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Abstract

Polynomial optimization has a lot of applications in convex optimization,

algebraic geometry, graph theory and so on. It can be relaxed to hierarchies of

semidefintie optimization problems which are called moment relaxations. The

dual of moment relaxations are sum of squares(SOS) relaxations. The optimal

value of moment relaxations and SOS relaxations can converge to the optimal

value of the polynomial optimization when the feasible set is bounded. In real

algebraic geometry, moment relaxations can be used to compute the real radical

of an ideal.

Algebraic geometry plays an important role in studying the algebraic struc-

tures of polynomial optimization problems. There are some symbolic algorithms

for the computation of the optimal value in a polynomial optimization problem.

However, classical algebraic methods will meet challenges when we deal with

some topics, such as the structure of nonnegative polynomials and the interplay

between efficiency and complexity of different representations of semialgebraic

sets. Convexity provides a new viewpoint and framework for addressing these

questions. This emerging area has become known as convex algebraic geome-

try. In convex algebraic geometry, there are a lot of important problems that

have been studied deeply. For example, computing the closed convex hull of a

semialgebraic set by constructing explicit semidefinite representations based on

moment matrices, the equivalence between a convex semialgebraic set and the

projected spectrahedron and measuring the algebraic complexity of an optimiza-

tion problem by using algebraic degree.

This thesis focuses on studying some problems in polynomial optimization

and convex algebraic geometry. The first problem is that given an ideal whose

background field is real field, how to compute its real radical. A symbolic al-

gorithm based on the primary decomposition can be used to compute its real

radical. When its real radical is zero dimensional, a new algorithm based on mo-

ment relaxations can be used to compute the generators of its real radical. Flat



iv õ�ª`zÚà�êAÛ¥�eZ¯KïÄ

extension condition has been used as a termination criterion of this algorithm.

When its real radical is positive dimensional, flat extension condition can not be

satisfied. We propose a new termination criterion based on the involution theory

in solving differential equations. When our termination criterion is satisfied, the

algorithm returns a Pommaret basis of an ideal between the ideal and its real

radical. Under some assumptions, it returns the generators of its real radical.

The second problem is that given a semialgebraic set, how to compute its

closed convex hull. When the semialgebraic set is compact, hierarchies of Theta

bodies and Lasserre’s semidefinite representations converge to its closed convex

hull. When the semialgebraic set is not compact, hierarchies of Theta bodies

and Lasserre’s semidefinite representations may not converge. We map the semi-

algebraic set to another semialgebraic set in a higher dimensional linear space

and then project it to the unit sphere in the higher dimensional linear space so

that the computation of the closed convex hull for a noncompact semialgebraic

set can be transferred to that for a compact one. We construct hierarchies of

modified Theta bodies and modified Lasserre’s semidefinite representations. As-

suming that the semialgebraic set is closed at infinity and the closed convex cone

generated by its image in the higher dimensional linear space is closed and point-

ed, we prove that hierarchies of modified Theta bodies and modified Lasserre’s

semidefinite representations converge to its closed convex hull. Both assumptions

are necessary for the convergence and the convergence will not be guaranteed if

one of them is not satisfied.

The third problem is the computation of the parameterized optimization

problem. In the parameterized optimization problem, for each parameter’s val-

ue, there exists an optimal value in the corresponding optimization problem.

Tariski’s theorem in real algebraic geometry ensures that the optimal value is a

semialgebraic function of the parameter’s value so that it is called optimal value

function. How to describe the optimal value function by polynomial equations?

Dual variety can be used to compute the Zariski closure of the graph of the op-

timal value function when the feasible set is irreducible, compact and smooth.

When the feasible set is compact but not smooth, we construct a sequence of

dual varieties and the union of these dual varieties can be used to contain the
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graph of the optimal value function. When the feasible set is smooth but not

compact and the closed convex hull of the feasible set contains no lines, we show

that the dual variety can be used to compute the Zariski closure of the graph of

the optimal value function by the theory of generalized critical value. We pro-

pose a parameterized version of an algorithm which is based on the polar variety

and the parameterized algorithm returns a sequence of polynomials such that

for each parameter’s value, there exists a polynomial in the sequence which can

be reduced to a nonzero univariate polynomial whose roots contain the optimal

value in the specialized optimization problem.

The last problem is characterizing the cone lift of a closed convex set. We

generalize the factorization theorem of convex body to the case of general closed

convex sets. Given a closed convex set, we define a slack operator associated to it

according to whether the convex set is full dimensional, whether it is a translated

cone and whether it contains lines. We generalize the definition of cone lift: not

only the convex set is the image of a linear map of a given closed convex cone’s

affine slice, but also its recession cone is the image of the linear map of the closed

convex cone’s linear slice. Given a closed convex set, we use the cone factorization

of the generalized slack operator to characterize its generalized cone lift.

Key words: Moment matrix; Lasserre relaxation; Theta body; spectrahedra;

dual variety; polar variety; cone factorization; nonnegative rank; semidefinite

rank; cone lift.
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1.1 ¯̄̄KKKVVVããã

õ�ª`z¯K´²;�`z¯K. §�êÆ/ªXe:

inf
x∈Rn

f(x) ¦� g1(x) ≥ 0, . . . , gm(x) ≥ 0,

Ù¥, f(x)Úg1(x), . . . , gm(x)´õ�ª. �55y, ­½8¯K, 4��¯KÑ

´õ�ª`z¯K. duõ�ª¼ê´1w¼ê, �±|^²;�ê��{, ~

XÚî{, �ÝFÝ{��{5?1ÛÜ�`��ê�¦). duõ�ª`z

¯KØ´à`z¯K, ¤±Ã{(�ù
ê��{�±¦)�Û�`�. ��

�{´òù�¯K=z½tµ¤à`z¯K. Äuù��{, ®k�þ�ó�.

Lasserre�Æö|^ÿÝnØ, ÝþÝ
Úõ�ª²�ÚnØ�E����½t

µS�, ë� [48]. ù���½tµS���`�Âñ��õ�ª`z¯K��

`�.

õ�ª�§|�":¦)¯K�´�~­��¯K. §Úõ�ª`z¯K

���'. �õ�ª�§|���êk��, �±|^ÓÔ�{ [1]5?1ê�

¦). ÎÒ�{Ì��)GröbnerÄ [15], Ritt-WuA���{ [75, 99]. ÏL¦)

õ�ª�§|¥õ�ª�GröbnerÄ, ·��±ò¯K=z�üC�õ�ª�"

:¦)¯K. �õ�ª�§|���êÃ��, ¦)¤k��´Ø�U�. 3ù

��/e, �½��¢Xêõ�ª�§|, kü�­��¯K���Ä: 1��

¯K´XÛ3éA¢�ê8�z��ëÏ©|þ��k�õ���:. 1��

¯K´XÛ¦)¢Xêõ�ª�¥�n��¢�n�. éu1��¯K, �


Äu'�:��{�±^5¦)ù
��:, � [3, 4, 8, 81]. éu1��¯K,

®k�
ÎÒ�{5¦)n��¢�n�. XJ¢�n�´"��, ©z [26]�

(J�±¦)n��¢�n�. XJ¢�n�´���, ÊH¦^��{ò�

��/=z¤"��/. ë�Gianni, Trager ÚZacharias3©z [26]¥�(J±

9KrickÚLogar3©z [45]¥�(J. BeckerÚNeuhaus3©z [10]¥JÑ
�

�ÄuO�©)�ÎÒ�{5O���n��¢�n�(ë� [61, 93,100,102]).

��ÄuÝþÝ
�ê��{3©z [49–51, 54]¥�JÑ. ���n�Ié

A�¢�ê8´"��, ù��{�±^5¦)I�¢�n� R
√
I±9¢�ê8



2 õ�ª`zÚà�êAÛ¥�eZ¯KïÄ

�¤k:. ÄuÝþÝ
��{��±^5¦)"���ê8�A-�n�. �

n�IéA�¢�ê8´���, duÄuÝþÝ
�ê��{"���Âñ�

�½OK, ¤±ØU��^5¦)I�¢�n�.

�½��Ä�4��ê8S. XÛ�xS�4à�´|Ü`z¯K¥��

a­�¯K¿�®²�2�ïÄ(� [11, 40, 41, 66]). �S´��k.�¢�ê

8�, RanestadÚSturmfels3©z [72]¥|^�êAÛ��{5O��¹S�4

à�>.���q. RostalskiÚSturmfels3©z [79]¥|^�Kq5�xS�

4à��48�>.. 3�Ó�/e, ©z [30]Ú [47]©O|^ThetaNS�

ÚLasserre��½L«S�5%CS�4à�.

�Äe¡�ëêz`z¯K:

c∗0 := sup
x∈Rn

cTx = c1x1 + · · ·+ cnxn

h1(x) = · · · = hp(x) = 0,

(1.1)

ùp, õ�ªh1, . . . , hp ∈ R[X1, . . . , Xn], c := (c1, . . . , cn)´ëê.

3¯K(1.1)¥, �`�c∗0�±w�´ëêc���ê¼ê, =�`�¼ê. ·

��8�´|^õ�ªXÚ5£ã�`�¼ê�ã�. Î�ê©)(CAD, ë

� [17])U
^5O�����ê8�ÝK(�du�Øþc), ÏdU
^5¦

)¯K(1.1). �O(/`, ÏLÚ\Ù��f∧, ·�ò¯K(1.1)'é�Ù�L

�ª

(h1(X) = 0) ∧ · · · ∧ (hp(X) = 0) ∧ (c0 − cTX ≥ 0) (1.2)

ùpX = (X1, . . . , Xn).

ÏLÀ�÷vXCþ�ucCþ�S�±O�R2n+1¥d(1.2)½Â���ê

8�Î�ê©). 3ÝK�ã, ·�����ê8�ÝK�½Âõ�ª�8Ü.

ù�8Ü�±^5£ãëê�m3Rn¥���>.. ,
, CAD�{�E,Ý

´C��êÚ½Âõ�ªgê�V�ê¼ê. ù��
§�¢SA^. XJõ

�ª��ê�L4, §�U¬ÑÑéõØ�'�õ�ª. �
E,Ý�$��{

�±^5¦)õ�ª`z¯K, � [6, 35–37, 80, 83]. 3Ãëê�/, ù
�{¦

)õ�ª`z¯K��`�¤���üC�õ�ª�gê´C��ê�ü�ê

¼ê.

·�ò¦)Ãëê`z¯K��{í2�ëêz`z¯K¥, l
£ã�

`�¼ê¿�¦)ëêz`z¯K. -Φ ∈ Q[c0, c1, . . . , cn]���õ�ªXÚ,
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ÙéA��ê8�¹�`�¼ê�ã�. Φ'uCþc0���U�gê¡�¯

K(1.1)��êgê. �êgê�±ïþ¯K(1.1)��êE,Ý. �êgê3é

õ©z¥�J9, ë� [12, 16,34,43,64,65,71].

-h = {h1, . . . , hp}�¯K(1.1)¥�õ�ª8Ü¿�-

V = {v ∈ Cn | h1(v) = · · · = hp(v) = 0}. (1.3)

b�〈h〉´���n�. 3©z [12, ½n 5.23]¥, RostalskiÚSturmfels�Ñ�V

Ø��, 1w¿�V ∩ Rnk.�, �`�¼êΦ�ã��Zariski4��±dVé

A�éó��q�½Âõ�ª�x. V ∩ Rn�k.5�±(�éA�`z¯K

��`�´k�¿����. §é [12, ½n 5.23]�y²´7��.

,
, �V ∩ RnÃ.�, é,��ëê�, ÙéA�`z¯K��`��U

´Ã��½ö´k�Ø���, =�`�´ìC'��(ë� [44, 46, 70])½ö´

8I¼ê3ÛÉ:þ��. Ïd [12, ½n 5.23]�y²3ù��/e´Ã��

¿�VéA�éó��q�UØ´�`�¼ê�Zariski4�. d	, é¦)¯

K(1.1)��`�, VéA�éó��q�½Âõ�ª�3��Øv�?, =é,

��ëê�, ½Âõ�ª�U��z¤"õ�ª. ·�Ã{léó��q�½

Âõ�ª¥��'u�`��?Û&E.

��, ·��Ä�½��`z¯K, XÛ~�£ãT`z¯K��18�

CþÚ�å��ê. ��18´õ¡N�, w,/, §�±L«¤���K�

�����¡3���5N�e��. Yannakakis3©z [101]¥y²��k.

õ¡N�tµÝ
��K�´¦�þãL«¤á��K������ê, =t

µÝ
��K��±L«�xk.õ¡N¤I�����CþÚ�å�ê. ©

z [24,31]¥, ÏLtµ�f�I©), Yannakakis�(J�í2�àN�IÞå

¯K. ¦+©z [31]¥�(JéàN¤á, ·�5¿���Ø�¹���Ã.4

à8d4:Ú4��)¤. Ïd�O��4à8´Ä�3IÞå�¯KØUd

®k(Ø��í2. d	, XJ��4à8�¹��, §Ø�34:Ú4��.

XJ�:Ø´4à8�S:, §�48¤éA��5¼êØU���x§(�~

f6.1). ·�ïÄXÛòàN�IÞåÚtµ�f�½Âí2����4à8

�/¿�`²���4à8Ø´àN�, §�IÞåÚtµ�f�I©)�m

�'X.
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1.2 ØØØ©©©���(((���ÚÚÚÌÌÌ���¤¤¤JJJ

31nÙ¥, �n�IéA�¢�ê8VR(I)´���, ·�JÑ��ª�^

�5�y�ª〈kerMt(y)〉 = I(VR(I))´Ä¤á. ¢Ã�´, ·�3 [54, §2.4.3]¥

vk��)ûù�¯K. ¦+Xd, ·�JÑ��ÄuAÛéÜnØ [87–89]�

ª�^�(3.6)5O���÷v'XI ⊆ J ⊆ I(VR(I))�n�J = 〈kerMt−2(y)〉3
©g_i;Se�PommaretÄ. PommaretÄ´AÏ�GröbnerÄ. PommaretÄ

�±^5O���n���Ý, �K�êÚ����Castelnuovo-Mumford�K

5. �¢�ê8VR(I)´���, 313.4!�~f¥, ·��ª�^��±¤õ

/O�Ñ¢�n�I(VR(I))��|Pommaret Ä. 3���¹e, ·�ØU(�

�ª�^�(3.6)÷v�, �{�£�õ�ª8Ü´I�¢�n��)¤�.

31oÙ¥, ·�ò©z [30, 47]¥�(Jí2�Ã.��ê8��/. ·

�|^àgzE|�E
í2ThetaNS�Úí2Lasserre��½L«S�. ·

��Ñ�k5Ú��ê83Ã¡�?´4�^�÷v�, ù
S��±Âñ�

Ã.��ê8�4à�. d	, XJPP-BDR5�¤á¿���ê¿©��, í

2ThetaNÚí2Lasserre��½L«´O(�. ÏL�
~f, ·�`²k5

Ú��ê83Ã¡�?´4�^�éuí2ThetaNS�Úí2Lasserre��½

L«S��Âñ5´7��. ��, ·�Jø�
üÑ5)ûk5Ú��ê8

3Ã¡�?´4�^�Ø÷v��/.

31ÊÙ¥, ·��Ä��ëêzõ�ª`z¯K��18´Ã.½ö�

1w��ê8�/. ��181w, Ã.¿��18�4à�Ø�¹���, ·

�ÏLéó��qO���õ�ª. ù�õ�ª�½Â�­¡´�¹�`�¼

êã��Zariski4�. |^éó��q, ·��O���{, ¦�éA�¤k�

ëê�, éA�`z¯K��`�´���"üC�õ�ª��. �
¦)ëê

z`z¯K��`�, ·��O��Äu4��q��{�ëêz�{. �{

�£��õ�ªXÚ, ¦�é?¿�ëê�, õ�ªXÚ�±��z����"

üC�õ�ª, üC�õ�ª���¹éA�A½z`z¯K��`�.

318Ù¥, ·��ÄÃ.4à8�IÞå¯K. ?���Ø�¹���4

à8, ·��±|^§�48�4:Ú4��5�xù�4à8. |^ù�(

JÚà8�L«½n, ·�í2
©z [27, 29, 32]¥�tµ�fÚIÞå�½

Â. ·�ò©z [27, 29, 32] ¥'uàN�IÞå�tµ�f�I©)��d'

Xí2���4à8��/.
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ÎÒR(C)L«¢(E)ê�. f�mL ⊂ Rn���ÖP�L⊥. �½��

�K = R(C), �K¥�n�õ�ª�P�K[x] := K[x1, . . . , xn]. NL«�K
�ê�8Ü. K[x]¥�õ�ª½Â�p := Σα∈Nnpαx

α, Ù¥�kk�õ�X

êpα ∈ K´�"�¿�§�Ä�lt≺(p)½Â�éAXêpαØ�0�ü�ª¥'u

�S≺���ü�ªxα. 〈lt≺(I)〉P�dn�I¥õ�ª�Ä�)¤�n�. �

½R[x]¥���õ�ªh, ½Âvec(h) = (hα)α∈Nn . ét ∈ N, ½ÂNn
t := {α ∈ Nn |

|α| := Σn
i=1αi ≤ t}. éα ∈ Nn, ü�ªxα := xα1

1 · · · xαnn �gê´|α| := Σn
i=1αi.

¤kü�ªþ�¹38ÜTn := {xα | α ∈ Nn}¥. 8ÜTnt := {xα | α ∈ Nn
t }dg

ê�õ�t ∈ N�ü�ª|¤. �½���K�êt, K[x]tL«gê�õ�t�õ

�ª8Ü. ÎÒ[x]tL«gê�õ�t�ü�ª¤)¤�S�:

[x]t := [1, x1, . . . , xn, x
2
1, x1x2, . . . , x

t
1, x

t−1
1 x2, . . . , x

t
n].

2.1 ààà©©©ÛÛÛÄÄÄ:::

2.1.1 ààà888

�½Rn¥�����f8C, XJé?¿�x ∈ C, y ∈ CÚλ ∈ (0, 1),

k(1− λ)x + λy ∈ C, K¡C´à8. éRn¥�?¿f8W , W�à�co (W )½

Â��¹W���à8. cl (W )P�W�4�. W�4à�(=à��4�)P

�cl (co (W )). ��à8C���4�aff(C)½Â��¹C�����8. à

8C ⊂ Rn��éS:ri (C)½Â�C��aff(C)¥�f8�S:.

��à8C�¡´C���f8C ′, ¦�éC¥�?¿��4�ã, XJ�

3�éS:3C ′¥, K4�ã�à:�3C ′¥. C�"�¡½Â�C�4:. X

JC ′´C���¡, KC ′���¡�C�4��.

-S0ÚS1©O�Rn¥�:Ú���8Ü. S = S0 ∪ S1�à�co (S)½Â

�Rn¥¦�^�S0 ⊆ CÚS1 ⊆ 0+C¤á���à8C. �êþ, ���þxá

uco (S)��=��3�K�êm, k, �K¢êλ1, . . . , λm, ¦�e¡�L�ª¤
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á:

x = λ1x1 + · · ·+ λkxk + λk+1xk+1 + · · ·+ λmxm,
k∑
i=1

λi = 1,

Ù¥é1 ≤ i ≤ k, xi ∈ S0, ék + 1 ≤ i ≤ m, xi ∈ S1.

½n 2.1. [76, ½n 18.5] �½��Ø�¹���4à8C. -S�C¥4:Ú

4���8Ü, KC = co (S).

����à8C ⊂ Rn�48(polar)½ÂXe:

Co = {x ∈ Rn |é?¿�y ∈ C, 〈x, y〉 ≤ 1}.

w,/, Coo = cl (co (C ∪ {0})).

¯¤±�, Rn¥�k.8�à�´4�. ,
, é���Ã.8, (ØØ�

½¤á. ~X, -

V := {(x1, x2) ∈ R2 | x1x2 = 1, x2 ≥ 0} ∪ {(0, 0)},

K

co (V ) = {(x1, x2) ∈ R2 | x1 > 0, x2 > 0} ∪ {(0, 0)}.

Ïd, co (V )Ø´48.

XJ��é¡Ý
A´��½�, KP�A � 0. Rn¥�Ìõ¡N(spectrahe

dron)½Â�Xe8Ü:

{x ∈ Rn | A0 +
k∑
i=1

xiAi � 0},

ùp, A0, A1, . . . Ak�¢é¡Ý
. Rn¥Ìõ¡N�ÝK(projected spectrahe

dron)½Â�Xe8Ü:

{x ∈ Rn |�3y ∈ Rk, A0 +
k∑
i=1

xiAi +
k∑
i=1

yiAi � 0},

ùp§A0, A1, . . . Ak´¢é¡Ý
.
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2.1.2 àààIII

�½��8ÜK ⊆ Rn, XJK'u�Iþ¦{$�´µ4�, K¡K´�

�I. �½��8ÜC ⊆ Rn, ¡cone (C)�dC)¤�I, =�¹C���I. �

½��àIK, §�4��½Â�±�:�à:���¡. K �éóI½Â�

K∗ = {c ∈ Rn |é?¿�x ∈ K, 〈c, x〉 ≥ 0}.

éRn¥�?¿f�mL, kL∗ = L⊥.

��IKØ�½´à8, �´§�éóIK∗�½´4àI. K�éóI�

éóIK∗∗´K�4à�. Ïd, XJK´��4àI, KK∗∗ = K.

·K 2.2. [76, íØ 16.4.2] �½Rn¥�4àIK1ÚK2, K

(K1 +K2)∗ = K∗1 ∩K∗2 ¿� (K1 ∩K2)∗ = cl (K∗1 +K∗2) . (2.1)

AO/, éRn¥�?¿f�mL, k

(K1 ∩ L)∗ = cl
(
K∗1 + L⊥

)
.

½Â 2.1. �½��4àIK, XJK ∩ −K = {0}, K¡K´k�(pointed).

½n 2.3. �½Rn¥�4IK. e¡�`{´�d�:

1. co (K)´k�4à8.

2. co (K)Ø�¹L�:���.

3. �3�þc = (c1, . . . , cn) ∈ Rn, ¦�é?¿�x ∈ co (K) \{0}, k〈c, x〉 > 0.

y². y²Ú [20, ½n 11, Ún 2]�Ó.

5 2.1. ¦+k5½Â34àIþ, éu��4IK, XJco (K) ∩ −co (K) =

{0}, K¡co (K)´k�.

3Rn¥���àIK�48½Â�

Ko = {x ∈ Rn |é?¿�y ∈ K, 〈x, y〉 ≤ 0}.
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3Rn¥���à8C�£Â(recession)I0+C½Â�:

{y |é?¿�λ > 0, x ∈ C, x+ λy ∈ C}.

à8C��5�m½Â�0+C∩ (−0+C). 4à8CØ�¹����=�0+C´k

�. 4à8C ⊆ Rnk.��=�0+C��¹"�þ. 4à8C�4��´0+C�

4��.

½n 2.4. [76, ½n 8.3] �½����4à8CÚ���"�þy. XJ�3�

þx ∈ C, ¦���{x+ λy | λ ≥ 0} ⊆ C, Ky ∈ 0+C.

2.1.3 ààà¼¼¼êêê

f´½Â3S ⊆ Rnþ�¢�(�)±∞)¼ê. f�þ�ã/½Â�

epi(f) = {(x, µ) ∈ Rn+1 | x ∈ S, µ ∈ R, µ ≥ f(x)}.

XJepi(f)´Rn+1¥�à8, K¡f´½Â3à8Sþ�à¼ê. ¼êf�k�

�dom(f)½Â�epi(f)3Rnþ�ÝK:

dom(f) = {x ∈ Rn |�3µ ∈ R, ¦�(x, µ) ∈ epi(f)}

= {x ∈ Rn | f(x) < +∞}.

XJf���Ø�¹−∞, K¡f´�~�(proper)à¼ê.

½n 2.5. [21, ½n 2.2] b�C ⊆ Rn´Ã.4à8. XJ0+C´k�4àI, K

1. (0+C)
o´n�4à8.

2. int ((0+C)
o
) ⊆ dom(c∗0(c | C)) ⊆ (0+C)

o
.

2.2 ÝÝÝþþþÝÝÝ




�½Rn¥�ÿÝµ, yα :=
∫
xαµ(dx)¡�1α�Ýþ. S�(yα)a∈Nn¡�

ÿÝµ�ÝþS�, ÿÝµ¡�S�(yα)a∈Nn�L«ÿÝ. �½t ∈ Nn, �äS

�(yα)a∈Nnt¡�ÿÝµ�1t�ÝþS�.

�½��S�y = (yα)α∈Nn ∈ RNn , Ýþ(moment)Ý


M(y) := (yα+β)α,β∈Nn
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´��1Ú�±ü�ª8ÜTn := {xα | α ∈ Nn}�¢Ú�¢é¡Ý
. ½ÂS

�hy := M(y)vec(h) ∈ RNn . XJM(y)p := M(y)vec(p) = 0, K¡õ�ªp3Ý

þÝ
M(y)�Ø¥. �½���äÝþS�y = (yα)α∈Nn2t ∈ RNn2t , ½Â�äÝ

þÝ


Mt(y) := (yα+β)α,β∈Nnt .

�äÝþÝ
±ü�ª8ÜTnt := {xα | α ∈ Nn
t , |α| := Σn

i=1αi ≤ t}�¢
Ú. ·��Ägê�u�ut�õ�ª�mR[x]t. �½R[x]t¥�õ�ªp, X

JMt(y)vec(p) = 0, K¡p3Mt(y)�Ø¥, =

kerMt(y) := {p ∈ R[x]t |Mt(y)vec(p) = 0}. (2.2)

2.3 ���êêêAAAÛÛÛÄÄÄ:::

2.3.1 ÄÄÄ���VVVggg

�½n�õ�ª�R[x] := R[x1, . . . , xn]¥�õ�ªh1, . . . , hmÚn�I =

〈h1, . . . , hm〉. I�E(¢)��q©O½Â�

VC(I) := {x ∈ Cn |é?¿�f ∈ I, f(x) = 0}, VR(I) := VC(I) ∩ Rn.

Cn¥���qV3K[x]¥�"z(vanishing)n�½Â�

I(V ) := {f ∈ K[x] |é?¿�v ∈ V, f(v) = 0}.

K[x]¥�n�I��n�½Â�

√
I :=

{
f ∈ K[x] |�3k ∈ N, ¦�fk ∈ I

}
.

R[x]¥�n�I�¢�n�½Â�

R
√
I :=

{
f ∈ R[x] |�3k ∈ N, q1, . . . , qr ∈ R[x], ¦�f 2k +

r∑
i=1

q2
i ∈ I

}
.

w,/, §��m��¹'X�I ⊆
√
I ⊆ R

√
I. XJI =

√
I(I = R

√
I), K¡I�

�(¢�)n�.

½n 2.6. [13, ½n 4.14] �½R[x1, . . . , xn]¥�n�I. KI´¢�n���=

�I = I(VR(I)).
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õ�ªh1, . . . , hm'ux1, . . . , xn�ä�'Ý
½ÂXe:
∂h1
∂x1

∂h1
∂x2

. . . ∂h1
∂xn

∂h2
∂x1

∂h2
∂x2

. . . ∂h2
∂xn

...
...

...
...

∂hm
∂x1

∂hm
∂x2

. . . ∂hm
∂xn

 .

b�n�I := 〈h1, . . . , hm〉´d�����n�, K��qV := V(I) �ÛÉ:

8sing(V )dõ�ªh1, . . . , hmÚ§��ä�'Ý
¥¤k�n − d�fª½Â.

V�1w(�K):8½Â�V \sing(V ). XJsing(V ) = ∅, K¡��qV´1w
�.

2.3.2 ²²²���ÚÚÚõõõ���ªªª

�½R[X]¥�õ�ªp(X). XJ�3õ�ªu1(X), . . . , us(X) ∈ R[X], ¦

�p(X) =
∑s

i=1 ui(X)2, K¡õ�ªp(X)´²�Ú(SOS)õ�ª. ÎÒΣ2L«²

�Úõ�ª�8Ü.

�½õ�ª8ÜG := {g1, . . . , gm}ÚÄ�4��ê8S := {x | g1(x) ≥
0, . . . , gm(x) ≥ 0}. G��g�½Â�

Q(G) :=

{
m∑
j=0

σjgj

∣∣∣ g0 = 1, σj ∈ Σ2

}
.

G�1k��g�(quadratic module)½Â�

Qk(G) :=

{
m∑
j=0

σjgj

∣∣∣ g0 = 1, σj ∈ Σ2, deg(σjgj) ≤ 2k

}
.

é?¿�p ∈ Q(G)Úx ∈ S, kp(x) ≥ 0.

½Â 2.2. XJ�3ψ ∈ Q(G), ¦�8Ü{x | ψ(x) ≥ 0}3Rn¥k., K¡

¡Q(G)÷vCÄ��^�.

5¿�CÄ��^��±í�ÑS´k.�, �´�L5%Ø�½´é�,

é?¿�k.8S, �¿©��M , ò�å^�M − ‖x‖2
2V\�S�½Âõ�ª

¥, #�½Âõ�ª8ÜéA��g�÷vCÄ��^�.
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½n 2.7. [69, Putinar���":½n] b�Q(G)÷vCÄ��^�. XJõ�

ªp ∈ R[X]3Sþð�u0, K�3k ∈ N, ¦�p ∈ Qk(G).

