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Abstract

Certification and computation of rational or exact real solutions of linear

matrix inequalities is an important question to the intersection discipline of

semidefinite programming, computational real algebraic geometry, polynomial

optimization and convex geometry. Computing rational solutions of linear matrix

inequalities has the vital significance for computing polynomial sums of squares

decompositions over the rationals.

Consider a (D × D) symmetric matrix A whose entries are linear forms in

Q[X1, . . . , Xk] with coefficients of bit size ≤ τ . The feasible region of the linear

matrix inequality A � 0 is S(A), which contains all the real solutions x ∈ Rk

such that all the eigenvalues of A(x) = A0 + x1A1 + · · ·+ xkAk are nonnegative.

In Chapter 3, by certification methods and tools from computational real

algebraic geometry, we provided a symbolic algorithm RationalLMI, which can

be used to decide if S(A) has rational solutions and return rational points in

S(A) in the case of non-emptiness. Our algorithm RationalLMI runs within

(kτ)O(1)2O(min(k,D)D2)DO(D2) bit operations; the bit size of the output solution

is dominated by τO(1)2O(min(k,D)D2). As this is a special case of general convex

set, the upper complexity bounds dramatically improve over the previously one

by Safey El Din and Zhi.

Let f ∈ Q[X1, . . . , Xn] of degree 2d with coefficients of bit size ≤ τ . Our

algorithm can decide the existence of a sum of squares decomposition of f

over the rationals and compute such a decomposition whenever it exists within

τO(1)2O(M(d,n)3) bit operations where M(d, n) = min(dn, nd). The bit size of the

output is also dominated by τO(1)2O(M(d,n)3). This leads to the best complexity

bounds for deciding the existence of sums of squares with rational coefficients

of a given polynomial. In Chapter 4, we implemented our algorithm and ran it

on several examples. Sturmfels’ conjecture asking whether all polynomials with

coefficients in Q and which are sums of squares of polynomials with coefficients

in R can be written as a sum of squares of polynomials with coefficients in Q. In
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2012, Scheiderer gave an example showing that Sturmfels’ conjecture is not true,

we provide the first computer validation of this counter-example to Sturmfels’

conjecture.

In Chapter 5, we designed a new algorithm RealLMI§which can be used

to compute exact real solutions of S(A), and give the exact sum of squares

representation over the reals for Scheiderer’s example.

Keywords: Linear matrix inequality, rational sum of squares, exact solution,

complexity
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1.1 õõõ���ªªª���KKK555���½½½���²²²���ÚÚÚLLL«««

�½õ�ª��Û�K5´êÆéõ+��9����Ä�¯K§äN5

`§Ò´�Ñ,«k���{5�äõ�ª f(x1, · · · , xn) ∈ R[x1, . . . , xn]´Ä

÷v

f(x1, · · · , xn) ≥ 0, ∀(x1, · · · , xn) ∈ Rn" (1.1)

XÚÚ���Æ+�¥�NõäN¯KÑ�=z�éõ�ª�Û�K5��

½ [26]"Ï~�¹e§�½õ�ª���½5´�~(J�?Ö"XJ�3õ

�ªui(x1, . . . , xn) ∈ R[x1, . . . , xn]¦�

f(x1, . . . , xn) =
∑
j

uj
2(x1, . . . , xn)

¤á§K¡ f(x1, . . . , xn)äk²�ÚL«"XJUò��õ�ªL«¤�|õ

�ª�²�Ú§K��½Tõ�ª��Û�K5"~X [23]§

f(w, x, y, z) = w6 + 2z2w3 + x4 + y4 + z4 + 2x2w + 2x2 z + 3x2 + w2 + 2z w

+z2 + 2z + 2w + 1

= (y2)2 + (x2 + w + z + 1)2 + x2 + (w3 + z2)2,

f(w, x, y, z) ≥ 0ð¤á"

'uõ�ª�²�ÚL«��K5�½§�±J��Hilbert�1�Ô¯K

Ú�'ïÄ§±e´�
�'ïÄó��{¤?§"

1888c§Hilbert [27]y²��½õ�ª f(x)äk²�Ú©)§XJf(x)�

e��/��µ
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1. f(x) �VC�õ�ª¶

2. deg f(x) = 2¶

3. f(x) �n�ogõ�ª"

1893c§Hilbert [28]qén�õ�ª/ª�
?�Ú�ïÄ§��Xe(

Øµ��½n�mgàgõ�ª�±L«�ü�õ�ª²�Ú�û§¿ß�ù

�(Øé�����½õ�ª�´é�"

3 1900c{Ini�ISêÆ[�¬þ§HilbertJÑ
é±��êÆu

Ð�)�K�� 23�êÆ¯K [29]§Ù¥1 17�¯K�QãXeµéu?

¿�Kõ�ª f ∈ R[x1, . . . , xn]§´Ä�3kn¼ê g1, . . . , gs ∈ R(x1, . . . , xn)

¦� f =
∑s

i=1 g
2
i ?

1906c§ Landau [39]�Ñ
Xe(Øµ� f(x) ∈ Q[x]���½õ�ª§K

f(x)�±L«�l�knXêõ�ª²�Ú/ª"

1927 c§Artin [2]$^Tarski=£�n9S�nØéHilbert�¯K�Ñ


�½�y²¿±d�¢�ênØ�uÐC½
Ä:"

1928c§Polya [53]y²
XJ��n�ógõ�ªf(x1, . . . , xn) ´�½�§

@oé¿©��g,êr§(x21 + x22 + . . .+ x2n)rf(x1, . . . , xn)´R[x1, . . . , xn] þü

�ª�²�Ú"

1940c§Habicht [22]òPolya�(Jí2�?¿���½õ�ª���ü

�ü�ª²�Ú�û"

1964c§Krivine [38]ÄgJÑ
ÄuHilbert 17¯K�Positivstellensatzµ

?¿R[x1, . . . , xn] ¥�õ�ªf§f3Rn ¥?¿:�O�´��§��=��

3õ�ª²�Ús, t÷vs · f = 1 + t"

1967c§Pfister [52]y²
f ∈ R[x1, . . . , xn]´�½�§@o�½U�

¤R(x1, . . . , xn)¥ 2n�kn¼ê�²�Ú"

1971c§Pourchet [55]y²
f(x) ∈ Q[x]´��½�§K��¤Q[x]¥5�

õ�ª�²�Ú"

�¿Ø´¤k�õ�ªÑ�3õ�ª²�Ú©)"1967c§Motzkin [44]�

Ñ
1��àgõ�ª§§�±L«�kn¼ê�²�Ú§�ØUL«�õ�

ª�²�Ú"ù�õ�ª´

f(x, y, z) = z6 + x4 y2 + x2 y4 − 3x2 y2 z2"
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��Robinson [65]é�
����é¡�~fµ

x6 + y6 + z6 − (x4 y2 + x4 z2 + y4 x2 + y4 z2 + z4 x2 + z4 y2) + 3x2 y2 z2§

§äkÓ��5�"

Cassier [12]31986còKrivine½ní2�µéõ�ª f ∈ R[x1, . . . , xn] 9

R ∈ R§3±�:�¥%± R ��»�¥þ§f ≥ 0§��=�é?¿ ε > 0§

�3õ�ª²�Ú s, t ∈ R[x1, . . . , xn]2 ¦�f + ε = s+ t(R2 − Σn
i=1x

2
i )"

Reznick [63]u 1995cy²
µb� f(x)´R[x1, . . . , xn]¥gê�m�à

g�½õ�ª§ε(f)´ f3ü ¥þ�e(.Úþ(.�'"XJ r ≥ nm(m−1)
4 log 2ε(f)

−n+m
2
§@o (Σn

i=1x
2
i )
rf ´Q[x1, . . . , xn]þ�5/� (m + 2r)g���KR-�

5|Ü"

1995c§Choi!LamÚReznick [14]�Ñ
õ�ª�GramÝ
L«{"�

�PowersÚWormann [57]31998c��
��ò�Kõ�ªL«�õ�ª²�

Ú��{§u´�½��¢Xêõ�ª´Ä�3¢Xêõ�ª²�ÚL«�d

u�½ÙGram Ý
��½´Äk¢ê)"

Parrilo [48]ÚLasserre [40] u 2000 c©OJÑ
ÄuCassier½n�^�½

5y5O�õ�ª��Û�`)"Papachristodoulou, Anderson, Valmorbida,

Prajna, Seiler ÚParrilo3Matlab²�þmu
§S�SOSTOOLS [47]§¢y


þ¡J��PowersÚWormann��{"

Blekherman3©z [9]¥�Ñ,3¤kgê�u½�u 4�õ�õ�ª8

Ü¥§U
©)�²�Ú�õ�ª��Kõ�ª�'~�XC�ê�O

\ª�u 0"'uõ�ª�K5�½Ú²�Ú��õ�'0��ë�©

z [43, 56,58,59,64,75]"

1.2 õõõ���ªªª²²²���ÚÚÚLLL«««���°°°(((���yyy

SturmfelsQJÑ��¯KµXJ��knXêõ�ªf ∈ Q[x1, . . . , xn] �

3¢Xêõ�ª²�ÚL«/ª§Ù´Ä�3knXêõ�ª²�ÚL«º

XJéuknXêõ�ªf ∈ Q[x1, . . . , xn]§�3���_�GramÝ
§

@oõ�ªf�3��knXê�GramÝ
 [30, ½n1.2]"�?�Ú§XJ

knXêõ�ªf�±L«�K[x1, . . . , xn]þm�õ�ª�²�Ú, Ù¥K ��
�Galois4��L���¢�,@of�±L«�Q[x1, . . . , xn]þ4m·2[L:Q]+1

(
[L:Q]+1

2

)
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�õ�ª�²�Ú [30, ½n1.4]"�k��´²�Ú��ê��±~��m

£ë� [34]¤"

PeyrlÚParrilo3©Ù [50, 51]¥0�
ÏL¦^ Macaulay 2^��l��

knXê�Kõ�ª�ê�²�Ú©)m©O�Ù°(�²�Ú©)��

{"Kaltofen!oR!�¸9|wù [32, 33]|^knz��ÝK§Gauss-

NewtonS��óä§òõ�ªCq²�Ú©)=z�O(knXê²�Ú©

)"�¦���{���§Ã{�yõ�ª´Ä�3knXê²�ÚL«"

KhachiyanÚPorkolab [35, 36]�Ñ
��à��ê8þ�ê)�O��{"

2010c§Safey El Din�|wù [73]�Ñ
��à��ê8þkn:��35�

½ÚO��{§�5Ý
Ø�ª��1�´à�4��ê8§A^T�{�½

A = A0 +X1A1 + · · ·+XkAk � 0

��1�´Ä�¹knê)��{E,Ý�τO(1)DO(k3)§Ù¥k�C��ê§

D�Ý
A0, . . . ,Ak��ê§τ�Ý
A0, . . . ,Ak ¥knXê�?�L« ��

þ."

