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The nearest singular polynomial with a multiple zero of multiplicity & > 2 is considered
based on the minimization of a quadratic form. Some recursive relations between the
polynomials determining the multiple zeros for consecutive k’s are presented.
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1. Introduction

Some problems have been studied based on the minimization of a quadratic form (Corless
et al., 1995; Karmarkar and Lakshman, 1996a; Karmakar and Lakshman, 1996b; Zhi
Lihong and Wu Wenda, 1997). One of them is to find the nearest singular polynomial
with a double zero to a given polynomial. In this paper, we will consider the case of the
nearest singular polynomial with a multiple zero of multiplicity % for any positive integer
k > 2. This is not only a natural generalization of Zhi Lihong and Wu Wenda (1997),
but we will also derive some recursive relations related to the determination of nearest
singular polynomials for consecutive k’s.

In Section 2, we will give a suitable expression for the quadratic form in terms of the
undetermined multiple zero ¢ and its conjugate which leads to an easy factorization of
its derivatives with respect to ¢ and ¢. The factored form of its first derivative is given
in Section 3. In Section 4, some recursive relations for the factors of the first derivative
are derived for consecutive k’s. In Section 5, we will determine which factor is useful for
our purpose. Numerical examples are given in Section 6.

2. Expressions for the Quadratic Form

The problem considered is the following: given a monic polynomial f

f=am+> frml, fec,
j=1
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find a monic polynomial h(x) of the form

m—k
h=(x—c)* <xmk + Z zbjxmkj), c,¢; €C,

j=1
such that
Ni=|f=n|’

is minimized, where

k
I p(2) 7= Ipsl®
j=0
for any

Since

where ¢_p11=¢_ft2=--=
have

Let r:= f — g — A¢p, where

Here, as usual

(p):O ifg>porg<0.
q

¢Om = 0, we

(2.1)

It is easy to see that the jth component of r is the coefficient of 2™~7 in f(z) — h(x).

Thus
N=rr=(f—g—Ap)"(f —g— Ad).

(2.2)

For any ¢, N attains its minimum A,,, when ¢ is the least squares solution of the equation

ie.

¢=A"(f—g),

where AT is the Penrose inverse of A.
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In the following, we assume ¢ = AT (f — g). Consequently
r=(I-AAT)(f - 9),
N = (f = 9)"(I = AAT)(f — g). (24)

Note that N, depends on ¢ only. Our problem becomes finding ¢ such that N, is
minimized.
Since the columns of A are linearly independent, we have

AT = (A7A) A"

Let L be an m x m bi-diagonal Toeplitz matrix

It is easy to check that for any positive integer k, we have

Lk — (lg?)), ll(;?) _ ( )(1)13013.

i—j
“k _ (=k) (—k) _ (1—JF+k=1\
L _(lij )s lij —< E—1 .

The submatrix composed of the first m — k columns of L* is A. We partition L* and L=
correspondingly:

U
"= B L™=
=4 B, (V)
and let W := U(I — V*(VV*)"'V); then
A*AW = A*(I = BV)I = V*(VV*)"'WV) = A*(I = V*(VV*) V) = 4*
and
W = (A*A)"1A* = AT,
Now r and N,, become
r=(I—-AAY)(f—g) =V (VV)"V(f —g),
N = ([ =g)* V*(VV*) V(] = g). (2.6)
It is easy to see that

V(g =1 )T =, =

CEIGEECI

1 can also be expressed as the following:
¥ = QJn,

where

1 [i—1\,
Q=) Q= =) (j _ 1>C oo T = (bikt1-5)
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n=[f()f (- fF ()" (2.7)
Therefore,
Ny =" JQU(VV) 1Ty = p*(JQVVH(Q~ Y )"y, (2.8)
Let
A= JO7lVVHQ Y T = (Aij), (2.9)
then
Hiti—2 m—1
ij = e 1ga1? q= JZ:O(CC)J (2.10)
Hence
N =" A1), (2.11)
which is true for any k. We will write it with index k as
NI = A - (2.12)

Equation (2.12) is the expression for the quadratic form used in the following discussion.

3. First Derivative

For any matrix or vector M = (m;;), we will use the notation 88—]\64 = (ag:"' )
THEOREM 1.
AN 1 _
= P11 P 3.1
oc (det A2 FHTH (3:-1)
where
A1 M > .
P:=det | v , i=kk+1, 3.2
e (N1 Y (32)
and w;_; is the ith row of A; upon deletion of its last element.
PROOF. Let & = A;lﬂk, ie ng = Apé&r. Now
Ay Ok O,
—_— Ap——-—-=0
dc S+ A dc dc ’
433 0N\ 4 on,
A== =——2A il
" oc gc M + oc
For i < k, the ith row of 2% is the (i+1)th row of Ay; the kth row of 2% is the (k+1)th
row of Agt1 (upon deletion of its last element) which we denote by wj. Therefore,
0 1
0¢ ! 0
Nk
L . Yk
¥ e ’ e+ dc
1
wily!