½Â 2.3. [47,½Â 3]XJ�3k ∈ NÚR[x]1¥���"ÿ8V ,¦�3Sþð�

����¼êp,XJvec(p) 6∈ V ,�±íÑp ∈ Qk(G),K¡G÷v1k�Putinar-

Prestelk.L«(PP-BDR)^�.
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3.1 ¯̄̄KKKÚÚÚ���µµµ

�½õ�ª�R[x1, . . . , xn]¥�m�õ�ªh1, . . . , hm. ½Â

dj := ddeg(hj)/2e, d := max
1≤j≤m

dj. (3.1)

ét ≥ d, ½Â8Ü

Kt := {y ∈ RNn2t | y0 = 1,Mt(y) � 0,Mt−dj(hjy) = 0, j = 1, . . . ,m}. (3.2)

XJy ∈ Kt��äÝþÝ
Mt(y)3Kt¥äk���,K¡y´Kt�1(generic)�

�. 1���8ÜP�

Kgent := {y ∈ Kt |Mt(y)��3Kt¥´���}. (3.3)

�¢�ê8VR(I)´"��, Lasserre�Æö3©z [18, 48] ¥¦^²"*

Ü^�5u�éKgent ¥��þy, kerMs(y) (1 ≤ s ≤ t)¥�õ�ª´Ä�±

)¤¢�n�I(VR(I)). �VR(I)´���, ù�^�´Ã��. e¡�~f

dFialkow3©z [22, ~f 3.2]¥JÑ. ù�~f`²VR(I)´���, =¦Ýþ

Ý
�Ø�¹¢�n��)¤�, ²"*Ü^�E,Ø¤á.

~ 3.1. �ÄXe½Â�3��äÝþÝ
M3(y):

M3(y) =



1 0 0 1 2 5 0 0 0 x

0 1 2 0 0 0 2 5 14 42

0 2 5 0 0 x 5 14 42 132

1 0 0 2 5 14 0 0 x 0

2 0 0 5 14 42 0 x 0 0

5 0 x 14 42 132 x 0 0 0

0 2 5 0 0 x 5 14 42 132

0 5 14 0 x 0 14 42 132 r

0 14 42 x 0 0 42 132 r s

x 42 132 0 0 0 132 r s t



.
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½ÂCþx1, x2�Sx1 ≺ x2, ·�¦^©g_i;S5�½ü�ªxα1
1 x

α2
2

(0 ≤ α1 + α2 ≤ 3)�S¿�ü�Ý
M3(y)�1Ú�.

�x = 0, r = 429, s = 1422, t = 4798�, ��M3(y) � 0, rankM3(y) = 9±

9kerM3(y) = {x2−x3
1}. �"��/ØÓ,¦+ÝþÝ
M3(y)�Ø��¹��

õ�ªx2−x3
1¿�ù�õ�ª´¢�n�I = I(VR(I)) = 〈x2−x3

1〉�GröbnerÄ,

Fialkow3©z [22]¥�Ñ�äÝþS�y ∈ K3ØU*Ð�e��, ¿�yvkL

«ÿÝ.

3ù�Ù, ·��Äe¡�¯K:

¯K1. �½n�õ�ª�R[x]¥äk��¢�n��n�I. XÛO�¢�n

�I(VR(I))�)¤�?

|^ �©�§¥�éÜnØ, ·�3�{3.1¥JÑª�^�(3.6).

XJª�^�(3.6)¤á, �{�£��0un�IÚ§�¢� R
√
I�m�n

�J�PommaretÄ. XJª�^�(3.6)¤á¿��
b�÷v, �{�£ R
√
I�

)¤�. 3"��/e, ·�ïÄª�^�(3.6)Ú²"*Ü^��'X.

3.2 ýýý������£££

3.2.1 ÝÝÝþþþÝÝÝ


���555���

3©z [18,48,52,53,60] ¥, ÝþÝ
Ø�5��2�ïÄ¿�äk�©­

��A^.

Ún 3.1. [48, ·K 3.6] �½ÝþÝ
M(y)�ØkerM(y) := {p ∈ R[x] |
M(y)vec(p) = 0}. KkerM(y)´R[x]¥�n�. XJM(y) � 0, KkerM(y)´�

�¢�n�.

¦+�äÝþÝ
Mt(y)Ø¥�õ�ª�8ÜØ´��n�, §E,äk­

��5�.

·K 3.2. [48, Ún 3.5, 3.9] �½�þy ∈ RNn2t¿�b��äÝþÝ
Mt(y)´

��½�.

(i) XJf , g ∈ R[x]÷v^�deg(fg) ≤ t − 1, Kf ∈ kerMt(y) =⇒ fg ∈
kerMt(y).



1nÙ ¢�n��O� 15

(ii) �½õ�ªp ∈ R[x], XJ�3k ∈ NÚσ ∈
∑

R[x]2, ¦�p2k + σ ∈
kerMt(y), Kp ∈ kerMt(y).

(iii) é1 ≤ s ≤ t, ��kerMt(y) ∩ R[x]s = kerMs(y).

1��y ∈ Kgent äk­��5�. e¡�(JÚg [48, Ún 3.1]Ú [78, Ú

n 7.28, 7.39].

·K 3.3. b�y ∈ Kgent ,

(i) é1 ≤ s ≤ t, ��kerMs(y) ⊆ R
√
I. é?¿�z ∈ Kt, kkerMs(y) ⊆

kerMs(z).

(ii) XJt ≤ t′¿�y′ ∈ Kgent′ , KkerMt(y) ⊆ kerMt′(y
′).

(iii) b�{g1, . . . , gk}´ R
√
I�k�)¤�. K�3t0 ∈ N, ¦�é?¿�z ∈

KtÚt ≥ t0, kg1, . . . , gk ∈ kerMt(z).

(iv) �t¿©��, ��〈kerMt(y)〉 = R
√
I.

3.2.2 éééÜÜÜØØØ{{{ÚÚÚéééÜÜÜÄÄÄ

½Â 3.1. �½ü�ªxν��ê(exponent)ν = [ν1, . . . , νn] ∈ Nn. XJk´¦

�νk 6= 0¤á����, K¡ν(xν)�a´k, P�cls(ν) = k(cls(xν) = k). ��õ

�ªf�Ä��êle≺(f)½Â�§�Ä���ê. ��õ�ªf�acls(f)½Â�

§�Ä�lt≺(f)�a.

�½���S≺, XJé�Ógê�ü�ªxµÚxν , cls(µ) ≺ cls(ν)Uí

Ñxµ ≺ xν , K¡�S´�a�'�.

½Â 3.2. �½CþSx1 ≺ · · · ≺ xn, ©g_i;S≺tdegUìe¡��ª

½Â: XJ|α| < |β|½ö|α| = |β|¿��êα − β�1���"©þ´��,

Kxα ≺tdeg x
β.

©g_i;S≺tdeg´�a�'�S. 3ù�Ù, ·�^≺tdeg5½Âü�ª

�gS±9ü�ÝþÝ
Mt(y)�1��. 8ÜNnÏL½Â\{5�¤��N

�+(Nn,+). �½�êν ∈ Nn, §�I½Â�C(ν) = ν + Nn. XJµ ∈ C(ν), K

¡ν�Øµ, P�ν|µ. éÜØ{L�±3N�+(Nn,+)þ½Â.
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½Â 3.3. [89, ½Â 3.1.1] ék�8ÜB ⊆ NnÚ?¿�ν ∈ Nn, ½Â¦5�

I(multiplicative indices)NL,B(ν) ⊆ {1, . . . , n}ÚNn�fN�+L(ν,B) = {µ ∈
Nn | é?¿�j 6∈ NL,B(ν), µj = 0}. d	, éÜI(involutive cones) CL,B(ν) =

ν + L(ν,B) ⊆ Nn7L÷vü�^�:

(i) XJµ, ν ∈ B÷v^�CL,B(µ) ∩ CL,B(ν) 6= ∅, K�¹'XCL,B(µ) ⊆ CL,B(ν),

CL,B(ν) ⊆ CL,B(µ)��k��¤á.

(ii) XJB′ ⊂ B, Ké?¿�ν ∈ B′, kNL,B(ν) ⊆ NL,B′(ν).

�½?¿��êµ ∈ NnÚν ∈ B, XJµ ∈ CL,B(ν), K¡νéÜ�Øµ, P�ν |L,B
µ. ù�, ν¡�µ�éÜØf(involutive divisor).

½Â 3.4. [89, ~f 3.1.7] �½ν ∈ Nn, ¦5�INL,B(ν)½Â�{1, . . . , cls(ν)},
K¦5�INL,B(ν)éA�Ø{L´PommaretØ{.

5 3.1. PommaretØ{´�Û½Â�Ø{. �êν ∈ B�¦5�I�8ÜBÃ'.

PommaretØ{�½Â3 [89, Ún 3.1.8]¥J9.

½Â 3.5. [89, ½Â 3.1.9] ��k�8ÜB ⊂ Nn�éÜ�½Â�

〈B〉L =
⋃
ν∈B

CL,B(ν). (3.4)

�½éÜØ{L, XJ8ÜB÷v〈B〉L=〈B〉, K¡B�féÜ�½ö�N�+n
�〈B〉�féÜÄ. XJ(3.4)�¿´pØ���, =éÜI���´�8, K8

ÜB´��réÜÄ, {¡éÜÄ.

½Â 3.6. [89, ½Â 3.4.1] -I ⊆ K[x]���n�. éNn¥�éÜØ{LÚk�

�8ÜH ⊂ I, XJle≺(H)´N�+n�le≺(I)�féÜÄ, K¡H´I�féÜ
Ä. XJle≺(H)´le≺(I)�réÜÄ¿�H ¥õ�ª�Ä��êpØ�Ó, K¡

8ÜH´n�I�réÜÄ.

K[x]¥�n�Ø�½�3k��Pommaret Ä(ë� [89]).

½Â 3.7. [89, ½Â 4.3.1] �½n�I, XJé�S≺, I�3k��PommaretÄ,

K¡�IX'un�I ⊆ K[x]Ú�S≺´δ-�K�.
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½n 3.4. [89, ½n 4.3.15] �½�S≺Ún�I ⊆ K[x], �3���IX, ¦�

3ù��IXe, I�3k��PommaretÄ.

½Â 3.8. [89, ½Â 3.4.2] �½��k�õ�ª8ÜF ⊂ K[x]\{0}ÚNn¥�é

ÜØ{L. ?¿�õ�ªf ∈ FéA��¦{Cþ�8Ü

XL,F ,≺(f) = {xi | i ∈ NL,le≺ F(le≺f)}.

F�éÜ�½Â�8Ü

〈F〉L,≺ =
∑
f∈F

K[XL,F ,≺(f)] · f ⊆ 〈F〉.

½n 3.5. [89, ½n 3.4.4] �½Nn¥�éÜØ{L. é���"n�I ⊆ K[x],

��k�8ÜH ⊂ I\{0}, 3�S≺e, e¡�(Ø´�d�:

(i) 8ÜH ⊂ I´I�féÜÄ.

(ii) n�I¥�?¿õ�ªfäke¡�L�ª:

f =
∑
h∈H

Ph · h, (3.5)

ùp, é��"õ�ªPh ∈ K[XL,H,≺(h)]éA�õ�ªh ∈ H, klt≺(Ph ·
h) � lt≺(f).

H´�|réÜÄ��=�L�ª(3.5)´���.

5 3.2. d½Â3.5, ½Â3.6ÚL�ª(3.5)��féÜÄ´GröbnerÄ.

íØ 3.6. [89, íØ 3.4.5] �½n�I ⊆ K[x]ÚI�féÜÄH. K〈H〉L,≺ = I.

XJH´I�réÜÄ, K�Iw�´��K-�5�m�, I�3�Ú©)

I =
⊕
h∈H

K[XL,H,≺(h)] · h.

·K 3.7. [89, ·K 3.4.7]�½��n�I ⊆ K[x]ÚI'uéÜØ{L�éÜ

ÄH, �3H�f8H′, ¦�H′´I��|réÜÄ.

½Â 3.9. XJòK[x]w�´���5�m, Kn�IÚ�än�It = I ∩K[x]tþ

�K[x]¥�f�m. �½���SÚ��õ�ª8ÜG = {g1, . . . , gs}. X
JG´It¥�5Ã'��|Ä¿�G¥õ�ª�Ä�ü�ªpØ�Ó, K

¡G´It��|�zÄ.
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3.3 ªªª���^̂̂���ÚÚÚÌÌÌ���(((JJJ

3ù�!, �VR(I)´���, ·�ÏLéÜnØJÑ��ª�^�. �ª

�^�¤á�, �{�£��0uIÚI(VR(I))�n�J �Pommaret Ä.

3.3.1 ªªª���^̂̂���

�½n�I := 〈h1, . . . , hm〉 ⊆ R[x], d(3.1), (3.2)Ú(3.3), k

d := max
1≤j≤m

dj, dj := ddeg(hj)/2e.

éz��t ≥ d, ½Â8Ü

Kt := {y ∈ RNn2t | y0 = 1,Mt(y) � 0,Mt−dj(hjy) = 0, j = 1, . . . ,m},

¿�

Kgent := {y ∈ Kt | Mt(y)��3Kt¥´���}.

�½1t��äÝþÝ
Mt(y)Ú` < t, �äÝþÝ
Mt−`(y)L«Mt(y)�

1t− `�ÌfÝ
, ¿�§�1Ú�±Nn
t−`�¢Ú.

-αj�kerMt−2(y)¥õ�ª��|�zÄ¥a�j�t − 2gõ�ª��ê.

¦+kerMt−2(y)¥õ�ª��zÄ¿Ø��, du§��±p��5LÑ, ¤

±äk�Ó�Ä�8Ü. Ïd
∑n

j=1 jαj��Ø�6kerMt−2(y)¥�zÄ�À�.

d	, �â·K3.2, é 1 ≤ s ≤ t, kerMt(y) ∩ R[x]s = kerMs(y), 3�{3.1�Ú

½2¥, kerMt−2(y)¥õ�ª��zÄ�±ÏL3kerMt−1(y)¥õ�ª��zÄ

¥À�gê�õ�t− 2�õ�ª��.

½n 3.8. �½R[x]¥�n�I = 〈h1, . . . , hm〉, b�é�êt ≥ 2dÚy ∈ Kgent , �

ª
n∑
j=1

jαj = corankMt−1(y)− corankMt−2(y) (3.6)

¤á. KMt−2(y)�"�m��|�zÄ´n�J = 〈kerMt−2(y)〉3ü�ª
S≺tdege�fPommaretÄ¿�

I ⊆ J ⊆ I(VR(I)), VR(I) = VC(J) ∩ Rn. (3.7)
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½n3.8�y²|^·K3.3Ú½n3.11, Ùy²313.3.3!¥�Ñ. ·��

�{I�3Kt¥é�1��y. �©z [48]�Ó, �äÝþS�y�±ÏL|^g

éói\�S:�{¦)e¡���½5y��:

min 0 ¦� y ∈ Kt (3.8)

ë� [96, 98].

3.3.2 ������OOO���PommaretÄÄÄ������{{{

·�JÑ��Äu¦)(3.8)��{. �{�£��0uIÚI(VR(I))�m�

n�J = 〈kerMt−2(y)〉�PommaretÄ.

�{ 3.1. O���n�J�PommaretÄ, ¦�I ⊆ J ⊆ I(VR(I)).

ÑÑÑ\\\: n�I�)¤�{h1, . . . , hm}Ú½Â3Cþx1, . . . , xnþ�ü�ª

S≺tdeg.

ÑÑÑÑÑÑ: n�J = 〈kerMt−2(y)〉�PommaretÄ.

Ú½ 1 ét ≥ 2d, ¦)��½5y¯K(3.8)¥Kt�1��.

Ú½ 2 O�kerMt−1(y)¥õ�ª��|�zÄ.

• À�3kerMt−1(y)¥gê�õ�t − 2�õ�ª8Ü{g1, . . . , gs+r}, Ù
¥é1 ≤ i ≤ s, deg(gi) = t− 2, és + 1 ≤ i ≤ s + r, deg(gi) < t− 2.

8Ü{g1, . . . , gs+r}�kerMt−2(y)¥õ�ª��|�zÄ.

• O�
∑n

j=1 jαj, Ù¥αjL«{g1, . . . , gs}¥a�j�õ�ª��ê.

Ú½ 3 ÏLO�kerMt−1(y)¥õ�ª��|�zÄ¥t− 1gõ�ª��ê5�

�L�ªcorankMt−1(y)− corankMt−2(y)��.

Ú½ 4 u�^�(3.6)´Ä÷v.

• XJ÷v, K{g1, . . . , gs+r}´〈kerMt−2(y)〉��|fPommaretÄ¿�

�?�Ú�z¤PommaretÄ.

• ÄK, -t := t+ 1¿��£Ú½1.

313.3.3!¥, ·�y²�{3.1´�(�¿�3'u R
√
I�δ-�K�IXe

k�Úª�. �{|^Matlab^�¥�GloptiPolyóä� [42]¿�ÏL13.4!

�~fÐ«�{�¢S�J.
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3.3.3 ªªª���^̂̂������yyy²²²

3ù�!, ·�y²�{3.1��(5¿�3 R
√
I�δ-�K�IXek�ª

�.

b�1. �½n�I = 〈h1, . . . , hm〉 ⊆ R[x]. b��3�êt ≥ 2d, ¦�éy ∈
Kgent , ^�(3.6)÷v. �½kerMt−2(y)¥õ�ª��|�zÄ{g1, . . . , gs+r}. Ø
��

deg(gi) = t− 2, 1 ≤ i ≤ s¿� deg(gi) < t− 2, s+ 1 ≤ i ≤ s+ r.

Ún 3.9. 3b�1e, õ�ª8Ü

{x1g1, . . . , xj1g1, . . . , x1gs, . . . , xjsgs, g1, . . . , gs+r}

´kerMt−1(y)¥õ�ª��|�zÄ§ùpi = 1, . . . , s, ji = cls(gi).

y². ék = 1, . . . , n, i = 1, . . . , s+ r, dudeg(xkgi) ≤ t− 1, ÏL·K3.2(i), �

�xkgi ∈ kerMt−1(y). ¢Sþ, 8Ü{g1, . . . , gs+r}¥õ�ª�Ä�pØ�Ó. �

â½Â3.9, õ�ª

x1g1, . . . , xj1g1, . . . , x1gs, . . . , xjsgs (3.9)

�Ä�pØ�Ó, ¿�gêþ�t − 1. Ïd, §�´�5Ã'�. b�

3{g1, . . . , gs}¥kαj�a�j�õ�ª, Kd(3.9), kerMt−1(y)¥k
∑n

j=1 jαj�

�5Ã'�t − 1 gõ�ª. ,��¡, kerMt−1(y)¥t − 1g�5Ã'�õ�ª

��ê�ucorankMt−1(y)− corankMt−2(y). Ïd, d^�(3.6)Ú·K3.2(iii)�

�(Ø��(5.

5 3.3. XJb�1¤á, kerMt−1(y)¥�?¿õ�ªf�±L«¤e¡��5|

Ü:

f =
s∑

k=1

cls(gk)∑
i=1

cikxigk +
s+r∑
k=1

λkgk, (3.10)

ùp, cik ∈ R¿�é1 ≤ i ≤ cls(gk)Ú1 ≤ k ≤ s, klt≺(cikxigk) �tdeg lt≺(f).

é1 ≤ k ≤ s+ r, kλk ∈ R¿�lt≺(λkgk) �tdeg lt≺(f). 5¿8Ü

{x1g1, . . . , xj1g1, . . . , x1gs, . . . , xjsgs, g1, . . . , gs+r}
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¥õ�ª�Ä�pØ�Ó. 3ü�ªS≺tdege, XJcikØÑ�", K�3���

�"Xêci0k0 , ¦�lt≺(xi0gk0) = lt≺(f). XJ¤k�cikþ�", K�3����

êk ∈ [1, s+ r], ¦�λk 6= 0¿�lt≺(gk) = lt≺(f). ù�5�3�e5�½ny²

¥�¦^.

Ún 3.10. XJb�1 ¤á, é¤k�ü�ªxµÚ8Ü{gs+1, . . . , gs+r}¥gê�
ut− 2�õ�ªgj, õ�ªxµgj�3e¡�L�ª:

xµgj =
s∑

k=1

pkgk +
s+r∑

k=s+1

λkgk, (3.11)

Ù¥pk ∈ R[x], λk ∈ R¿�lt≺(pkgk) �tdeg lt≺(xµgj), k = 1, . . . , s, lt≺(λkgk)

�tdeg lt≺(xµgj), k = s+ 1, . . . , s+ r.

y². XJdeg(xµgj) ≤ t − 1, ÏL·K3.2(i), ��xµgj ∈ kerMt−1(y). �â

53.3, ��L�ª(3.11). ÄK, b�xµ = xµ1xµ2÷v^�deg(xµ2gj) = t− 1, �

�

xµgj = xµ1xµ2gj = xµ1(
s∑

k=1

pkgk +
s+r∑

k=s+1

λkgk)

=
s∑

k=1

xµ1pkgk +
s+r∑

k=s+1

λkx
µ1gk.

é�êk ∈ [s+ 1, s+ r], -xµ1gk­Eþ¡�Ú½. dudeg(xµ1) < deg(xµ), ²L

k�Ú, ��/X(3.11)�L�ª.

½n 3.11. XJb�1¤á, kerMt−2(y)¥õ�ª��|�zÄ{g1, . . . , gs+r}´
n�〈kerMt−2(y)〉�fPommaretÄ.

y². �Iy²〈kerMt−2(y)〉¥�?¿��õ�ªf�±L«¤

f =
s∑

k=1

pkgk +
s+r∑

k=s+1

λkgk, (3.12)

ùpλk ∈ R, pk ∈ R[x1, . . . , xcls(gk)]. dué�êk ∈ [1, s+ r], lt≺(pkgk)Últ≺(gk)

pØ�Ó, XJf÷v(3.12), Ké�êk ∈ [1, s], lt≺(pkgk) �tdeg lt≺(f)¿�é�
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êk ∈ [s+1, s+r],��lt≺(λkgk) �tdeg lt≺(f). �â½n3.5,8Ü{g1, . . . , gs+r}´
n�〈kerMt−2(y)〉�fPommaretÄ.

du{g1, . . . , gs+r}´kerMt−2(y) ¥õ�ª��|�zÄ, n�〈kerMt−2(y)〉
¥?¿�õ�ªf�±L«¤

f =
s+r∑
j=1

pjgj,

Ù¥pj ∈ R[x], j = 1, . . . , s + r. Ïd, �Iy²éu?¿�µ ∈ NnÚ�

êk ∈ [1, s+ r], xµgj�3/X(3.12)�L�ª.

-f = xµgj. XJdeg(f) ≤ t− 1, ÏLÚn3.9, ��f�3/X(3.12)�L�

ª. ÄK, éÄ�lt≺(f) = t08B5y², =b�éµ ∈ NnÚ�êk ∈ [1, s + r],

��lt≺(f) ≺tdeg t0, Kf�3/X(3.12)�L�ª. �lt≺(f) = t0�, f�3/

X(3.12)�L�ª.

XJxµ ∈ R[x1, . . . , xcls(gj)], ���y. ÄK, Ø���5, -xi1�x
µ¥

'ugj����¦{Cþ, =i1 /∈ {1, . . . , cls(gj)}. dué�êj ∈ [1, s + r],

deg(gj) ≤ t − 2, ÏL·K3.2(i), ��xi1gj ∈ kerMt−1(y). ÏLÚn3.9Ú53.3,

��

f = xµgj =
(
xµ/xi1

)
xi1gj

=
(
xµ/xi1

)( s∑
k=1

cls(gk)∑
i=1

cikxigk +
s+r∑
k=1

λkgk
)

=
s∑

k=1

cls(gk)∑
i=1

cik
(
xµ/xi1

)
xigk +

s+r∑
k=1

λk
(
xµ/xi1

)
gk. (3.13)

�â53.3, �Äe¡ü«�/:

(i) XJ¤k�cikþ�0, K�3����êj1 ∈ [1, s + r], ¦�λj1 6= 0¿

�lt≺(λj1
(
xµ/xi1

)
gj1) = t0;

(ii) ÄK, �3�êj1 ∈ [1, s]Úi2 ∈ [1, cls(gj1)], ¦�

ci2j1 6= 0, lt≺(ci2j1
(
xµ/xi1

)
xi2gj1) = t0.
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3ùü«�¹e, (3.13)¥¤kÙ§��gêþ�ut0, ÏL8B, §��3/

X(3.12)�L�ª. d	, ùü«�¹ØUÓ��3. Ïd�I�y31�«�

¹e, õ�ªλj1
(
xµ/xi1

)
gj1½ö31�«�¹e, õ�ªci2j1

(
xµ/xi1

)
xi2gj1Ñ�

3/X(3.12)�L�ª.

�/(i): XJxµ/xi1 ∈ R[x1, . . . , xcls(gj1 )], Kλj1
(
xµ/xi1

)
gj1�3/X(3.12)�

L�ª. ÄK, é
(
xµ/xi1

)
gj1?18B. dult≺(λj1

(
xµ/xi1

)
gj1) = lt≺(xµgj) = t0,

Ïddeg(gj) < deg(gj1), =

lt≺(gj) ≺tdeg lt≺(gj1).

�/(ii): XJxµ/xi1 ∈ R[x1, . . . , xcls(gj1 )], duxi2´lt≺(gj1)�¦{Cþ, Ï

d
(
xµ/xi1

)
xi2 ∈ R[x1, . . . , xcls(gj1 )]¿�

(
xµ/xi1

)
xi2gj1�3/X(3.12)�L�ª.

ÄK, duxi1Ø´lt≺(gj)�¦{Cþ¿�xi2´lt≺(gj1)�¦{Cþ, ��

cls(gj) < cls(xi1), cls(xi2) ≤ cls(gj1).

dult≺(ci2j1
(
xµ/xi1

)
xi2gj1) = t0, Ïdlt≺(xi2gj1) = lt≺(xi1gj)¿�

cls(xi2) = cls(xi2gj1) = cls(xi1gj) < cls(xi1). (3.14)

Ïdxi2 ≺tdeg xi1 . XJlt≺(gj1) �tdeg lt≺(gj), ��lt≺(xi2gj1) ≺tdeg lt≺(xi1gj), �

Ñgñ. Ïd,

lt≺(gj) ≺tdeg lt≺(gj1).

3ü«�/e, XJ8BØª�, ��÷v

lt≺(gj) ≺tdeg lt≺(gj1) ≺tdeg · · · ≺tdeg lt≺(gji) ≺tdeg lt≺(gji+1
) ≺tdeg · · · ≺tdeg t0

�ü�ªS�. duù�õ�ªS�î�4O¿�z��ü�ª�Ä�þ�

ult≺(f) = t0, þ¡�8Bk�Úª�. Ïdf�3/X(3.12)�L�ª.

½n 3.12. 3 R
√
I�δ-�K�IXe, �{3.1k�Úª�¿��£��êt ≥ 2d,

¦�éy ∈ Kgent , ^�(3.6)÷v.

y². 3δ-�K�IXe, I(VR(I))�3k��éÜÄH = {h1, . . . , hs}. �
â·K3.3(iii), �3��êt1 ∈ N, ¦�é¤k�y ∈ KtÚt ≥ t1, Pommaret

Ä{h1, . . . , hs}�¹3kerMt(y)¥.
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duH´I(VR(I))�PommaretÄ, �âíØ3.6, ét ≥ t1 + 2, I(VR(I))t−2�

3e¡�©):

I(VR(I))t−2 =
⊕
hk∈H

R[x1, . . . , xcls(hk)]t−2−deg(hk) · hk. (3.15)

-

T = {xuhk | xu ∈ R[x1, . . . , xcls(hk)], deg(xu) ≤ t− 2− deg(hk), 1 ≤ k ≤ s}.
(3.16)

�â·K3.2(i), ��T ⊆ kerMt−2(y). Ïd, ÏL(3.15)Ú(3.16), ��

I(VR(I))t−2 ⊆ kerMt−2(y).

,��¡, duy´1��, ÏL·K3.3(i), ��

kerMt−2(y) ⊆ I(VR(I))t−2.

Ïd, ��kerMt−2(y) = I(VR(I))t−2Úe¡�©):

kerMt−2(y) =
⊕
hk∈H

R[x1, . . . , xcls(hk)]t−2−deg(hk) · hk. (3.17)

duH´I(VR(I))�PommaretÄ,�â½Â3.6, T¥õ�ª�Ä�pØ�Ó.

Ïd, T´kerMt−2(y)¥��|�zÄ. ÏL½n3.8, �Iy²^�(3.6)éT¥

�õ�ª¤á.

�©)(3.17)�q, kerMt−1(y)�3�Ú©):

kerMt−1(y) =
⊕
hk∈H

R[x1, . . . , xcls(hk)]t−1−deg(hk) · hk. (3.18)

�â(3.18), kerMt−1(y)¥?¿�t− 1gõ�ªf�3e¡�L�ª:

f =
s∑

k=1

∑
0≤|µ|≤t−1−deg(hk)

cµkx
µhk (xµ ∈ R[x1, . . . , xcls(hk)])

=
s∑

k=1

∑
|µ|=t−1−deg(hk)

cµkx
µhk +

s∑
k=1

∑
0≤|µ|≤t−2−deg(hk)

cµkx
µhk

=
s∑

k=1

∑
|µ|=t−1−deg(hk)

cµkxcls(xµ)

(
xµ/xcls(xµ)

)
hk +

s∑
k=1

∑
0≤|µ|≤t−2−deg(hk)

cµkx
µhk.
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duxcls(xµ)´õ�ª
(
xµ/xcls(xµ)

)
hk ∈ T�¦{Cþ, kerMt−1(y)¥?¿�õ�

ª�±dTÚT1¥�õ�ªL«, ùp

T1 = {xig | 1 ≤ i ≤ cls(g), g ∈ T, deg(g) = t− 2}.

T1ÚT¥õ�ª�Ä�pØ�Ó. ÏdT ∪ T1´kerMt−1(y)¥õ�ª��|

Ä. d	, T´kerMt−2(y)¥õ�ª��|�zÄ¿�T1¥õ�ªÄ��8Ü

�kerMt−1(y)¥¤kt− 1gõ�ªÄ��8Ü�Ó. Ïd, T1¥õ�ª��ê�

ucorankMt−1(y) − corankMt−2(y). ,��¡, -αj�T¥a�j�t − 2gõ�

ª��ê. du8ÜT1dT¥gê�t − 2�õ�ª�§��¦{Cþ�È|¤.