�½��knXêõ�ª´Ä�3knXêõ�ª²�Ú©)�du

�½õ�ª�GramÝ
��½��1�´Ä�¹knê)§�½��2dg

knXêõ�ªf ∈ Q[Y1, . . . , Yn]§ÙXê �Ø�Lτ§§�GramÝ


��ê�D =
(
n+d
n

)
§C��ê�k ≤ 1

2
D(D + 1) −

(
n+2d
n

)
"ÏLO��

�1
2
D(D+1)−

(
n+2d
n

)
' O(min(n2d, d2n))§

(
n+d
n

)
' O(min(nd, dn))"^M(d, n)5

L«min(nd, dn)§T�{�½��knXêõ�ª´Ä�3knXêõ�ª²

�Ú©)��{E,Ý�τO(1)M(d, n)M(d,n)6"

2012c§H¸!KaltofenÚ|wù�Ñ
¢Xêõ�ª²�Ú��35�

½ [21]§�´�¢Xê²�Ú�3knXê²�ÚØ�3�§¦�Ã{�Ñ

�y"

2012c§Scheiderer�Ñ
Sturmfels¯K�1���~ [74]

f = x4 + x y3 + y4 − 3x2 y z − 4x y2 z + 2x2 z2 + x z3 + y z3 + z4"

§�±L«�¢Xêõ�ª�²�Ú§�ØUL«�knXêõ�ª�²�

Ú"
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1.3 ������½½½555yyyOOO(((éééóóó������111555���½½½

IO���½5y¯Käke¡/ª:

p∗ := min
x∈Rk

c?x

s.t. A(x) � 0,
(1.2)

Ù¥�þ c ∈ Rk§Ý
 A(x) := A0 +
∑k

i=1 xiAi �¢é¡Ý
 A0,A1, . . . ,Ak �

�5|Ü"��^� A(x) � 0 ���5Ý
Ø�ª (Linear Matrix Inequality),

L«Ý
 A(x) ´��½Ý
 (= z?A(x)z ≥ 0 éu?¿¢�þ z ¤á)"�

�½5y�8I¼êÚ��^�Ñ÷và5�§¤±§��1)8�à8§

��½5y¯K´à�`z¯K§�±ÏLMatlab¥ÄuS:{ (Interior-

point Method)�^��p�¦)§~X SeDuMi [76]§SDPT3 [78]§DSDP [8]§

SDPNAL [82]",duMatlab�U?1k�°Ý�O�§¤�(J  �

k���ê�Ø�"��½5y�¹�55y¿�éõ¯K��±=z

���½5y¦) [1, 11, 13, 18, 19]"'u��½5y�0�, �±ë�©

z [10, 46,60,77,79,81]"

��½5y (1.2) �éó¯K�

d∗ := max
S

−Tr(A0S)

s.t. Tr(AiS) = ci, i = 1, . . . , k,

S � 0,

(1.3)

Ù¥Cþ S = S? �¢é¡Ý
§ci ��þ c ¥��A��"PÒ Tr(·) L«
Ý
�,§=Ý
Ìé��þ¤k���Ú"éu?¿��½Ý
 A,B§�±

� B = V V ?§KTr(AB) = Tr(V ?AV ) ≥ 0§�Ò¤á��=� AB = 0"��

½5y (1.2) Ú (1.3) é?¿�1) x, S ¤á

c?x + Tr(A0S) =
k∑
i=1

Tr(xiAiS) + Tr(A0S) = Tr(A(x)S) ≥ 0,

dd��féó p∗ ≥ d∗ ¤á§¿� p∗ = d∗ �§��?¿�`) x∗, S∗ ÷v

A(x∗)S∗ = 0"Xeréó½n�y²�ë� [46]"

½n 1.1. XJ±e^���¤á, @o p∗ = d∗"
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1. �©¯K (1.2) �3î��1)§=�3 x ÷v A(x) � 0"

2. éó¯K (1.3) �3î��1)§=�3 S = S? � 0 ÷v Tr(AiS) = ci,

i = 1, ..., k"

XJü�^�Ñ¤á§@oü�éó¯K��`)8Ñ��"

Ramana�Ñ
��½5y�ÿÐ�Lagrange-Slateréó [45]§

d∗ := max
U

−Tr(A0(U +Wk))

s.t. Tr(Ai(U +Wk)) = ci, i = 1, . . . , k,

Tr(Ai(Uj +Wj−1)) = 0, i = 0, . . . , k, j = 1, . . . , k,

Uj � WjW
?
j , j = 1, . . . , k,

U � 0,

W0 = 0,

(1.4)

�?�Ú§Ramana�Ñ
Xe�f/ª�ÿÐ�Lagrange-Slateréó

[45]§

d∗ := max
U

−Tr(A0(U +Wk−1))

s.t. Tr(Ai(U +Wk−1)) = ci, i = 1, . . . , k,

Tr(Ai(Uj +Wj−1)) = 0, i = 0, . . . , k, j = 1, . . . , k − 1,

Uj � WjW
?
j , j = 1, . . . , k − 1,

U � 0,

W0 = 0,

(1.5)

Ramana [45]y²
XJ�©¯K (1.2)ÚÿÐ�Lagrange-Slateréó¯K

(1.4)£½f/ª�ÿÐ�Lagrange-Slateréó (1.5)¤Ó��1§K§���`

���"|^ù�réóA5§Ramana�Ñ
Xe���½5y�FarkasÚ

n"

½n 1.2. £��½5y�FarkasÚn¤�½�5Ý
A(x) := A0 +
∑k

i=1 xiAi§

e¡�ü���½XÚk�=k��¤á
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1. A(x) � 0"

2.
Tr(A0(U +Wk)) = −1

Tr(Ai(U +Wk)) = 0, i = 1, . . . , k,

Tr(Ai(Uj +Wj−1)) = 0, i = 0, . . . , k, j = 1, . . . , k,

W0 = 0,

U � 0,[
I W ?

j

Wj Uj

]
� 0, j = 1, . . . , k"

Klep�Schweighoferò¢�ênØ���½5yéónØ�(Ü�Ñ
�

�½5y�Xe²�Úéó [37]"

d∗ := max a

s.t. [x]?1Ui[x]1 + [x]?2Wi−1[x]1 + Tr(ASi) = 0, i = 1, . . . , k,

Uj � W ∗
jWj, j = 1, . . . , k,

c?x− a+ [x]?2Wk[x]1 −Tr(AS) = 0, i = 1, . . . , k,

S � 0, a ∈ R

Si =
D∑
i=1

uiu
?
i ,ui ∈ R[x1, . . . , xk]

D

s(1) =

(
k + 1

k

)
, s(2) =

(
k + 2

k

)
,

Ui ∈ Rs(1)×s(1), i = 1, . . . , k,

Wi ∈ Rs(2)×s(1), i = 1, . . . , k,

W0 = 0 ∈ Rs(2)×s(1),

(1.6)

Ù¥ [x]d �C�x1, . . . , xk�¤kgê�u�u d�ü�ª�¤���þ"

Klep�Schweighofer�²�Úéó��±�Ñ��½5y���FarkasÚn§

¦�©Ù [37]�y²¥�«
Xe5Æµ��5Ý
Ø�ª�1�Ø÷��§

�1��¹3�|¢Xê�5õ�ª½Â��²¡��8¥§ù|¢Xê�5

õ�ª�d�Ý
AÏL�
C�ÚO���§·��¡1nÙÚ1ÊÙ��

{Ò¿©$^
ù�5Æ"
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1.4 ���©©©ÌÌÌ������zzzÚÚÚ(((���

�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§A0, . . . ,Ak�kn

Xê(D ×D) é¡Ý
§�A���?�L«� �Ø�Lτ§X1, . . . , Xk�C

�§A � 0��1�P�S(A)§§�¹
¦�A(x) = A0 + x1A1 + · · ·+ xkAk �

¤kA���K��Ü¢ê)x ∈ Rk§ù´��4�à��ê8"

��½5y��15�½´`z+����Ä�¯K§���½5y�O

(éó�¯Kk��éX§�'ïÄó��ë�©z [37, 45, 54]§ù
ïÄó

�Ì��é�5Ý
Ø�ª�1�þ¢ê)��½§�¿��Ñ¢ê)�äN

�E"·�Ì�'%Xe¯KµXÛ�½�5Ý
Ø�ª�1�S(A) ´Ä�

3knê)º3knê)�3��Ñknê)"?�Ú§3knê)Ø�3

¢ê)�3��Ñ¢ê)°(�¢�êêL�/ª"

c¡·�J�
Safey El Din�|wù�Ñ���à��ê8þkn:�

�35�½ÚO��{§T�{�±�Ñ�5Ý
Ø�ª��1�þknê)

��35�½ÚO�"�'� [73]¥��{§·���{=�Äd�5Ý
Ø

�ª½Â�AÏà��ê8"

�©8IÌ��¹±eA��¡µ

• ÏL&¢�5Ý
Ø�ª�1��AÏAÛ(�5U? [73]¥��{§ü

$�{E,Ý"

• �yScheiderer�~Ø�3knXêõ�ª²�Ú©)§l�ÑT�~

�O�Åy²"

• �Ñ�5Ý
Ø�ª�°(¢ê)��E�{§��A^§�ÑScheiderer

�~¢Xê²�Ú��E"

·�c¡J�
KlepÚSchweighofer�²�Úéó [37]§¦��Ñ
S(A)Ø

÷��AÛ(���ê�x"1nÙ¥§·���{RationalLMI �±w�©

Ù [37] ¥�'(J�p���§·���{�E
�|knXê�5õ�ªL

Ú(D − 1, D − 1) ��5Ý
Ø�ªÂ � 0§õ�ª|LÚ�5Ý
Ø�ªÂ � 0

�ú�knê)��5Ý
Ø�ªA � 0�knê)�d"

·���{RationalLMIäkS�A5§XJS(A) ∩ Qk 6= ∅§§¬Ñ
ÑS(A)þ����knê)§ÄKÑÑ�8"�{$1��3(kτ)O(1)2O(min(k,D)D2)
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DO(D2)  ö�±S§ÑÑ)� ���3τO(1)2O(min(k,D)D2)±S"(ë�e¡�

½n1.3)"����à��ê8�AÏ/ª§§wÍU?
Safey El Din�|w

ù32010cSIAMOPT [73]þ�Ñ��{E,Ý"

½n 1.3. �½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�D �knXêé¡Ý
§Ù¥���?�

L«� �Ø�Lτ"@oRationalLMI(A, [X1, . . . , Xk]) �£S(A) ∩ Qk ¥�k

n:��=�S(A) ∩Qk 6= ∅§ÄK�£�8"§�$1�m��3

(kτ)O(1)2O(min(k,D)D2)DO(D2)

 ö�§¿�3���/§ÑÑ)�I� ���3τO(1)2O(min(k,D)D2)±S"

éu�5Ý
Ø�ª��kk ' D2§$1�mÚÑÑ(J���E

,Ý'�c [73]�(J�Ð(·���k1.5��ê�O�
k3)"éun�gê

�2d�õ�ª�knXê²�Ú©)ù��A^§A^�cé��ª�

�O§·���
$1�m�#�.τO(1)2O(M(d,n)3)M(d, n)M(d,n)2§ù�. 

uτO(1)2O(M(d,n)3)¿�wÍU?
 [73]�(J"éuÑÑ(J���·����


Ó��."ù
�o(�e¡�½n¥"ù��{�´8cõ�ªknXê

²�Ú�½ÚO��E,Ý�Ð��{"

½n 1.4. õ�ªf ∈ Q[X1, . . . , Xn] gê�2d§Xê �Ø�Lτ"·���{

��½f ´Ä�3knXêõ�ª²�Ú©)§3�3��Ñ�A�L«/

ª§�{E,Ý�τO(1)2O(M(d,n)3)§Ù¥M(d, n) = min(dn, nd)"ÑÑL«/ª

¥Xê ��.�τO(1)2O(M(d,n)3)"