=—1/(e) -+ fETV) WA H[f(0) - FEV () FP )T
=[0 -+ 0 FO(e) — wiA ),
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oN® o L o
(i) = A0 -+ 0 FB)(e) — wi Ay tw]”

dc  dc
* A — det Ak—l _ « _ %
= (f(k) (c) = kaklnk)M( (k 1)(0) - Wk—lAkilﬁk—l)

1 Ay i ) ( (Ak—l NMk—1 ))*
det | "% det [ % St
(det Ap)2 °° (wk FOe) )\ e | s

1 _
(Aot Ap)? Py P

So we have equation (3.1). O

4. Recursive Relations

In the following, we will prove some recursive relations between Ay and Pj.

THEOREM 2.
(4.1)

2
det Ak — 2 det Ak; det Ak = det Ak,1 det Ak+1.
C

Ococ Oc

det Ak

PROOF. We have

A1 uy w .
k—1 U1 U2 —detAk1<<g g)(Z%)A;_ll(mw))

ujp o §
u; B
=det Ap_1(a — uTA,;ilul)(n — uSA,;lluQ)

—det Ap_1 (B — usA; jur) (€ — uiAL L up)

det Agq = det

det Ay = det(AZ;1 “1 > =det Aj_1 (o — uj A ug).

1
In det Ay, the partial derivative of the ith row with respect to ¢ is the (i + 1)th row for
i < k, and the kth row of % is the (k + 1)th row of det Ap11 upon deletion of its

last element; similarly for the derivatives of the columns with respect to ¢. Hence,

0 A1 u A —
adetAk_det( 2*1 61> =det Ap_1(3 — ubA twr),

2
% det Ay, = det(Az,lk_l u;) =det Ap_1(§ — uTA,;llug),
2

% det Ay, = det(Ak;_1 u2> =det Ap_1(n— uSA,;lluQ).

Thus, we get equation (4.1). O

In an analogous fashion, we derive Theorems 3 and 4.

THEOREM 3.
9?2 0 0
~Pr—=Pr = Py_1Pp1. (4.2)

Pregeae™ ~ 5c e
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THEOREM 4.

0 0
det Ay — P — Py—det A, = det Ap—1Pry1. (43)
Jc Jdc

5. The Useful Factor

Let ¢ = a+ ib, where a and b are real, and consider ./\fﬁnk) as a real rational function of
the real variables a and b. The problem is to find the real solutions of the system

(k) (k)
ONm — 0, ONm _o (5.1)
da ob
Because
oNE 1 [(ant anP ONE 1 (oN®  and)
oc 2\ a0 e )0 @ a3\ e e ) O
it is sufficient to consider
N
e =0 (5.3)

for determining c. The trace T and determinant D of the Hessian matrix can be expressed
as

2
T= 4782/\/;%6) D=4 (“)QNy(f) — («)2Ng€) 82/\/’7('?) (5.4)
dcoe dcde ot oe? ‘
By Theorem 1, we consider P, = 0 and Py = 0 separately.
THEOREM 5. N,E,,k) attains its local minimum at ¢ satisfying P, = 0 if
(det Ak_1)4Pk+1P]€+1 — (det Ak)4Pk_1Pk_1 > 0. (5.5)

Proor. If P, = 0, we have:

@ - M7 a_Fk — _Pk71Pk+1/% = —%Pk,l,
dc det Ay, dc oc det Ap_1
T= 4@2%)2% - 4(d§ckX;)2 = g:t_/fkﬂ - 4(d§;AAkk_); PraPiyr 20,
5 - -
D=4 ((%Pk+lpk+l> - (iz;kik)g(liijxl?cj)lz)
=4 Pri1 Pyt = ((det Ag—1)*Pry1Pey1 — (det Ag)* Po1Pr_y).

(det Ak_l)Q(det Ak)
So NV¥) attains its local minimum at c satisfying Py = 0 if D > 0, i.c.,

(det Ak_1)4Pk+1Pk+1 — (det Ak)4Pk_1Pk_1 >0. O
For P41 = 0 we have the following conclusion.