T1¥õ�ª��ê�u
∑n

j=1 jαj. Ïd, ^�(3.6)¤á.

3.3.4 ííí222���V(IR(I) ∩ A)

�Ä��ê8

A := {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0}, (3.19)

ùpf1, . . . , fs ∈ R[x]. A-��qVA(I)½Â�

VA(I) = VR(I) ∩ A.

éu?¿�ν ∈ {0, 1}s, f ν := f ν11 f
ν2
2 · · · f νss .

½Â 3.10. [59] n�I�A-�n�½Â�

A
√
I :=

p ∈ R[x]

∣∣∣∣∣∣�3k ∈ N, σν ∈
∑

R[x]2, ¦� p2k +
∑

ν∈{0,1}s
σνf

ν ∈ I

 .

XJI = A
√
I, K¡I�A-�n�.

½n 3.13. [94, ��ê8":½n] -I�R[x]¥�n�¿�Ad(3.19)½Â.

K A
√
I´A-�n�¿� A

√
I = I(VR(I) ∩ A).

�
O�A-�n� A
√
I, �Ä8Ü

Kt,A := Kt ∩
{
y ∈ RNn2t |é?¿�ν ∈ {0, 1}s, Mt−dfν (f νy) � 0

}
, (3.20)

ùpdfν = ddeg(f ν)/2e. w,/, 8ÜKt,A´Kt�f8. 8ÜKt,A�½ÂÄ
u A
√
I�½ÂÚ��ê8�":½n. Kt,A¥1���8Ü½Â�

Kgent,A := {y ∈ Kt,A | rankMt(y)3Kt,A¥´���}.
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Ún 3.14. [48, 5 4.9] -{g1, . . . , gk}�n� A
√
I�)¤�. K�3t0 ∈ N, ¦�

é?¿�y ∈ Kt,AÚt ≥ t0, ��g1, . . . , gk ∈ kerMt(y).

�âÚn3.14, �3t0 ∈ N, ¦�é?¿�y ∈ Kgent,A , t ≥ t0, k〈kerMt(y)〉
= A
√
I. Ïd, é¿©��t, A

√
I�&E�¹31��y ∈ Kt,A¥. ±þ?Ø�·

KÚ½néuKt,A ¥�1��yþ¤á.

XJòKtÚ R
√
I©OO��Kt,AÚ A

√
I, e¡�½n´½n3.8é��ê8�

/�í2. Ùy²�½n3.11Ú½n3.12�Ó.

½n 3.15. -t ≥ 2d. b�^�(3.6)éy ∈ Kt,A¤á. kerMt−2(y)¥õ�ª��

zÄ´〈kerMt−2(y)〉'uü�ªS≺tdeg�fPommaret Ä¿�

I ⊆ 〈kerMt−2(y)〉 ⊆ I(VR(I) ∩ A).

5 3.4. �
O�〈kerMt−2(y)〉�fPommaretÄ, ·�ò��ê8A�½Âõ�
ª{f1, . . . , fs}V\�þ¡�{�Ñ\¥. éν ∈ {0, 1}s, ò�åMt−dfν (f νy) �
0V\���½5y¯K(3.8)��å^�¥.

3.4 êêê���ÁÁÁ���

3ù�!, ·��Þ�
d�{3.1¤O��~f�(J. ~fÚg [78, 88,

90, 95]. �½��Ý
ÚN=Ýτ , XJÝ
�ÛÉ�÷vσ1 ≥ · · · ≥ σk > τ >

σk+1½öσk/σk+1 > 103, Kù�Ý
�ê��½Â�k.

Spang3SINGULAR¥�O��ÎÒ�{realrad5O�3knê���

�*Üþn��¢�n�. du�{realrad´ÄuWu-Ritt�A�8�{

ÚGröbnerÄ�O�, §äkV�êE,Ý. ·���{Äu�5�êÚ��½

5y, äkõ�ª�E,Ý. ,
, �{�£�(Jkê�Ø�. ÏLrealrad, ·

�U
y²~f3.2, 3.3, 3.5´¢�n�, =I = R
√
I±9~f3.4, 3.6Ø´¢�n

�, =I ⊂ R
√
I.

~ 3.2. �Ä [95, 397�, �§(9.60)]¥�2�n�I = 〈h1, h2, h3〉,

h1 = x2
1 + x1x2 − x1x3 − x1 − x2 + x3,

h2 = x1x2 + x2
2 − x2x3 − x1 − x2 + x3,

h3 = x1x3 + x2x3 − x2
3 − x1 − x2 + x3.
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�äÝþÝ
Mt−`(y)��Ú{�S�3L3.1ÚL3.2¥L«. -τ = 10−5¿

�x1 ≺tdeg x2 ≺tdeg x3. ét=4, ��

3∑
j=1

jαj = 6, ¿� corankM4−1 − corankM4−2 = 6.

Ïd^�(3.6)÷v. ét = 4, �{3.1�£�PommaretÄ�

{x1 + x2 − x3 − x2
1 − x1x2 + x1x3, x1 + x2 − x3 − x1x2 − x2

2 + x2x3,

3x1 + 3x2 − 3x3 − x2
1 − 2x1x2 − x2

2 + x2
3}.

dL3.3��, ^�(3.6)ét = 5, 6, 7¤á. ¦^¼êrealradO�ù�~f, �±

�yI = 〈kerM4−2(y)〉 = R
√
I±9kerM4−2(y)¥�õ�ª�¹ R

√
I�fPommaret

Ä. Ïd, �t ≥ 4�, ^�(3.6)¤á.

L 3.1: Mt−`(y)��

�ê ` = 0 ` = 1 ` = 2

t=4 16 11 7

t=5 22 16 11

t=6 29 22 16

t=7 37 29 22

L 3.2: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=4 19 9 3

t=5 34 19 9

t=6 55 34 19

t=7 83 55 34

L 3.3: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2 α3

∑3
j=1 jαj

t=4 1 1 1 1×1+2×1+3×1=6

t=5 3 2 1 1×3+2×2+3×1=10

t=6 6 3 1 1×6+2×3+3×1=15

t=7 10 4 1 1×10+2×4+3×1=21
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~ 3.3. �Ä©z [88, 20�, ~f 1.4.6]¥�õ�ªXÚP = {h1, h2},

h1 = x2
1 − x2,

h2 = x1x2 − x3.

é�Sx3 ≺tdeg x1 ≺tdeg x2, kcls(x1) = 2, cls(x2) = 3, cls(x3) = 1. éτ = 10−8,

�äÝþÝ
Mt−`(y)��Ú{�S�3L3.4ÚL3.5¥L«.

L 3.4: Mt−`(y)��

�ê ` = 0 ` = 1 ` = 2

t=3 12 7 4

t=4 16 10 7

t=5 20 13 10

L 3.5: Mt−`(y) �{�

�ê ` = 0 ` = 1 ` = 2

t=3 8 3 0

t=4 19 10 3

t=5 36 22 10

L 3.6: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2 α3

∑3
j=1 jαj

t=3 0 0 0 1×0+2×0+3×0=0

t=4 0 2 1 1×0+2×2+3×1=7

t=5 3 3 1 1×3+2×3+3×1=12

ét=4, ��

3∑
j=1

jαj = 7, ¿� corankM4−1 − corankM4−2 = 7.

Ïd, ^�(3.6)¤á. �t = 4�, �{3.1�£�PommaretÄ´

{x2
1 − x2, x1x2 − x3, x

2
2 − x1x3}.

ù�¼êrealrad¤�£�(J�Ó. d	, dux2
2 − x1x3 = x1(x1x2 − x3) −

x2(x2
1 − x2), ��I = 〈kerM4−2(y)〉 = R

√
I.
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~ 3.4. �Ä©z [78, 123�, ~f 7.41]¥�n�I = 〈h1, h2〉,

h1 = x2
1 + x2

2 + x2
3 − 2,

h2 = x2
1 + x2

2 − x3.

¦^¼êrealrad, �£¢�n� R
√
I�)¤�

{x3 − 1, x2
1 + x2

2 − 1}. (3.21)

dux3−1 6∈ I, Iî��¹3 R
√
I¥,=I ⊂ R

√
I. -τ = 10−8Úx1 ≺tdeg x2 ≺tdeg x3.

�äÝþÝ
Mt−`(y)��Ú{�3L3.7ÚL3.8¥L«.

L 3.7: Mt−`(y) ��

�ê ` = 0 ` = 1 ` = 2

t=3 7 5 3

t=4 9 7 5

t=5 11 9 7

t=6 13 11 9

L 3.8: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=3 13 5 1

t=4 26 13 5

t=5 45 26 13

t=6 71 45 26

L 3.9: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2 α3

∑3
j=1 jαj

t=3 0 0 1 1×0+2×0+3×1=3

t=4 1 2 1 1×1+2×2+3×1=8

t=5 4 3 1 1×4+2×3+3×1=13

t=6 8 4 1 1×8+2×4+3×1=19

ét = 4, ��

3∑
j=1

jαj = 8, ¿� corankM4−1 − corankM4−2 = 8.

Ïd, ^�(3.6)¤á. �t = 4�, �{3.1�£�PommaretÄ´

{−1 + x3,−1 + x2
1 + x2

2}. (3.22)
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ù�¦^realrad�£�(J(3.21)�Ó.Ïd〈kerM4−2(y)〉 = R
√
I¿�kerM4−2(y)

��zÄ(3.22)´ R
√
I�PommaretÄ. Ïd, �t ≥ 4�, ^�(3.6)¤á.

~ 3.5. �Ä©z [90, 61�, ~f 2.4.12]¥�n�I = 〈h1, h2, h3〉, ùp

h1 = x2
3 + x2x3 − x2

1,

h2 = x1x3 + x1x2 − x3,

h3 = x2x3 + x2
2 + x2

1 − x1.

-τ = 10−7¿�½Â�S�x1 ≺tdeg x2 ≺tdeg x3. �äÝþÝ
Mt−`(y)��

Ú{�3L3.10ÚL3.11¥L«.

L 3.10: Mt−`(y) ��

�ê ` = 0 ` = 1 ` = 2

t=4 13 10 7

t=5 16 13 10

t=6 19 16 13

t=7 22 19 16

L 3.11: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=4 22 10 3

t=5 40 22 10

t=6 65 40 22

t=7 98 65 40

L 3.12: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2 α3

∑3
j=1 jαj

t=4 1 1 1 1×1+2×1+3×1=6

t=5 4 2 1 1×4+2×2+3×1=11

t=6 8 3 1 1×8+2×3+3×1=17

t=7 13 4 1 1×13+2×4+3×1=24

�t = 4, . . . , 7�, ^�(3.6)Ø¤á. ¯¢þ, Seiler3©z [90]¥�Ñ�I

X(x1, x2, x3)Ø´n�I�δ-�K�IX. XJé�IX�Ú [90]�Ó��5C

�x̃1 = x3, x̃2 = x2 +x3, x̃3 = x1,��õ�ªXÚP̃ = {x̃1x̃2− x̃2
3, x̃2x̃3− x̃1, x̃

2
2−

x̃3}.
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-Ĩ�dP̃)¤�n�. |^¼êrealrad�£�
R
√
Ĩ�)¤��

{x̃1x̃2 − x̃2
3, x̃2x̃3 − x̃1, x̃

2
2 − x̃3, x̃

3
3 − x̃2

1}. (3.23)

dux̃3
3 − x̃2

1 = −x̃3(x̃1x̃2 − x̃2
3) + x̃1(x̃2x̃3 − x̃1), ��Ĩ =

R
√
Ĩ.

ÀJ�Sx̃1 ≺tdeg x̃2 ≺tdeg x̃3Úτ = 10−8, Mt−`(y)���{�S�3

L3.13ÚL3.14¥L«.

L 3.13: Mt−`(y)��

�ê ` = 0 ` = 1 ` = 2

t=4 13 10 7

t=5 16 13 10

t=6 19 16 13

L 3.14: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=4 22 10 3

t=5 40 22 10

t=6 65 40 22

L 3.15: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2 α3

∑3
j=1 jαj

t=4 0 2 1 1×0+2×2+3×1=7

t=5 3 3 1 1×3+2×3+3×1=12

t=6 7 4 1 1×7+2×4+3×1=18

ét = 4, ��

3∑
j=1

jαj = 7, ¿� corankM4−1 − corankM4−2 = 7.

Ïd, ^�(3.6)¤á. �t = 4�, d�{3.1O��PommaretÄ�

{x̃1x̃2 − x̃2
3, x̃2x̃3 − x̃1, x̃

2
2 − x̃3}. (3.24)

d(3.23)��(3.24)´
R
√
Ĩ�PommaretÄ.

~ 3.6. �Än�I = 〈h1, h2〉,

h1 = (x1 − x2)(x1 + x2)2(x1 + x2
2 + x2),

h2 = (x1 − x2)(x1 + x2)2(x2
1 + x2

2).
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¦^¼êrealrad�£ R
√
I�)¤��

{x2
1 − x2

2}. (3.25)

dux2
1 − x2

2 6∈ I, Iî��¹3 R
√
I¥, =I ⊂ R

√
I.

-τ = 10−4Úx1 ≺tdeg x2, �äÝþÝ
Mt−`(y)���{�S�3L3.16Ú

L3.17¥L«.

L 3.16: Mt−`(y)��

�ê ` = 0 ` = 1 ` = 2

t=7 15 13 11

t=8 17 15 13

t=9 19 17 15

L 3.17: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=7 21 15 10

t=8 28 21 15

t=9 36 28 21

L 3.18: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2

∑2
j=1 jαj

t=7 3 1 1×3+2×1=5

t=8 4 1 1×4+2×1=6

t=9 5 1 1×5+2×1=7

ét = 7, ��

2∑
j=1

jαj = 5, ¿� corankM7−1 − corankM7−2 = 5.

Ïd, ^�(3.6)¤á. �t = 7�, �{3.1�£�PommaretÄ´

{−x2
1 + x2

2}. (3.26)

é'(3.25)Ú(3.26), k〈kerM7−2(y)〉 = R
√
I¿��zÄ(3.26)´ R

√
I �Pommaret

Ä.

3ù�~f¥, XJN=Ýτ < 10−4, �äÝþÝ
Mt−`(y)��Ú{�S

��L3.16ÚL3.17ØÓ. ·�Ã{�� R
√
I�PommaretÄ{−x2

1 + x2
2}.
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~ 3.7. ·�O�I = 〈h1, h2〉�A-�n�I(VR(I) ∩ A),

h1 = (x1 − x2)(x1 + x2)(x1 + x2
2 + x2),

h2 = (x1 − x2)(x1 + x2)(x2
1 + x2

2),

¿�

A = {(x1, x2) ∈ R2 | x1 ≥ 1, x2 ≥ 1}.

-τ = 10−8¿�x1 ≺tdeg x2. �äÝþÝ
Mt−`(y)���{�S�3

L3.19ÚL3.20¥L«.

L 3.19: Mt−`(y) ��

�ê ` = 0 ` = 1 ` = 2

t=6 8 6 5

t=7 9 7 6

t=8 10 8 7

L 3.20: Mt−`(y)�{�

�ê ` = 0 ` = 1 ` = 2

t=6 20 15 10

t=7 27 21 15

t=8 35 28 21

L 3.21: kerMt−2(y)¥õ�ª��zÄ�aαj

�ê α1 α2

∑2
j=1 jαj

t=6 3 1 1×3+2×1=5

t=7 4 1 1×4+2×1=6

t=8 5 1 1×5+2×1=7

ét = 6, ��

2∑
j=1

jαj = 5, ¿� corankM6−1 − corankM6−2 = 5.

Ïd, ^�(3.6)¤á. �t = 6�, �{3.1�£�PommaretÄ�

{−x1 + x2}.
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3.5 ooo(((µµµØØØ

3ù�Ù, ·�0����£0uIÚI(VR(I))�m�n�J�PommaretÄ

���½5y�{. 3ù��{¥, J�±d�äÝþÝ
Ø¥�õ�ª)¤.

·���{Äu©z [48, 49, 54, 74, 78, 87, 88, 90]�ó�. ÏLéÜnØÚ��

½ÝþÝ
�5�, ·�3��½5y�{(3.8)¥�O��#�ª�^�(3.6).

·��y²T�{3δ-�K�IXe�k�ª�5.

5 3.5. 3"��/e,XJ²"*Üé�ês ≤ t¤á(éy ∈ Kgent , rankMs(y) =

rankMs−1(y)), K〈kerMs(y)〉 = I(VR(I))¿�corankMs(y) − corankMs−1(y) =(
n+s−1

s

)
. Ïd, kerMs(y)¥õ�ª�Ä�8Ü´¤ksgü�ª�8Ü. Ïd�

�
∑n

j=1 jαj =
(
n+s
s+1

)
.

XJs < t− 1, ÏL·K3.2(i), ��rankMs(y) = rankMs+1(y), =

corankMs+1(y)− corankMs(y) =
(
n+s
s+1

)
.

Ïd, 3δ-�K�IXe, kerMs(y)÷v^�(3.6)¿�kerMs(y)¥õ�ª��z

Ä´n�〈kerMs(y)〉'uü�ªS≺tdeg��|fPommaretÄ.

XJs = t − 1, ÏL·K3.2(i)Ú·K3.3(ii), �±��`²éy′ ∈ Kgent+1,

Ms(y
′)÷v²"*Ü^�, =rankMs(y

′) = rankMs−1(y′). Ïd, rankMs(y
′) =

rankMs+1(y′), Ms(y
′)÷v^�(3.6)¿�J = 〈kerMs(y

′)〉 = I(VR(I)). XJs =

t, aq/, �±`²éy′′ ∈ Kgent+2, Ms(y
′′)÷v^�(3.6)¿�J = 〈kerMs(y

′′)〉 =

I(VR(I)).

5 3.6. l13.4!�L¥, �±�y��1t��äÝþÝ
÷v^�(3.6), �p

���äÝþÝ
�÷v^�(3.6). d	, �±�yy1 ∈ Kgent′ Úy2 ∈ Kgent′+1÷v

^�

rankMt′−`(y1) = rankM(t′+1)−(`+1)(y2), t′ ≥ t, ` = 1, 2. (3.27)

,
é���õ�ªXÚ, ·�ØU(�ù�5���(5. w,/, X

J(3.6)Ú(3.27)é�p��ÝþÝ
þ¤á, Ké?¿�k ≥ 0Ú?¿�1�

þy ∈ Kgent+k, ��

rankMt+k−`(y) = HP aff
R√I(t+ k − `), (3.28)

ùpHP aff
R√I

(t + k − `)´ R
√
I���F�ËAõ�ª. ��F�ËAõ�ª�

±(½Øáu R
√
I≤t+k−`�õ�ªK[x]≤t+k−`��ê, ë� [57, ½n 5.20]. d
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	, kerMt−`(y)¥õ�ª��zÄ´J = 〈kerMt−`(y)〉 = I(VR(I))3ü�ª

S≺tdege�fPommaretÄ, ë� [57, ½n 5.21].

5 3.7. -I = 〈h1, . . . , hm〉¿�dim(I) = s > 0. é R
√
I¥?¿�õ�ªf , �

3t, r ∈ NÚõ�ªq1, . . . , qr, p1, . . . , pm ∈ R[x], ¦�

f 2τ +
r∑
i=1

q2
i =

m∑
i=1

pihi. (3.29)

é�êi ∈ [1,m], deg(pihi)�.D(n, deg(f), s)3 [56, 84, 85]¥JÑ. du©z

[62]JÑ R
√
I�gêþ.k1, ��deg(pihi) ≤ k2 = D(n, k1, s). ÏL(3.29)Ú·

K3.2(ii), R
√
I¤k�)¤��¹3kerMk2(y)¥. Ïd, XJ^�(3.6)ét − 2 >

k2÷v, KkerMt−2(y)¥õ�ª��|�zÄ´J = 〈kerMt−2(y)〉 = I(VR(I))'

uü�ªS≺tdeg��|fPommaretÄ.

���/e, �O R
√
I�gêþ.k1´é(J�. duàgn�÷vq�Cast

elnuovo-Mumford�K5��=�ÀJ·���IX�, àgn��3'

uü�ªS≺tdeg�qgPommaretÄ, ë� [89, ½n 5.5.15]. Ïd, n�J =

〈kerMt−2(y)〉�PommaretÄ3,
^�(~X, [73])e�±�OI(VR(I))�gê

þ..

^�(3.6)�k3'u,�N=Ýe�±��y. XJØUÀ�Ü·�N=

Ý, ·�Ã{(��Ñ��k¿Â��Y.
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4.1 ¯̄̄KKK���µµµ

3þ�Ù, ·�|^ÄuÝþÝ
���½5y�{5¦)��n��¢

�n�. 3ù�Ù, ·�ïÄXÛ|^Ìõ¡N�ÝK5Cq����ê8�4

à�. O���ê8�4à�½ö4à��Cqäk2��A^. ~X, §ò�

��à`z¯K=�¤��à`z¯K, l
ü$O�E,Ý. à`z�,��

Ð?´§�?Û��ÛÜ�`�Ñ´�Û�`�, 3¦)�Ø�3�\ÛÜ4

���¯K.

�½õ�ª8ÜG := {g1(x), . . . , gm(x)}ÚÄ�4��ê8S:

S := {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}, (4.1)

ùp, gi(X) ∈ R[X1, . . . , Xn], i = 1, . . . ,m. ·��Äe¡�¯K:

¯K2. XÛ|^Ìõ¡N�ÝK5CqS�4à�?

-M2k�12k�ÝþS��8Ü. é?¿�y ∈ M2k, y3R[X]2k¥�pd

¼ê Ly½Â�

é?¿�q(X) ∈ R[X]2k, Ly

(∑
α

qαX
α1
1 · · ·Xαn

n

)
:=
∑
α

qαyα.

|^ÛÜÝþÝ
Mk−dp(py)�(�, ��

é?¿�q(X) ∈ R[X]k−dp , vec(q)TMk−dp(py)vec(q) = Ly(p(X)q(X)2). (4.2)

�½Rn¥�k.Ä�4��ê8S, Lasserre3©z [47]¥JÑ
co (S) �

��½CqL«S�. -s(k) :=
(
n+k
n

)
¿�éj = 1, . . . ,m, kj := ddeg gj/2e. é

?¿�k ∈ N, ½Â

Ωk(G) :=

 x ∈ Rn

�3y ∈ Rs(2k), ¦�Ly(1) = 1,

Ly(Xi) = xi, i = 1, . . . , n, Mk(y) � 0,

Mk−kj(gjy) � 0, j = 1, . . . ,m,

 . (4.3)

3©z [47]¥, ke¡�(J:
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½n 4.1. [47, ½n 6] �½/X(4.1)���ê8S. XJG�1k��g

�Qk(g1, . . . , gm)÷vCÄ��^�, Ké?¿�ε > 0, �3��êN , ¦�

�k ≥ N�, kco (S) ⊆ Ωk(G) ⊆ co (S) + εB, Ù¥B´ü ¥.

�{Ωk(G)}éX;��,��L«S�´½Â3¢�ê8þ�ThetaN, ë

� [30, 33]. ThetaN�½Â�±í2���ê8þ. -S���Ä�4��ê8

¿�R[X]1�R[X]¥¤k��5õ�ª�8Ü, K

cl (co (S)) =
⋂

p∈R[X]1,p|S≥0

{x ∈ Rn | p(x) ≥ 0}. (4.4)

G�1k�ThetaNòL�ª(4.4)tµ�

THk(G) := {x ∈ Rn |é?¿�p ∈ Qk(G) ∩ R[X]1, p(x) ≥ 0}. (4.5)

w,��

TH1(G) ⊇ TH2(G) ⊇ · · · ⊇ THk(G) ⊇ THk+1(G) ⊇ · · · ⊇ cl (co (S)) .

�Q(G)÷vCÄ��^��, ÏLPutinar�":½n, k

cl (co (S)) =
∞⋂
k=1

THk(G). (4.6)

½n 4.2. XJ�g�Qk(G)´4�, KTHk(G) = cl (Ωk(G)).

y². y²Ú [30, ½n 2.8]¥¢�ê8��/�Ó.

5 4.1. �S�3��S:�,é?¿�k ∈ N,�g�Qk(G)´4�,ë� [68,86].

Ïdé?¿�k ∈ N, THk(G) = cl (Ωk(G)).

CÄ��^�é��½L«S�(4.3)ÚThetaNS�(4.5)�Âñ5äk�

'­���^. ,
, éÃ.���ê8S, CÄ��^�Ø÷v. ·�ØU(

�(4.3)½ö(4.5)Âñ�cl (co (S)). 3e¡�~f�±y¢ù�::

~ 4.1. �ÄÄ���ê8

S := {(x1, x2) ∈ R2 | x1 ≥ 0, x2
1 − x3

2 ≥ 0}. (4.7)
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ã 4.1: ~f4.1¥���ê8SÚ��l.

ã4.1¥, Sd­�m�Ü©��ÚÒK«�L«. -G := {X1, X
2
1 −X3

2}. w,
kcl (co (S)) = S. ùÚ��L«S3(1, 1)?���l(X1, X2) := 1+2X1−3X2 =

0. é?¿�c1X1 + c2X2 + c0 ∈ Qk(G) ∩ R[X]1, c0, c1, c2 ∈ R, k

c1X1 + c2X2 + c0 = σ0(X1, X2) + σ1(X1, X2)X1 + σ2(X1, X2)(X2
1 −X3

2 ),

ùp, σ0, σ1, σ2 ∈ Σ2. -X1 = 0, ��

c2X2 + c0 = σ0(0, X2)−X3
2σ2(0, X2).

σ0(0, X2)Ú−X3
2σ2(0, X2)¥��pg�ØU�p��. Ïd, σ2(0, X2) = 0¿

�σ0(0, X2)´��~ê. Ïdc2 = 0¿�é?¿�k ∈ N, k

THk(G) = {(x1, x2) ∈ R2 | x1 ≥ 0}.

Ïd, (4.5)¥�THk(G)S�ØÂñ�cl (co (S)). d	, duS�3��S:, �

â54.1, é?¿k ∈ N, Qk(G)´4�. ÏL½n4.2, é?¿�k ∈ N, THk(G) =

cl (Ωk(G)). Ïd, (4.3)¥�LasserretµS�Ωk(G)ØÂñ�cl (co (S)), ¿

�THk(G)ØÂñ�co (S). ù´Ï�Ø
X1 = 0, é?¿�k ∈ N, S�?Û

��ØU�Qk(G) ∩ R[X]1éA���Cq. AO/, é?¿�ε > 0, k ∈ N,

klε := l + ε 6∈ Qk(G).

5 4.2. du��ê8Úõ¡N�ÝKÑ´Ã.�, §��U3ã¥�äL«.

-g̃1, . . . , g̃m©O�g1, . . . , gm²Làgz��õ�ª. ·�òSN�¤p�

�m�IS̃o ⊆ Rn+1:

S̃o := {x̃ ∈ Rn+1 | g̃1(x̃) ≥ 0, . . . , g̃m(x̃) ≥ 0, x0 > 0}.
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-X̃ := (X0, X1, . . . , Xn). Qk(G̃)L«de¡8Ü¥�õ�ª)¤�1k��g

�:

G̃ :=
{
g̃1, . . . , g̃m, X0, ‖X̃‖2

2 − 1, 1− ‖X̃‖2
2

}
.

d	,

S̃ :=
{
x̃ ∈ Rn+1 | g̃1(x̃) ≥ 0, . . . , g̃m(x̃) ≥ 0, x0 ≥ 0, ‖x̃‖2

2 = 1
}
.

òP[X̃]1P�(R[X̃]1\R) ∪ {0}, Ù¥R[X̃]1´R[X̃]¥�5õ�ª�8Ü. ThetaN

S�T̃Hk(G̃)½ÂXe:

T̃Hk(G̃) :=
{
x ∈ Rn |é?¿�l̃ ∈ Qk(G̃) ∩ P[X̃]1, l̃(1, x) ≥ 0

}
,

ÚLasserretµΩ̃k(G̃):

Ω̃k(G̃) :=


x ∈ Rn

�3y ∈ Rs̃(2k), ¦�Ly(X0) = 1,

Ly(Xi) = xi, i = 1, . . . , n,

Mk−1(X0y) � 0, Mk−1((‖X̃‖2
2 − 1)y) = 0,

Mk(y) � 0, Mk−kj(g̃jy) � 0, j = 1, . . . ,m,


,

ùp, é?¿�k ∈ N, ks̃(k) =
(
n+k+1
n+1

)
¿�kj = ddeg gj/2e.

�½��Ã.Ä�4��ê8S.

• b�S3Ã¡�?´4�(ë� [63])¿�àIco
(
cl
(
S̃o
))
´k�4àI.

– Äk, ·�y²T̃Hk(G̃)S�Úcl
(

Ω̃k(G̃)
)
S�Âñ�cl (co (S)). X

JQk(G̃) ´4�, Kék ∈ N, kT̃Hk(G̃) = cl
(

Ω̃k(G̃)
)

.

– XJG̃÷v1k�PP-BDR^�, cl (co (S)) = T̃Hk′(G̃) = cl
(

Ω̃k′(G̃)
)

.

XJPP-BDR^�Ø¤á, �±y²éε > 0, cl
(

Ω̃k(G̃)
)
3±�:�

�%�?¿�¥þ��Âñ�cl (co (S)).

• ·��Ñ45Úk5éuÌõ¡NS�T̃Hk(G̃)�Âñ5´7��.

– ·��ÑSÃ¡�?´4�^��S�)¤�k'. 3éõ�¹e, ·

��±3S�½Âõ�ª¥V\�
�5õ�ª¦S3Ã¡�?´4

�^�¤á.
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– XJco
(
cl
(
S̃o
))
Ø´k�4àI, ·�òSÏL�I¶©¤2n�Ü

©. XJS3Ã¡�?´4�, ¿�z��Ü©þ÷vPP-BDR^�.

