m + p′+1

n = (np+mp′+m+n−1)+1
mn 

p+1
m 

p′+1
n = (pp′+p+p′)+1

mn 

r p+1
m = (krp+kr−1)+1

mk 

,

where k > 0 is an integer such that kr > 1. Clearly, np +mp′ +m +n − 1, pp′ + p + p′ and krp +kr − 1
belong to P . Thus the term on the right-hand side of every equation above belongs to S .

The sub-semialgebra S can also be equipped with the preorder ≤ such that s ≤ t in S if and only 
if t − s ∈ P . Moreover, λ(1 + v) is a power universal element of S for any rational number λ > 1: For 
any nonzero t ∈ S , there is Φ ∈ ℝ+[X] such that Φ(v) − t ∈ P (i.e., Φ(v) ≥ t). Taking k ∈ ℕ so that 
k ≥ deg(Φ) and λk ≥ Φ(1), we have

(λ(1 + v))k ≥ Φ(1)(1 + v)deg(Φ) ≥ Φ(1 + v) ≥ Φ(v) ≥ t.

On the other hand, since t ∈ S is nonzero, t = p+1
n for some p ∈ P and n ∈ ℕ>0. Taking k ∈ ℕ≥1 so 

that λk ≥ n, we have
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(λ(1 + v))kt ≥ n(1 + v)
p + 1

n 
≥ 1,

which proves that λ(1 + v) is power universal in S .
For any a ∈ R , there are p, p′ ∈ P such that a = p − p′ = (p +1)−(p′ +1). By the definition of S , we 

have p + 1, p′ + 1 ∈ S . Thus, we have R = S − S . These imply that restriction from R to S implements 
a bijection between the monotone homomorphisms f : S →ℝ+ and the ℝ-algebra homomorphisms 
f : R →ℝ with f (P ) ⊂ℝ+ .

Applying Theorem 6.7 to the semialgebra S , we see condition (a) implies that for every r ∈ℝ+ and 
every real number ϵ > 0, there are H ∈ℚ+[X], k ∈ℕ≥1, g1, . . . , gk,h1, . . . ,hk, w ∈ W (S), A1, . . . , Ak , 
B1, . . . , Bk ∈ S such that H(λ(1 + r)) ≤ ϵ , Ai ≥ Bi for all i, and⎧⎨

⎩ xS + H(λ(1 + v
S
)) + w S = ∑︁k

i=1 g S
i A

S
i h

S
i ,

yS + w S = ∑︁k
i=1 g S

i B
S
i h

S
i ,

(40)

where the map x → xS is the generalized canonical map from W (S) to F (S). By Proposition 2.16, 
there is a natural semialgebra homomorphism from F (S) to F (P ), which means the superscript ``S'' 
in equations (40) can be dropped. According to the equations obtained by dropping ``S'', we can 
take q(X) = H(λ(1 + X)), pi = Ai − Bi ∈ P and w ′ ∈ W (S) to be any expression such that w ′ S =∑︁k

i=1 g S
i B

S
i h

S
i , so that equations (39) hold.

To prove (b) ⇒ (a), we fix any algebra homomorphism f : R →ℝ with f (P ) ⊂ℝ+ . Then g = f |P :
P → ℝ+ is a semialgebra homomorphism. If we equip P with the preorder ``≤'' such that p ≤ p′ if 
and only if p′ − p ∈ P for every p, p′ ∈ P , then P becomes a preordered semialgebra and g becomes 
a monotone semialgebra homomorphism. By Proposition 4.2, g can be extended to a semialgebra 
homomorphism g F : F (P ) → ℝ+ such that g F (p) = g(p) = f (p) for any p ∈ P . Take r = f (v) ∈ ℝ+
and fix an arbitrary ϵ > 0, then equations (39) hold. Applying g F to both sides of each equation in 
(39), we have{︄

f (x) + q( f (v)) + g F (w) = g F (w ′) + ∑︁k
i=1 g F (gi) f (pi)g F (hi),

f (y) + g F (w) = g F (w ′).
(41)

Subtracting the second equation from the first one, we obtain f (x− y)+q( f (v)) = ∑︁k
i=1 g F (gi) f (pi) 

g F (hi) ≥ 0, with q( f (v)) = q(r) ≤ ϵ . Since ϵ is arbitrary, we have f (x − y) ≥ 0. □
7. Conclusion

We provide a noncommutative version of the Vergleichsstellensatz proved by Fritz in Fritz (2021b). 
This is the first Vergleichsstellensatz for noncommutative semialgebras in the literature. It character
izes the relaxed preorder induced by monotone homomorphisms to ℝ+ by ``asymptotic'' inequalities 
in the semialgebra of the fractions. Finding out how it can be applied to other areas, such as proba
bility theory and quantum information theory, or how it is related to classical noncommutative real 
algebraic geometry, would be interesting topics in the future.
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