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a(x) = x4 + x3 + (1 + ε)x2 + εx + 1, b(x) = x3 − x2 + 3 ∗ x − 2

c(x) = rem(a, b) = εx2 + (ε − 4)x + 5,

d(x) = rem(b, c) = (5 − 17

ε
+

16

ε2
)x + (−2 +

10

ε
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e(x) = rem(c, d) =
ε2(14ε3 − 39ε2 − 32ε + 137)

(5ε2 − 17ε + 16)2
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e(x) = O(ε2),
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{a1, · · · , an}
H��#K�6 % v+£�7 ∑n

j=1 αjaj = 0
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α(1 : n) = 0
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a1, · · · , an ∈ Rm
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{a1, · · · , an}
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span{a1, · · · , an} = {
n

∑

j=1

βjaj : βj ∈ R}.
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{a1, · · · , an}

HH�ÊKH6 % :HI b ∈ span{a1, · · · , an}
N ;

b
H

a1, · · · , an:�J#»#:��#K�� ª#Év�£
S ⊆ Rm

H�» ÈKD E N ; 3�4KL ^ ��KM6 % :M�N5§�KOMP
S = span{a1, · · · , ak}.
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dim(S).% " m × n
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A
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ran(A) = {y ∈ Rm : y = Ax,∀x ∈ Rn}.

A
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(A) = {x ∈ Rn : Ax = 0}.



1.2 X�Y�Z '#6 3

v#£
A = [a1, · · · , an]

H#»#Á�[ ¼�\ N ;
ran(A) = span{a1, · · · , an}.
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rank(A) = dim(ran(A)).

vÊ£
rank(A) < min{m,n},

0Ê2H^
A ∈ Rm×n

HH_H]Ê: Éa`
A ∈ Rm×n

N;
dim((A)) + rank(A) = n.
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i xj = 0.
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i xj = δij
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Q ∈ Rm×m
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QT Q = I

N
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Q
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Q = [q1, · · · , qm]
H Ó�# :�N ;
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SVD p ` A
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m × n

 �"/N ; ô�q� Ó�#  �"
U = [u1, · · · , um] ∈ Rm×m, V = [v1, · · · , vn] ∈ Rn×n

U#V
UT AV = diag(σ1, · · · , σp) ∈ Rm×n, p = minm,n,r-,

σ1 ≥ σ2 ≥ · · · ≥ σp ≥ 0.

s
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A =

[

0.96 1.72
2.28 0.96

]

= UΣV T

=

[

0.6 −0.8
0.8 0.6

] [

3 0
0 1

] [

0.8 0.6
0.6 −0.8

]
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1 ≤ i ≤ min{m,n}. }�~ t!� AV = UΣ
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AT U = V ΣT
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Avi = σiui,

AT ui = σivi0#2-è
σ1 ≥ · · · ≥ σr = · · · = σp = 0,û�&

r
N ;

rank(A) = r, (1.2.1)

(A) = span{vr+1, · · · , vn}, (1.2.2)

ran(A) = span{u1, · · · , ur}, (1.2.3)`
A ∈ Rm×n

N ;
||A||2F = σ2

1 + · · · + σ2
p, p = min{m,n},(1.2.4)

||A||2 = σ1, (1.2.5)

min
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||Ax||2
||x||2

= σn (m ≥ n). (1.2.6)
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rank(A, ε) = min
||A−B||2≤ε

rank(B).
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A ∈ Rm×n

:
SVD

è/û#>
??
C-� É v#£

k < r =
rank(A)

I
Ak =

k
∑

i=1

σiuiv
T
i , (1.2.7)

;
min

rank(B)=k

||A − B||2 = ||A − Ak||2 = σk+1. (1.2.8)

û#>
?? ��� A

:#C#Ë#®#¯#9�H�7
A
^#¨ p�]��+:� �"g� ª ñ

2
þ8���� É v#£

rε = rank(A, ε)
N ;

σ1 ≥ · · · σrε
> ε ≥ σrε+1 ≥ · · · ≥ σp, p = min{m,n}.
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Q
v#p k �

Q =

[

cos(θ) sin(θ)
− sin(θ) cos(θ)

]

;�A ñ ¾ ��� 
�$ É v#£ y = QT x
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y
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√
3
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Q =

[

cos(−60◦) sin(−60◦)
− sin(−60◦) cos(−60◦)

]

=

[

1/2 −
√

(3)/2
√

(3)/2 1/2

]

;
Qx = [2, 0]T

É ä/é
−60◦
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