·��±éz�Ü©O�í2Lasserre��½L«S�¿�ò§�Ê

3�å.

4.2 ÃÃÃ...ààà888���������½½½LLL«««

�Ä�4��ê8SÃ.�, ·��E
í2ThetaNS�ÚLasserre��

½L«S�5Cqcl (co (S)). Ì��g�´ÏLàgz, òSN�¤Rn+1¥

�IS̃o. ·�Ú^©z [23, 55]¥�Eâ5?nÃ.��ê8���½Cq.

�S3Ã¡�?´4�¿�co
(
cl
(
S̃o
))
´k�4àI�. í2ThetaNS�Ú

í2Lasserre��½L«S�Âñ�cl (co (S)). �
~f�±`²45Úk5

éuÂñ57��.

4.2.1 CCCqqqcl (co (S))���444ààà���

�Äõ�ªf(X) ∈ R[X]Ú§�àgzõ�ªf̃(X̃) ∈ R[X̃], ùpX̃ =

(X0, X1, . . . , Xn)¿�f̃(X̃) = Xd
0f(X/X0), d = deg(f). é�½���ê8

S := {x ∈ Rn | g1(x) ≥ 0, . . . , gm(x) ≥ 0}, (4.8)

½Â

S̃o := {x̃ ∈ Rn+1 | g̃1(x̃) ≥ 0, . . . , g̃m(x̃) ≥ 0, x0 > 0},

S̃c := {x̃ ∈ Rn+1 | g̃1(x̃) ≥ 0, . . . , g̃m(x̃) ≥ 0, x0 ≥ 0},

S̃ := {x̃ ∈ Rn+1 | g̃1(x̃) ≥ 0, . . . , g̃m(x̃) ≥ 0, x0 ≥ 0, ‖x̃‖2
2 = 1}.

(4.9)

5¿�S̃o��6uS, ,
S̃cÚS̃Ø=�6uS, 
���6u��ê8S�L�

ª�ÀJ.

·K 4.3. [38, ·K 2.1] f(x)3Sþ�K��=�3cl
(
S̃o
)
þ, kf̃(x̃) ≥ 0.

íØ 4.4. é?¿��5¼êf ∈ R[X]1, f(x)3cl (co (S))þ�K��=�

3co
(
cl
(
S̃o
))
þ, kf̃(x̃) ≥ 0.



42 õ�ª`zÚà�êAÛ¥�eZ¯KïÄ

ã 4.2: ~f4.1¥§�:dS)¤�IS̃cÚdl )¤��²¡l̃; m:ü ¥þ���

k.Ü©S̃ (�7Ú��©�.)

y². duf(X)´�5¼ê, f(x)3cl (co (S))þ�K��=�f(x)3Sþ�K.

f̃(x̃)3co
(
cl
(
S̃o
))
þ�K��=�f̃(x̃)3cl

(
S̃o
)
þ�K. �â·K4.3, (Ø¤

á.

~ 4.2. 3~f4.1¥, ÏL(4.7)Ú(4.9), ��

S̃o = {(x0, x1, x2) ∈ R3 | x1 ≥ 0, x0x
2
1 − x3

2 ≥ 0, x0 > 0},

S̃c = {(x0, x1, x2) ∈ R3 | x1 ≥ 0, x0x
2
1 − x3

2 ≥ 0, x0 ≥ 0},

S̃ = {(x0, x1, x2) ∈ R3 | x1 ≥ 0, x0x
2
1 − x3

2 ≥ 0, x0 ≥ 0, ‖x̃‖2
2 = 1}.

3ã4.2��>, R3¥�IS̃cÚdléA��²¡l̃(X0, X1, X2) := X0 + 2X1 −
3X2 = 0��. l̃��uco

(
cl
(
S̃o
))
�y
íØ4.4. ��3ü ¥þ�Ü©S̃d

ã4.2�m>L«.

½Â 4.1. [63] XJcl
(
S̃o
)

= S̃c, S3Ã¡�?´4�.

5 4.3. ©z [38]�Ñ3Ã¡�?´4�^�´��5�^�. �Ä¤k/

X(4.8)�Ä�4��ê8S, Ù¥n,mÚgi��pgêd´�½�. K¦�S3Ã

¡�?´4�^�Ø¤á�¤kgi�Xêvec(gi)3Xê�mR[X]d����ê8

¥.

duS̃cÚS̃�,�6uØ�ªg1(x) ≥ 0, . . . , gm(x) ≥ 0, S3Ã¡�?4�

^�Ø=�6uS, 
��6uS�½Âõ�ª. �e¡�~f:
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~ 4.3. �Ä8ÜS := {(x1, x2) ∈ R2 | x2 − x2
1 ≥ 0}. K

S̃o = {(x0, x1, x2) ∈ R3 | x0x2 − x2
1 ≥ 0, x0 > 0},

S̃c = {(x0, x1, x2) ∈ R3 | x0x2 − x2
1 ≥ 0, x0 ≥ 0},

S̃ = {(x0, x1, x2) ∈ R3 | x0x2 − x2
1 ≥ 0, x0 ≥ 0, ‖x̃‖2 = 1}.

duS̃c\cl
(
S̃o
)

= {(0, 0, x2) ∈ R3 | x2 < 0} 6= ∅, S3Ã¡�?Ø´4�. ,
,

XJ-S ′ := {(x1, x2) ∈ R2 | x2 − x2
1 ≥ 0, 1 + x2 ≥ 0}, éN´�yS = S ′. �

´S ′3Ã¡�?´4�. 3���/e, é�
3Ã¡�?Ø´4���ê8S,

�±V\�
�5õ�ª�S�½Âõ�ª¥, ¦�S3Ã¡�?´4�.

b�2. (i) S3Ã¡�?´4�. (ii) àIco
(
cl
(
S̃o
))
´k�4àI.

-P[X̃]1�R[X̃]¥~ê��0��5õ�ªÚ"õ�ª�¿, ¿�

G̃ := {g̃1, . . . , g̃m, X0, ‖X̃‖2
2 − 1, 1− ‖X̃‖2

2}. (4.10)

½Â 4.2. /X(4.8)�Ã.��ê8S�1k�í2ThetaN½Â�

T̃Hk(G̃) := {x ∈ Rn |é?¿�l̃ ∈ Qk(G̃) ∩ P[X̃]1, l̃(1, x) ≥ 0}. (4.11)

½n 4.5. -S ⊆ Rn�/X(4.8)���ê8. XJb�2¤á, Kéz��k ∈ N,

cl (co (S)) ⊆ T̃Hk(G̃)¿�

cl (co (S)) =
∞⋂
k=1

T̃Hk(G̃). (4.12)

y². ÄkI�`²é?¿�k ∈ N, cl (co (S)) ⊆ T̃Hk(G̃). �½l̃ ∈ Qk(G̃) ∩
P[X̃]1, K3S̃þ, kl̃(x̃) ≥ 0. dul̃´àg�5¼ê, 3S̃cþ, ��l̃(x̃) ≥ 0. d

uS̃o ⊆ S̃c, 3co
(
cl
(
S̃o
))
þ, ��l̃(x̃) ≥ 0. ÏLíØ4.4, 3cl (co (S))þ, �

�l̃(1, x) = l(x) ≥ 0. Ïdéz��k ∈ N, cl (co (S)) ⊆ T̃Hk(G̃). Ïd, (4.11)¥

�í2ThetaNS��¤
��co (S) �4àCqS�:

T̃H1(G̃) ⊇ T̃H2(G̃) ⊇ · · · ⊇ T̃Hk(G̃) ⊇ T̃Hk+1(G̃) ⊇ · · · ⊇ cl (co (S)) . (4.13)

y3y²ù�S�Âñ�cl (co (S)). b�u /∈ cl (co (S)), ·�`²é,

��k, u /∈ T̃Hk(G̃). ducl (co (S))´4à8. �â�²¡©l½n, �3�

þ(f0, f) ∈ Rn+1, ¦�

〈f , u〉 < f0, ¿�é?¿�x ∈ cl (co (S)) , 〈f , x〉 > f0.
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-f̃(X̃) :=
∑n

i=1 fiXi − f0X0 ∈ R[X̃], K

f̃(1, u) < 0, ¿�é?¿�x ∈ cl (co (S)) , f̃(1, x) = f(x) > 0.

ÏLíØ4.4, ��

é?¿�x ∈ co
(
cl
(
S̃o
))

, f̃(x̃) ≥ 0. (4.14)

duco
(
cl
(
S̃o
))
´k�4àI, d½n2.3���3��õ�ªh̃(X̃) =

∑n
i=0

hiXi ∈ P[X̃]1, ¦�3co
(
cl
(
S̃o
))
\{0}þ, kh̃(x̃) > 0. �3¿©��ε > 0, ¦

�(f̃ + εh̃)(1, u) < 0¿�òf̃ + εh̃­#·¶�f̃ , K

f̃(1, u) < 0, ¿�é?¿�x ∈ cl
(
S̃o
)
\{0}, f̃(x̃) > 0. (4.15)

XJS3Ã¡�?´4�, Kcl
(
S̃o
)
∩ {x̃ ∈ Rn+1 | ‖x̃‖2 = 1} = S̃, Ïd

f̃(1, u) < 0, ¿�é?¿�x ∈ S̃, f̃(x̃) > 0. (4.16)

duQ(G̃)÷vCÄ��^�, ÏLPutinar�":½n, �3k′ ∈ N, ¦�f̃ ∈
Qk′(G̃) ∩ P[X̃]1. duf̃(1, u) < 0, ku 6∈ T̃Hk′(G̃). Ïd

∞⋂
k=1

T̃Hk(G̃) ⊆ cl (co (S)) . (4.17)

��, ÏL(4.13)Ú(4.17), ��cl (co (S)) =
⋂∞
k=1 T̃Hk(G̃).

~ 4.4. 3~f4.1¥, éz��(0, u1, u2) ∈ S̃c\S̃o, -

u(ε) :=

(
ε, u1,

3

√
εu2

1 + u3
2

)
.

K{u(ε)}ε>0 ⊆ S̃o¿�limε→0 u
(ε) = (0, u1, u2). Ïd, kS̃c\S̃o ⊆ cl

(
S̃o
)
¿�S3

Ã¡�?´4�. d	, �±�y

g̃(X0, X1, X2) := 2X0 + 2X1 − 3X2

3co
(
cl
(
S̃o
))
\{0}þð��. ÏL½n2.3, co

(
cl
(
S̃o
))
´k�4àI. Ï

dS÷vb�2.
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-εªCu0, l̃ + εg̃3S̃þð�u0¿�ªCul̃. d	, duQ(G̃)÷vCÄ�

�^�. ÏLPutinar�":½n, éz��ε > 0, l̃ + εg̃áue¡õ�ª¤)¤

��g�:

G̃ := {X0, X1, X0X
2
1 −X3

2 , X
2
0 +X2

1 +X2
2 − 1, 1−X2

0 −X2
1 −X2

2}.

½Â

T̃Hk(G̃) := {(x1, x2) ∈ R2 |é?¿� l̃ ∈ Qk(G̃)∩P[X0, X1, X2]1, l̃(1, x1, x2) ≥ 0},

��cl (co (S)) =
⋂∞
k=1 T̃Hk(G̃).

íØ 4.6. S ⊂ Rn´/X(4.8)���ê8. XJb�2÷v, ¿�G̃�1k′�PP-

BDR^�¤á, Kcl (co (S)) = T̃Hk′(G̃).

y². ÏL(4.13), I��ycl (co (S)) ⊇ T̃Hk′(G̃). b��3u ∈ T̃Hk′(G̃), ¦

�u 6∈ cl (co (S)). �â(4.16), �3R[X̃]¥��5õ�ªf̃ , ¦�f̃(0) = 0,

f̃(1, u) < 0¿�f̃(x̃)3S̃þð��. duG̃÷v1k′�PP-BDR^�, ��f̃ ∈
Qk′(G̃) ∩ P[X̃]1. duf̃(1, u) < 0, ��u 6∈ T̃Hk′(G̃). gñ. Ïd, cl (co (S)) =

T̃Hk′(G̃).

5 4.4. ½ÂßÀÝKϕ�

ϕ : {(x0, x) ∈ Rn+1 | x0 > 0} → Rn

(x0, x)→ x

x0

.
(4.18)

-

H := {(0, x) | x ∈ Rn}. (4.19)

�
CqÃ.8S�4à�cl (co (S)), �Äk.8S̃�²;ThetaN�ßÀ�K:

ϕ
(

THk(G̃)\H
)

= {x ∈ Rn |�3t > 0, (t, tx) ∈ THk(G̃)}

= {x ∈ Rn |�3t > 0, é?¿�l̃ ∈ Qk(G̃) ∩ R[X̃]1, l̃(t, tx) ≥ 0}.
(4.20)

w,/,

éz��k ∈ N, ϕ
(

THk(G̃)\H
)
⊆ T̃Hk(G̃). (4.21)

·�3íØ4.13¥�Ñ�Qk(G̃)´4��, ùü�8Ü��.
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b�2é½n4.5�(Ø´7��.

~ 4.5. ·�`²3~f4.3¥, S3Ã¡�?4�^�Ø¤á. w,kcl (co (S))

= S¿�cl
(
S̃o
)
´à8. ½Âf̃(X̃) := X0 + X2. du3co

(
cl
(
S̃o
))
\{0}þ,

f̃(x̃) > 0, �±íÑco
(
cl
(
S̃o
))
´k�4àI. Ïd��(0, 0,−1), (1, 0, 0) ∈

S̃¿�é?¿�λ ∈ [0, 1], k(1 − λ, 0,−λ) ∈ co
(
S̃
)
⊆ THk(G̃). ÏL(4.21), �

�

é?¿�λ ∈ [0, 1),

(
0,− λ

1− λ

)
∈ ϕ

(
THk(G̃)\H

)
⊆ T̃Hk(G̃).

Ïd, é?¿�k ∈ N, ��{(0, x2) ∈ R2 | x2 ≤ 0} ⊆ T̃Hk(G̃). ducl (co (S)) =

S, k
⋂∞
k=1 T̃Hk(G̃) 6= cl (co (S)).

~ 4.6. �Ä8ÜS := {(x1, x2) ∈ R2 | x3
2 − x2

1 ≥ 0}. w,��cl (co (S)) =

{(x1, x2) ∈ R2 | x2 ≥ 0}¿�

S̃o = {(x0, x1, x2) ∈ R3 | x3
2 − x0x

2
1 ≥ 0, x0 > 0},

S̃c = {(x0, x1, x2) ∈ R3 | x3
2 − x0x

2
1 ≥ 0, x0 ≥ 0}.

�±y²S̃c\S̃o = {(0, x1, x2) ∈ R3 | x2 ≥ 0}. 3~f4.1¥¦^�q�y²

�{, ��S3Ã¡�?´4�. Ïd, dulimε→0(ε,±1, 3
√
ε) = (0,±1, 0)¿

�(0,±1, 0) ∈ cl
(
S̃o
)

, ��co
(
cl
(
S̃o
))
Ø´k�4àI. -

G̃ = {X0, X
3
2 −X0X

2
2 , X

2
0 +X2

1 +X2
2 − 1, 1−X2

0 −X2
1 −X2

2}.

éuz��k ∈ N, T̃Hk(G̃) = R2. b�c0X0 + c1X1 + c2X2 ∈ Qk(G̃), K

c0X0 +c1X1 +c2X2 = σ̃0 + σ̃1X0 + σ̃2(X3
2−X0X

2
1 )+ h̃(X2

0 +X2
1 +X2

2−1), (4.22)

ùpéi = 0, 1, 2, σ̃i ∈ Σ2¿�h̃ ∈ R[X̃]. ò(4.22)¥�Cþ(X0, X1, X2)D�

�(0,±1, 0), ��c1 = 0. ò(4.22)¥�Cþ(X0, X1, X2)D��(0,±1, X2), ��

c2X2 = σ̃0(0,±1, X2) + σ̃2(0,±1, X2)X3
2 + h̃(0,±1, X2)X2

2 . (4.23)

Ïdσ̃0(0,±1, X2)�~ê��",l
�ª(4.23)�m>�±�X2
2�Ø.Ïdc2 =

0. ÏL(4.11), éz��k ∈ N, kT̃Hk(G̃) = R2. ù`²co
(
cl
(
S̃o
))
´k�4

àI�^�ØU3½n4.5¥��K.
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4.2.2 cl (co (S))���ÌÌÌõõõ¡¡¡NNNCCCqqq

y3, ·�léó��Ý5ïÄí2ThetaNT̃Hk(G̃). �Ä±(n + 1)�ê

|α := (α0, α1, . . . , αn) ∈ Nn+1�¢Ú�ÝþS�y. z��ÝþS�y, éA

�R[X̃]¥�pd¼êP�Ly. -s̃(k) =
(
n+k+1
n+1

)
Úkj = ddeg gj/2e.

½Â 4.3. /X(4.8)�Ã.��ê8S�1k�í2Lasserre��½L«½Â�

Ω̃k(G̃) :=


x ∈ Rn

�3y ∈ Rs̃(2k), ¦�Ly(X0) = 1,

Ly(Xi) = xi, i = 1, . . . , n,

Mk−1(X0y) � 0, Mk−1((‖X̃‖2
2 − 1)y) = 0,

Mk(y) � 0, Mk−kj(g̃jy) � 0, j = 1, . . . ,m


. (4.24)

·K 4.7. ék ∈ N, í2Lasserre��½L«Ω̃k(G̃)�±ÏL²;Lasserre��½

L«Ωk(G̃)�ßÀÝK5��, =Ω̃k(G̃) = ϕ
(

Ωk(G̃)\H
)

.

y². ÏL½Â4.3, ��

Ωk(G̃) =


x̃ ∈ Rn+1

�3y ∈ Rs̃(2k), ¦�Ly(1) = 1,

Ly(Xi) = xi, i = 0, . . . , n,

Mk−1(X0y) � 0, Mk−1((‖X̃‖2
2 − 1)y) = 0,

Mk(y) � 0, Mk−kj(g̃jy) � 0, j = 1, . . . ,m


. (4.25)

é?¿�w ∈ Ω̃k(G̃), (4.24)¥�3/X(y0, 1, w, . . .)��þy ∈ Rs̃(2k). d

uMk(y) � 0¿�Ly(X0) = 1, ��y0 > 0. Ïdy/y0÷v(4.25)¥�^�,

=w = (w/y0)/(1/y0) ∈ ϕ
(

Ωk(G̃)\H
)

. é?¿�w ∈ ϕ
(

Ωk(G̃)\H
)

, �3t >

0Úy = (1, t, tw, . . .) ∈ Rs̃(2k), ¦�y÷v(4.25)¥�^�. Ky/t÷v(4.24)¥�^

�. Ïdw ∈ Ω̃k(G̃).

½n 4.8. é?¿�k ∈ N, ��cl (co (S)) ⊆ cl
(

Ω̃k(G̃)
)
⊆ T̃Hk(G̃).

y². w,��é?¿�x ∈ S, �3t > 0, ¦�(t, tx) ∈ S̃. Kéz�

�k ∈ N, (t, tx) ∈ Ωk(G̃). ÏL·K4.7, ��x ∈ ϕ
(

Ω(G̃)\H
)

= Ω̃k(G̃). d

ucl
(

Ω̃k(G̃)
)
´4à8, ��cl (co (S)) ⊆ cl

(
Ω̃k(G̃)

)
.
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ã 4.3: ~f4.1¥, cl (co (S))�Ìõ¡NCqΩ̃3(G̃)(^ÒKÜ©L«)

duΩk(G̃) ⊂ THk(G̃), ÏL(4.21)Ú·K4.7, ��

Ω̃k(G̃) = ϕ
(

Ωk(G̃)\H
)
⊆ ϕ

(
THk(G̃)\H

)
⊆ T̃Hk(G̃).

duT̃Hk(G̃)´4�, Ïd(Ø¤á.

~ 4.7. é~f4.1¦^^��Bermeja [77], �±±�ÑÌõ¡NΩ̃3(G̃). X

ã4.3¤«, í2Lasserre��½L«Ω̃3(G̃)Cqcl (co (S))�§Ý�~Ð.

íØ 4.9. -S ⊆ Rn�/X(4.8)���ê8. XJb�2÷v, K

1. cl (co (S)) =
⋂∞
k=1 cl

(
Ω̃k(G̃)

)
.

2. XJG̃�1k′�PP-BDR^�¤á, Kcl (co (S)) = cl
(

Ω̃k′(G̃)
)

.

y². ÏL½n4.5, íØ4.6Ú½n4.8, éN´y²(Ø.

duPP-BDR^�Ø²~¤á, �©z [47, 12.5!, ½n6 ]�q, ·��

Ecl (co (S))�CqL«S�. ér ∈ R, -Br := {x ∈ Rn | ‖x‖2 ≤ r}.

½n 4.10. b�S ⊆ Rn�/X(4.8)���ê8. XJb�2¤á, Ké?¿

�ε > 0Úcl (co (S)) ∩Br 6= ∅, Ù¥r > 0, �3kr,ε ∈ N, ¦�

cl (co (S)) ∩Br ⊆ cl
(

Ω̃kr,ε(G̃)
)
∩Br ⊆ (cl (co (S)) + εB1) ∩Br.

y². ÏL·K4.7, y²� [47, 12.5!, ½n6]�y²�Ó.
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ã 4.4: ~f4.8¥���ê8S(ùÚ­�)ÚÌõ¡NΩ̃3(G̃)�ÝK(^ÒKÜ©

L«).

~ 4.8. �Ä��ê8S(ã4.4¥�ùÚ­�):

S := {(x1, x2) ∈ R2 | x3
1 − x2

2 − x1 + 1 = 0, x2 ≥ 0}.

w,��

S̃o = {(x0, x1, x2) ∈ R3 | x3
1 − x0x

2
2 − x2

0x1 + x3
0 = 0, x2 ≥ 0, x0 > 0},

S̃c = {(x0, x1, x2) ∈ R3 | x3
1 − x0x

2
2 − x2

0x1 + x3
0 = 0, x2 ≥ 0, x0 ≥ 0}.

w,/, S̃c\S̃o = {(0, 0, x2) ∈ R3 | x2 ≥ 0}. �±y²S̃c = cl
(
S̃o
)

, =S3Ã¡

�?´4�. du3cl
(
S̃o
)
\{0}þ, X0 + X2 > 0, Ïd3co

(
cl
(
S̃o
))
\{0}þ,

X0 +X2 > 0. ÏL½n2.3, co
(
cl
(
S̃o
))
´k�4àI. ÏdS÷vb�2. Ìõ

¡NΩ̃3(G̃)�ßÀ´ã4.4¥�ÒKÜ©.

5 4.5. X½n4.10ÚíØ4.9¤«, ék ∈ N, Ìõ¡NΩ̃k(G̃)�ÝK´cl (co (S))

�	Cq. XJ�½��¥Br, K��3Brþ, Ω̃k(G̃)��Âñ�cl (co (S)). X

J^¥Br�äS, ,�|^/X(4.3)���½L«5Cq��
¤�k.8�

4à�. 3Ï~�¹e, ØU��cl (co (S)) ∩ Br�	Cq. ~X3~4.8¥, �

ã4.4�', ã4.5¤«�cl (co (S ∩Br))�Lasserre��½L«Ø´cl (co (S)) ∩
Br�	Cq.

ÏLí2©z [30, 33]¥�A(Ø�y², ·�`²éz��k ∈ N, X

JQk(G̃)´4�, KT̃Hk(G̃) = cl
(

Ω̃k(G̃)
)

.
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ã 4.5: ~f4.8¥cl (co (S)) ∩Br�Lasserre��½L«.

-M := {(1, x) | x ∈ Rn}¿�Q1
k(G̃) = Qk(G̃) ∩ P[X̃]1. ÏLéóI�½Â,

��

Q1
k(G̃)∗ ∩M = {1} × T̃Hk(G̃). (4.26)

-proj
(
Qk(G̃)∗

)
´Qk(G̃)∗�

(
P[X̃]1

)∗
�ÝK. w,��

proj
(
Qk(G̃)∗

)
∩M = {1} × Ω̃k(G̃). (4.27)

XJQk(G̃)´4�, ÏL·K2.2, ��

Q1
k(G̃)∗ = cl

(
proj

(
Qk(G̃)∗

))
. (4.28)

Ún 4.11. XJQk(G̃)´4�, �²¡M�ri
(
proj

(
Qk(G̃)∗

))
��.

y². ÏL [76, ½n 6.3]Ú(4.28), ù�duy²M�ri
(
Q1
k(G̃)∗

)
��. �½�

þu ∈ S, ��l̃ := (1, u)/‖(1, u)‖2 ∈ S̃¿�l̃ ∈ Q1
k(G̃)∗. -

D := {t0 ∈ R |�3 t ∈ Rn, ¦�(t0, t) ∈ Q1
k(G̃)∗}.

duX0 ∈ Q1
k(G̃)¿�é?¿�c ≥ 0, kc · l̃ ∈ Q1

k(G̃)∗ , ÏdD = [0,∞)l


1 ∈ ri (D). ÏL [76, ½n 6.8], ��M�ri
(
Q1
k(G̃)∗

)
��.

½n 4.12. XJQk(G̃)´4�, KT̃Hk(G̃) = cl
(

Ω̃k(G̃)
)

.
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y². ÏL(4.26), (4.27), (4.28), [76, íØ 6.5.1]ÚÚn4.11, ��

{1} × cl
(

Ω̃k(G̃)
)

= cl
(
proj

(
Qk(G̃)∗

)
∩M

)
= cl

(
proj

(
Qk(G̃)∗

))
∩M

= Q1
k(G̃)∗ ∩M

= {1} × T̃Hk(G̃).

ÏdT̃Hk(G̃) = cl
(

Ω̃k(G̃)
)

.

íØ 4.13. XJQk(G̃)´4�, Kí2ThetaN(4.11)�uS̃�ThetaN(4.5)�ß

ÀÝK, =

T̃Hk(G̃) = ϕ
(

THk(G̃)\H
)
.

y². ÏL(4.21), ·K4.7±9½n4.12�±��y².

5 4.6. duS̃Ø�3S:, ØUÏL�54.1�Ó��ª5�yQk(G̃)�45.

,
, XJ�©�8ÜS�3S:, KS̃�"zn�I = 〈‖X̃‖2
2 − 1〉ÚQk(G̃)3

û�R[X̃]/I¥��3R[X̃]2k/I¥´4�, ë�( [58, 68]). Ïd, 3½n4.12Úí

Ø4.13¥��ªé½Â3R[X̃]/I¥�í2ThetaNÚLasserre��½L«¤á.

�g�Qk(G̃)´4�^�k7��?�Ú�ïÄ.

4.3 bbb���2������[[[???ØØØ

XJb�2÷v, ·��E
Âñ�cl (co (S))���½L«S�. 3ù�

!, ·�ò?�Ú?Øb�2Ø¤á��/.

4.3.1 S333ÃÃÃ¡¡¡���???´́́444���

[38]`²3���¹e, ��ê83Ã¡�?´4�. �´, 3Ã¡�?´

4�^�é,
��ê8Ø¤á.

��ê8U½ÂXe:

U :=

 x ∈ Rn
hi(x) = 0, i = 1, . . . ,m1,

gj(x) ≥ 0, deg(gj)´óê, j = 1, . . . ,m2

 . (4.29)



52 õ�ª`zÚà�êAÛ¥�eZ¯KïÄ

-

Ũo =
{
x̃ ∈ Rn+1 | h̃i(x̃) = 0, g̃j(x̃) ≥ 0, x0 > 0, i = 1, . . . ,m1, j = 1, . . . ,m2

}
,

Ũ c =
{
x̃ ∈ Rn+1 | h̃i(x̃) = 0, g̃j(x̃) ≥ 0, x0 ≥ 0, i = 1, . . . ,m1, j = 1, . . . ,m2

}
.

·K 4.14. b�UÃ.. XJco
(
cl
(
Ũo
))
´k�4àI, KU3Ã¡�?Ø´

4�.

y². duUÃ., �3S�{u(k)}∞k=1 ⊆ U , ¦�limk→∞ ‖u(k)‖2 = ∞. d

u{(1, u(k))/‖(1, u(k))‖2} ⊆ Ũo´k.�, �3�"�þũ = (0, u1, . . . , un) ∈
cl
(
Ũo
)

.

XJco
(
cl
(
Ũo
))
´k�4àI, ÏL½n2.3, k−ũ 6∈ cl

(
Ũo
)

. du

éj = 1, . . . ,m2, deg(gj)´Ûê, w,��ũÚ−ũáuŨ c. Ïdcl
(
Ũo
)
6= Ũ c¿

�U3Ã¡�?Ø´4�.

5 4.7. �Ä/X(4.8)���ê8S. éi = 1, . . . ,m, -ĝi�gi��pgàgÜ©

¿�DS = S̃c\cl
(
S̃o
)

. XJS3Ã¡�?Ø´4�, K

∅ 6= DS ⊆ {(0, x) ∈ Rn+1 | ĝ1(x) ≥ 0, . . . , ĝm(x) ≥ 0}.

òDS©)¤DS = D1
S ∪D2

S, ùp

D1
S =

{
(0, x) ∈ Rn+1

∣∣∣ (0, x) ∈ S̃c\cl
(
S̃o
)
, (0,−x) ∈ cl

(
S̃o
)}

¿�

D2
S =

{
(0, x) ∈ Rn+1

∣∣∣ (0, x) ∈ S̃c\cl
(
S̃o
)
, (0,−x) 6∈ cl

(
S̃o
)}

.