1oÙ¥§/ÏRAGlib ^�� [69]§·�3Maple^�¥ü�
�
~

f"2012c§Scheiderer�Ñ
Sturmfels¯K�1���~§·���{�Ñ


Scheiderer�~�1��O�Å�y"I�¦knê)��5Ý
Ø�ª�

~�µ���6 × 6§��k6�C�"·���{´1��^5?n�²��

5Ý
Ø�ª¿�O�knê)�ÎÒ�{"

1ÊÙ¥§·��O
#�{RealLMI§�Ñ
S(A)þ°(¢ê)�O�

�{§¿�Ñ
Scheiderer �~°(¢Xê²�Ú©)�O�Å¢y"
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�©(� ·�31�Ù�Ñ�
ý��£§0��5Ý
Ø�ª��
Ä�

5�§GramÝ
�õ�ª²�Ú©)§±9O�¢�êAÛ¥��ê8¢ê

)�½ÚO���
(J"

31nÙ§·�k�Ñ�{RationalLMIÌ�g´Ú6§ã§���Ñ
ü

�f§SBasicCasesLMIÚWeakLMI§1��^5?n{ü�/£üC�!��

Ý
ÚS(A)÷�¤§1��?nS(A)Ø÷��/",�·��Ñ
Ì�{�£

ã§¿�Ñ
�(5y²ÚE,Ý©Û§���Ñ
ü�{ü~f"

31oÙ§·�k£�
knXê²�ÚL«��
Ì�(JÚ?Ð§,

�A^�{RationalLMI�Ñ
knXê²�ÚO��A�{ü~f"��·�

ò�{A^uScheiderer�~f§�Ñ
T~fØ�3knXê²�ÚL«�

1��O�Å�y"

31ÊÙ§·�k�Ñ�{RealLMI�Ì�A:Ú6§ã§,��Ñ
f

§SBasicRealLMI!WeakRealLMIÚÌ�{�£ã§���Ñ
Scheiderer�~

°(¢Xê²�Ú©)�O�Å¢y"

318Ù§·�é�©(J?1
o(§¿�Ñ
8���
ïÄ��"
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2.1 ÝÝÝ


nnnØØØÄÄÄ������£££

Ä�½ÂÚPÒ ¢é¡Ý
M¡��½£��½¤XJ§�¤kA����

£�K¤§·�©OP�M � 0 ÚM � 0"

e¡§�½�Rþ�Ý
½�þM§M?�LM�=�"e¡�·K2.1´�


~^(Ø§�±ë� [31, pp. 399]"

·K 2.1. �½Ý
M ∈ Rn×n§e¡(Ø�dµ

1. Ý
M���½�£=M � 0¤"

2. é¤k�x ∈ Rn§x?Mx ≥ 0"

3. Ý
M�¤kA���K"

4. Ý
M�2n − 1�Ìfª�K"

5. PÝ
M�A�õ�ª�χ(y) = yn+mn−1y
n−1+· · ·+m0§K(−1)(n−i)mi ≥ 0§

é 0 ≤ i ≤ n− 1"

6. �3Ý
©)M = V V ?§ùpV ∈ Rn×r§¿�r�Ý
M��"

PX1, . . . , Xk�C�§A0, . . . ,Ak�(D ×D)¢é¡Ý
§A��5Ý
A0+

X1A1+· · ·+XkAk"éx = (x1, . . . , xk) ∈ Rk§·�PA(x)�LA0+x1A1+· · ·+xkAk"
·��Ä�5Ý
Ø�ª

A = A0 +X1A1 + · · ·+XkAk � 0"

·�PS(A) = {x ∈ Rk | A(x) � 0}�A��1�"ù´Rkþ���4�à�

�ê8"eS(A) = ∅§·�¡�5Ý
Ø�ªA � 0Ø�1§ÄK¡��1

�"�A�1�§XJ�3�þx ∈ Rk¦�A(x) � 0§·�¡A�r�1�§Ä

K¡�f�1�"�A�r�1�§S(A)�÷��§�A�f�1½Ø�1�§

S(A)Ø÷�"
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�5Ý
Ø�ª�Ä�5�

Ún 2.2. PÝ
A = A0 + X1A1 + · · · + XkAk§Ù¥Ai�knXê(D × D)é

¡Ý
£0 ≤ i ≤ k¤§E ⊂ Rk��|�§½Â����5f�m"b�f�

mE¥�:÷vÝ
A�1i1Ú1i���½Â��§§Â�íØÝ
A�1i1

Ú1i�����(D − 1, D − 1)Ý
"@oS(Â) ∩ E = S(A) ∩ E"

y². �â·K2.1§S(A)(�A�§S(Â))�¦�A (�A�§Â)�¤kÌfª

�K�:�¤�8Ü"�â�E§Ý
Â�¤kÌfª�¹3Ý
A�¤kÌf

ª¥§u´kS(A) ⊂ S(Â)§¿�S(A) ∩ E ⊂ S(Â) ∩ E"

�x ∈ S(Â)∩E§Ý
A�1i1Ú1i����\f�mE¥�:��0§K

@
áuÝ
AØáuÝ
Â�Ìfª3x?�0"Ý
A�¤kÌfª�K"

ù�y²
��¹'XS(Â) ∩ E ⊂ S(A) ∩ E§Ún�y"

Ún 2.3. PÝ
A = A0+X1A1+ · · ·+XkAk§Ù¥Ai�knXê(D×D)é¡Ý


(0 ≤ i ≤ k)§P��_Ý
¿�A′ = P?AP"XJx ∈ S(A)§@ox ∈ S(A′)"

y². XJx ∈ S(A)§·�e¡y²x ∈ S(A′)"^Ý
P−1O�Ý
P�±�

����¹'X�y²"¢é¡Ý
´��½���=�§�¤kÌfª�K

£·K2.1¤"

dux ∈ S(A)§A �¤kÌfª3x?�K"�ÄíØ1i1�1ir1Ú��

��Ìfªm§�ÄÝ
PíØ1i1�1ir1Ú����Ìfªp"��O��

�§Ý
A′ íØ1i1�1ir1Ú����Ìfª�ump2§Ïd3x?�K"Ï

Lé¤k�U�{i1, . . . , ir}S�§y²Ý
A′ �¤kÌfª3x?�K"·�

��S(A) ⊂ S(A′)"

2.2 GramÝÝÝ


���õõõ���ªªª²²²���ÚÚÚLLL«««

�½õ�ªf ∈ Q[x1, . . . , xn] gê�2d§�½§´Ä�±L«�õ�ª�

²�Ú�±/Ïe¡�GramÝ
L«�{"

½n 2.4. [57] ¢Xêõ�ª f(x)U©)�R[x]þõ�ª²�Ú�¿©7�^

�� f(x)�±L«�

f(x) = v? ·M · v" (2.1)
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Ù¥ v�x1, . . . , xn�¤kgê�u�u d = ddeg(f)/2e�ü�ª�¤���
þ§M�¢é¡��½Ý
§�¡�� f�GramÝ
"

Parrilo [48,49]�Ñ
e¡�½nµ

½n 2.5. ��nC�gê�2d�õ�ª´Ä�3õ�ª²�Ú©)�±ÏL¦

)����½5y�15�½¯K5�y"XJõ�ª´È��£ÃDÕ5¤§

�5Ý
Ø�ª��ê�
(
n+d
n

)
×
(
n+d
n

)
"

ÏLpd��§�3�êk ≤ 1
2
D(D + 1)−

(
n+2d
n

)
¦�

M = {M0 + Y1M1 + . . .+ YkMk, Y1, . . . , Yk ∈ R}" (2.2)

õ�ªf�±L«�õ�ª²�Ú/ª�duÝ
M�±W¿���½Ý
(ë

� [41])"XJõ�ª f´DÕ�§@o�þ vÚÝ
MÏ~�´DÕ�"·�

�±ÏL©ÛÚîõ¡N (Newton Polytope) [14, 48, 62, 80]5~�¯K�5�"

÷v�ª^� (2.1)�Ý
MØ��§¿�¤�Né¡Ý
8ÜS�����
f�m

X = {M | M? = M, f(x) = v? ·M · v}" (2.3)

XJ��f�mX �é¡��½Ý
IS+��8��§f(x)=�©)�²�

Ú/ª"XJÝ
M���´knê§K f U
©)�Q[x]¥�õ�ª²�

Ú"

~ 2.1. ·��ÄXeõ�ªµ

f = x6 + 4x3 y2 z + y6 + 2 y4 z2 + y2 z4 + 4 z6"

b�

f = [x3, y3, y2z, yz2, z3]A [x3, y3, y2z, yz2, z3]?,

f�GramÝ
A´��5× 5é¡Ý
µ

A =



1 0 2 0 0

0 1 0 X1 −X2

2 0 −2X1 + 2 X2 X3

0 X1 X2 1− 2X3 0

0 −X2 X3 0 4


"
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Akn�C�X1, X2, X3§éA4�é¡Ý
A0,A1,A2,A3"

ÏLO�§·���A � 0���A)X1 = −2, X2 = 0, X3 = −2"òþã

A)�\A§��GramÝ


M =



1 0 2 0 0

0 1 0 −2 0

2 0 6 0 −2

0 −2 0 5 0

0 0 −2 0 4


"

éÝ
M�LU©)§·��±��f�Xe²�Ú©)µ

f = (x3 + 2 y2 z)2 + (y3 − 2 y z2)2 + 2 (y2 z − z3)2 + y2 z4 + 2 z6"

2.3 OOO���¢¢¢���êêêAAAÛÛÛÄÄÄ������£££

�½��ê8Ü

S = {x ∈ Rk | f1(x) ≥ 0, . . . , fs(x) ≥ 0},

Ù¥ f1, . . . , fs ∈ R[x1, . . . , xk]"

O���ê8ëÏ©|¥���:½�½����ê8´Ä��´O�¢

�êAÛ¥���Ä�¯K§§�±æ^Î/�ê©)�{ [15]§�T�{ä

kC��ê�V�êE,Ý§3¢S$�¥¿Øp�"Cc5§��ê8þ�

¢ê)��35�½ÚO�õæ^'�:�{§X [3,5,6,20,24,25,61,68,71,72]§

'uù
�{§��±ë�nã5©Ù [4, 67]"

e¡·��ÑO�¢�êAÛ��
Ä�(J§ù
�£3�¡��{¥

¬õg^�"

2.3.1 kkknnnüüüCCC���LLL«««

·�31nÙÚ1ÊÙ¥��{¬��dknXêõ�ª½Â���

ê8Sþ¢ê)¦)¯K§'uù�¯K�¦)�{�±ë� [7, 113Ù]"

ÏL�{���ù
¢ê)��I�¢�êê"Ú [73]��§éu��¢ê

)(α1, . . . , αk)§·�^Q,ΘéÙ?è"Q´��"�ëêz

Q = (q(T ), q0(T ), q1(T ), . . . , qk(T ))
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q, q0, . . . , qkáuQ[T ]§gcd(q, q0) = 1, qØ��¿�éuq��ϑ§αi = qi(ϑ)/q0(ϑ)

�Ù�I§Θ´ϑ ���Thom?è£'uThom?èÚüC�L«���[Q

ã§·��±ë� [7, 12,12Ù]¤"

·��¡ò^�§SMinPolÚParam§§��Ñ\�¢�êê:�?