THEOREM 6. For ¢ satisfying Pr+1 = 0, the trace is non-positive.
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Table 1. N, = 0.1763296120.
Zeros of h Zeros of f
0.580685 7529 (double) 0,1
—1.050 883 646 -1
—0.0747 216 6958 + 0.9804 5093137 4
—0.0747216 6958 — 0.9804509313: —1i
Table 2. NV, = 0.5075634529.
Zeros of h Zeros of f
0.3642294253 4 0.3642294253: ( triple ) 0,1,4
—0.9744637807 + 0.032791535164 -1
0.03279153516 — 0.9744637807¢ —1i
ProoOF. If Pyiq1 =0 then
PN P 0P
dcoc  (detAy)? 09¢ ’
O0Py41 Odet Ay, 0P, 82Pk
det Ap_1 = —— +det A
g CVMIT Toe T ge T M Geae
_@8(16'51\;@ B 82det/\k
o oc " ocoe
6detAk% B 32detAk _ P, Odet Ay, Odet Ay _p 82detAk
gc  dc " 0coe  deth, Oc e " dcoe
__p det Agqdet Ay
n 4§ det Ak ’
82Pk aPk Oddet Ak 82Pk det Ak 8Pk 8Pk det Ak
det A - — =det A — ———=——P,_ 1P,y =0.
G P~ oe oc MG B, 0c o B, ik
So we have
82./\[7(15) det Ak+1 —_—
T=4——-"=—-4—""P.P.<0. O
dcde (det Ay)3 F7F =

We conclude that it is sufficient to consider those zeros of P, = 0 which are not zeros
of Pry1 = 0. As for zeros of Py 1 = 0, they are candidates for ¢ with a multiplicity
higher than k. By a repeated use of Theorems 3 and 4, the common zeros of P, = 0 and

Pp11 =0 are zeros of P; =0 for all m > j > k.

6. Numerical Examples

EXAMPLE 1. f =2 — 2.

For k = 2 (cf. Zhi Lihong and Wu Wenda (1997)), there are four nearest singular poly-

nomials due to the geometry of the zeros of f; one of them is

h ~ 2° 4 0.038955479662* + 0.067085302962> + 0.115527723322
—0.8010494959 + 0.3426130279.
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The zeros of h are shown in Table 1. The other three cases can be obtained by rotation
with an angle 7/2, m and 37 /2 respectively.
For k = 3, there are four nearest singular polynomials; one of them is

h~ x° + (—0.1510160305 — 0.1510160305i)z* — 0.311275054iz° + (0.3858582928
—0.38585829284)x? — 0.5746952045z 4 0.09187090467 + 0.09187090467i

with the roots shown in Table 2. ¢ = 0 is the common zero of P, and Ps, for k = 4,5;
the nearest singular polynomial is

h =5, and N, = 1.
EXAMPLE 2.
f=(z—0.89 —0.03i)(z — 0.88 4 0.02i)(z — 0.87)(x — 1)
= 2% 4+ (—3.64 — 0.01i)2® + (4.9637 + 0.02734)x? + (—3.005606 — 0.024782i)x
+0.681906 + 0.0074823.

For k = 2 (cf. Zhi Lihong and Wu Wenda (1997)), the nearest singular polynomial of f
is unique:
h~ 2t 4 (—3.639999897 — 0.010000120764)z> + (4.963700115 + 0.027299860947)z:>
+(—3.005605870 — 0.024782160087)x + 0.6819061456 + 0.0074818157561,

with these roots shown in Table 3.
For k = 3, the nearest singular polynomial with a zero of multiplicity 3 is also unique:

h~ 2t + (—3.639968566 — 0.010021194064)2> + (4.963698969 + 0.027300773337) 2
+(—3.005622319 — 0.024770963067)2 + 0.6819004541 + 0.007485892787i.

The zeros of h are shown in Table 4. For k = 4, the nearest singular polynomial with
a zero of multiplicity 4 is:

h ~ x* + (—3.637528548 — 0.0099990752527 ) x> + (4.961817732 + 0.02727894127i)z>
+(—3.008080147 — 0.02480691942i))x + 0.6838580852 + 0.007519618582i.

The zeros of h are shown in Table 5.

Table 3. N, = 0.1552760144 x 1012,

Zeros of h Zeros of f
0.8768135619 — 0.01006779565¢ (double)  0.88 — 0.02¢, 0.87
0.8866786823 + 0.029825631874 0.89 + 0.037
0.9996940915 + 0.00031007889001 1

Table 4. N;;, = 0.3311925673 x 10~8.

Zeros of h Zeros of f
0.8817735725 4 0.002337412033¢ (triple) 0.89 4 0.037, 0.88 — 0.02¢, 0.87
0.9946478484 + 0.003008957959¢, 1

Table 5. NV, = 0.004425554008.
Zeros of h Zeros of f
0.9093821369 + 0.002499768813:;  0.89 + 0.03¢, 0.88 — 0.02¢, 0.87, 1
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