é/X(4.29)���ê8S, �â·K4.14�y², kD1
S 6= ∅. XJco

(
cl
(
S̃o
))

´k�4àI, K�3���5¼êl̃ ∈ P[X̃]1, ¦�3co
(
cl
(
S̃o
))
\{0}þ,

kl̃(x̃) > 0. òØ�ªl̃(x̃) ≥ 0V\�S̃o�½ÂL�ª¥, ½öòl̃(1, x) ≥ 0V\

�S�½ÂL�ª¥. w,��S �uS̃o, �´D1
S = ∅. Ïd, ò�õ�½Âõ

�ªV\���ê8S�L�ª�, S�k�U3Ã¡�?´4�.
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ã 4.6: ~f4.9¥�­�S(ùÚÜ©)ÚÌõ¡NΩ̃3(G̃)(^ÒKÜ©L«).

~ 4.9. �Ä�g­�(ã4.6¥�ùÚÜ©):

S := {(x1, x2) ∈ R2 | x4
1 − x2

1x2 + x3
2 = 0}.

w,��

S̃o = {(x0, x1, x2) ∈ R3 | x4
1 − x0x

2
1x2 + x0x

3
2 = 0, x0 > 0},

S̃c = {(x0, x1, x2) ∈ R3 | x4
1 − x0x

2
1x2 + x0x

3
2 = 0, x0 ≥ 0}.

·�ÏLy²�5¼êX0 −X23co
(
cl
(
S̃o
))
\{0}þð�u05y²4à

Ico
(
cl
(
S̃o
))
´k�.

é�"�þũ = (u0, u1, u2) ∈ cl
(
S̃o
)

,ku4
1−u0u

2
1u2+u0u

3
2 = 0. XJu2 = 0,

Ku1 = 0¿�u0 − u2 > 0. b�u2 6= 0, Ku2
1u2 − u3

2 6= 0. ÄK��u2
1 = u2

2¿

�u4
2 − u0u

3
2 + u0u

3
2 = 0, Ïdu2 = 0, gñ. Ïdd

u0 − u2 =
u4

1

u2
1u2 − u3

2

− u2 =
(u2

1 − u2
2)2 + u2

1u
2
2

u2
1u2 − u3

2

> 0

�±íÑco
(
cl
(
S̃o
))
´k�4à8. duSäk/X(4.29)�L�ª, ÏL·

K4.14, S3Ã¡�?Ø´4�. ÏL54.7, ·�ò1 − x2 ≥ 0V\�S�L�ª

¥, ¦�S3Ã¡�?´4�. ã4.6�#L�ª�Ìõ¡NΩ̃3(G̃).

4.3.2 co
(
cl
(
S̃o
))
���kkk555

XJco
(
cl
(
S̃o
))
Ø´k�, ·�òS÷X�I¶©¤2n�Ü©. -

E := {e = (e1, . . . , en) ∈ Rn | ei ∈ {0, 1}, i = 1, . . . , n}, (4.30)
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¿�éuz��e ∈ E ,

Se := {x ∈ Rn | gi(x) ≥ 0, (−1)ejxj ≥ 0, i = 1, . . . ,m, j = 1, . . . , n}. (4.31)

KS =
⋃
e∈E Se¿�|E| = 2n. éz��e ∈ E , Uì(4.9)Ú(4.10)½ÂS̃o

e , S̃
c
e , S̃e

ÚG̃e. ÏL½n2.3, éz��e ∈ E , co
(
cl
(
S̃o
e

))
Úco

(
S̃c
e

)
´k�4àI.

½n 4.15. -S ⊆ Rn�/X(4.8)���ê8. b�

1. S3Ã¡�?´4�.

2. é?¿�e ∈ E, G̃e�PP-BDR^�¤á.

Kcl (co (S))´Ìõ¡N�ÝK�4�.

y². �½���êk′, ¦�z��G̃e÷v1k
′�PP-BDR^�. 5¿�é,�

�e ∈ E , Se�U3Ã¡�?Ø´4�. ,
,

é?¿�e ∈ E , cl (co (Se)) ⊆ cl
(

Ω̃k′

(
G̃e

))
⊆ cl (co (S)) . (4.32)

ÏL½n4.8, ��

é?¿�e ∈ E , cl (co (Se)) ⊆ cl
(

Ω̃k′

(
G̃e

))
⊆ T̃Hk′(G̃e).

�½�þu 6∈ cl (co (S)). �â(4.14), �3�5¼êf̃ ∈ P[X̃]1, ¦�f̃(1, u) <

0¿�3co
(
cl
(
S̃o
))
þ, kf̃(x̃) ≥ 0. ducl

(
S̃o
)

= S̃c¿�éz��e ∈ E ,

S̃c
e ⊆ S̃c, 3co

(
S̃c
e

)
þ, kf̃(x̃) ≥ 0. duco

(
S̃c
e

)
´k�4àI. ÏL½n2.3, �

3�5¼êg̃ ∈ P[X̃]1, ¦�3co
(
S̃c
e

)
þ, kg̃(x̃) > 0. À���¿©��ε > 0,

¦�(f̃ + εg̃)(1, u) < 0¿�òf̃ + εg̃­#·¶�f̃ . K3S̃c
eþ, kf̃(x̃) > 0. AO

/, f̃(x̃)3S̃eþð��. duG̃e÷v1k
′�PP-BDR^�, ��f̃ ∈ Qk′(G̃e). d

uf̃(1, u) < 0, ��u 6∈ T̃Hk′(G̃e). ÏdT̃Hk′(G̃e) ⊆ cl (co (S))¿�(4.32)¤á.
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Ïd��

cl (co (S)) = cl

(
co

(⋃
e∈E

Se

))

= cl

(
co

(⋃
e∈E

cl (co (Se))

))

⊆ cl

(
co

(⋃
e∈E

cl
(

Ω̃k′

(
G̃e

))))
⊆ cl (co (cl (co (S))))

= cl (co (S)) .

Ïd

cl (co (S)) = cl

(
co

(⋃
e∈E

cl
(

Ω̃k′

(
G̃e

))))
= cl

(
co

(⋃
e∈E

Ω̃k′

(
G̃e

)))
.

dué?¿�k′ ∈ N, Ω̃k′

(
G̃e

)
´Ìõ¡N�ÝK, ÏL [39, ½n 2.2], ��

cl

(
co

(⋃
e∈E

Ω̃k′

(
G̃e

)))
= cl

({∑
e∈E

λex
(e)
∣∣∣ ∑

e∈E

λe = 1, λe ≥ 0, x(e) ∈ Ω̃k′

(
G̃e

)})

´Ìõ¡NÝK�4�.

5 4.8. XJ8ÜE ′ ⊆ E÷v^�S =
⋃
e∈E ′ Se, ò½n4.15y²¥�EO�¤E ′,

½n4.15E,¤á.

~f4.6(Y) é��ê8S = {(x1, x2) ∈ R2 | x3
2 − x2

1 ≥ 0}, ��co
(
cl
(
S̃o
))
Ø

´k�4àI¿�í2ThetaNØÂñ�cl (co (S)). ÏL54.8, ·�òS©¤ü

�Ü©:

S(0,0) := {(x1, x2) ∈ R2 | x3
2 − x2

1 ≥ 0, x1 ≥ 0, x2 ≥ 0},

S(1,0) := {(x1, x2) ∈ R2 | x3
2 − x2

1 ≥ 0, −x1 ≥ 0, x2 ≥ 0}.

w,��G̃(0,0)ÚG̃(1,0)÷v11�PP-BDR^�. Ïd, é?¿��êk′ ≥ 1, ��

Ω̃k′

(
G̃(0,0)

)
= {(x1, x2) ∈ R2 | x1 ≥ 0, x2 ≥ 0},

Ω̃k′

(
G̃(1,0)

)
= {(x1, x2) ∈ R2 | x1 ≤ 0, x2 ≥ 0}.
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Ïdé?¿��êk′ ≥ 1, cl
(
co
(

Ω̃k′

(
G̃(0,0)

)
∪ Ω̃k′

(
G̃(1,0)

)))
= cl (co (S)).

,
, XJ,��G̃eØ÷v1k
′�PP-BDR^�, �â½n4.15�y²,

é,��e ∈ E , cl
(

Ω̃k′

(
G̃e

))
�UØ´cl (co (S))�f8. 3ù��/e,

cl
(
co
(⋃

e∈E Ω̃k′

(
G̃e

)))
�Uî��¹cl (co (S)).

~ 4.10. ò~f4.6¥���ê8S'u�:_��^=45◦, ��

S ′ := {(x1, x2) ∈ R2 | −
√

2(x1 − x2)3 − 2(x1 + x2)2 ≥ 0},

(ã4.7¥ùÚ­����Ü©). Kcl (co (S))´��X2 = X1���²¡.

ÏL54.8, E ′ = {(0, 0), (1, 0), (1, 1)}ò/X(4.31)���ê8S ′©)�S ′ =⋃
e∈E ′ S

′
e. é?¿���êk

′ ≥ 1, ��

Ω̃k′

(
G̃′(1,0)

)
= {(x1, x2) ∈ R2 | x1 ≤ 0, x2 ≥ 0}.

S ′(0,0)�13�Lasserre��½L«Ω̃3

(
G̃′(0,0)

)
´ã4.7�ÒKÜ©.

ã 4.7: ~f4.10¥�S ′(0,0)�Ìõ¡NCqΩ̃3

(
G̃′(0,0)

)
(^ÒKÜ©L«)

Xã¤«, ��X2 = X1�ëê�a < 1���X2 = aX1Cq. �Ó�

�/u)31n��. lã4.7¥�±��cl
(
co
(⋃

e∈E ′ Ω̃3(G̃′e)
))

= R2î��

¹cl (co (S)). Ïd, XJco
(
cl
(
S̃o
))
Ø´k�4àI¿�éu,��e ∈ E ,

G̃eØ÷vPP-BDR^�. Cqcl (co (S))¬�~E,.
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5.1 ¯̄̄KKK���µµµ

3ù�Ù, ·��Äëêz`z¯K:

c∗0 := sup
x∈Rn

cTx = c1x1 + · · ·+ cnxn

¦� h1(x) = · · · = hp(x) = 0,

(5.1)

Ù¥, h1, . . . , hp ∈ R[X1, . . . , Xn]¿�c = (c1, . . . , cn)´ëê. -h = (h1, . . . ,

hp). b�〈h〉´���n�. duc∗0�±w�´ëêc���ê¼ê, ·��Äe

¡�ü�¯K:

¯K3.

• O���õ�ªΦ ∈ R[c0, c], ¦�é���(generic)ëê�γ ∈ Rn, �
�Φ(c0, γ) 6= 0¿�Φ(c∗0, γ) = 0.

• O���õ�ª�þS�{Φi} ⊂ R[c0, c], ¦�é?¿�γ ∈ Rn, �3k ∈
N, e¡��ª¤á:

Φk(c0, γ) 6≡ 0, Φk(c
∗
0, γ) = 0.

-

V := {x ∈ Cn | h1(x) = 0, . . . , hp(x) = 0}. (5.2)

�VØ��, 1w¿�V ∩ Rnk.�, RostalskiÚSturmfels3©z [79]¥|^é

ó��q5¦)ëêz`z¯K��êgê. ¦��(J�±^5)û¯K3�

1��f¯K.

½n 5.1. [79] -V ∗ ⊂ (Pn)∗�V��K4��éó��q. XJVØ��, 1
w¿�V ∩Rnk., KV ∗´Ø����­¡¿�§�½Âõ�ª´Φ(−c0, c1, . . .
, cn), Ù¥ΦL«�`�¼ê.

½n5.1�y²Äu�VØ��, 1w¿�V ∩ Rnk.�, é?¿�ëê�,

éA`z¯K��`�k���¿��`�:´'�:�¯¢. �V ∩ RnÃ.

½öVØ1w�, é,��ëê�γ, Ù�`��U´Ã��½ök�����

`�:Ø´'�:. 3ùü«�/e, ½n�(Ø�UØ¤á.

·��Äe¡ü��/:
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• V1w, V ∩ RnÃ..

• V ∩ RnØ1w, V ∩ Rnk..

�V1w�, ·�`²�`�¼ê�ã��±ÏLéó��qV ∗5L«, =é,

��ëê�γ, ��éA`z¯K��`�c∗0k�, K(−c∗0 : γ1 : · · · : γn) ∈ V ∗.
·��O���{5¦)���ëê��`z¯K(5.1). �{�£õ�ª�

þ(Φ, Z), ¦�

• Φ ∈ Q[c0, c]ÚZ ∈ Q[c];

• é?¿�γ 6∈ V (Z), XJ¯K(5.1)��`�c∗0k�, Kõ�ªΦ(c0, γ) 6=
0¿�§���¹¯K(5.1)��`�c∗0.

�VØ��, 1w¿�V ∩Rn�4à�Ø�¹���, �±íÑÚ [12, ½n5.23]

�Ó�(Ø. �VØ1w, V ∩ Rnk.�, ·�48/�Ek�õ�éó��q

5�¹�`�¼ê�ã�.

é�
ëê�, éó��q�½Âõ�ª�U��z¤"õ�ª. éù


ëê�, éó��qÃ{JøéA`z¯K��`��?Û&E. ·�í2


 [37]¥��{. �V1w�, [37]¥��{�£��gê´C��êü�ê¼

ê�üC�õ�ª, Ù��¹éA`z¯K��`�.

·�|^ [37]¥��{�O��ëêz��{. �{�£õ�ª�þS�

(Φ1, Z1,P1), . . . , (Φk, Zk,Pk),

¦�

• Φi ∈ Q[c0, c], Zi ∈ Q[c]¿�é1 ≤ i ≤ k, Pi ⊂ Q[c])¤���n�.

• é1 ≤ i ≤ k, V (Pi)− V (Zi) 6= ∅.

• é?¿�γ = (γ1, . . . , γn) ∈ Rn, ¦�γ ∈ V (Pi) − V (Zi), �ëê��γ�,

Φi(c0, γ1, . . . , γn) 6= 0¿�§���¹`z¯K(5.1)��Û�`�.
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5.2 ýýý������£££

5.2.1 éééóóó������qqq

½ÂX := (X1, . . . , Xn). éR[X] (R[X0, X])¥�n�(àgn�)I, V(I)½

Â�I3Cn(Pn(C))¥���q(�Kq). -Vreg�V(I)�1w:�8Ü. �
{

B,·�òPn(C) ��Pn. b�àgn�I = 〈f1, . . . , fp〉´õ�ª�R[X0, X]¥

����n�¿�V(I) ⊂ Pn.

�K�m(Pn)∗¥�:u = (u0 : u1 : · · · : un)L«�²¡{x ∈ Pn |
∑n

i=0 uixi

= 0}. XJ1w:x3�²¡¥, ¿��þ(u0, u1, . . . , un)3:x?�ä�'Ý


Jac(I)�1�m¥, K¡u�V(I)��u1w:x. {{��qCN(V )½Â�e

¡8Ü�Zariski4�:

{(x, u) ∈ Pn × (Pn)∗ | x ∈ Vreg¿� u�V(I)3:x?��}.

éó��qV(I)∗´CN(V )�1��Ïf�ÝK. �O(/`, éó��q´e

¡8Ü�Zariski4�:{
u ∈ (Pn)∗ | u�V(I)3,�1w:?��

}
.

5.2.2 222ÂÂÂ'''������

�½Rn¥��þv, ‖v‖L«v�IOîAp��ê. b�V´1w���q

¿�½Âõ�ªN�f : V → R. f3Vþ���K:(non-properness)�8Ü½

Â�

{z ∈ R |�3yk ∈ V, ¦�‖yk‖ → ∞, f(yk)→ z}.

òK0(f, V )P�f3Vþ�'��(critical value). f3Vþ�ìC'��½Â�

K∞(f, V ) =

 y ∈ R
�3x(k) ∈ V, ¦�x(k) →∞,

f(x(k))→ y, ‖x(k)‖ν(dx(k)f)→ 0

 ,

Ù¥dx(k)fL«f3x
(k)?��©¿�ν(dx(k)f)L«dx(k)f��3V¥:x

(k)���

mTx(k)Vþ�òz�5N��m�ål. XJòBP�±��mTx(k)V��|�

�Ä���þ�Ý
¿�-J�f3:x(k)?�ä�'Ý
�=�, K

ν(dx(k)f) = inf
‖y‖=1

‖BTJy‖.
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f�2Â'���8Ü½Â�

K(f, V ) = K0(f, V ) ∪K∞(f, V ).

©z [46, ½n 3.1]Ú [44, ½n 3.3, íØ 4.1]®²y²K(f, V )´��k�8Ü.

½n 5.2. [44, 70] XJfkþ., =f ∗ = supx∈V f(x)´k��, Kf ∗ ∈ K(f, V ).

5.3 ÃÃÃ...���///���éééóóó555

é/X(5.2)���qV , -

Ch = cl (co (V ∩ Rn)) ,

=V ∩ Rn�4à�. ¯K(5.1)�du

c∗0 = sup cTx ¦� x ∈ Ch. (5.3)

dom(c∗0(c | Ch))´¦�γTx3Chþ��`�k��ëê�γ ∈ Rn�8Ü. ½

ÂV ∗�V��K4��éó��q. �ChØ�¹��(0+Ch´k�4àI)�,

¯K(5.1)��`�¼ê�V ∗äk­��éX, � [21]. y3, ·�y²���r

�(Ø¿��O��)û¯K3�1��f¯K��{.

5.3.1 111wwwÃÃÃ...���///

3ù�!, ·�b�/X(5.2)���qV´1w�. ·�ò©z [12, ½

n 5.23]¥�(Jí2�Ã.��/.

½n 5.3. b�/X(5.2)¥���qV´1w�. éz��γ ∈ dom(c∗0(c | Ch)),

(−c∗0 : γ1 : · · · : γn) ∈ V ∗. (5.4)

y². �½γ ∈ dom(c∗0(c | Ch)). f(X) = γTX3V ∩ Rnþ��`�c∗0´k�
�. ��`�c∗0���, � [12, ½n 5.23]�y². b�c∗0Ø��, KÏL½
n5.2��, c∗0´f3V ∩ Rnþ�ìC'��. Ïd, �3S�{x(k)} ⊆ V ∩ Rn, ¦
�‖x(k)‖ → ∞, f(x(k))→ c∗0¿�‖x(k)‖ν(dx(k)f)→ 0. ÏL [97,Ún 2.1],éz�
�x(k), V3:{x(k)}?�{�m¥�3���þγ(k), ¦�‖γ(k) − γ‖ = ν(dx(k)f).
Ïd‖x(k)‖‖γ(k) − γ‖ → 0, l
‖γ(k) − γ‖ → 0¿�(γ(k))Tx(k) → c∗0. �±�y

(−(γ(k))Tx(k) : γ
(k)
1 : · · · : γ(k)

n ) ∈ V ∗.

dV ∗´48��, (−c∗0 : γ1 : · · · : γn) ∈ V ∗.
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íØ 5.4. XJVØ��, 1w¿�ChØ�¹��, KV ∗´Ø����­¡¿�
§�½Âõ�ª´Φ(−c0, c1, . . . , cn), Ù¥ΦL«�`�¼ê.

y². duChØ�¹��, 0+(Ch)´k�4à8. �â½n2.5, (0+Ch)o´n�4
à8¿�int ((0+Ch)o) ⊆ dom(c∗0(c | Ch)). 3���m¥, 8Ü{

(−c∗0 : γ1 : · · · : γn) ∈ (Pn)∗ | γ ∈ int
(
(0+Ch)o

)}
(5.5)

�Zariski4���ê���n. 3�K�m¥, ÏL [2, ½n 12(i), §3, 19Ù],
8Ü(5.5)�Zariski4���ê��´n − 1. ÏL½n5.3Ú [12, ·K 5.10], �
�dim(V ∗) = n− 1.

duVØ��, d©z [25, ·K 1.3]��, V´Ø����­¡¿�ÏL©
z [2, ·K 10(ii), §4, 19Ù], V ∗´8Ü(5.5)�Zariski4�, Ïd(Ø¤á.

�½��5�. XJ�3'u�½����Zariskim8, ¦���½�3ù

�m8¥���, 5�¤á, K¡ù�5�éu�½�����(generic)�þ¤

á.

�±|^½n5.3�O��)û¯K3�1��f¯K��{. n�J ⊆
Q[c0, c, µ,X]½ÂXe:

〈cTX − c0, h1, . . . , hp, ∪ni=1ci −
p∑
j=1

µj
∂hj
∂Xi

〉,

Ù¥µ = (µ1, . . . , µp)´�½��þ. du〈h〉´���n�, é?¿�(c∗0, γ, µ̄, x̄)

∈ V(J), c∗0´¼êγ
TX3��qVþ�'�:x̄þ��.

�{ 5.1. GenericParametricOptimization(h)
Ñ\: ���n��)¤�h1, . . . , hp ∈ Q[X]
ÑÑ: õ�ª�þ(Φ, Z), ¦�

• Φ ∈ Q[c0, c]¿�Z ∈ Q[c].

• b�ëê�γ ∈ dom(c∗0(c | Ch))÷vZ(γ) 6= 0, KΦ(c0, γ) 6= 0¿�§��
�¹
¯K(5.1)'uëê�γ��`�c∗0.

Ú½13©¬i;SX � µ � c � c0e,O�n�J∩Q[c0, c]��zGröbnerÄG.

Ú½2 -Γ�G¥�¹Cþc0�õ�ª8Ü.

Ú½3 -Φ´Γ¥'uc0gê���õ�ª.

Ú½4 3õ�ª�Q[c1, . . . , cn][c0]¥, -Z�Φ¥¤kXê�²�Ú.

½n 5.5. 3�{5.1¥, ��Γ 6= ∅, V ∗ = V(Γ)¿��{´�(�.
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y². ÏL½n5.3, �I�`²Γ 6= ∅. ½ÂÝKN�πn+1 : (c0, c, µ,X) →
(c0, c). KG´éA���n��GröbnerÄ. ÏL4�½n [2], πn+1(V(J))⊆
V(G)¿��3f��qW $ V(G), ¦�V(G)\W ⊆ πn+1(V(J)).

�½�þ(c∗0, γ) ∈ V(G). b�Γ = ∅, KC × γ ⊆ V(G). ÏLSardÚn,
C× γ ∩ πn+1(V(J))´�8½ök�8. Ïd, �3C× γ¥�õk��:8T , ¦
�C× γ\T ⊆ V(G)\πn+1(V(J)) ⊆ W .

duW´48, C × γ ⊆ W . AO/, (c∗0, γ) ∈ W�íÑV(G) = W , gñ.

5 5.1. íØ5.4`²�VØ��, 1w¿�ChØ�¹���, �{5.1�£�8
ÜΓ¥�k��õ�ª. XJCh�¹��, Γ�U¬�¹õ�õ�ª¿�V ∗�U
Ø´8Ü(5.5)�Zariski4�, �~f5.1.

� [80, ½n 6]�q, ÏL�{5.1Ú�½¢�ê8����{, ·��±�

½γ (γ 6∈ V(Z))´Äáudom(c∗0(c | Ch)). XJáu, ·��±O�c∗0.

~ 5.1. ��q
V := h(X1, X2) = X2

1X2 − 1

Ø��, 1w, V ∩ R2Ã.¿�Ch�¹��. -γ = (0,−1), w,��c∗0 = 0. $
1�{5.1, �£Γ = {4c3

0 + 27c2
1c2}¿�

Φ = 4c3
0 + 27c2

1c2, V(Z) = ∅.

ÏdV ∗ = V(Γ) ⊆ P2¿�(0 : 0 : −1) ∈ V ∗.
dudom(c∗0(c | Ch)) = {γ ∈ R2 | γ1 = 0, γ2 < 0}¿�é?¿�γ ∈

dom(c∗0(c | Ch)), c∗0 = 0, ��8Ü

{(−c∗0 : γ1 : γ2) ∈ (P2)∗ | γ ∈ dom(c∗0(c | Ch))} (5.6)

�Zariski4�´"���q{(0 : 0 : γ2) ∈ (P2)∗ | γ2 ∈ C}. dudimV ∗ = 1,
V ∗Ø´8Ü(5.6)�Zariski4�.

5.3.2 ÛÛÛÉÉÉkkk...������///

y3·�b�VØ��, Ø1w¿�V ∩ Rnk.. 3ù��/e, ·��Ñ

�¹'X(5.4)�UØ¤á.

~ 5.2. �Ä²¡�ê­�(/�V , Ù½Âõ�ªXe

h(X1, X2) =
(
X2

1 +X2
2 − 1

)3
+ 27X2

1X
2
2 .

w,/, é½Â3V ∩ R2þ��5¼ê, éA`z¯K��`�:´o�ÛÉ
:{(±1, 0), (0,±1)}¥���.
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ã 5.1: ~f5.2¥�(/�

·�kV ∗ = V(Γ), Ù¥

Γ = {−c2
1c

2
2 + c2

0c
2
1 + c2

2c
2
0}.

�½��ëê�γ ∈ R2, Kc∗0 = max{|γ1|, |γ2|} > 0. �±�y�γ1 6= 0½
öγ2 6= 0�, ��(−c∗0 : γ1 : γ2) 6∈ V ∗, =(5.4)Ø¤á.

�e5, ·�48/�Ek�õ�éó��q, ¦�(5.4)éù
��q�¿

¤á. aq�(Jë�©z [92].

�{5.2��{5.1�Ñ\�Ó¿��£k��õ�ª�þ(Φk, Zk), ¦�é

?¿�γ ∈ dom(c∗0(c | Ch)), �3k ∈ N, ^�Zk(γ) 6= 0ÚΦk(c
∗
0, γ) = 0¤á.

�{ 5.2. SingularParametricOptimization(h)

Ú½ 1 -k = 1¿�Vk = V .
Ú½ 2 O���©)Vk = ∪iVk,i, Ù¥Vk,i = V(Ik,i)¿�Ik,i´���n�.

Ú½ 3éz��i,$1¼êGenericParametricOptimization(Ik,i),¿�-(V (k))∗ =
∪iV ∗k,i.

Ú½ 4 O�8ÜΓk ⊆ Q[c0, c], ¦�V(Γk) = (V (k))∗.

Ú½ 5 -Φk�õ�ª8ÜΓk¥'uc0gê���õ�ª.
Ú½ 6 -Zk´õ�ª�Q[c1, . . . , cn][c0]¥Φk�Xê�²�Ú.

Ú½ 7 O�z��8ÜVk,i�ÛÉ:8Ṽk,iÚ8ÜVk+1 = ∪iṼk,i. XJVk+1 6= ∅,
Kk = k + 1¿�£�Ú½2.

e��½n`²�{5.2��(5Úk�ª�5.

½n 5.6. �{5.2k�Úª�. ��{ª��, é?¿�γ ∈ Rn, ��

(−c∗0 : γ1 : · · · : γn) ⊆ ∪lk=1(V (k))∗.
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y². duṼk,i´Vk,i�ÛÉ:�8Ü, dim(Ṽk,i) < dim(Vk,i)¿��{3k�Ú
ª�. duV ∩ Rnk., éz��ëêγ, �`�c∗0´k����. XJ�`�
:x∗´��1w:, ÏL½n5.3, (−c∗0 : γ1 : . . . : γn) ∈ V ∗. XJx∗´V���Û
É:, K�3k, i ∈ N, ¦�x∗´Vk,i�1w:¿�(−c∗0 : γ1 : . . . : γn) ∈ V ∗k,i.

~f5.2(Y) V�ÛÉ:�8Üsing(V )d{
h,X5

1 −X1, X
3
1X2 +X1X2, 3X

4
1 −X2

1 + 2X2
2 − 2

}
½Â¿�sing(V ) = {(±1, 0), (0,±1)}.

$1�{5.2, ��8ÜΓ2��¹e¡�õ�ª:

(c0 − c2)(c0 + c2)(c0 − c1)(c0 + c1)(c2
0 + c2

1 − 2c1c2 + c2
2)

(c2
0 + c2

1 + 2c1c2 + c2
2).

�±�yéz��γ ∈ R2, ��(−c∗0 : γ1 : γ2) ∈ V(Γ2) = (V (2))∗.

5.3.3 éééóóó������qqq������ëëëêêê

-(Φ, Z)��{5.1�£�õ�ª�þ. éV(Z)¥�?¿ëê�, Φ��z¤

"õ�ª. õ�ªΦØUJø'uV(Z) ¥ëê��`z¯K(5.1)��`��?

Û&E. V(Z)¡�éó��q��ëê. �e5, ·��Ä'u�ëê��ëê

z`z¯K(5.1) �¦).

�Äõ�ª`z¯K

f ∗ := max
x∈Rn

f(x) ¦� h1(x) = · · · = hp(x) = 0,

ùp, f ∈ R[X]¿�V = V(h1(x), . . . , hp(x)). XJf3V ∩ Rnþkþ., Kf ∗ ∈
K(f, V ∩ Rn). -

Vh,f = {(x, xn+1) ∈ Cn+1 | x ∈ V, xn+1 − f(x) = 0}.

ÏL½n5.3, ��(−f ∗ : 0 : · · · : 0 : 1) ∈ V ∗h,f .
~ 5.3. [46, ~f 2.1] -f = (X1 + X2

1X2 + X4
1X2X3)2. éVh,f$1�{5.1, �

£Γ = {Φ}, ùp

Φ =1073741824c12
0 c4

2c
2
4 + 268435456c11

0 c2
1c

4
2c4−

+ 9865003008c10
0 c4

2c3c
3
4 + · · ·+ 520093696c9

0c1c
3
2c

2
3c

3
4.

Φ(c0, 0, 0, 0, 1) ≡ 0, ·�ØU��f ∗�?Û&E. ¢Sþ, V(Z) = V(c2c4,
c3c4, c3c2c1). Ïd, éc2 = 0, c3 = 0, Φ(c0, c1, 0, 0, c4) ≡ 0.
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5.4 ������������{{{

5.4.1 ���µµµ

3ù�!, ·��O���{5)û¯K3�1��f¯K. �þ�!�Ó,

h := (h1, . . . , hp) ⊂ Q[X1, . . . , Xn])¤�����n�, ¿�V�d(5.2)½Â�

�ê8. ·�b�V´1w�¿�-r�§�{�ê.