èQ,Θ, ©O�£õ�ªqÚ�þ( q1
q0
, . . . , qk

q0
)"

y3§�½��"�ëêzU = (q, q0,U1, . . . ,UD) ⊂ Q[T ]2+D×D£§�g

ê�δ¤Ú��Thom?èΘ§§��Ñ
D��þ(u1, . . . ,uD) (ui ∈ RD)�

?è"·�ò^§SExtractFirstEntry((U ,Θ), D)5�£1���þu1�?

è((q, q0,U1),Θ)"

2.3.2 ������êêê888þþþ¢¢¢êêê)))������333555���½½½ÚÚÚOOO���

e¡�Ñü�f§SDecisionÚOpenDecision§'u��[�£ã§��±

ë�£ [73]§ [7, 115Ù] ½ [5]¤"

PΦ���Ãþc�úª§Φ = {f1(x) ≥ 0, . . . , fs(x) ≥ 0}, §�9s�kC
�gê�u�uδ�õ�ª§¿�õ�ªXê� ��.�τ§-S ⊂ Rk�Φ½

Â���ê8"

f§SDecision

Ñ\µΦ�knXêõ�ªØ�ª½Â�Ãþcúª

ÑÑµ

• �S 6= ∅�§�£Sþ�¢ê:�?è(Q,Θ)¶

• Ù¦�¹�£∅"

E,Ýµ

• $1� ö�ê��3τsk+1δO(k)±S§

• Q¥õ�ªgê�.�O(δk)§

• Q¥�¤kõ�ªXê� ���3τδO(k)±S"

b�Φ���ds�gê�δ�knXêõ�ªQ[x1, . . . , xk]£�� ��.

�τ¤�î�Ø�ªXÚ§��ê8S ⊂ RkdΦ½Â§·�^§SOpenDecisionO

�S ∩Qk�knê)"
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f§SOpenDecision

Ñ\µΦ�knXêõ�ª�î�Ø�ª½Â�Ãþcúª

ÑÑµ

• �S 6= ∅�§�£S¥�kn:¶

• Ù¦�¹�£�8"

E,Ýµ

• $1� ö�ê��3τO(1)sk+1δO(k)±S¶

• 3S���/§�£knXê� ��.�τδO(k)"

·�òù
E,Ý(Jo(�e¡�·K¥"

·K 2.6. [5] -Φ���ds�k C��gê�u�uδXê ��.�τ�õ�

ª½Â�Ãþcúª§S ⊂ Rk �Φ½Â���ê8"·��Ñ�{Decision§

§�Ñ\�Φ§�S 6= ∅�§�£S¥:�?è(Q,Θ)§ÄK�£∅§$1�
 ö�ê��3τO(1)sk+1δO(k)±S"Q¥õ�ªgêÚXê ��.©O

�O(δk)ÚτδO(k)"

�Φ��¹î�Ø�ª§�S 6= ∅�§�{OpenDecisionò�£S¥���

kn:§ÄK�£�8"$1� ö�ê��3τO(1)sk+1δO(k)±S"3���

/§ÑÑ ��.�τδO(k)"

2.3.3 JJJ���kkknnnXXXêêê���555õõõ���ªªª

e¡§·��Ä��¢�êêϑ ∈ R§§�4�õ�ª´gê�δ�õ�
ªq ∈ Q[ϑ]"·�Ó��Ä�5õ�ª

L = g0(ϑ) + g1(ϑ)X1 + · · ·+ gk(ϑ)Xk

Ù¥g0, . . . , gk�Q(ϑ)¥�kn©ª§gê�u�uδ − 1�q0´§���Ó©

1§§��©fn0, . . . , nk �gê��u�uδ− 1"·�b�gcd(q0, q) = 1§¿

��30 ≤ i ≤ k¦�ni 6= 0"
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�ÄknXê�5õ�ª`0, . . . , `δ−1§§�´õ�ª

n0 + n1X1 + · · ·+ nkXk

¥1, ϑ, . . . , ϑδ−1�Xê"�âb�§�3i¦�ni 6= 0§u´�3j¦�`j 6= 0"

·�P§SExtractLinForms§§�Ñ\�L , q§¿��£¤k�÷v`j 6= 0��

5õ�ª`j"

e¡�Ún´l©Ù [73]��{�(5y²¥J�Ñ5�"�¡�1nÙ

Ú1ÊÙõg^�ù�(Ø§·�r(Ø�3e¡§,��Ñy²"

Ún 2.7. [73] -S ⊂ Rk���ê8§ϑ´��gê�δ�¢�êê§q ´§�

4�õ�ª§τ´q ¥Xê ��.§L ´Q(ϑ)[X1, . . . , Xk]þ��5õ�ª"

b�L3S�¤k:þ�0"@o¤k��5õ�ªL = ExtractLinForms(L , q)

3S ∩ Qk�¤k:þ�0§¿�L�±3O(τkδO(1)) ö�S¼�"ÑÑ(JX

ê ��.�O(τ)"

y². �x = (x1, . . . , xk) ∈ S ∩ Qk¶db�L3x?�0§·���n0 + n1x1

+ · · ·+nkxk = 0"duϑ´gê�δ �¢�êê§¿�nigê�u�uδ− 1§·

���¤k��5õ�ª`0, . . . , `δ−13x?�0"$1�mÚÑÑ(JXê �

�.�±����"
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ØØØ���ªªªkkknnnêêê)))���OOO������{{{

3.1 cccóóó

�5Ý
Ø�ªknê)��½�O�éuõ�ªknXê²�ÚO�ä

k�¿Â§/ÏuKlep�Schweighoferé�5Ý
Ø�ª½Âà8AÏAÛ

(���ê£ã§(ÜO�¢�êAÛ¥��ê8��:�knüC�L«§

·��Ñ
�5Ý
Ø�ªknê)��35�½ÚO��{RationalLMI"

�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§§��1��S(A)"

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak ´knXê�(D ×D)é¡Ý
§Ù¥��

�?�L«� �Ø�Lτ"

�Ý
�ê�D = 1½C��êk = 1±9S(A)÷��§·��|^f§

SBasicCasesLMI5?nùAa�/"

e�3�"�þu ∈ RD − {0}¦�Au = 0§�|^�þu�E�_Ý
P§

÷vPe1 = u§é�Ý
�ÜÓC�A′ = P?AP§A′�1�1Ú1���0"

ÂL«íØÝ
A′�1�1Ú1���¤���(D − 1, D − 1)Ý
§N^·

-RationalLMI(Â, [X1, . . . , Xk])�±�ÑS(Â)þknê)��35�½ÚO�§

d¯K��¯KS(A)þknê)��35�½ÚO�´�d�"

�S(A)Ø÷��§eØ�3�"�þu ∈ RD − {0}¦�Au = 0§@o

�3�"�þu1, . . . ,us ∈ RD − {0}, 1 ≤ s ≤ D§¦�
∑s

i=1 u
?
iAui = 0§·

��±ÏLf§SWeakLMI��ù��|�þ"Ø��u11 6= 0§�E�_Ý


P = [u1, e2, . . . , eD]§é�Ý
�ÜÓC�

A′ = P?AP =


L1 L2 · · · LD

L2

... Â

LD

"
·����|¢Xê�5õ�ªL1, . . . ,LD ∈ R[X1, . . . , Xk]§ù
�5õ�ª

½Â��²¡��8�¹
S(A)�¤k¢ê)§=

(a1, . . . , ak) ∈ S(A) =⇒ Li(a1, . . . , ak) = 0, i = 1, . . . , D"
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Ñ\µA = A0 + X1A1 + · · · + XkAk ∈ SQD×D[X1, . . . , Xk]

D½k�1

éÝ
A�A

�õ�ª��

XêÏª©)

Ïéknê)

S(A)´

Ä÷�?

ÑÑµ

x ∈ S(A) ∩ Qk

£'�:�{¤

k�"

)u ∈ RD−{0}÷
vA.u = 0

A′ =

[
0 0

0 Â

]

L = 0´

Äk)?
A′ −→

[
0 0

0 Ã

]

S(A) ∩ Qk = ∅

´

Ä

´

Ä

´, A′ = P?AP

Ä, Ïé�|knXê�5õ�ªL

´, pd��

Ä

ã 3.1: �5Ý
Ø�ª�1�knê)�½ÚO�6§ã
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�?�Ú§·��±lù|¢Xê�5õ�ª�EknXê�5õ�ª§

òù|¢Xê�5õ�ªL«�¢�êêϑ�õ�ª�/ª§=

Li = li,0(X1, . . . , Xk) + · · ·+ li,δ−1(X1, . . . , Xk)ϑ
δ−1"

Ù¥ϑ�4�õ�ª�gê�δ"

P8ÜLL«¢Xê�5õ�ªL1, . . . ,LD¥ϑ
δ−1, . . . , ϑ, 1�¤kXê§ù


Xê�Q[X1, . . . , Xk]¥�knXê�5õ�ª"�5õ�ªL1, . . . ,LD½Â

�²¡��8þ�knê)��5õ�ªL½Â�²¡��8þ�knê)

��§ÏdL = 0�)8�¹
S(A)þ��Üknê)"XJL = 0Ã)§@

oS(A)vkknê)"ÄK§�±|^pd��{�Ñ�Ü©C�^,�Ü©

C���5L«/ª§·�Ó���
���ê���Ý
Ã§

A′ −→

[
0 0

0 Ã

]
"

S(Ã)�knê)´S(A)þknê)�ÝK"XJS(Ã)þØ¹knê)§

KS(A)þ�Ø¹knê)§ÄK·�|^·-Evaluate§�±lS(Ã)�kn

ê)¡ES(A)þ�knê)"

3.2 fff§§§SSSBasicCasesLMI

3.2.1 ���{{{£££ããã

�½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0§

§��1��S(A)"Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�D �knXêé¡Ý


§Ù¥���?�L«� �Ø�Lτ"·��Ñf§SBasicCasesLMI�ä

N£ã§§�Ñ\�A, [X1, . . . ,Xk] ¿�

• �k = 1§XJS(A) ∩Q 6= ∅§�£S(A) ¥�����kn:¶ÄK�£

�8¶

• �k > 1§XJS(A)k��S:§�£S(A) ¥�����kn:¶ÄK

�£false"
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ã 3.2: �5Ý
Ø�ª�1�÷��/

PÝ
A�A�õ�ª�χ(y) = yD +mD−1y
D−1 + · · ·+m0§·�PΦ�e

¡�úªµ

Φ = {(−1)(i+D)mi ≥ 0, 0 ≤ i ≤ D − 1}

¿�Ψ�e¡�úªµ

Ψ = {(−1)(i+D)mi > 0, 0 ≤ i ≤ D − 1}.

d [57]§��ê8S(A) dΦ½Â§S(A)�S:dΨ½Â"

BasicCasesLMI(A, [X1, . . . , Xk])

1. 8ÜUÐ©z��8§XJk = 1 ¿��3��mi£0 ≤ i ≤ D− 1¤��

��5ÏfX − a (a ∈ Q) ¿�(−1)(j+D)mj(a) ≥ 0 £j 6= i¤§ra�\8

ÜU¥"�£U"

2. U = OpenDecision(Ψ)"XJU Ø��8§�£U§ÄK�£false"

·K 3.1. �½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D × D)knXêé¡Ý
§Ù¥���

?�L«� �Ø�Lτ"
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XJk = 1¿�S(A) ∩ Q 6= ∅§BasicCasesLMI(A, [X1]) �£S(A)¥���

��knê)§ÄK�£�8"

XJS(A) ⊂ Rk ÷�§BasicCasesLMI(A, [X1, . . . , Xk])�£S(A) ∩ Qk¥�

kn:§Ù¦�¹�£false"

$1 ö�ê��3τO(1)DO(k)±S§3���/§ÑÑ(J ��.

�τO(1)DO(k)"

3.2.2 ���{{{���(((555yyy²²²���EEE,,,ÝÝÝ©©©ÛÛÛ

XJk = 1§d�S(A) ⊂ R£11Ú¤"duS(A)�à8§§��8½�

�:½���¹��S:�«m"b�§´��:§§´Φ���)§Ï

�S(A)´dΦ5½Â�"ÏLb�§ù�)Ø´Ψ �)£ÄKS(A) ò�¹�

�S:¤"b�S(A)���«m§§�à:XJ´kn:§7½�,�mi�k

nXê�5Ïf�)§¿�÷vúªΦ"Ïd�±ÏLÏé÷v(−1)j+Dmj’s

£j 6= i¤�K�@
mi£0 ≤ i ≤ D − 1¤�knXê�5Ïf�)"b

�S(A)Ø÷�"·��±íÑS(A)��8§�{(å"5¿�3üC��/§

Ïª©)Ú¢��l�$1�m�τ ÚD �õ�ª§¿�XJÑÑknê)§

T) ��.�(Dτ)O(1) (ë� [42])"

XJk ≥ 2"b�S(A)÷�¶§�¹��S:"u´§�â·K2.6§12Ú

�£S(A) ∩ Qk ¥�kn:��=�S(A) 6= ∅"b�S(A)Ø÷�"dúªΨ½

Â���ê8´S(A)�S:¶·�íä§´�8"u´§�â·K2.6§U�

�8§·��£false"�â·K2.6§$1�mÚÑÑ(J�.�±����"

3.3 fff§§§SSSWeakLMI

3.3.1 ���{{{£££ããã

�½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0§

§��1��S(A)"Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D × D)knXêé

¡Ý
§Ù¥���?�L«� �Ø�Lτ"·�£ãf§SWeakLMI§§�



24 �5Ý
Ø�ª°(¦)�ÎÒO��{

ã 3.3: �5Ý
Ø�ª�1�Ø÷��/

Ñ\�A, [X1, . . . , Xk]§Ù¥S(A)Ø÷�§¿�Ø�3�"�þu ∈ RD−{0}¦
�Au = 0"f§S�£Â, L¦�

• Â´(D − 1)× (D − 1)é¡Ý
§§���3Q[X1, . . . , Xk]¥¶

• L´Q[X1, . . . , Xk]¥��|knXê�5õ�ª§§�3S(A) ∩ Qk�¤

k:?���0¶·�-Sols(L) ⊂ Rk L«L�ú�)�¤��5f�

m¶

• Â, L÷vS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

�5Ý
Ø�ª��1�S(A)�à8"u´§�â [73, Ún3.4]§·

����3�5õ�ªL ∈ R[X1, . . . , Xk]§§3S(A)�¤k:?���0"

3 [37, ·K3.3.1] ¥§Klep ÚSchweighofer &¢
�5Ý
Ø�ª�AÏ5�§

¿�y²
A � 0´f�1�£=S(A)Ø¹k��S:¤��=��3�"�

5õ�ªL ∈ R[X1, . . . , Xk] Ú(D ×D)Ý
W£��3R[X1, . . . , Xk]¥¤¦�

Tr(AW?W) = −L 2"

�â [37, ·K3.3.1]y²¥1�1�J«§ùíÑL3S(A)�¤k:?��

�0"�r�(Ø´3 [37, Ún4.3.5]�y²¥�Ñ�µ�3R[X1, . . . , Xk]þ�

�5õ�ªL1, . . . ,LDÚ(D ×D)Ý
W1, . . . ,WD§¦�

Tr(AW?
iWi) = −L 2

i , for 1 ≤ i ≤ D"
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3 [37, Ún4.3.5]�y²¥§Ý
W1, . . . ,WDde¡��ê8¥�:5�E

G1 = {u ∈ RD − {0} | u?Au = 0}§

G2 = {(u1, . . . ,uD) ∈ RD |
D∑
i=1

u?iAui = 0,u1,u2 6= 0}"

e¡��{5�EL1, . . . ,LD�±w¤´©Ù [37, Ún4.3.5]¥�E5y

²�\r��"ù
�±ÏLþ¡��ê8¥:�?è5¼�"��§�

âÚn2.7 (��ë� [73])§·��±lLi ��knXê�5õ�ª§§�

3S(A) ∩Qk¤k:?���0"

·�P§SConstructFormula1§ConstructFormula2 L«Ñ\�A ¿�©O

�£e¡�úªG1, G2µ

||U||2 > 0,U?AiU = 0, 0 ≤ i ≤ k

||U1||2 > 0, ||U2||2 > 0,
D∑
i=1

U?
iAjU

?
i = 0, 0 ≤ j ≤ k

ùpU = [U1, . . . , UD]?´��d#C��¤��þ§U1, . . . ,UD ´�|d

#C��¤��þ£[Ui,1, . . . , Ui,D]?§1 ≤ i ≤ D¤"·�y3�±£ã�

{WeakLMI"

WeakLMI(A, [X1, . . . , Xk])

1. -U = Decision(ConstructFormula1(A))"

2. XJU ��§@o

(a) -i L«�þU¥�"������I"

(b) -P L«Ý
[Param(U ), (ej)1≤j 6=i≤D] ¿�A′ = P?AP"

(c) -L1, . . . ,LDL«�þA′e1¥���§-ÂL«íØÝ
A′�1�1

Ú1���¤���(D − 1, D − 1)Ý
"

(d) �£Â, L = (ExtractLinForms(Li,MinPol(U )), 1 ≤ i ≤ D)"

3. -V = (V,Θ) = Decision(ConstructFormula2(A))"
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4. -U = ExtractFirstEntry(V , D)"

(a) -iL«�þU¥�"������I"

(b) -P L«Ý
[Param(U ), (ej)1≤j 6=i≤D] ¿�A′ = P?AP"

(c) -L1, . . . ,LDL«�þA′e1¥���§-ÂL«íØÝ
A′�1�1

Ú1���¤���(D − 1, D − 1)Ý
"

(d) �£Â, L = (ExtractLinForms(Li,MinPol(U )), 1 ≤ i ≤ D)"

·K 3.2. �½�5Ý
Ø�ª

A = A0 +X1A1 + · · ·+XkAk � 0

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D × D)knXêé¡Ý
§Ù¥���

?�L«� �Ø�Lτ"b�A � 0´f�1½Ø�1¿�Ø�3�"�

þu ∈ RD − {0} ¦�Au = 0"

f§SWeakLMI(A, [X1, . . . , Xk])�£Â, L§Â ´����3Q[X1, . . . , Xk]

¥�(D−1, D−1)é¡Ý
§L�Q[X1, . . . , Xk] ¥��|knXê�5õ�ª§

§�3S(A)∩Qk�¤k:?���0§¿�S(Â)∩ Sols(L)∩Qk = S(A)∩Qk"

$1�m�τO(1)2O(D2)DO(D2)  ö�§Â¥Xê ��.�O(τ)§L¥Xê

 ��.�τ2O(D2)"

3.3.2 ���{{{���(((555yyy²²²

·�{ü£ã [37, Ún4.3.5]��E" [37, Ún4.3.5]y²¥��EÄue

¡ü«�/µ

�/1. b��3���"�þu = (u1, . . . , uD)? ∈ RD−{0}÷vu?Au = 0"

11ÚO�
ù����þ"3 [37, Ún4.3.5]�y²¥§XJu = e1§u

´A e1¥�¤k�"��L3S(A)�¤k:?���0¶�?�Ú§·�®²

b�{u | Au = 0} = {0}§L¥7,�3�"��"

Pi�÷vui 6= 0����I"ùp§�
���u = e1ù��{ü�/§

12Ú^A′ = P?AP5O�A§ùpP�(D × D)Ý
§§�1���u¿�Ù§

���þej£j ∈ {1, . . . , D} − {i}¤£ë�12bÚ¤"5¿�P�Ø�_Ý
§

�Ä12bÚ�Ý
A′¶Ún2.3 íÑS(A′) = S(A)"�?�Ú§�â [37, Ú

n4.3.5]�y²§A′e1 �¤k��£12cÚ¤3S(A′)�¤k:?���0"
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-L L«12dÚ����5õ�ª§¿�Sols(L) ⊂ Rk�§��ú�)�

¤����5f�m"Ún2.7 íÑ

S(A′) ∩Qk = S(A′) ∩ Sols(L) ∩Qk"

�?�Ú§�âL��E§Ý
A′�1�1Ú1��3Sols(L)�¤k:?��

�0"Ún2.2 íÑS(Â)∩ Sols(L) = S(A′)∩ Sols(L)¶,	§S(A′) = S(A)§·

�íÑS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

�/2. ·�b�Ø�3���"�þu ∈ RD−{0}÷vu?Au = 0"d [37]§

�3�|�þu1, . . . ,uD in RD ÷v
∑D

i=1 u
?
iAui = 0§¿�u1 6= 0,u2 6= 0"

13Ú§ÏLO�V5¦)�þu1, . . . ,uD"14Ú§lVJ��þu1 ∈ RD−{0}
�?èU¶5¿�u?1Au1 6= 0"3 [37, Ún4.3.5]�y²¥§�u1 = e1�§Ý


A�1�1Ú1��3S(A)�¤k:?���0"

·�^Ý
A′O�Ý
A5¡Eù��/§£14bÚ¤µùp·�ke?1A
′e1

6= 0¶�âÚn2.3, S(A′) = S(A)"éAu [37, Ún4.3.5]£�/2¤y²¥��

E§14cÚ��Ñ
�5õ�ªL1, . . . ,LD��E§§�3S(A′) = S(A)�¤

k:?���0"

y3§�Ä�

• Â�14cÚ½Â�Ý
¶

• L�14dÚ����5õ�ª§¿�Sols(L) ⊂ RkL«§��ú�)�¤

����5f�m"

Ú�/1��§�âL��E§Ý
A′�1�1Ú1��3Sols(L)�¤k:?�

��0"u´§Ú�/1 ��§�âÚn2.2ÚÚn2.7§·�íÑ

S(Â) ∩ Sols(L) = S(A′) ∩ Sols(L)"

duS(A′) = S(A)§·�kS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

3.3.3 ���{{{EEE,,,ÝÝÝ©©©ÛÛÛ

·K2.6íÑ11ÚI�τO(1)kO(D)2O(D) ö�"�?�Ú§XJUØ´�

8§§^��Xê ��u�uτ2O(D)�gê�u�uO(2D)�"�ëêz�

ÑG1¥:�?è"
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b�U��"3ù«ëêze§12aÚ�I�üC�õ�ª���úÏ

fö�¶$1�m�τkD2D�õ�ª�m"12b-2cÚvkO\�	�m�Ñ"

��§12dÚ� ö��±�Ñ§�£�5õ�ª� ��u�uτ 2O(D) (Ú

n2.7)"

b�U��8"u´§·K2.6íÑ13ÚI�τO(1)DO(D2)2O(D2) ö�¶3

���/§ÑÑ�"�ëêzgê�u�uO(2D
2
)�Xê ��.�τ 2O(D2)"

14Ú$1�Ñ��Ñ¿�Xcã¤ã§14a-4dÚØO\�	�Ñ§�âÚ

n2.7§14dÚÑÑ�5õ�ªXê ��.�τ2O(D2)"

Ý
Â£12cÚ4cÚ¤���Xê ���O�±����"

3.4 ���{{{RationalLMI

3.4.1 ���{{{£££ããã

�½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0§

§��1��S(A)"Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D × D)knXêé

¡Ý
§Ù¥���?�L«� �Ø�Lτ"·�y3£ã�Ù¥�Ì

�{RationalLMI"§�Ñ\�A, [X1, . . . , Xk]§XJA � 0�3knê)§�

£(X1−x1, . . . , Xk−xk)5�Lx = (x1, . . . ,xk) ∈ S(A)∩Qk¶Ù¦�¹�£∅"

3�{�m©§·��Äe¡���ê8µ

G = {u ∈ RD − {0} | Au = 0}.