�
�ëêγ = (γ1, . . . , γn)é�Uu). é�ëê,éó��qV ∗�½Âõ

�ª��z¤�"õ�ª. éó��qé¦)�5¼êx → γTx3V ∩ Rnþ�

�`�c∗0vk?Û�Ï. ~X, 3~f5.3¥, õ�ªΦ�ëê�γ = (γ1, 0, 0, γ4)�

z¤"õ�ª. 3ù�!, ·��O���{5)ûéó��q��ëê¤�

5�(J. ù��{´©z [37]¥��{�ëêz/ª.

·���{�£��õ�ª�þ(Φ, Z,P), Ù¥Φ ∈ Q[c0, c], P ⊂ Q[c]¿

�Z ∈ Q[c] − 〈P〉. é?¿�(γ1, . . . , γn) ∈ V(P) − V(Z), Φ(c0, γ1, . . . , γn)´�

"õ�ª¿�§���¹¼êx→ γTx3V ∩ Rnþ��`�.

�e5, �{3
√
〈P〉+ 〈Z〉�O�©|þ48/¦)ëêz`z¯K. ·

�3��Q[c1, . . . , cn]/Pþ5$1�{,Ù¥P ⊂ Q[c1, . . . , cn]´���n�.�

{3��þ?1O�, O�L§¥¤k�ö�3ù��þk�. ����O3

u·�I�O�õ�ª�P��_, Ïd�±3Q[c1, . . . , cn]/P�©ª�þ?1
O�.

3��þ$1¼êBasicParametricOptimization. §´©z [37, 13!]¥�

{SetContainingLocalExtrema�ëêzí2. §�Ì�`³3u�£�õ�ªX

Ú¥õ�ª��pgê´C��ê�ü�ê¼ê(ë� [37, 16!, Ún 6.8]).

Î�ê©)�£õ�ªXÚ¥õ�ª��pgê´C��ê�V�ê¼ê. 3

·�0��{�48Ú½�c, ·�k£ã3©z [37]¥�{�¹�¼êÚ[

!.

5.4.2 444������qqq

3ù�!, ·�0�4(polar)��q(ë� [5, 7]9�'©z)ÚìA �(ë

� [81])�5�. -P ⊂ Q[c]��n�P�)¤�8, ¿�-A = Q[c]/P . Ï

dA´����.

éγ ∈ V(P)Ú1 ≤ i ≤ n, �Ä1i�IOÝKπi:

πi : (x1, . . . , xn)→ (x1, . . . , xi)
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ÚÝKπγ:

πγ : x = (x1, . . . , xn)→ γTx = γ1x1 + · · ·+ γnxn.

é1 ≤ i ≤ dim(V ) = n− r, ½ÂN�πγ,i:

πγ,i : x = (x1, . . . , xn)→ (γTx, x1, x2, . . . , xi).

éϑ ∈ C, òVγ,ϑP�dV ∩ π−1
γ (ϑ)½Â��ê8. �Äe¡�½Â:

• 'u�I{i1, . . . , ir} ⊂ {1, . . . , p}±9�I1 ≤ i ≤ n− r − 1��ää�'

Ý
Jac([hi1 , . . . , hir , γ
TX],X>i)

∂hi1
∂xi+1

∂hi1
∂xi+2

. . .
∂hi1
∂xn

...
...

...
...

∂hir
∂xi+1

∂hir
∂xi+2

. . . ∂hir
∂xn

γi+1 γi+2 . . . γn


�¤k(r + 1)�fª�8Ü½Â�M(h, γ, i). ��Bå�, -M(h, γ, n −
r) = ∅. �γ´ëêc = (c1, . . . , cn)�, fª�8ÜP�M(h, c, i).

• {1, . . . , p}¥¤kf8{i1, . . . , ir}éA�ä�'Ý

∂hi1
∂x1

∂hi1
∂x2

. . .
∂hi1
∂xn

...
...

...
...

∂hir
∂x1

∂hir
∂x2

. . . ∂hir
∂xn

γ1 γ2 . . . γn


�¤kr + 1�fª�8ÜP�S(h, γ). �γ´ëêc = (c1, . . . , cn)�, fª

�8ÜP�S(h, c).

-γ ∈ Cn − {0}, ϑ ∈ C. b�Vγ,ϑ1w¿�〈h, γTX − ϑ〉´���n�. '

uπγ,iÚVγ,ϑ�4��qW (h, γ, ϑ, i)½Â�πi3Vγ,ϑþ�'�:�8Ü, =

W (h, γ, ϑ, i) = V(h,M(h, γ, i), γTX − ϑ), 1 ≤ i ≤ n− r.

½Â

W (h, γ, i) := V(h,M(h, γ, i)), 1 ≤ i ≤ n− r.
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'uπγÚV�4��qC(h, γ)½Â�πγ3Vþ�'�:�8Ü. =

C(h, γ) := V(h, S(h, γ)).

y3, ·�?Ø4��q3���IXe�5�. �½A ∈ GLn(C), S ⊂
Cn. SAP�N�x→ A−1x3Sþ��. hAP�{h1(Ax), . . . ,hp(Ax)}.

-A ∈ GLn(Q). ·��ÄV(P)¥÷ve¡^��ëê�γ: �3����

�Zariskimf8O ⊂ Cn, ¦�é?¿�ϑ ∈ O, e¡�^�¤á:

P1: 〈h, γTX − ϑ〉´���n�¿�Vγ,ϑ1w. ù�du(h, γTX − ϑ)�ä

�'Ý
3Vγ,ϑ�?¿�:þ���r + 1.

P2(A): é�êi ∈ [1, n− r], 4��qW (hA, γ, ϑ, i)3πi−1�ìA �þ.

XJëê�γ÷vb�P1ÚP2(A), K¡ëê�γ÷vb�P(A).

·K 5.7. [37, ·K 4.2] b�A ∈ GLn(C). XJëê�γ ∈ Cn − {0}÷vb
�P(A), Ke¡�·K¤á:

• 8Ü
∪n−ri=1

((
W (hA, γ, i)− C(hA, γ)

)
∩ π−1

i−1(0)
)

�Zariski4�CAγ ��ê�õ�1.

• πγ(C(hA, γ))�πγ3CAγ þ���K:�8Ü�¿´k��¿��¹N
�πγ3CAγ þ�4��.

d [37, ·K 4.3]��, é?¿�γ ∈ V(P), �3�����Zariskim8A ⊂
GLn(C), ¦�é?¿�A ∈ A ∩GLn(Q), b�P(A)¤á.

3¦)¯K3�1��f¯K�, I�y²���r�(Ø: �3��

�Zariskimf8A ⊂ GLn(C), ¦�é?¿�A ∈ A ∩ GLn(Q), �3V(P)�

��ZariskiÈ�f8U , ¦�é?¿�γ ∈ U , b�P(A)¤á.

¼êBasicParametricOptimization�£õ�ª�þ(Z,Φ(c0, c)), ¦�V(P) −
V(Z) 6= ∅¿�òγ��3V(P) − V(Z)þ�, Φ(c0, γ)½Â
3·K5.7�1��

(Ø¥, πγ(C(hA, γ))�πγ3CAγ þ���K:�8Ü�¿.
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5.4.3 fff¼¼¼êêê

3ù�!, b�h = (h1, . . . , hp) ⊂ Q[X1, . . . , Xn])¤�����n�, ¿

�V�/X(5.2)��ê8. õ�ª�þP ⊂ Q[c]L«���n�P�)¤�. ·

�òAP���Q[c]/P , òKP�A�©ª�¿�òK̄P�K��ê4�. ·��

Ä�A[X1, . . . , Xn]¥�õ�ªXÚ.

Ä�¼ê y3, �Äe¡�¼ê:

¼êSingularMinorsòh, P��Ñ\¿��£G̃ = (h, S(h, c)).

¼êSpecialCurveòh, P��Ñ\¿��£F̃ = (F̃1, . . . , F̃n−r). F̃1 :=

{h,M(h, c, 1)}. F̃i := {h,M(h, c, i), X1, . . . , Xi−1}, 2 ≤ i ≤ n− r.

¼êPointsPerComponentsòh��Ñ\¿��£V = V(h)���"�f�

�q. "�f��q�V ∩ Rn�¤këÏ©|Ñ��.

¼êValuesTakenByPolyòCn¥�"���qV�½Âõ�ªQÚP��Ñ

\¿��£õ�ª�þΦ ⊂ Q[c0, c]Úõ�ªZ ∈ Q[c]−〈P〉, ¦�éγ ∈ V(P)−
V(Z), Φ(c0, γ)½Â8Ü{γTx | x ∈ V }.

¼êParametricValuesTakenByPolyò�K̄¥�"���qV�½Âõ�ª�
þQÚõ�ª�þP ⊂ Q[c]��Ñ\. §�£õ�ª�þΦ ⊂ Q[c0, c]Úõ�

ªZ ∈ Q[c]− 〈P〉, ¦�éγ ∈ V(P)− V(Z), Φ(c0, γ)½Â8Ü{γTx | x ∈ V }.

�â¼êParametricValuesTakenByPoly�$1�n, e¡�Ún´w,�.

Ún 5.8. -(Φ, Z)�ParametricValuesTakenByPoly(Q,P)�ÑÑ, KZ /∈ 〈P〉.

¼êCheckPropernessòh, A ∈ GLn(Q), P ⊂ Q[c]��Ñ\. �V(P)¥

Ø�3¦�P(A) ¤á�ëê��, ¼êCheckProperness�£(0). ÄK§�

£Z ∈ Q[c]− 〈P〉, ¦�é?¿�γ ∈ V(P)−V(Z), b�P(A)¤á. ù�¼êU


�x¦�b�P(A)¤á�ëê�γ.

Ún 5.9. ¦^þ¡�PÒÚb�. �3�����Zariskim8A ⊂ GLn(C), ¦
�é?¿�A ∈ A ∩GLn(Q), e¡�(Ø¤á:

-Z�CheckProperness(h,A,P)�ÑÑ. KV(P) − V(Z)´V(P)�ZariskiÈ
�f8, ¿�éγ ∈ V(P)− V(Z), 5�P(A)¤á.

y². duZ /∈ 〈P〉, ¿�〈P〉´�n�, V(P)−V(Z)3V(P)¥´ZariskiÈ��.

�Iy²�3��Zariskim8A ⊂ GLn(C),¦�é?¿�A ∈ A∩GLn(Q),
�3õ�ªZ, ��γ ∈ V(P)− V(Z), 5�P(A)¤á.
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ÏL [37, ·K 4.3], é?¿�γ ∈ V(P), �3�����Zariskim8A ∈
GLn(C), ¦�b�P(A)éγ¤á. ·�y3y²�3Z /∈ 〈P〉, ¦�é?¿
�A ∈ AÚγ′ ∈ V(P)− V(Z), γ′÷vb�P(A).

±K(c0)�½Â(background)�. dn�〈h, cTX − c0〉�½Âõ�ªÚJac(h,
cTX − c0)�r+ 1�fª¤)¤�n��Gröbner ÄG �{1}. ¢Sþ, XJ(Ø
Ø¤á, -Z ′�Ñy3G�O�¥¤k©1�¦È, Kéγ ∈ V(P) − V(Z ′), b
�P1Ø¤á, gñ. ÏdG = {1}.

�½��n × nÝ
A, Ù�½��Ai,j. ©z [82]�Ñ�±ÏL�½ëê�
¦e¡�õ�ª

hA,M(hA, c, i), cTAX − c0.

3½Â�K(Ai,j)¥)¤n��4�GröbnerÄ�©1�"5�yëê3ìA
 �. ·�ÏL¦�O�L§¥Ñy3©1 ��õ�ª'uc, c0�XêØ
�"5½ÂZariskim8A ⊂ GLn(C). ù�8Ü´���. ÄK, ��?¿
�γ ∈ V(P)þ÷vb�P(A), �Ñgñ.

éA ∈ A, òZ ′′½Â�de¡�õ�ª

hA,M(hA, c, i), cTAX − c0

3½Â�K¥)¤n��4�GröbnerÄ�O�L§¥Ñy�¤k©1. �Z =
Z ′Z ′′, y..

�ÄA[X1, . . . , Xn]¥�õ�ª�þF = (f1, . . . , fs)ÚG = (g1, . . . , gk). I ⊂
K[X1, . . . , Xn]��Ún�〈F〉 : 〈G〉∞. b�I´1����n�. -Fγ ⊂ Q[X]

�F¥�õ�ªé�½�cD��γ���¤�õ�ª�þ.

¼êParametricCurveRepresentationòF, GÚP��Ñ\, òn�〈F〉 : 〈G〉∞

ÚQ[c] − P¥�õ�ªZ��ÑÑ. é?¿�γ = (γ1, . . . , γn) ∈ V(P) − V(Z),

〈F〉 : 〈G〉∞�)¤�é�½�cD��γ = (γ1, . . . , γn)��´〈Fγ〉 : 〈G〉∞�)¤
�.

Ún 5.10. -(Q, Z)�ParametricCurveRepresentation(F,G,P)�ÑÑ. 〈P〉+ 〈Z〉
��ê�u〈P〉��ê.

y². Ø���5, b�3���(generic)�IXe. ÏLO�½Â�K¥
�GröbnerÄÚ|^K(X1)[X2, . . . , Xn]¥��5�ê�£, �±O�I�knë
êz(ë� [9, 19]). 3O�L§¥, �
�PØ�0õ�ª�±�õ�ªØ{¥
�ØÏf. ù
õ�ª�¦ÈZ´��k��ÑÑ¿��PØ�0, ÏdZ�PØ
�0. duP´�n�, P + 〈Z〉��ê�uP��ê.

¼êUnionParametricCurve±õ�ª�þF = (F1, . . . ,Fl), G±9P�Ñ\,

Ù¥n�〈Fk〉 : 〈G〉∞ ⊂ K[X1, . . . , Xn]��ê´1¿�é1 ≤ k ≤ l, 〈Fk〉 :
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〈G〉∞´���. §�£n�
⋂l
k=1〈Fk〉 : 〈G〉∞�)¤�Úõ�ªZ ∈ Q[c] − P ,

¦�é?¿�γ = (γ1, . . . , γn) ∈ V(P) − V(Z),
⋂l
k=1〈Fk〉 : 〈G〉∞�)¤�ò

�½�cD��γ = (γ1, . . . , γn)��´
⋂l
k=1〈Fkγ〉 : 〈G〉∞�)¤�, Ù¥Fkγ ⊂

Q[X]�Fk¥�õ�ªé�½�cD��γ���¤�õ�ª�þ. e¡�Ún´

Ún5.10���íØ.

Ún 5.11. -(Q, Z)�UnionCurveParametric(F,G,P)�ÑÑ. K〈P〉 + 〈Z〉��
ê�u〈P〉��ê.

¼êParametricIntersection±­�C ⊂ K̄n�½Âõ�ª�þQ, õ�ª�

þG ∈ A[X1, . . . , Xn]ÚP�Ñ\, Ù¥�þG½Â
K̄n¥��ê8H. b

�dimC∩H = 0,�â©z [28],¼ê�£C∩H�)¤�Ú��õ�ªZ /∈ 〈P〉,
¦�é?¿�γ ∈ V(P)−V(Z), C ∩H�)¤��±A½z�Cγ ∩Hγ�)¤�,

Ù¥Cγ, Hγ©O½Â�C, Hé�½�c D��γ���¤���q.

Ún 5.12. -(Φ, Z)�ParametricIntersection(Q, G, P)�ÑÑ. Kdim(〈P〉+ 〈Z〉)
< dim(P).

O���K:�8Ü b�Q½Â
�ê­�C1 ⊂ K̄n. �3V(P)�ZariskiÈ�

f8U , ¦�éγ ∈ U , V(Qγ)½Â�ê­�Cγ.

¼êParametricSetOfNonProperness±cTx, QÚP�Ñ\, ¿��£õ�ª�

þ(Φ, Z), ¦�V(P) − V(Z) 6= ∅, V(P) − V(Z) ⊂ U¿�éγ ∈ V(P) − V(Z),

Φ(c0, γ) 6= 0 ¿�§���¹N�x→ γTx3Cγþ���K:.

òC2P��ê­�{(γ0, x) | x ∈ C1, γ0 = cTx}, òC1P�C13Pn(K̄)¥�

�K4�. éx = (x0 : x1 : · · · : xn) ∈ C1Úx0 6= 0, òx̃P�:
(
x1
x0
, . . . , xn

x0

)
¿�

òC2P�8Ü{(γ0, x) | x ∈ C1, cT x̃ = γ0}.

�â©z [2]��{, ¼êParametricSetOfNonProperness�¹e¡�Ú½:

• O��K4�C2.

• O�C2�Ã¡��²¡X0 = 0��8.

þãÚ½ÏLO�½Â�K¥�GröbnerÄ5¢y. O�L§¥�)�¤k©1

P�Z. w,��Z /∈ 〈P〉.

Ún 5.13. -(Φ, Z)�ParametricSetOfNonProperness (Q,P)�ÑÑ.Kdim(〈P〉+
〈Z〉) < dim(P).
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5.4.4 ëëëêêêzzz`̀̀zzz¯̄̄KKK���{{{���ÄÄÄ���ÚÚÚ½½½

y3, �Ä¼êBasicParametricOptimization. §´©z [37]¥�{SetConta

iningLocalExtrema�ëêz/ª.

�{ò¦)õ�ª¼ê3V ∩ Rnþ��`�¯K=z¤¦)�Ó�õ�ª

¼ê3�^­�þ��`�¯K. ùü�`z¯K��`��Ó. ·�ò��

{BasicParametricOptimization¥�¼êí2�ëêz/ª.

Ñ\: h = (h1, . . . , hp) ⊂ Q[X1, . . . , Xn]ÚP ⊂ Q[c]

5�: P)¤���n�¿�V(h)´��1w�����q.

ÑÑ: õ�ª�þ(Φ, Z), ¦�

• Φ ∈ Q[c0, c]¿�Z ∈ Q[c];

• Z�〈P〉Ø�0;

• é?¿�γ ∈ V(P) − V(Z), kΦ(c0, γ) 6= 0¿�§���¹¼êπγ3V ∩
Rnþ��`�.

BasicParametricOptimization(h,P)

1. R = PointsPerComponents(h)

2. (Φ0, Z0) = ValuesTakenByPoly(R, cTX,P)

3. �ÅÀ�A ∈ GLn(C)

4. Z ′0 = CheckProperness(h,A,P)

5. F̃ = SpecialCurve(hA,P), G̃ = SingularMinors(hA,P)

6. (R1, Z1) = UnionParametricCurve(F̃, G̃,P)

7. (Φ1, Z
′
1) = ParametricSetofNonProperness(R1,P, c

TX)

8. R2 = ParametricIntersection(R1, G̃,P)

9. (Φ2, Z2) = ParametricValuesTakesByPoly(R2, c
TX,P)

10. ½ÂZ = Z0Z
′
0Z1Z

′
1Z2¿�Φ = Φ0Φ1Φ2
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11. �£(Φ, Z)

½n 5.14. -(Φ, Z)�BasicParametricOptimization(h,P)�ÑÑ. KZ /∈ 〈P〉¿�
§�ÑÑ´�(�.

y². du〈P〉´�n�¿�ÏLÚn5.8, 5.9, 5.11, 5.12Ú5.13, Z�ÏªZ0, Z ′0,
Z1, Z

′
1ÚZ2Øáu〈P〉. Ïd, Z /∈ 〈P〉.
�Iy²�{ÑÑ��(5. duA�ÅÀJ, ·�b�AáuÚn5.9¥�

��Zariskim8.

é?¿�γ ∈ V(P) − V(Z), ÏLÚn5.9, b�P(A)¤á. ÏdØ��
�5,b�©z [37]¥��{SetContainingLocalExtrema|^¼êBasicParametric
Optimization¥À��Ý
A$1. ¼êSetContainingLocalExtremaéÑ\γTX
Úh�£��õ�ªϕ ∈ Q[c0]. ϕ���¹N�x → γTx��3V ∩ Rn¥
��`�. dÚn5.8, 5.11, 5.12Ú5.13��õ�ªϕ�uΦ(c0, γ). Ïd, �
{SetContainingLocalExtrema [37, ·K 4.2]��(5�±y²¼êBasicParam
etricOptimization��(5.

5.4.5 ���ëëëêêê������{{{

y3·��Ñ^u¦)¯K3��{ParametricOptimizationRec. §�¹¼

êBasicParametricOptimization±9òõ�ª�þP ⊂ Q[c]Úõ�ªZ ∈ Q[c]�

�Ñ\�¼êPrimeDecomposition. PrimeDecomposition�£õ�ª�þS�P1,

. . . ,Pk, ¦� √
〈P〉+ 〈Z〉 = ∩ki=1〈Pi〉

¿�é�êi ∈ [1, k], 〈Pi〉´�n�.

b�éó��q��ëêdõ�ª�þP0½Â. ¦^O�©), Ø�

�〈P0〉´�n�. e¡´�{ParametricOptimizationRec�(�.

�{ 5.3. ¦)'uéó��q��ëêP0 ⊂ Q[c]�ëêz�`z¯K.

ÑÑÑ\\\: h, P0.

ÑÑÑÑÑÑ: õ�ªS�(Φi, Zi,Pi), Ù¥V(P0) = ∪ki=1 V(Pi). �½γ ∈ Cn, XJγ ∈
V(Pi)− V(Zi), N�x→ γTx��`�´�"õ�ªΦi(c0, γ)��.

Ú½ 1 XJ〈P0〉 = 〈1〉, K�£[].

Ú½ 2 N^¼ê(Φ, Z) = BasicParametricOptimization(h,P0).

Ú½ 3 ÏL¼ê(P1, . . . ,Pk) = PrimeDecomposition(P0, Z)én�〈P0, Z〉�O
�©).

Ú½ 4 é�êi ∈ [1, k], 48$1�{Li = ParametricOptimizationRec(h,Pi).
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Ú½ 5 �£(Φ, Z,P0)�L1, . . . ,Li�¿.

½n 5.15. �{ParametricOptimizationReck�Úª�¿�´�(�.

y². �(5���â�{�48�ª±9BasicParametricOptimization��(
58B(�½n5.14).

·�y3y²ª�5. 2g¦^½n5.14, duP0´�n�¿�Z /∈ 〈P0〉,
�{5.3�Ú½2�£÷vdim(〈P0〉 + 〈Z〉) < dim(P0)�õ�ªZ, �zg48Ú
½�¤�, �êî�eü.

~f5.3(Y) du〈c2c4, c3c4, c3c2c1〉L«�{5.1¥��ëê, 3z�48Ú

½¥, �Ä§��©|〈c1, c4〉, 〈c2, c4〉, 〈c3, c4〉Ú〈c2, c3〉. ·���Ñé�©
|P = 〈c2, c3〉$148Ú½¤���(J, Ù§�aq?Ø. AOéf¼

êBasicParametricOptimization. ÏL��K:8�O�, Φ1�Ã²�Ü©ÚZ1Z
′
1

©O�c0c1c4Úc1c4. ·�I�éP1 = 〈c1, c2, c3〉ÚP2 = 〈c2, c3, c4〉©O?14
8O�. 3P1¥, 8I¼ê´X4, 3P2¥8I¼ê´X1. 3P1�/e, ¯K��

z¤8I¼ê�X4��ëê`z¯K. $1 [37]¥��{, �£L«�`��õ

�ªΦ1 = c0. CAD�{ØU?nù�~f.





111888ÙÙÙ ààà888���IIIÞÞÞååå

6.1 000���

�55y¯K3`z¯K¥Ók­��/ . 3�55y¯K¥, ÏL~

��18�½ÂL�ª¥�åÚCþ��ê�±ü$O�E,Ý. ~X, �Äe

¡�õ¡N:

Cn := {x ∈ Rn | ±x1 ± x2 ± · · · ± xn ≤ 1}.

3Cn�L�ª¥kn�CþÚ2n��5�å. �nO\�, L�ª��ê¬±�

ê?��ÝO\. XJ3`z¯K¥|^ù�L�ª5L«Cn, @oO�E,

Ý'uCþ��ê´�ê?�. Ïd�U?n�5��`z¯K.

y3�ÄCn�,��L�ª:

Cn := {x ∈ Rn |�3y1, . . . , yn, ¦�

n∑
i=1

yi = 1, −yi ≤ xi ≤ yi, i = 1, . . . , n}.

Cn�1��L�ªO\
n�Cþ, �´�5�å��ê´2n. éÓ��`z

¯K, �n¿©��, 3`z¯K¥¦^1��L�ª�±!�O�þ. 3©

z [101]¥, Yannakakisòk.õ¡N��{L«¯K=�¤tµÝ
��K©

)¯K. ©z [31]í2
 [101] �(J¿��ÄòàN��{L«¯K=�¤I

Þå¯K. 3ù�Ù, ·��Ä��4à8�IÞå¯K.

¯K4. �½��4à8C ⊂ Rn.

• �½��÷��4àIK ⊂ Rm, ´Ä�3�����mL ⊂ RmÚ���
5N�π : Rm → Rn, ¦�C = π(K ∩ L)?

• �½��IS�(Kk)(~X(Rk
+), (Sk+)), XÛ¦)���k, ¦��3��

���mL ⊂ RmÚ���5N�π : Rm → Rn, ÷vC = π(Kk ∩ L)?

é���4à8, duIÞåÚtµ�f�½Â®²Ø2·^, ©z [31]

Ú [101]�(JØ¤á.

b�C´Rn¥�4à8¿�K´Rm¥�4àI. ·�ò©z [31]¥àN�

I©)½ní2���à8��/. ·��Ì�(JXe:
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• �C�¹�:�, duC = Coo, C�±dCo¥��þ�x. ��:Ø

´C�S:�, ·��Ñà8C�±�Co = {l | é?¿�x ∈ C, 〈l, x〉 ≤
1}, 0+Co = {l | é?¿�x ∈ C, 〈l, x〉 ≤ 0}ÚC3 = {l | é?¿�x ∈
C, 〈l, x〉 ≤ −1}éA��5¼ê�x.

• ·�ò�½��àNC´Ä���àI����¡3�5N�e��í2
�CÃ.¿��:Ø´C�S:±9C�¹����/. ·�0�ü��

{5�x4à8C�IÞå. 1���{´ÄuC�48¥�¤k:, 1

���{ÄuC�48�4:Ú4��. XJC�¹��, 1���{��

|^C��5�m���Ä. ¦+1���{�±�y?¿��à8�I

Þå��35, §éJ�¦^, �56.3. Ïd, ·�Ì�ïÄ1���{.

·�ò©z [31]¥�½Â1, 2Ú½n1í2���à8��/¿�`²�

�à8�í2IÞå�±d�A�tµ�f¤�x. tµ�f�âà8´

Ä÷�, ´Ä´��I�²£, ´Ä�¹��©O½Â.

• ·��Äõ¡N�IÞå¿��Ñ�CÚK´õ¡N�, (ØU
�\r.

�K´����½I�, ·��Ñ
õ¡N���½��e., l
í2


©z [32]¥�(J. ·�ò©z [27, 29, 32]¥'u�O��k.õ¡N

�tµÝ
��K�¯Kí2�Ã.��/¿�|^Ã.õ¡N��ê

5�x§�tµÝ
��.

6.2 ýýý������£££

-Sm�m × m¢é¡Ý
�m. -x = (x1, . . . , xn), y = (y1, . . . , yn)�Rn

¥�ü��þ,Kx, y3Rn¥�SÈL«¤〈x, y〉 =
n∑
i=1

xiyi. XJ��4à8Ck

.¿��:´C�S:, K¡C´��àN. -Rm
+�m��K��I¿�Sm+�

¢é¡m×m��½(psd)Ý
I.

�½��8ÜC, XJ�3��IC0Ú���þx ∈ Rn, ¦�C = x + C0,

K¡C´²£I(I�²£).

½Â 6.1. [14] XJ4àIK�¤k¡F÷vK∗ + F⊥´4�^�, K¡4à
IK´ÐI.

3©z [67]¥, Pataki�ÑK´ÐI��=�éK¥�¤k¡F , F ∗ = K∗ +

F⊥. éõàIÑ´Ð�, ~Xõ¡NI, ��IÚ¢é¡��½Ý
I.
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δ (·, C)�«5¼ê½Â�

δ (x,C) =

{
0 x ∈ C,
+∞ x /∈ C.

C�| ¼êδ∗ (x,C)½Â�

δ∗ (x,C) = sup{〈x, y〉 | y ∈ C}.

domδ∗ (x,C) = {x | δ∗ (x,C) < +∞}¡�C�æNI.

½n 6.1. [76, ½n 8.7] -f����~�4à¼ê. Kéα ∈ R, 8Ü{x |
f(x) ≤ α}�¤k��Y²8äk�Ó�£ÂIÚ�5�m.

íØ 6.2. [76, íØ 14.2.1] ����4à8C�æNI�48�uC�£ÂI.

½n 6.3. [76, ½n 13.1] b�C´��à8. Kx ∈ cl (C)��=�é?¿��
þx∗, ��〈x, x∗〉 ≤ δ∗ (x,C).

6.3 ������ÃÃÃ...ààà888���IIIÞÞÞååå

4à8C�4:�8ÜP�ext1(C). XJC´4àI, C�4���8ÜP

�ext2(C). 3ù�Ù, ·�^�þ5L«4��¿�òext2(C)P�ù
�þ�

8Ü.

XJC ⊂ Rn´��àN, �â [31, ½Â 1], C���K-Þå½Â�8

ÜQ = K ∩ L, ùpL ⊂ Rm´����f�m, π : Rm → Rn´���5N�¿

�e¡��ª¤á:

C = π(K ∩ L). (6.1)

XJL�K�S:��, K¡Q´C����KK-Þå. XJ�3N�

A : ext1(C)→ K, B : ext1(Co)→ K∗

¦�é¤k�(x, y) ∈ ext1(C) × ext1(Co), kSC(x, y) = 〈A(x), B(y)〉, K¡tµ
�fSC´K-�©�(ë� [31, ½n 2]).