·�P§SConstructFormulaÑ\�A§¿��£½ÂG�úª"

·�Ó���^�Ù¦�
f§Sµ

• LinearSolve: §�Ñ\��|knXê�5õ�ª§XJù
õ�ªú�

)8��§ÑÑ���kn:§ÄKÑÑ�8"

• GaussianElimination: Ñ\�Q[X1, . . . , Xk]¥��|knXê�5õ�

ª§éù
õ�ª?1pd��§�£X ,H,V§Ù¥X´�X�C
�Xi1 , . . . , Xi`§V ´,	�|C�{X1, . . . , Xk} − {Xi1 , . . . , Xi`}¿�H
´Q[V ] ¥��|�5õ�ªhi1 , . . . , hi`§¿�÷v'XXir = hir(V)"
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• Substitute: Ñ\��|C�[X1, . . . , Xr]§�|�5õ�ª[h1, . . . , hr]Ú�

��5Ý
A£���C�X1, . . . , Xk��5|Ü¤§3Ý
A¥^hi5O

�Xi £1 ≤ i ≤ r¤"

• Evaluate: Ñ\��|C�X = [X1, . . . , Xr]§�|Q[Y1, . . . , Yp]¥��5õ

�ªH = [h1, . . . , hr] Ú�|knêq = (q1, . . . , qp)¶�£S�(Xi − hi(q),
1 ≤ i ≤ r)"

RationalLMI(A, [X1, . . . , Xk])

1. U = BasicCasesLMI(A, [X1, . . . , Xk])"

2. XJU 6= false��§P(x1, . . . , xk)�U¥�:§�£X1−x1, . . . , Xk−xk"

3. -U = LinearSolve(ConstructFormula(A))"

4. XJU��§@o

(a) O�knXê�_Ý
P ÷vPe1 = u§-A′ = P?AP§ÂL«íØÝ


A′�1�1Ú1���¤���(D − 1, D − 1) Ý
"

(b) �£RationalLMI(Â, [X1, . . . , Xk])"

5. Â, L = WeakLMI(A, [X1, . . . , Xk])"

6. XJLinearSolve(L)��§�£∅"

7. X ,H,V = GaussianElimination(L)"

8. Ã = Substitute(X ,H, Â)§¿�R = RationalLMI(Ã,V)"

9. XJR��§u´�£R,Evaluate(X ,H, R) §ÄK�£∅"

½n 3.3. �½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0§

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D × D)knXêé¡Ý
§Ù¥���

?�L«� �Ø�Lτ"�{RationalLMI(A, [X1, . . . , Xk])�£S(A) ∩Qk¥�

:��=�S(A) ∩Qk 6= ∅§ÄK�£�8"$1�m�

(kτ)O(1)2O(min(k,D)D2)DO(D2)
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 ö�§¿�3���/§ÑÑ(J ��.�τO(1)2O(min(k,D)D2)"

3.4.2 ���{{{���(((555yyy²²²

b�k = 1 ½S(A) ÷�£eD = 1¿�k ≥ 1§S(A)÷�¤"u´§�

(5l·K3.1�y"e¡ÏLéD8B5?1y²µ·��8Bb�´é

uD− 1�Q[X1, . . . , Xp]þ�knXê�5é¡Ý
B§RationalLMI(B, [X1, . . . ,

Xp]) ÑÑS(B) ∩Qp þ�kn:��=�S(B) ∩Qp��"

b��3�þu ∈ RD − {0}÷vA.u = 0§u´13ÚO�ù����þ"

Ún2.3(�S(A′)£é¡Ý
A′d14aÚ��¤ÚS(A)��"�?�Ú§ÏL

�E§·�kA′e1 = 0¶u´Ý
A′�1�1Ú1���0"u´§ÏLÚn2.2

Ú2.3§·�íäS(Â) = S(A′) = S(A)"ÏLéÝ
Â�8Bb�§·�íä§

XJS(A) ∩ Qk 6= ∅§14bÚ�RationalLMI·-òÑÑS(A) þ�kn:§ÄK

�£∅"
y3b�vk�"�þu ∈ RD − {0}÷vA.u = 0¶·�?\15Ú"d·

K3.2íÑµ

• Â´��3Q[X1, . . . , Xk]þ�(D − 1, D − 1)é¡Ý
¶

• ¤k��5õ�ªL3S(A) ∩Qk�¤k:?���0§§�¥��k��

�"¶·�PSols(L) ⊂ RkL«L�ú�)8¶

• Â, L÷vS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

XJL = 0Ã)§u´S(A) ∩ Qk��8£16Ú¤"31£7-8¤Ú§�5õ

�ªL�^5��Â¥�eZC�¶ùò��(D − 1, D − 1)�5é¡Ý
Ã

£18Ú¤"ò8Bb�A^�Ý
Ã§·�íä§ÏL318ÚN^RationalLMI·

-§eS(Â) ∩ Sols(L) ∩ Qk��§ò�£T8Ü¥���:�eZ©þ§ÄK

�£∅"·��c®²y²S(Â) ∩ Sols(L) ∩ Qk = S(A) ∩ Qk"XJR��§

19ÚEvaluate(X ,H, R)·-ò�£S(A)∩Qk¥���kn:§ÄK�£∅§½
n�y"

3.4.3 ���{{{EEE,,,ÝÝÝ©©©ÛÛÛ

-AL«�ê�D��3Q[X1, . . . , Xk]¥§Xê �.�τ�é¡Ý
A�

8Ü"·�PC(τ,D, k)L«�{RationalLMIé¤k�U�Ñ\A ∈ AÚ[X1, . . . ,
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Xk]$1�m�þ.¶·�Ó�PT(τ,D, k)L«�{RationalLMIé¤k�U�

Ñ\A ∈ AÑÑ�I ��þ."

d·K3.1 Ú3.2§�3v
��~êAÚB§�τ,D, kÕá§÷v

(A) 11Ú$1�m3AτBDBk ö�±S§¿�XJU��§ÑÑ:£12Ú¤

�I ��.�τBDBk¶

(B) 13Ú£�)¦)k + 1�D ×D 5�Xê ��u�uτ)�XÚ§$1�

m3AτBDB ö�±S§¿�UXê ��.�τDB¶

(C) 1£4a-4b¤Ú§��)�5�êö�§�EÝ
P�m�AτBDB ö�§

Ý
P¥�� ��.�τDB;

(D) 15ÚI��õτB2BD
2
DBD2

 ö�¿�L¥Xê ��.�τ2BD
2
§A

^�5�ê¥�Ä�E,Ý(J§Ã £318Ú¤¥��Xê ��.

�τ2BD
2
"

·�-mk,D = min(k,D)¿�e¡ÏLéDÚk8By²

C(τ,D, k) ≤ AkτB2B
2mk,DD

2

DB2D2

T(τ,D, k) ≤ AτB2B
2mk,DD

2

.

�°(/§·�òb�éD′ < D¿�k′ ≤ k

C(τ,D′, k′) ≤ Ak′τB2B
2mk′,D′D

′2
DB2D′2

T(τ,D′, k′) ≤ AτB2B
2mk′,D′D

′2

éD′ ≤ D¿�k′ < k

C(τ,D′, k′) ≤ Ak′τB2B
2mk′,D′D

′2
DB2D′2

T(τ,D′, k′) ≤ AτB2B
2mk′,D′D

′2

311-2ÚA^·K3.1§ék = 1ÚD = 1§ù�8B�±éN´Ð©z"
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·�e¡�Ä����/"ÏL*	(A), (B), (C) Ú(D)§���/�E

,Ý�XJU£311ÚO�¤�false¿��{�1�15Ú"13Ú�E,ÝÚ

11Ú�'�±�Ñ"3U���§14bÚI�

C(τ,D, k) ≤ AτBDB + C(τDB, D − 1, k)

≤ AτBDB +

AkτBDB2

2B
2mk,D−1(D−1)2DB2(D−1)2

≤ AkτB2B
2mk,DD

2

DB2D2

d8B

T(τ,D, k) ≤ T(τDB, D − 1, k)

≤ AτB(D − 1)B
2

2B
2mk,D−1(D−1)2 £d8B¤

≤ AτB2B
2mk,DD

2

y3§·���y����/§�{RationalLMI�1�15Ú"ÏL

é(D)�*	§·���

C(τ,D, k) ≤ AτBDBD2

+ C(τ2BD
2

, D − 1, k − 1)

≤ AτBDBD2

+

A(k − 1)τB2B
2(D2+mk−1,D−1(D−1)2)DB2(D−1)2

≤ AkτB2B
2mk,DD

2

DB2D2

d8B

T(τ,D, k) ≤ T(τ2BD
2

, D − 1, k − 1)

≤ AτB2B
2D2

2B
2mk−1,D−1(D−1)2 d8B

≤ AτB2B
2mk,DD

2

��C(τ,D, k) 3(kτ)O(1)2O(mk,DD
2)DO(D2)¥¶T(τ,D, k) 3τO(1)2O(mk,DD

2)¥"
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3.5 ~~~fff

~ 3.1. [41] b�A = A0 +X1A1§Ù¥

A0 =


0 2 0 0

2 0 0 0

0 0 2 0

0 0 0 1

§ A1 =


2 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

"

Ý
A�A�õ�ª�

χ(y) = y4 + (−3− 3X1) y
3 + (X1

2 − 2 + 9X1) y
2

+ (−6X1
2 + 3X1

3 − 6X1 + 12) y

+ 8X1
2 − 2X1

4 − 8"

-m3, . . . ,m0�χ(y)¥y3, y2, y, 1�Xê§§�½Â
��ê8ΦÚΨ"

3RationalLMI�1�Ú§$1BasicCasesLMI(A, [X1])"

• ÏLÏª©)§·�uym3�knXê�5ÏfX1 + 1§Úm1 �k

nXê�5ÏfX1 − 2§�´X1 = −1ÚX1 = 2ÑØ÷vΦ§ù´Ï

�m2(−1) = −10 < 0Úm0(2) = −8 < 0"duk = 1§8ÜU��8§�

£�8"