6.3.1 C ´́́÷÷÷���������///

b�C ⊂ Rn´��÷�4à8. ½Â

Co = {x | δ∗ (x,C) ≤ 1}, 0+Co = {x | δ∗ (x,C) ≤ 0}, C3 = {x | δ∗ (x,C) ≤ −1}.
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4à8Co, C3Ø�¹��¿�0+Co´�¹C3�k�4àI. -

D1 = ext1(Co)\0, D2 = ext2(0+Co) ∩ {x | δ∗ (x,C) = 0}, D3 = ext1(C3).

ÏL½n6.1, ��0+Co = 0+C3. -

D32 = ext2(0+Co) ∩ {x | δ∗ (x,C) = −1}.

w,��D32 ⊆ D3¿�D32Ø�½�uD3.

~ 6.1. �½k.4à8

C = {(x, y) | x+ y ≥ 1, x+ y ≤ 3, y − x ≥ −1, y − x ≤ 1}.

K

Co = {(x, y) | 2x+ y ≤ 1, x+ 2y ≤ 1, x ≤ 1, y ≤ 1},
0+Co = {(x, y) | x ≤ 0, y ≤ 0},
C3 = {(x, y) | x ≤ −1, y ≤ −1}.

Xã6.1¤«. d	, D32 = ∅¿�

D1 = {(−1, 1), (
1

3
,
1

3
), (1,−1)}, D2 = {(−1, 0), (0,−1)}, D3 = {(−1,−1)}.

ã 6.1: ~f6.1

5 6.1. �â½n2.1Ú½n6.1, ��

1. à8Co�±L«¤D1¥��þÚD2, D32¥�þ���à|Ü.

2. àI0+Co�±L«¤D2, D32¥�þ���à|Ü.

3. à8C3�±L«¤D3¥��þ�D2, D32¥�þ���à|Ü.

½n 6.4. �½��÷�4à8C ⊂ Rn, e¡��ã´�(�:



18Ù à8�IÞå 79

1. 8ÜD1 = ∅��=�Co´��4àI. XJD1 6= ∅, Ké?¿�x ∈ D1,
��δ∗ (x,C) = 1.

2. XJ�:´C�S:, 8ÜD2 = ∅. �CÃ.¿��:´C�>.:�,
D2 6= ∅¿�0+Co¥�z�4��Ñ´D2¥�þ���.

3. 8ÜD3 = ∅��=�C�¹�:. XJD3 6= ∅, Ké?¿�x ∈ D3, �
�δ∗ (x,C) = −1.

d	, Co)¤�àI´domδ∗ (x,C).

y². duCoØ�¹��, D1 = ∅��=��:´Co���4:, =Co´��
4àI. XJ�3x ∈ D1, ¦�δ∗ (x,C) < 1, K�3λ > 0, ¦�δ∗ ((1 + λ)x,C)
≤ 1¿�δ∗ ((1− λ)x,C) ≤ 1. Ïd(1− λ)xÚ(1 + λ)xÑ3Co¥. ù�x´Co�4
:�gñ.

�C�¹�:��S:�, Cok.¿�0+Co = {0}. ÏdD2 = ∅. XJC�
¹�:, éz��x ∈ domδ∗ (x,C), ��δ∗ (x,C) ≥ 0. XJ�:´§�>.:,
K�3C3�:?�| �²¡. ÏdCoÃ.¿�0+Co�¹���"�þ. d
ué?¿�x ∈ 0+Co, ��δ∗ (x,C) = 0, D2�±L«0+Co¥�¤k4��.

w,��C3 = ∅��=�é¤k�y ∈ Rn, ��δ∗ (y, C) ≥ 0. ÏL½n6.3,
ù�duC�¹�:. Ïd, D3 = ∅��=�C�¹�:. �q��{�±`²
é?¿�x ∈ D3, ��δ∗ (x,C) = −1.

éz��x ∈ cone (Co), �3λ ≥ 0Úy ∈ Co, ¦�x = λy. Ïd��

δ∗ (x,C) = λδ∗ (y, C) <∞ ¿� x ∈ domδ∗ (x,C) .

,��¡, éz��x ∈ domδ∗ (x,C), XJδ∗ (x,C) = M > 0, Kx/M ∈ Co¿
�x ∈ cone (Co). Ïd, cone (Co) = domδ∗ (x,C).

5 6.2. �C Ø�¹�:�, éJ�yD2´�8. ~f6.1¥�à8CØ�¹�:,
D2 = {(−1, 0), (0,−1)}. Ïd, éà8C = {(x, y) | y ≥ x + 1, y ≥ −x + 1}, �
�

Co = 0+Co = {(x, y) | x+ y ≤ 0, y − x ≤ 0}.

0+Co�4���l1 = (−1,−1)Úl2 = (1,−1), ¿���

δ∗ (l1, C) = δ∗ (l2, C) = −1 < 0.

Ïd, D2 = ∅.

��:´C�S:�, ÏL½n6.4, D2, D3´�8¿�C�±dD1¥��þ

�x. ,
, ��:Ø´C�S:�, éAuD1½öD1 ∪D2��5¼êØU��

�xC.
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~f6.1(Y)

él1 ∈ D1, �5¼êf(x) = 〈l1, x〉3Cþ����´1, Ïd,

E1 = {(x, y) | c1x+c2y ≤ 1, (c1, c2) ∈ D1} = {(x, y) | −x+y ≤ 1, x−y ≤ 1, x+y ≤ 3}.

él2 ∈ D2, �5¼êf(x) = 〈l2, x〉3Cþ����´0, Ïd,

E2 = {(x, y) | c1x+ c2y ≤ 0, (c1, c2) ∈ D2} = {(x, y) | x ≥ 0, y ≥ 0}.

él3 ∈ D3, �5¼êf(x) = 〈l3, x〉3Cþ����´−1, Ïd,

E3 = {(x, y) | c1x+ c2y ≤ −1, (c1, c2) ∈ D3} = {(x, y) | x+ y ≥ 1}.

ã 6.2: ~f6.1

e¡�½n`²��÷�4à8C�±dD1, D2ÚD3¥��þ�x.

½n 6.5. b�C ⊂ Rn���÷�4à8. K

x ∈ C ⇐⇒

{ 〈l1, x〉 ≤ 1 l1 ∈ D1,
〈l2, x〉 ≤ 0 l2 ∈ D2,
〈l3, x〉 ≤ −1 l3 ∈ D3.

(6.2)

y². duC´÷�4à8, CoØ�¹��¿�D1, D2ÚD3Ñ´û½Â(well
defined). 7�5´w,�. ,��¡, b�x÷v(6.2)mà�^�, I�y
²x ∈ C. ÏL½n6.3, �I�y²éz��l ∈ domδ∗ (x,C), 〈l, x〉 ≤ δ∗ (x,C).
-l0 = δ∗ (l, C), ·�y²ée¡��/, k〈l, x〉 ≤ l0:

• XJl0 > 0,Kl/l0 ∈ Co. ÏL56.1,�3λ1
i ≥ 0, λ2

j ≥ 0, λ3
k ≥ 0Úxi ∈ D1,

yj ∈ D2, zk ∈ D32÷ve¡��ª:

l/l0 =
∑
i

λ1
ixi +

∑
j

λ2
jyj +

∑
k

λ3
kzk,

∑
i

λ1
i = 1.

ÏLD1, D2, D3�½Â, ��

〈l/l0, x〉 =
∑
i

λ1
i 〈xi, x〉+

∑
j

λ2
j〈yj, x〉+

∑
k

λ3
k〈zk, x〉 ≤

∑
i

λ1
i = 1.
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• XJl0 = 0, Kl ∈ 0+Co. ÏL56.1, �3λ2
j ≥ 0, λ3

k ≥ 0Úyj ∈ D2,

zk ∈ D32÷ve¡��ª:

l =
∑
j

λ2
jyj +

∑
k

λ3
kzk.

Ïd, 〈l, x〉 =
∑
j

λ2
j〈yj, x〉+

∑
k

λ3
k〈zk, x〉 ≤ 0.

• XJl0 < 0, Kl/|l0| ∈ C3. ÏL56.1, �3λ1
i ≥ 0, λ2

j ≥ 0, λ3
k ≥ 0Úxi ∈

D3, yj ∈ D2, zk ∈ D32÷ve¡��ª:

l/|l0| =
∑
i

λ1
ixi +

∑
j

λ2
jyj +

∑
k

λ3
kzk,

∑
i

λ1
i = 1.

Ïd, 〈l/|l0|, x〉 =
∑
i

λ1
i 〈xi, x〉+

∑
j

λ2
j〈yj, x〉+

∑
k

λ3
k〈zk, x〉 ≤

∑
i

−λ1
i = −1.

½n 6.6. b�C ⊂ Rn´��÷�4à8. XJ�3x ∈ Rn, ¦�é?¿�l1 ∈
D1, 1 − 〈l1, x〉 = 0, é?¿�l2 ∈ D2, −〈l2, x〉 = 0, é?¿�l3 ∈ D3, −1 −
〈l3, x〉 = 0. Kx´C���4:¿�C´��²£I.

y². ÏL½n6.5, x ∈ C. ÏL½n6.4Ú56.1, é?¿�l ∈ domδ∗ (x,C), �
3λ1

i ≥ 0, i = 1, . . . , i1, λ2
j ≥ 0, j = 1, . . . , j2, λ3

k ≥ 0, k = 1, . . . , k3Úxi ∈ D1,

yj ∈ D2, zk ∈ D32, ¦�l =
i1∑
i=1

λ1
ixi +

j2∑
j=1

λ2
jyj +

k3∑
k=1

λ3
kzk. dué?¿�yj ∈ D2,

kδ∗ (yj, C) = 0, e¡�Ø�ª¤á:

δ∗ (l, C) ≤
i1∑
i=1

λ1
i δ
∗ (xi, C) +

k3∑
k=1

λ3
kδ
∗ (zk, C) =

i1∑
i=1

λ1
i −

k3∑
k=1

λ3
k

=

i1∑
i=1

λ1
i 〈xi, x〉+

k3∑
k=1

λ3
k〈zk, x〉 = 〈l, x〉.

Ïd, éz��l ∈ Rn, kδ∗ (l, C) ≤ 〈l, x〉+ δ (l,domδ∗ (l, C)). Ø�ªü>
�4�, k

δ∗ (l, C) ≤ 〈l, x〉+ δ (l, cl (domδ∗ (x,C)))

= 〈l, x〉+ δ
(
l, (0+C)o

)
(ÏLíØ6.2)

= δ∗
(
l, x+ 0+C

)
.

Ïd, C ⊆ x+ 0+C. ,��¡,dux ∈ C,kx+ 0+C ⊆ C. Ïd, C = x+ 0+C,
=C´��²£I¿�x´§���4:.
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6.3.1.1 CØØØ���¹¹¹������

�C ⊂ Rn´��Ø�¹���÷�4à8�, tµ�fSC½Â�

SC =


S1
C(x, y) = 1− 〈x, y〉 (x, y) ∈ C ×D1,

S2
C(x, y) = −〈x, y〉 (x, y) ∈ C ×D2,

S3
C(x, y) = −1− 〈x, y〉 (x, y) ∈ C ×D3.

 , (6.3)

Ù¥D1, D2ÚD3pØ��¿�é,��à8C�U´�8. XJ§�¥���

´�8, ·��I�l½Â¥íØéA�tµ�f.

½Â 6.2. b�K ⊂ Rm´��4àI¿�C ⊂ Rn´Ø�¹���÷�4à8.
XJ�3N�

A : C → K, B1 : D1 → K∗, B2 : D2 → K∗, B3 : D3 → K∗

¦�é(x, y) ∈ C × Di, S
i
c(x, y) = 〈A(x), Bi(y)〉, i = 1, 2, 3, K¡d(6.3)½Â�

tµ�fSC�3K-©).

½n 6.7. -K ⊂ Rm�÷�4àI¿�C ⊂ Rn�Ø�¹���÷�4à8. b
�CØ´��²£I. XJC�3d(6.1)½Â��KK-Þå, Kd(6.3)½Â�
tµ�fSC�3K-©). ���, XJd(6.3)½Â�tµ�fSC�3K-©),
KC�3d(6.1)½Â�K-Þå.

½n6.8�y²�±²L·�UÄ5`²½n6.7��(5.

~ 6.2. �ÄC = {x | x ≥ −1}. -K�S3
+¿�

L =

{(
a11 a12 a13

a21 a22 a23

a31 a32 a33

)
∈ S3 | a11 = 1, a13 = 0, a23 = 0, a33 = a12 + 1

}
.

½ÂdS3�R1��5N�:

(
a11 a12 a13

a21 a22 a23

a31 a32 a33

)
→ a33. w,��C�3K-Þå,

=C = π(K ∩ L).

y3�yd(6.3)½Â�tµ�fSC´K-�©�. du�:´C�S:,
�â½n6.4, D2ÚD3´�8. duCo = {x | −1 ≤ x ≤ 0}, ��D1 =
ext1(Co)\0 = {(−1)}. ½ÂN�A : C → K, B1 : D1 → K∗:

A(x) =

(
1 x 0
x x2 0
0 0 x+ 1

)
, B1(y) =

(
0 0 0
0 0 0
0 0 −y

)
.

é¤k�(x, y) ∈ C ×D1, ��1− 〈x, y〉 = 〈A(x), B1(y)〉. Ïdtµ�fSC´K-
�©�.
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5 6.3. ¦+½Â6.2Ú½n6.7ò©z [31]¥�½ní2���à8��/, í
2�L§Ø´éw,. nd´·�7L½ÂN�A¿��ySC´ÄéC¥¤k
�:Ñ´�©�. ù��yL§´(J�. =¦C´��õ¡N, §��¹
Ã
¡õ�:.

ÏL½n2.1, XJCØ�¹��, §�z��:Ñ�±L«¤4:Ú4��

�à|Ü. ÏL£ÂI, tµ�fÚI©)�½Â, ·�ò [31]¥�(Jí2�

Ã.4à8��/.

½Â 6.3. -K ⊂ Rm���4àI. ��Ã.4à8C ⊂ Rn�K-Þå½Â�¦
�e¡^�÷v�8ÜQ = K ∩ L:

C = π(K ∩ L), 0+C = π(K ∩ 0+L) (6.4)

ùpL ⊂ Rm´����f�m¿�π : Rm → Rn´���5N�. XJL ∩
int (K) 6= ∅, K¡Q´C����KK-Þå.

^�0+C = π(K ∩ 0+L)Ø´õ{�¿���ØUd^�C = π(K ∩ L)�

�. �e¡�~f:

~f6.2(Y) ¦+�ªC = π(K ∩ L)¤á, du

0+L =



a11 a12 a13

a21 a22 a23

a31 a32 a33

 ∈ S3 | a11 = 0, a13 = 0, a23 = 0, a33 = a12


¿� π(K ∩ 0+L) = {0}, ��R1

+ = 0+C 6= π(K ∩ 0+L).

½Â÷�4à8C�tµ�fSC�

SC =


S1
C(x, y) = 1− 〈x, y〉 (x, y) ∈ ext1(C)×D1,

S2
C(x, y) = −〈x, y〉 (x, y) ∈ ext1(C)×D2,

S3
C(x, y) = −1− 〈x, y〉 (x, y) ∈ ext1(C)×D3,

Si0+C(x, y) = −〈x, y〉 (x, y) ∈ ext2(0+C)×Di, i = 1, 2, 3.

(6.5)

3ù�½Â¥, D1, D2ÚD3pØ��¿��Ué,��4à8C´�8. XJ§

�¥���´�8, Kl½Â¥�K�A�tµ�f.

½Â 6.4. b�K ⊂ Rm´��4àI, C ⊂ Rn´��Ø�¹���÷�4à8.
XJ�3N�

A1 : ext1(C)→ K, A2 : ext2(0+C)→ K,

B1 : D1 → K∗, B2 : D2 → K∗, B3 : D3 → K∗

¦�



84 õ�ª`zÚà�êAÛ¥�eZ¯KïÄ

• Sic(x, y) = 〈A1(x), Bi(y)〉 (x, y) ∈ ext1(C)×Di, i = 1, 2, 3,

• Si0+C(x, y) = 〈A2(x), Bi(y)〉 (x, y) ∈ ext2(0+C)×Di, i = 1, 2, 3,

K¡d(6.5)½Â�tµ�fSC´K-�©�.

½n 6.8. b�K ⊂ Rm´��÷�4àI, C ⊂ Rn´Ø�¹���÷�4
à8¿�CØ´��²£I. XJC�3��d(6.4)½Â��KK-Þå, K
d(6.5)½Â�tµ�fSC´K-�©�. ���, XJd(6.5)½Â�SC´K-�
©�, KC�3��d(6.4)½Â�K-Þå.

y². b�C�3���KK-Þå, K�3Rm¥���f�mL = w0 + L0,
ùpL0´���5f�m, w0 ∈ int (K)Ú�5N�π : Rm → Rn, ¦�C =
π(K ∩ L), 0+C = π(K ∩ 0+L). du0+L = L0, k0+C = π(K ∩ L0). y3, I�
ÏLK-Þå5½ÂN�A1, A2ÚB1, B2, B35©)tµ�fSC .

é?¿�x1 ∈ ext1(C), �3à8w1 ∈ K ∩ L, ¦�π(w1) = x1. ½
ÂA1(x1) := w1. d	, é?¿�x2 ∈ ext2(0+C), �3à8w2 ∈ K ∩ L0, ¦
�π(w2) = x2. ½ÂA2(x2) := w2.

B1, B2ÚB3�½ÂÚ©z [31, ½n 1]¥�½Â�q, Ñ|^réó^�.
���«O´él1 ∈ D1, max{〈l1, x〉 | x ∈ C} = 1, él2 ∈ D2, max{〈l2, x〉 |
x ∈ C} = 0¿�él3 ∈ D3, max{〈l3, x〉 | x ∈ C} = −1. ùp�Ñ
y².
é?¿�y1 ∈ D1, ½ÂB1(y1) := z − π∗(y1), ùpz´L⊥0 ∩ (K∗ + π∗(y1))¥÷
v〈w0, z〉 = 1�?¿�þ. é?¿�y2 ∈ D2, ½ÂB2(y2) := z − π∗(y2), ù
pz´L⊥0 ∩ (K∗ + π∗(y2))¥÷v〈w0, z〉 = 0�?¿�þ. é?¿�y3 ∈ D3, ½
ÂB3(y3) := z − π∗(y3), ùpz´L⊥0 ∩ (K∗ + π∗(y3))¥÷v〈w0, z〉 = −1�?¿�
þ. �I��ySicÚS

i
0+C�3½Â6.4¥�K-©). Sic�K-©)�±¦^� [31,

½n 1] �Ó��{5�y. éu?¿�x2 ∈ ext2(0+C)Úyi ∈ Di, i = 1, 2, 3, k

〈x2, yi〉 = 〈π(w2), yi〉 = 〈w2, π
∗(yi)〉 = 〈w2, z −Bi(yi)〉

= −〈w2, Bi(yi)〉 = −〈A2(x2), Bi(yi)〉.

Ïd, �â½Â6.4, Si0+C´K-�©�.

,��¡, b�SC´K-�©�, =�3N�A1, A2ÚB1, B2, B3, ¦�é?
¿�(x, y) ∈ ext1(C) × Di, i = 1, 2, 3, kSic(x, y) = 〈A1(x), Bi(y)〉¿�é?¿
�(x, y) ∈ ext2(0+C) ×Di, i = 1, 2, 3, kSi0+C(x, y) = 〈A2(x), Bi(y)〉. ½Â��
�m

L ={(x, z) ∈ Rn × Rm |é?¿�y1 ∈ D1, 1− 〈x, y1〉 = 〈z, B1(y1)〉,
é?¿�y2 ∈ D2, −〈x, y2〉 = 〈z,B2(y2)〉,
é?¿�y3 ∈ D3 − 1− 〈x, y3〉 = 〈z, B3(y3)〉}.

-LK�L�1��©þz�ÝK.
Äk, I�y²0 /∈ LK . XJ0 ∈ LK , K�3x ∈ Rn, ¦�é?¿�y1 ∈

D1, k1 − 〈x, y1〉 = 0, é?¿�y2 ∈ D2, k−〈x, y2〉 = 0, é?¿�y3 ∈ D3,
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k−1 − 〈x, y3〉 = 0. ÏL½n6.6, C´��²£I, �b�gñ. dué?¿
�x ∈ ext1(C), kA1(x) ∈ K ∩ LK , ÏdK ∩ LK 6= ∅.
é?¿�x ∈ Rn, XJ�3z ∈ K, ¦�(x, z) ∈ L, Ké?¿�y1 ∈ D1,

k〈x, y1〉 = 1 − 〈z,B1(y1)〉 ≤ 1, é?¿�y2 ∈ D2, 〈x, y2〉 = −〈z,B2(y2)〉 ≤ 0¿
�é?¿�y3 ∈ D3, k〈x, y3〉 = −1 − 〈z,B3(y3)〉 ≤ −1. ÏL½n6.5, kx ∈ C.
Ïd, π(K ∩ LK) ⊆ C.

duCØ�¹��, �±y²é?¿�z ∈ K ∩ LK , �3���xz ∈ Rn,
¦�(xz, z) ∈ L. Ïd, dz�xz���N�´��û½Â. ÏdLKØ�¹�:.
·�ò½Â3K ∩ LKþ���N�*Ð�Rmþ��5N�. �
y²C =
π(K ∩ LK), I�y²C ⊆ π(K ∩ LK).

é?¿�x ∈ C, �3λ1
i ≥ 0, i = 1, . . . , i1, λ2

j ≥ 0, j = 1, . . . , j2, ¦�

x =

i1∑
i=1

λ1
ixi +

j2∑
j=1

λ2
jyj,

i1∑
i=1

λ1
i = 1,

ùpxi ∈ ext1(C)¿�yj ∈ ext2(0+C). -z =
i1∑
i=1

λ1
iA1(xi) +

j2∑
j=1

λ2
jA2(yj). d

uSC´K-�©�, éN´�yz ∈ K ∩ LK¿�x = π(z) ∈ π(K ∩ LK). Ï
dC = π(K ∩ LK).

d	, �I�y²0+C = π(K ∩ 0+LK). duC = π(K ∩LK), 0+C ⊇ π(K ∩
0+LK). ,��¡,é?¿�x ∈ ext2(0+C),�âL�½Â,kA2(x) ∈ K ∩ 0+LK .
Ïd0+C = π(K ∩ 0+LK).

���¹e, �½��4à8C, d(6.4)½Â�K-Þå�d(6.4)½Â�tµ

�f�K-©)Ø�d. ©z [31, íØ 1]y²�K´ÐI¿�C´àN��ö�

�d5. 3e¡·�ò(Øí2�C´Ø�¹���÷�4à8�/.

íØ 6.9. b�K´��ÐI¿�÷�4à8CØ�¹��. XJC�3��K-
Þå(Ø�½´�K�), KSC�3��K-©).

y². duC�3��d(6.4)½Â�K-ÞåQ = K ∩ L. -F�K¥�¹Q�4
�¡. ÏdQ ∩ ri (F ) 6= ∅¿�Q = F ∩ L. d	, ·�k0+C = π(K ∩ 0+L) =
π(0+Q) = π(0+(F ∩ L)) = π(F ∩ 0+L). Ïd, Q�3��d(6.4)½Â��KF -
Þå. ½Â(6.4)¥�tµ�fSC�F -©)�±ÏL�½n6.8�Ó��ª5½
Â. N�A1ÚA2�±N��K. duK´��ÐI¿�F´K���¡, ·�
kF ∗ = K∗ + L⊥. ÏL� [31, íØ 1]�Ó��{, é1 ≤ i ≤ 3, ½Â�Ó�N
�Bi, ¦�tµ�fSC´K-�©�.

e¡�~f`²éi = 1, 2, 3Ú(x, y) ∈ ext1(C)×Di, S
i
c(x, y)�K-©)ØU

(�4à8C�3d(6.4)½Â�K-Þå. éi = 1, 2, 3Ú(x, y) ∈ ext2(0+C)×Di,

�ÄSi0+C(x, y)�K-©)´7��.
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ã 6.3: ~f6.3

~ 6.3. R3¥�õ¡NC½ÂXe:

C =



(x1, x2, x3) ∈ R3 :



1
√

3
3

0

0 2
√

3
3

0

−1
√

3
3

0

−1 −
√

3
3

0

0 −2
√

3
3

0

1 −
√

3
3

0

0 0 −1



(
x1

x2

x3

)
≤



1
1
1
1
1
1
0





.

£ÂI0+C = cone ({(0, 0, 1)})¿�C�º:�{(cos(iπ/3), sin(iπ/3), 0), i =
0, . . . , 5}. �â½n6.7, C�tµÝ
´

S :=



0 0 1 2 2 1 0
1 0 0 1 2 2 0
2 1 0 0 1 2 0
2 2 1 0 0 1 0
1 2 2 1 0 0 0
0 1 2 2 1 0 0
0 0 0 0 0 0 1

 .

[31, ~f 2]®²`²S�6× 6fÝ
SH�3R5
+-©). y3·�`²Ý
SØ�

3R5
+-©). b�Ý
S�3R5

+-©):(
SH 0
0 1

)
=

(
A11 A12

A21 A22

)(
B11 B12

B21 B22

)
.
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duA21B11 + A22B21 = 0, kA22B21 = 0. y3y²A22 = 0. ÄK, kB21 = 0¿
�SH = A11B11. ù�SHØ�3R4

+-©)gñ. ÏLA21B12 +A22B22 = 1ÚA22 =
0, kB12 6= 0. d	, duA11B12 + A12B22 = 0, A11�3d"��|¤��. Ï
d, SH3R4

+¥�3�K©). gñ. Ïd�â½n6.8, CØ�3R5
+-Þå.

3½n6.8¥�b�¥, CØ´��²£I. XJC´��²£I, C�K-Þ

å½Â�

C = b+ π(K ∩ L) (6.6)

ùpb ∈ Rn´��~ê�þ, L´���5�m¿�π : Rm → Rn´���5N

�. 3ù��¹e, �I��xext2(0+C). Ø���5, b�b = 0¿�C´��

I. tµ�fSC½Â�

SC(x, y) = −〈x, y〉 (x, y) ∈ ext2(C)× ext2(Co). (6.7)

XJ�3N�

A : ext2(C)→ K, B : ext2(Co)→ K∗

¦�

• SC(x, y) = 〈A(x), B(y)〉 (x, y) ∈ ext2(C)× ext2(Co),

K¡tµ�fSC´K-�©�.

½n 6.10. b�K ⊂ Rm´÷�4àI¿�C ⊂ Rn´k�÷�4àI. XJC�
3d(6.6)½Â��KK-Þå, Kd(6.7)½Â�tµ�fSC´K-�©�. ��
�, XJd(6.7)½Â�tµ�fSC´K-�©�, KC�3d(6.6)½Â�K-Þå.

XJC�3���KK-Þå, KSC´K-�©�y²�½n6.8¥�aq. �

e5, ��{á�y²�±`²XJSC´K-�©�, C�3��K-Þå.

y². b�SC´K-�©�, ½Â�5�m

L = {(x, z) |é?¿�y ∈ ext2(Co), −〈x, y〉 = 〈z,B(y)〉}.

-LK�L�1��©þz�ÝK. duCØ�¹��, é?¿�z ∈ LK , �3
���xz ∈ Rn, ¦�(xz, z) ∈ L. Ïd, �5N�N�π: LK → xz´��û½Â.
duL´���5�m, �±òπ*Ð¤½Â3Rmþ��5N�.

é?¿�x ∈ Rn, XJ�3z ∈ K, ¦�(x, z) ∈ L, Ké¤k�y ∈ ext2(Co),
k〈x, y〉 ≤ 0. duC´��4à8, x ∈ Coo = cl (C) = C. Ïdπ(K ∩ L) ⊆ C.
3,��¡, duSC´K-�©�. Ké?¿�x ∈ ext2(C), k(x,A(x)) ∈ L. Ï
dC ⊆ π(K ∩ L).
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6.3.1.2 C���¹¹¹������������///

�C´�¹���÷�4à8�, ½Â6.2Ú½n6.7�±��í2. ,
,

�C�¹���,§Ø�34:¿�0+CØ�34��. ½Â6.4Ú½n6.8I�·

��N�.

-L1�C��5�m¿�{l1 . . . , ls}´L1��|��Ä. C �±©)�

C = C0 + L1, (6.8)

ùp, C0 = C ∩ L⊥1´��Ø�¹���4à8¿�L⊥1´L1���Ö.

Ún 6.11. L⊥1´C
o���4�.

y². ÏLC = C0 +L1, ��Co = Co
0 ∩L⊥1 . du4à8C0Ø�¹��, 0+C0Ø

�¹��.ÏLíØ6.2Ú½n6.4,kcl (cone (Co
0)) = (0+C0)o. du(0+C0)o�¹

S:, cone (Co
0)�¹S:. duC0 ⊂ L⊥1¥, L1 ⊂ cone (Co

0). Ïdcone (Co) =
cone (Co

0) ∩ L⊥1�L⊥1�S:��. d	, Co = Co
0 ∩ L⊥1�L⊥1�S:��. Ïd,

L⊥1´C
o���4�.

�C´�¹���÷�4à8�, ½Âtµ�fSC :

SC =



S1
C0

(x, y) = 1− 〈x, y〉 (x, y) ∈ ext1(C0)×D1,

S2
C0

(x, y) = −〈x, y〉 (x, y) ∈ ext1(C0)×D2,

S3
C0

(x, y) = −1− 〈x, y〉 (x, y) ∈ ext1(C0)×D3,

Si0+C0
(x, y) = −〈x, y〉 (x, y) ∈ ext2(0+C0)×Di, i = 1, 2, 3,

SL1(x, y) = 〈x, y〉 (x, y) ∈ {l1, . . . , ls} × {l1, . . . , ls}.