S(A)vkknê)"

~ 3.2. b�A = A0 +X1A1§Ù¥

A0 =


0 2 0 0

2 0 0 0

0 0 4 0

0 0 0 1

§ A1 =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

"

Ý
A�A�õ�ª�

χ(y) = y4 + (−5− 2X1) y
3 + 10X1 y

2

+ (−5X1
2 + 2X1

3 − 8X1 + 20) y

+ 8X1
2 −X1

4 − 16"
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-m3, . . . ,m0�χ(y)¥y3, y2, y, 1�Xê§§�½Â
��ê8ΦÚΨ"

Ú1��~f��§·�k

1. 3RationalLMI�1�Ú§$1BasicCasesLMI(A, [X1])"

• ÏLÏª©)§·�uyknê�5ÏfX1 +
5

2
, X1, X1 +

5

2
, X1−2,

X1+2§�´�k)X1 = 2÷vΦ§Ï�m3(2) = −9 < 0,m2(2) = 20 > 0,

m1(2) = m0(2) = 0, �£{2}"

2. 3RationalLMI�1�Ú§U = {2}§�£X1 − 2"

·�é�
��knê)X1 = 2"¢Sþ§ù´S(A)���)"
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4.1 cccóóó

·�3c¡J�SturmfelsQJÑL��¯KµXJ��knXêõ�ª

�3¢Xêõ�ª²�ÚL«/ª§Ù´Ä�3knXêõ�ª²�ÚL«º

3Úó¥·�0�
T¯K��
�YïÄó�"�½��2dgknXêõ

�ªf ∈ Q[Y1, . . . , Yn]§�½õ�ªf´Ä�3knXê²�Ú©)�du�

½f�GramÝ
M½Â��5Ý
Ø�ªM � 0��1�S(M)´Ä�¹knê

)"

2010c§Safey El Din�|wù [73]�Ñ
��à��ê8þkn:��3

5�½ÚO��{§T�{�±^5�½��knXêõ�ª´Ä�3knX

êõ�ª²�Ú©)§�½��2dgknXêõ�ªf ∈ Q[Y1, . . . , Yn]§ÙX

ê �Ø�Lτ§^M(d, n)5L«min(nd, dn)§T�{�½��knXêõ�

ª´Ä�3knXêõ�ª²�Ú©)��{E,Ý�τO(1)M(d, n)M(d,n)6"

òþ�Ù¥½n3.3 A^�õ�ªf�GramÝ
½Â��5Ý
Ø�ª�

��Xe(Ø"

½n 4.1. õ�ªf ∈ Q[X1, . . . , Xn] gê�2d§Xê �Ø�Lτ"·���{

��½f ´Ä�3knXêõ�ª²�Ú©)§¿3©)�3��Ñ�AL«

/ª§�{E,Ý�τO(1)2O(M(d,n)3)§Ù¥M(d, n) = min(dn, nd)"ÑÑL«/

ª¥Xê ��.�τO(1)2O(M(d,n)3)"

·���{wÍU?
Safey El Din�|wù�{�E,Ý§ù�´8c

õ�ªknXê²�Ú�½ÚO��E,Ý�Ð�{"

3�Ù¥§·�|^�{RationalLMIé�
õ�ª�GramÝ
½Â��

5Ý
Ø�ª��1�´Ä�¹knê)?1�½§3knê)�3�§�Ñ

knê)¿ò�A�GramÝ
?1LU©)§l��Tõ�ª�knXê²

�ÚL«"

2012c§Scheiderer�Ñ
Sturmfels¯K�1���~ [74]

f = x4 + x y3 + y4 − 3x2 y z − 4x y2 z + 2x2 z2 + x z3 + y z3 + z4"



36 �5Ý
Ø�ª°(¦)�ÎÒO��{

·���{�½Scheiderer�~�GramÝ
½Â��5Ý
Ø�ª��1�v

kknê)§l�Ñ
T�~Ø�3knXê²�Ú©)�1��O�Å�

y"T�~�GramÝ
½Â��5Ý
Ø�ª�~�µ�k6 �C�§Ý
�

��6× 6"·��¢yA^
RAGlib ^�� [69]§T^���6u [17,70]�

©z¥��{"

4.2 ���


{{{üüü~~~fff���OOO���ÅÅÅ¢¢¢yyy

~ 4.1. �Ä©Ù [51, ~3]¥�õ�ª

f(x, y, z, w) = 2x4 + x2 y2 + y4 − 4x2 z−

4x y z − 2 y2w + y2 − 2 y z + 8 z2 − 2 z w + 2w2"

ÏL·���{RationalLMI§·�y¢Tõ�ª�GramÝ
�3knê)¿

�Ñ
Tõ�ª�knXê²�ÚL«"

b�f = [x2, xy, y2, y, z, w]A [x2, xy, y2, y, z, w]?§õ�ªf�GramÝ
A´

��6× 6é¡Ý


A =



2 0 X1 0 −2 0

0 1− 2X1 0 0 −2 0

X1 0 1 0 0 −1

0 0 0 1 −1 0

−2 −2 0 −1 8 −1

0 0 −1 0 −1 2


ùpk��C�X1§éAü�é¡Ý
A0,A1"

Ý
A�A�õ�ª�

χ(y) = y6 + (−15 + 2X1) y
5 + (64− 28X1 −X1

2) y4

+ (−110 + 108X1 + 12X1
2 − 2X1

3) y3

+ (78− 156X1 − 31X1
2 + 22X1

3) y2

+ (84X1 + 33X1
2 − 18− 48X1

3) y

− 12X1 − 13X1
2 + 26X1

3"

-m5, . . . ,m0L«χ(y)¥y5, . . . , 1�Xê§§�½Â
��ê8Φ ÚΨ"
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• 3�{RationalLMI¥�1�Ú§$1BasicCasesLMI(A, [X1])"

– ÏLÏª©)§·�uym5�knXê�5ÏfX1 −
15

2
Úm0�k

nXê�5ÏfX1§�´�k)X1 = 0÷vΦ§Ï�µ

m5(0) = −15 < 0,m4(0) = 64 > 0,

m3(0) = −110 < 0,m2(0) = 78 > 0,m1(0) = −18

�£{0}"

• 3�{RationalLMI�1�Ú§U = {0}§�£X1"

òX1 = 0�\§·��±��f�knXêGramÝ
M1"

M1 =



2 0 0 0 −2 0

0 1 0 0 −2 0

0 0 1 0 0 −1

0 0 0 1 −1 0

−2 −2 0 −1 8 −1

0 0 −1 0 −1 2


"

éM1 A^LU©)§·���f�XeknXê²�Ú©)§

f = 2 (x2 − z)2 + (x y − 2 z)2 + (y2 − w)2 + (y − z)2 + (z − w)2"

~ 4.2. ·��Äe¡�õ�ª [23]

f = x6 − 12x5 + 74x4 − 272x3 + 611x2 − 780x+ 442"

b�f = [x3, x2, x, 1]A [x3, x2, x, 1]?§õ�ªf�GramÝ
A´��4 × 4é

¡Ý


A =


1 −6 X1 −136−X2

−6 −2X1 + 74 X2 X3

X1 X2 −2X3 + 611 −390

−136−X2 X3 −390 442

"
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3�{RationalLMI�1�Ú§$1BasicCasesLMI(A, [X1, X2, X3])"·�u

y
A � 0��
A)§

[X1 = 4, X2 = −144, X3 = 52], [X1 = 11, X2 = −133, X3 = 80],

[X1 = 14, X2 = −127, X3 = 95], [X1 = 17, X2 = −119, X3 = 114]"

ò1��A)�\A§·���f�knXêGramÝ
M1"

M1 =


1 −6 4 8

−6 66 −144 52

4 −144 507 −390

8 52 −390 442

"

éM1A^LU©)§·���f�XeknXê²�Ú©)§

f = (x3 − 6x2 + 4x+ 8)2 + 30 (
10

3
+ x2 − 4x)2 + 11 (−2 + x)2 +

2

3
"

òÙ¦A�A)�\A§·��±��f�knXêGramÝ
M2,M3,M4"

éM2,M3,M4A^LU©)§·���f�XeknXê²�Ú©)/ª§

f = (x3 − 6x2 + 11x− 3)2 + 16 (
31

8
+ x2 − 67

16
x)2 +

791 (−1558

791
+ x)2

16
+

755

791
"

f = (x3 − 6x2 + 14x− 9)2 + 10 (
41

10
+ x2 − 43

10
x)2 +

401 (−877

401
+ x)2

10
+

440

401
"

f = (x3 − 6x2 + 17x− 17)2 + 4 (3 + x2 − 17

4
x)2 +

87 (−200

87
+ x)2

4
+

179

87
"

~ 4.3. ·��Äe¡�õ�ª [16]

f =412x4 − 18x3 y + 556x2 y2 + 40x y3 + 533 y4 − 24x3 − 344x2 y + 184x y2

−200 y3 + 540x2 + 134x y + 678 y2 − 182x− 92 y + 444"

b�f = [x2, xy, y2, x, y, 1]A [x2, xy, y2, x, y, 1]?§õ�ªf�GramÝ
A´

��6× 6é¡Ý
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A =



412 −9 X1 −12 −X2 − 172 X3

−9 556− 2X1 20 X2 92−X4 67−X5

X1 20 533 X4 −100 X6

−12 X2 X4 540− 2X3 X5 −91

−X2 − 172 92−X4 −100 X5 −2X6 + 678 −46

X3 67−X5 X6 −91 −46 444


"

3�{RationalLMI�1�Ú§$1BasicCasesLMI(A, [X1, · · · , X6])"·�uy


A � 0���A)§

X1 = 0, X2 = 0, X3 = 0, X4 = 0, X5 = 0, X6 = −462"

ò§�\A§·���f�knXêGramÝ
M"

M =



412 −9 0 −12 −172 0

−9 556 20 0 92 67

0 20 533 0 −100 −462

−12 0 0 540 0 −91

−172 92 −100 0 1602 −46

0 67 −462 −91 −46 444


"

¿éMA^LU©)§·���f�XeknXê²�Ú©)§

f =412 (x2 − 9

412
x y − 3

103
x− 43

103
y)2

+
228991 (

27604

228991
+ x y +

8240

228991
y2 − 108

228991
x+

36356

228991
y)2

412

+
121887403 (−106345922

121887403
+ y2 +

2160

121887403
x− 23626220

121887403
y)2

228991

+
65776581108 (−11086898965

65776581108
+ x− 50443732 y

5481381759
)2

121887403

+
2733637045754 (− 404235922121

4100455568631
+ y)2

1827127253
+

14038759963895

16401822274524
"
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4.3 Scheiderer���~~~���OOO���ÅÅÅ���yyy

�â [74, ½n2.2]§õ�ª

f = x4 + x y3 + y4 − 3x2 y z − 4x y2 z + 2x2 z2 + x z3 + y z3 + z4

�±L«�¢Xêõ�ª�²�Ú§�ØUL«�knXêõ�ª�²�Ú"

b�f = [x2, xy, y2, xz, yz, z2]A [x2, xy, y2, xz, yz, z2]?§õ�ªf�GramÝ


A´��6× 6é¡Ý


1 0 X1 0 −3

2
−X2 X3

0 −2X1
1

2
X2 −2−X4 −X5

X1
1

2
1 X4 0 X6

0 X2 X4 −2X3 + 2 X5
1

2

−3

2
−X2 −2−X4 0 X5 −2X6

1

2

X3 −X5 X6
1

2

1

2
1



"