(6.9)

½Â 6.5. b�K ⊂ Rm´÷�4àI¿�C ⊂ Rn´�¹���Ã.÷�4à
8. XJ�3N�

A1 : ext1(C0)→ K, A2 : ext2(0+C0)→ K, A3 : {l1, . . . , ls} → K,

B1 : D1 → K∗, B2 : D2 → K∗, B3 : D3 → K∗, F : {l1, . . . , ls} → Rm

¦�

• SiC0
(x, y) = 〈A1(x), Bi(y)〉 (x, y) ∈ ext1(C0)×Di, i = 1, 2, 3,

• Si0+C0
(x, y) = 〈A2(x), Bi(y)〉 (x, y) ∈ ext2(0+C0)×Di, i = 1, 2, 3,

• SL1(x, y) = 〈A3(x), F (y)〉 (x, y) ∈ {l1, . . . , ls} × {l1, . . . , ls},

• 〈A3(x), Bi(y)〉 = 0 (x, y) ∈ {l1, . . . , ls} ×Di, i = 1, 2, 3,
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• 〈A1(x), F (y)〉 = 0 (x, y) ∈ ext1(C0)× {l1, . . . , ls},

• 〈A2(x), F (y)〉 = 0 (x, y) ∈ ext2(0+C0)× {l1, . . . , ls},

K¡d(6.9)½Â�tµ�fSC´K-�©�.

½n 6.12. -K ⊂ Rm´÷�4àI. b�C ⊂ Rn´/X(6.8)�÷�4à8¿
�C0Ø´²£I. XJC�3��d(6.4)½Â��KK-Þå, Kd(6.9)½Â�
tµ�fSC´K-�©�. ���, XJd(6.9)½Â�tµ�fSC´K-�©�,
KC�3��d(6.4)½Â�K-Þå.

y². duC�3�KK-Þå, �3���mL = w0 + L0 ⊂ Rm, ùpL0´
�5f�m, w0 ∈ int (K)Ú�5N�π : Rm → Rn÷v^�C = π(K ∩
L), 0+C = π(K ∩ 0+L). du0+L = L0, k0+C = π(K ∩ L0). y3, ½ÂN
�A1, A2, A3, B1, B2, B3ÚF5�EK-Þå. �±|^Ú½n6.8�Ó��ª5½
ÂA1, A2, B1, B2, B3. é?¿�li, i = 1, . . . , s, �3wi ∈ K ∩ L0, ¦�π(wi) = li.
Ïd, éi = 1, . . . , s, ½ÂA3(li) := wi. d	, éi = 1, . . . , s, ½ÂF (li) := π∗(li).

éi = 1, 2, 3, ½n6.5¥�SiC0
, Si0+C0

�±|^Ú½n6.8�Ó��ª5�y.

é?¿�x, y ∈ {l1, . . . , ls}, ��

〈x, y〉 = 〈π(A3(x)), y〉 = 〈A3(x), F (y)〉.

é?¿�x ∈ {l1, . . . , ls}, y ∈ Di, ��

〈A3(x), Bi(y)〉 = 〈A3(x), z − π∗(y)〉 = −〈π(A3(x)), y〉 = −〈x, y〉 = 0.

é?¿�x ∈ ext1(C0), y ∈ {l1, . . . , ls}, ��

〈A1(x), F (y)〉 = 〈π(A1(x)), y〉 = 〈x, y〉 = 0.

é?¿�x ∈ ext2(0+C0), y ∈ {l1, . . . , ls}, ��

〈A2(x), F (y)〉 = 〈π(A2(x)), y〉 = 〈x, y〉 = 0.

Ïd, SC´K-�©�.

b�SC´K-�©�. ½Â���mL:

L ={(x, z) ∈ Rn × Rm | x = x1 + x2, x1 ∈ L⊥1 , x2 ∈ L1,

é?¿�y1 ∈ D1, 1− 〈x1, y1〉 = 〈z,B1(y1)〉,
é?¿�y2 ∈ D2, −〈x1, y2〉 = 〈z,B2(y2)〉,
é?¿�y3 ∈ D3, −1− 〈x1, y3〉 = 〈z,B3(y3)〉,
éi = 1, . . . , s, 〈x2, li〉 = 〈z, F (li)〉}.

-LK�L�©þz�ÝK.
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y3, y²0 /∈ LK . XJ0 ∈ LK , K�3x = x1 + x2, ¦�é?¿�y1 ∈ D1,
k1 − 〈x1, y1〉 = 0, é?¿�y2 ∈ D2, k−〈x1, y2〉 = 0, é?¿�y3 ∈ D3,
k−1 − 〈x1, y3〉 = 0. ÏL½n6.6, C0´��²£I, gñ. d	, éz��x ∈
ext1(C0), kA1(x) ∈ K ∩ LK . ÏdK ∩ LK 6= ∅.
y3y²éz��z ∈ K ∩ LK , �3���x ∈ Rn, ¦�(x, z) ∈ L. b

�éz ∈ K ∩ LK , �3ü�ØÓ�:x1 = x1
1 + x1

2Úx
2 = x2

1 + x2
2, ¦�(x1, z),

(x2, z)3L¥. duéy ∈ D1 ∪ D2 ∪ D3, 〈x1
1 − x2

1, y〉 = 0¿�D1, D2ÚD3)
¤Co, éy ∈ Co, k〈x1

1 − x2
1, y〉 = 0. �âÚn6.11, L⊥1´C

o���4�, Ï
dx1

1 − x2
1 ∈ L1. dux1

1 − x2
1 ∈ L⊥1 , kx1

1 − x2
1 = 0. d	, é�êi ∈ [1, s],

k〈x1
2 − x2

2, li〉 = 0¿�x1
2 − x2

2 ∈ L1, Ïdx1
2 − x2

2 = 0. Ïd, dz�xz���N
�π ´��û½Â. du0 6∈ LK , π�±*Ð¤½Â3Rmþ��5N�. ÏL¦
^Ú½n6.8�Ó�y²�{, ��C = π(K ∩ LK)Ú0+C = π(K ∩ 0+LK).

5 6.4. XJK´��ÐI, ½n6.12¥��K^�´Ø7��. ù�, C�K-Þ
åÚtµ�fSC�K-©)´�d�.

�C´�¹���²£4I�, C�3/X(6.8)�©). ù��±���½

n6.10�Ó�(J. à8C�tµ�fSC½Â�

SC =

{
SC0(x, y) = −〈x, y〉 (x, y) ∈ ext2(C0)× ext2(Co),

SL1(x, y) = −〈x, y〉 (x, y) ∈ {l1, . . . , ls} × {l1, . . . , ls}.
(6.10)

½Â 6.6. XJ�3N�

A2 : ext2(C0)→ K, A3 : {l1, . . . , ls} → K,

B : ext2(Co)→ K∗, F : {l1, . . . , ls} → Rm

¦�

• SC0(x, y) = 〈A2(x), B(y)〉 (x, y) ∈ ext2(C0)× ext2(Co),

• SL1(x, y) = 〈A3(x), F (y)〉 (x, y) ∈ {l1, . . . , ls} × {l1, . . . , ls},

• 〈A2(x), F (y)〉 = 0 (x, y) ∈ ext2(C0)× {l1, . . . , ls},

• 〈A3(x), B(y)〉 = 0 {l1, . . . , ls} × ext2(Co).

K¡d(6.10)½Â�tµ�fSC´K-�©�.

½n 6.13. -K ⊂ Rm´÷�4àI¿�C ⊂ Rn´�¹���÷�²£4I.
KC�3/X(6.8)�©). XJC�3d(6.6)½Â��KK-Þå, Kd(6.10)½
Â�tµ�fSC´K-�©�. ���, XJd(6.10)½Â�tµ�fSC´K-�
©�, KC�3d(6.6)½Â�K-Þå.

½n6.13�y²�{Ú½n6.10±9½n6.12�y²�{�Ó.
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6.3.2 CØØØ´́́÷÷÷������

�4à8CØ÷��, §�3���²����4�.

½n 6.14. b�C ⊂ Rn´��4à8. 48Co�¹����=�C�¹3��
�²���5�m. �C�¹�:, CØ´÷����=�Co�¹��.

y². Co�¹����=��3a ∈ Rn, ¦�δ∗ (a, C) ≤ 0¿�δ∗ (−a, C) ≤ 0,
=C ⊆ {x | aTx = 0}.
�C�¹�:�, CØ÷���=��3a ∈ Rn, ¦�C ⊆ {x | aTx =

0}.

b�à8CØ÷�¿�Ø�¹��. ù�ØU(½Co´Ä�¹��. X

JCoØ�¹��, �÷��/�(Ø�Ó. XJCo�¹��, Co¥Ø�34:Ú

4��¿�8ÜD1, D2ÚD3´�8. -L2�C
o��5�m. b�Co = C ′+L2÷

vC ′ = Co ∩ L⊥2 . Ïd, 4à8C ′Ø�¹��. w,��0+C ′ = 0+Co ∩ L⊥2 . d

uC3 = {x | δ∗ (x,C) ≤ −1}, ÏdC ′3 = C3 ∩ L⊥2Ø�¹��. -

D′1 = ext1(C ′)\0, D′2 = ext2(0+C ′) ∩ {x | δ∗ (x,C ′) = 0}, D′3 = ext1(C ′3).

-

D′32 = ext2(0+C ′) ∩ {x | δ∗ (x,C ′) = −1}.

KD′32 ⊆ D′3.

½n 6.15. b�4à8C ⊂ RnØ÷�¿�Ø�¹��. x ∈ C��=�é
z��l ∈ D′1, 〈l, x〉 ≤ 1, éz��l ∈ D′2, k〈l, x〉 ≤ 0, éz��l ∈ D′3,
k〈l, x〉 ≤ −1¿�x ∈ L⊥2 , Ù¥L2´Co��5�m.

y². �½n6.5�y²�Ó.

b�4à8CØ÷�¿�Ø�¹��. éi = 1, 2, 3, ÏLòDiO�¤½

n6.5Ú½Â6.4¥�D′i, �±½Âtµ�fSCÚ§�K-©), K16.3.1.1!¥�

¤k(J�±�í2�CØ÷���/. ¦+16.3.1.2!¥�(J�±�í2

�4à8CØ÷�¿�Ø�¹����/. ù¬�\E,, ·�3ùp�Ñ
[

!.
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6.4 õõõ¡¡¡NNN���IIIÞÞÞååå

� [31, 13!]�q, ·�í2
k.õ¡N�IÞå�(Ø. b�õ¡

NC ⊂ Rn½ÂXe:

C = {x ∈ Rn : f1(x) ≤ α1, . . . , fk1(x) ≤ αk1 , g1(x) ≤ 0, . . . , gk2(x) ≤ 0, (6.11)

h1(x) ≤ −β1, . . . , hk3(x) ≤ −βk3},

ùpéi = 1, . . . , k1, αi > 0, éj = 1, . . . , k3, βj > 0. 0+Cäke¡�/ª:

0+C = {x ∈ Rn :f1(x) ≤ 0, . . . , fk1(x) ≤ 0, g1(x) ≤ 0, . . . , gk2(x) ≤ 0, (6.12)

h1(x) ≤ 0, . . . , hk3(x) ≤ 0}.

b�à8Cd:c1, . . . , ctÚ��r1, . . . , rs)¤. ·�í2
©z [31, 101]¥�t

µÝ
�½Â.

½Â 6.7. ½ÂC�tµÝ
�[ST1 , S
T
2 , S

T
3 ]T , ùp

1. S1 ∈ Rk1×(t+s), Ù¥éi = 1, . . . , k1, j = 1, . . . , t, Ý
1(i, j)- �´αi −
fi(cj)¿�éi = 1, . . . , k1, j = 1, . . . , s, 1(i, t+ j)- �´−fi(rj).

2. S2 ∈ Rk2×(t+s),Ù¥éi = 1, . . . , k2, j = 1, . . . , t,Ý
1(i, j)- �´−gi(cj)
¿�éi = 1, . . . , k2, j = 1, . . . , s, 1(i, t+ j)- �´−gi(rj).

3. S3 ∈ Rk3×(t+s), Ù¥éi = 1, . . . , k3, j = 1, . . . , t, Ý
1(i, j)- �´−βi−
hi(cj)¿�éi = 1, . . . , k3, j = 1, . . . , s, 1(i, t+ j)- �´−hi(rj).

b�C´��Ø�¹���÷�õ¡N. XJfi, gi, hiL«C�¡; αi = 1, βj =
1, i = 1, . . . , k1, j = 1, . . . , k3; c1, . . . , ctÚr1, . . . , rs©O�C�4:Ú4��,
KS¡�C�IOtµÝ
.

½Â 6.8. [31, ½Â 7] -M = (Mij) ∈ Rp×q
+ ��KÝ
, K�4àI. KM�K-

©)/XMij = 〈ai, bj〉, Ù¥a1, . . . , ap ∈ K¿�b1, . . . , bq ∈ K∗.

½Â6.8ò�KÝ
 [101]��K©)í2�?¿4àI��/. ·�í2

©z [24, ½n 13], [31, ½n 3]Ú [101, ½n 3]�(J¿�y²
��õ¡N

�K-ÞåÚtµÝ
�K-©)��d5.

�C ⊂ Rn´Ø�¹���÷�õ¡N¿�K ⊂ Rm´÷��õ¡NI�,

tµ�f�K-©)�duC�tµÝ
�K-©). �C÷��, ½n6.16�±d

½n6.8Ú½n6.10��í�.

½n 6.16. b�K ⊂ Rm´÷�4àI. XJØ�¹���÷�õ¡NC ⊂
Rn�3���KK-Þå, KC�z��tµÝ
�3��K-©). ���, X
JC���tµÝ
�3��K-©), KC�3��K-Þå.
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6.4.1 K ´́́������õõõ¡¡¡NNNIII

3���/e, 0+C = π(K ∩ 0+L)Ø´õ{�¿�ØUd^�C = π(K ∩
L)íÑ. �CÚKÑ´õ¡N�, d(6.1)½Â�K-ÞåÚd(6.4)½Â�K-Þå

´�d�.

Ún 6.17. -C ⊂ Rn�Ø�¹���÷�õ¡N¿�K ⊂ Rm�÷�õ¡NI,
KC�3��d(6.1)½Â�K-Þå��=�§�3��d(6.4)½Â�K-Þå.

y². �Iy²XJ�3�����mLÚ���5N�π: Rm → Rn, ¦
�C = π(K ∩ L), K0+C = π(K ∩ 0+L). XJ½ÂQ�K ∩ L, KQ´��õ¡
N. é?¿�x ∈ Q, �3Q�4:α1, . . . , αtÚ0+Q��"4��αt+1, . . . , αt+s,
¦�x = λ1α1 + · · · + λtαt + λt+1αt+1 + · · · + λt+sαt+s, ùpéi = 1, . . . , t + s,
λ1 + · · ·+λt = 1¿�λi ≥ 0. Ïd, π(x) = λ1π(α1)+ · · ·+λtπ(αt)+λt+1π(αt+1)+
· · · + λt+sπ(αt+s). Ïd, 0+C�±dπ(αt+1), · · · , π(αt+s))¤. ,��¡, d
uαt+1, · · · , αt+s�±)¤0+Q = K ∩ 0+L, Ïdπ(αt+1), · · · , π(αt+s)�±)
¤π(K ∩ 0+L). Ïd0+C = K ∩ 0+L, y..

½n 6.18. b�C ⊂ Rn´��Ø�¹���÷�õ¡N¿�K ⊂ Rm´��÷
�õ¡NI. XJCØ´��²£I, KC�3��d(6.1)½Â�K-Þå��=
�d(6.7)½Â�CtµÝ
�3��d(6.8)½Â�K-©). XJC´��²£
I, XJòd(6.1)½Â�K-ÞåO�¤d(6.6)½Â�K-Þå, �±���Ó�
(J.

y². �âÚn6.17, õ¡NC�3½Â(6.1)¥�K-Þå��=�§�3½
Â(6.4)¥�K-Þå. L�int (K)����K5^�(�½n6.16�y²¥`
z¯K�réó^�¤á(�©z [31]¥�½n1�y²). �K´��õ¡NI
�, 3y²¥�`z¯K´���55y¯K¿���K ∩ L 6= ∅, réó^�
g,¤á.

~ 6.4. R2¥�õ¡NC½ÂXe:

C =



(x1, x2) ∈ R2 :



0 1

−2 +
√

3 1

1−
√

3
√

3− 1

−1 2−
√

3

−1 −2 +
√

3

1−
√

3 1−
√

3

−2 +
√

3 −1

0 −1



(
x1

x2

)
≤



2
√

3

1

2−
√

3
√

3− 2

−2
√

3 + 3
√

3− 2

0





.

ÏL½n6.18, C�3R6
+-Þå��=�Ý
S�3R6

+-©). ·�òXêÝ
P
�H, òm>��þP�d.
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ã 6.4: ~f6.4

C�tµÝ
�

S =



0 1−
√
3
2

1
2

1 3
2

1 +
√
3
2

2 0

0 0 2−
√
3
√
3− 1 3−

√
3

√
3 2 2−

√
3

2−
√
3 0 0 2−

√
3
√
3− 1 3−

√
3

√
3

√
3− 1

√
3− 1 2−

√
3 0 0 2−

√
3
√
3− 1 3−

√
3 1

3−
√
3
√
3− 1 2−

√
3 0 0 2−

√
3
√
3− 1 1

√
3 3−

√
3
√
3− 1 2−

√
3 0 0 2−

√
3
√
3− 1

2
√
3 3−

√
3
√
3− 1 2−

√
3 0 0 2−

√
3

2 1 +
√
3
2

3
2

1 1
2

1−
√
3
2

0 0



.

S���R6
+-©)�S = U · V , ùp

U =



1 1 0 1−
√
3
2

0 0

1 −2
√
3 + 4 2−

√
3 0 0 0

√
3− 1 0

√
3
2
− 1

2
0 0

√
3
2
− 1

2

2−
√
3 0 0 2−

√
3 0 1

0 0 0 2−
√
3 2−

√
3 1

0 0
√
3
2
− 1

2
0

√
3− 1

√
3
2
− 1

2

0 −2
√
3 + 4 2−

√
3 0 1 0

0 1 0 1−
√
3
2

1 0



,
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V =



0 0 0 0 1
√
3 2 0

0 0 1
2

1 1
2

0 0 0

0 0 0
√
3− 1 0 0 0 1

0 1 0 0 0 1 0 0

2
√
3 1 0 0 0 0 0

√
3− 1 0 0 0 0 0

√
3− 1 1


.

C���R6
+-Þå´

C = {(x1, x2) |�3y ∈ R6
+, ¦� Hx+ Uy = d}.

XJ3�§Hx+ Uy = d¥éCþx1Úx2���, ��

{y ∈ R6
+ | y1 = 1 + (

√
3− 1)y4 +

√
3 + 1

2
y6 −

√
3 + 1

2
y3 − y5,

y2 =
1

2
− 1

2
y4 −

√
3 + 1

4
y6 +

√
3 + 1

4
y3}.

6.4.2 K´́́������������½½½III

k.õ¡NC���½�´¦�C�3Sk+-Þå���k(ë�©z [31, 32]).

½Â�±í2�Ã.õ¡N��/. dué¡��½I´��ÐI, C���½

��uC�tµÝ
���½�. e¡�Úní2
 [32, ·K 3.8]�(J.

Ún 6.19. b�C´Ø�¹���÷�õ¡N. õ¡NC ⊂ Rn�3����½
�´k�¡, KC���½����k + 1.

y². -F�C���¡. b�F�tµÝ
SF���½��k. -α1, . . . , αs�F
�º:¿�αs+1, . . . , αs+t�F�4��. C¥Ø
F�Ù¦¡P�F1, . . . , Fr. d
uF 6= C, �3��ØáuF�º:½ö4��α, ¦�F (α) > 0. C�tµ
Ý
SC�¹��(r + 1) × (s + t + 1)fÝ
, Ù1¢Ú�F1, . . . , Fr, F , �¢Ú
�α1, . . . , αs, αs+1, . . . , αs+t, α¿�ke¡�/ª:

S ′ =

(
SF w
0 F (α)

)
ùp w ∈ Rr

+, F (α) > 0.

�â [32, ·K 2.6], S ′���½��k + 1. ÏdSC���½����k + 1.

k.õ¡N���½��e.3©z [32, ·K 3.2]¥�Ñ¿��±í2�

��õ¡N��/.

½n 6.20. XJC ⊂ Rn´Ø�¹���÷�õ¡N, KC���½����n.
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y². y²� [32, ·K 3.2]¥�y²�q. ����O´�n = 1�, C´�
�. Ïd�3��1 × 2�tµÝ
. w,��é¡Ý
���½�´1. b��
�ê�un − 1�´�(�. 3C¥À���n − 1��¡F¿�F���½��
�n− 1. ÏLÚn6.19, C���½����n.

5 6.5. �3��Ø�¹���÷�õ¡NC ⊂ Rn, ¦�C���½��n. ~
X, �Än��K��Rn

+ = {x | xi ≥ 0, i = 1, . . . , n}. Rn
+�tµÝ
(0, In)��

�½��n, ùpIn´��ü 
¿�0 ´��"�þ.

6.4.3 ���½½½õõõ¡¡¡NNN���tttµµµÝÝÝ




Gouveia�3©z [29]¥|^�{5�½�½���KÝ
´,��k.

õ¡N�tµÝ
. ù�(J�±í2��x��õ¡N�tµÝ
. e¡�

Ún� [29, Ún 10]aq.

Ún 6.21. �KÝ
S´õ¡NC�tµÝ
��=�§´��Ø�¹���
÷�õ¡N�tµÝ
.

y². duõ¡NC�tµÝ
�´§�²£�tµÝ
. �±b�C�¹�
:. XJC�¹��, KC = C0 + L1, ùpC0 = C ∩ L⊥1´Ø�¹���à8¿
�L⊥1´L1���Ö.

-C�d�5Ø�ªfi(x) ≤ αi, gj(x) ≤ 0½Â�õ¡N, ùpαi > 0,
1 ≤ i ≤ k1¿�1 ≤ j ≤ k2. C¥�z��:´:c1, . . . , ctÚ��r1, . . . , rs�à|
Ü. �â½Â6.7, õ¡NC�tµÝ
S�±©)¤

S = U · V =



α1 −f1
...

...
αk1 −fk1
0 −g1
...

...
0 −gk2


(

1 · · · 1 0 · · · 0
c1 · · · ct r1 · · · rs

)
. (6.13)

du�fiÚgjéA��5¼ê3Cþkþ., fiÚgj�L1��. -Q�L⊥1�
��Ä, Kfi · (I −QQT ) = 0¿�gj · (I −QQT ) = 0, ùpIL«ü Ý
, 0L«
"�þ. ·�ke¡��ª:

S = U ·
(

1 0
0 I −QQT +QQT

)
· V

= U ·
(

0 0
0 I −QQT

)
· V + U ·

(
1 0
0 QQT

)
· V

= U ·
(

1 0
0 Q

)
·
(

1 0
0 QT

)
· V.
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-U ′ = U ·
(

1 0
0 Q

)
¿�V ′ =

(
1 0
0 QT

)
· V . KS = U ′ · V ′´õ¡NQTC0�

tµÝ
.

XJC0Ø÷�, Kaff(C0)´���²���5�m. ÏLaq�C�, �
�S´C03aff(C0)¥�tµÝ
.

e¡�½nÚy²� [29, ½n 6]aq.

½n 6.22. ���Ø�u2��KÝ
S ∈ Rp×q
+ ´��õ¡N�tµÝ
��

=�S´��õ¡NI�tµÝ
¿�tµÝ
�1�m¥�3��©þ�
k0Ú1��þ.

©z [29, ½n 14], [27, íØ 5] Ú [32, Ún 3.1]|^k.õ¡N��5�

x§�tµÝ
��. �C ´��k�õ¡NI�, §��ê�u©z [29, Ú

n 13])¥tµÝ
��. (J�±*Ð���õ¡N��/.

½n 6.23. b�C ⊂ Rn´Ø�¹���n�õ¡N. XJCØ´²£I, Ktµ
Ý
S��´n+ 1.

y². b�CØ´²£I. duC²L²£��ÙtµÝ
��ØUC¿�C�
¤ktµÝ
Ñk�Ó��, b�C�¹�:¿�§�IOtµÝ
/X(6.13).

y3y²Ý
U´�÷�. ÄK, �3�þ

(
x1

x2

)
, ¦�U ·

(
x1

x2

)
= 0. X

Jx1 6= 0, -x1 = 1. Ké¤k�f ∈ D1, 1 − f(x2) = 0¿�é¤k�g ∈ D2,
g(x2) = 0. ÏLÚn6.6, ��C´��²£I. gñ. XJx1 = 0, duéz��
�þy ∈ Co, �3λ1

i ≥ 0, 1 ≤ i ≤ k1, λ2
j ≥ 0, 1 ≤ j ≤ k2Úfi ∈ D1, gj ∈ D2, ¦

�y =
k1∑
i=1

λ1
i fi +

k2∑
j=1

λ2
jgj, Ïd〈x2, y〉 = 0. dudim(Co) = n, Co�¹S:. du

éz��y ∈ Co, 〈y, x2〉 = 0, Ïdx2 = 0. ÏdU´���÷�Ý
. d	, d

uC´n�õ¡N, Rn+1¥d�þ

(
1
c1

)
, . . . ,

(
1
ct

)
,

(
0
r1

)
, . . . ,

(
0
rs

)
)¤

�I��ê´n+ 1. Ïd, Ý
V���n+ 1, l
S���n+ 1.

íØ 6.24. b�õ¡NC�3©)C = C0+L1,ùpL1´C��5�m¿�C0 =
C ∩ L⊥1 . XJCØ´��²£àI, KtµÝ
S���dim(C0) + 1.

©z [91, ½n 3.2]`²Ý
�mRm×n¥��3��KÝ
��K��3�

�þ.d6 min{m,n}/7e. ÏL½n6.23ÚíØ6.24, éR2¥?¿�õ¡N(²£

IØ	), XJ§�tµÝ
S ∈ Rm×n���3, �min(m,n) ≥ 7 �, S äk�²

���K�©). ù�(Ø�~f6.4¥�tµÝ
S ∈ R8×8�3R7
+-©)Jø


nØ�y.
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�©Ì�ïÄõ�ª`zÚà�êAÛ+��±eo�¯K:

• �½��n�, XÛO�§�¢�n�?

• �½��Ã.4��ê8, XÛO�§�4à�?

• �½��ëêz`z¯K, XÛ�x§��`�¼ê?

• �½��4à8, XÛ|^���CþÚ�å^�5�x§?

31nÙ¥, ·�?Ø|^ÄuÝþÝ
�Lasserre��½tµS�5¦

)��n��¢�n�. �n��¢�n�´���, ®k�{du"y��

k��ª�^�
Ã{O�§�¢�n�. ·��O��Äu �©�§¥�

éÜnØ�ª�^�(3.6)Ú�{3.1. 3����IXe$1�{3.1, Kª�^

�(3.6)3k�Ú¤á. �ª�^�¤á�, �{�£��0un�Ú§�¢�

n��m�n�J�PommaretÄ. �½����ê8A, ª�^�(3.6) �±O

���n��A-�n�. 3ù��/e, �±��ÚO�n��¢�n��Ó

�(Ø.

31oÙ¥, ·�?ØO�Ã.4��ê8�4à�¯K. ·��E
í

2ThetaNS�Úí2Lasserre��½L«S�. �b�2¤á�, í2ThetaN

S�Úí2Lasserre��½L«S��±Âñ���ê8�4à�. d	, X

JPP-BDR5�¤á¿���ê¿©��, í2ThetaNÚí2Lasserre��½

L«´O(�. b�2éí2ThetaNS�Úí2Lasserre��½L«S��Â

ñ5´7��. ��·�?Ø�b�2Ø÷v��æ^��
üÑ.

31ÊÙ¥, ·�?ØXÛ¦)ëêz`z¯K. ��18Ã.¿�1w

�, ·�|^éó��q5£ã�`�¼ê. ��18�4à�Ø�¹���,

é���ëê�, éó��q�½Âõ�ª�±�z¤���"�üC�õ�

ª, ¿�§���±L«éA`z¯K��`�. ��18k.¿�Ø1w�,

·��E��éó��qS�5£ã�`�¼ê. ·��O��Äu4��q

�{�ëêz/ª. ù�ëêz�{�£��õ�ªS�, ¦�é?¿�ëê
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�, S�¥���õ�ª��z¤�"üC�õ�ª¿�§���¹éA`z

¯K��`�.

318Ù¥, ·�?ØÃ.4à8�IÞå¯K. ?���4à8, ·�|

^§�48�4:Ú4��5�xù�4à8. |^ù�(JÚà8�L«½

n, ·�í2
àN�tµ�fÚIÞå�½Â. �½��÷�4àIÚ��Ø

�¹���÷�4à8. XJ4à8Ø´²£I, ·�y²4à8�3���

KIÞå�±íÑ§�tµ�f´äkI©). tµ�fäkI©)�±íÑ

4à8�3��IÞå. ·�òù�(J*Ð�4à8�¹��, Ø÷�½ö

4à8´²£I��/.

8��ó�Ì��)e¡A��¡:

• 3O�n��¢�n��)¤�¯K¥, XÛ|^ÝþÝ
�(�5�x

¢�n�)¤��gêþ.?

• 3Ã.¢�ê8�4à�¦)¯K¥, ¢�ê83Ã¡�?´4�^�é

���¢�ê8Ø�½¤á. XÛ�EÌõ¡NCqS�5%C¢�ê8

�4à�?

• 3�18´��ê8�ëêz`z¯K¥, XÛ|^�ê8½ö��ê8

5�x�`�¼ê?
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