ùpk6�C�µX1, X2, X3, X4, X5, X6 éA7�é¡Ý
A0,A1,A2,A3,A4,

A5,A6"

• A^^��RAGLib [69]¥�·-HasRealSolutions§O�

U = OpenDecision(Ψ)"

8ÜU��8§u´AØ´r�1�"

• 3�{RationalLMI�15Ú§dWeakLMI(A, [X1, · · · , X6])§

1. ÏL·-RationalUnivariateRepresentation [66], ·�����¢�ê
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ê)

u =



−1 +
1

2
ϑ+

1

2
ϑ4

ϑ3

2
+

1

2

ϑ2

−2ϑ+
1

2
ϑ2 +

1

2
ϑ5

ϑ

1


§

ùpϑ ´��¢�êê�÷v

ϑ6 − 4ϑ2 − 1 = 0"

2. U��§u´

(a) i = 1"

(b) P = [Param(U ), e2, . . . , e6] ¿�A′ = P?AP"

(c) L1, . . . ,L6 �Ý
A′�1��¥���

0
1

2
X2 ϑ

5 − X1ϑ
3 + · · · −X1 −X5

1

2
X4 ϑ

5 +
1

2
X1 ϑ

4 + · · · −X1 +X6 +
1

4

(1−X3)ϑ
5 +

1

2
X2 ϑ

3 + · · ·+ 1

2
+

1

2
X2

1

2
X5 ϑ

5 + · · ·+ 1 +X2 −
1

2
X4

1

4
ϑ5 +

1

2
X3 ϑ

4 + · · · −X3 + 1− 1

2
X5


"

dui = 1§Â�Ý
AíØ1�1Ú1������5× 5Ý
"

(d) L1, . . . ,L6¥ϑ
5, . . . , ϑ1, 1�XêP�L§�£Â, L"

• 3�{RationalLMI�16Ú§L1, . . . ,L6¥ϑ
5�Xê�þ�

L5 =

[
0,

1

2
X2,

1

2
X4, 1−X3,

1

2
X5,

1

4

]?
"
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L5��������
1
4
§�5XÚL5 = 0 Ã)"Ïd§LinearSolve(L) �

£�8"

S(A)vkknê)"�'Maple§S�±le¡��e1µ http://www.mmrc.

iss.ac.cn/~lzhi/Research/hybrid/RaLMI

http://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/RaLMI
http://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/RaLMI
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ØØØ���ªªª°°°(((¢¢¢êêê)))���OOO������{{{

5.1 cccóóó

k
�5Ý
Ø�ªØ�3knê)§��3¢ê)§~Xµ

A =


2x 2 0 0

2 x 0 0

0 0 2 x

0 0 x 1


�5Ý
Ø�ªA � 0 �k��¢ê)x =

√
2"KhachiyanÚPorkolab �Ñ


��½5y¢ê)�½��{E,Ý [54]§��U�Ñk���E�{"3þ

�Ù§·�w�Scheiderer�~�GramÝ
½Â��5Ý
Ø�ª��1�v

kknê)§3©Ù [74]¥§Scheiderer�Ñ
T~f�¢Xê²�Ú©)§U

Äò·���{RationalLMI*¿�e§5�E�5Ý
Ø�ª�1�þ°(�

¢ê)º

�Ù·��Ñ
�5Ý
Ø�ª°(¢ê)�O��{RealLMI§��

T�{���A^§·��Ñ
Scheiderer�~¢Xê²�Ú©)�O�Å¢

y"

�Ä�5Ý
Ø�ª

A = A0 +X1A1 + · · ·+XkAk � 0§

Ù¥A0, . . . ,Ak´knXê½¢�êêXê£Q(ϑ)¤�(D × D)é¡Ý
§Ù

¥���?�L«� �Ø�Lτ§§��1��S(A)"·��Ñ
���

{RealLMI§T�{´1nÙ¥�{RationalLMI�*¿§3�5Ý
knê

)Ø�3��±�Ñ¢ê)��35�½ÚO�"XJ�½��5Ý
Ø

�ª´knXê�§3�{RealLMI¥�-õ�ªg = 0§K�{RealLMI��

{RationalLMIÄ���¶3�5Ý
A¥�¹¢�êêXê�§�-õ�ªg�

¢�êêϑ�4�õ�ª"�{RealLMI�AO�?3u§3C��êk = 1

�§f§SBasicRealLMI �Ä�´�½�5Ý
A �A�õ�ªχ(y) ���
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Ñ\µA = A0 + X1A1 + · · · + XkAk ∈ SQD×D[X1, . . . , Xk]

£½SQ(ϑ)D×D[X1, . . . , Xk]¤

D½k�1

éÝ
A�A�

õ�ª��X

êÏª©)Ï

é°(¢ê)

S(A)´

Ä÷�?

ÑÑµx ∈ S(A)

£'�:�{¤

k�"

)u ∈ RD−{0}÷
vA.u = 0

A′ =

[
0 0

0 Â

]

L = 0´

Äk)?
A′ −→

[
0 0

0 Ã

]

L = 0 ´

Äk)?
A′ −→

[
0 0

0 Ã

]

S(A) ∩ Rk = ∅

´

Ä

´

Ä

´, A′ = P?AP

Ä, Ïé�|knXê�5õ�ªL

´, pd��

Ä, L��|¢�êêXê�5õ�ª

´, pd��

Ä

ã 5.1: �5Ý
Ø�ª�1�°(¢ê)�½ÚO�6§ã
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Xê�÷vúªΦ �¢�5Ïf�)§�úªΦÚΨ½Â¥�õ�ªO\
"

�S(A)Ø÷��§f§SWeakRealLMI �£¥O\
q,L§q�O�L§¥¢

�êêν �4�õ�ª§L ´Q[X1, . . . , Xk] ½Q(ν)[X1, . . . , Xk] ¥��5õ�

ª§§�3S(A)�¤k:?���0"3Ì�{RealLMI ¥§XJknXê�

5õ�ªL = 0Ã)§KS(A)Ãknê)§d�§·��Ä¢Xê�5õ�

ªL = 0 ´Äk)"eL = 0Ã)§KS(A)Ã¢ê)"3L = 0 ½L = 0k)

�|^pd��{�Ñ�Ü©C�X ^,�Ü©C�V ��5L«/ªH§Ó
������ê���Ý
Ã§S(Ã)�¢ê)£knê)¤´S(A) þ¢ê)

£knê)¤�ÝK"XJS(Ã)þØ¹¢ê)£knê)¤§KS(A)þ�Ø¹

¢ê)£knê)¤§ÄK·�|^·-Evaluate§�±lS(Ã)�¢ê)£kn

ê)¤¡ES(A)þ�¢ê)£knê)¤"

5.2 ���{{{RealLMI

5.2.1 fff§§§SSSBasicRealLMI

�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§§��1��S(A)"

Ù¥A0, . . . ,Ak ´knXê½¢�êêXê£Q(ϑ)¤�(D ×D) é¡Ý
§g�

¢�êêϑ�4�õ�ª§�A0, . . . ,Ak¥��þ�knXê�§�-g = 0"�

!·��Ñf§SBasicRealLMI§Tf§SÑ\�A, [X1, . . . ,Xk], g§¿�

• �k = 1�§XJS(A) 6= ∅§�£S(A)þ�����:¶ÄK�£�8"

• �k > 1�§XJS(A)�¹��S:§�£S(A)¥�����:¶ÄK�

£false"

-χ(y) = yD +mD−1y
D−1 + · · ·+m0�Ý
A�A�õ�ª§·�PΦ�e

¡�úªµ

Φ = { g(ϑ) = 0, (−1)(i+D)mi ≥ 0, 0 ≤ i ≤ D − 1}

Ψ�e¡�úªµ

Ψ = { g(ϑ) = 0, (−1)(i+D)mi > 0, 0 ≤ i ≤ D − 1}.

d [57]§��ê8S(A) dΦ½Â¶S(A) �S:dΨ½Â"

BasicRealLMI(A, [X1, . . . , Xk], g)
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1. 8ÜUÐ©z��8§XJk = 1§�3mi£0 ≤ i ≤ D − 1¤����

5ÏfX − a§¦�(−1)(j+D)mj(a) ≥ 0 £j 6= i¤§ra�\8ÜU¥§�

£U"

2. U = OpenDecision(Ψ)"XJUØ��8§�£U§ÄK�£false"

·K 5.1. �½�5Ý
Ø�ª:

A = A0 +X1A1 + · · ·+XkAk � 0

Ù¥X1, . . . , Xk�C�§A0, . . . ,Ak�(D ×D)knXê½¢�êêXê£Q(ϑ)¤

é¡Ý
§g�¢�êêϑ�4�õ�ª§�A0, . . . ,Ak¥��þ�knXê�§

�-g = 0"

XJk = 1§¿�S(A) 6= ∅§BasicRealLMI(A, [X1], g)�£S(A)¥����

�:§ÄK�£�8"

XJS(A) ⊂ Rk÷�§BasicRealLMI(A, [X1, . . . , Xk], g)�£S(A)¥���

��:§Ù¦�/�£false"

�{�(5y² XJk = 1§d�S(A) ⊂ R£11Ú¤"duS(A)�à8§§

��8½��:½���¹��S:�«m"b�§´��:§§´Φ��

�)§Ï�S(A)´dΦ5½Â�"ÏLb�§ù�)Ø´Ψ �)£ÄKS(A)

ò�¹��S:¤"b�S(A)���«m§§�à:7½�,�mi�)§¿

�÷vúªΦ"Ïd�±ÏLÏé÷v(−1)j+Dmj’s £j 6= i¤�K�@
mi

£0 ≤ i ≤ D − 1¤��5Ïf�)§5ÏéS(A)�¢ê)"b�S(A)Ø÷�"

·��±íÑS(A)��8§�{(å"

XJk ≥ 2"b�S(A)÷�¶§�¹��S:"u´§�â·K2.6§12

Ú�£S(A)¥�����:��=�S(A) 6= ∅"b�S(A)Ø÷�"dúªΨ½

Â���ê8´S(A)�S:¶·�íä§´�8"u´§�â·K2.6§U�

�8§·��£false"

5.2.2 fff§§§SSSWeakRealLMI

�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§§��1��S(A)"

Ù¥A0, . . . ,Ak ´knXê½¢�êêXê£Q(ϑ)¤�(D ×D) é¡Ý
§g�
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¢�êêϑ�4�õ�ª§�A0, . . . ,Ak¥��þ�knXê�§�-g = 0"·

��Ñf§SWeakRealLMI�£ã§§�Ñ\�A, [X1, . . . , Xk], g§Ù¥S(A)Ø

÷�§¿�Ø�3�"�þu ∈ RD − {0} ¦�Au = 0"§�£q, Â,L , L ¦�

• q�¢�êêν�4�õ�ª¶

• Â ´��3Q[X1, . . . , Xk] ½Q(ϑ)[X1, . . . , Xk] ¥�(D − 1)× (D − 1)é¡

�5Ý
¶

• L´Q[X1, . . . , Xk] ½Q(ν)[X1, . . . , Xk] ¥��5õ�ª§§�3S(A) �

¤k:?���0¶-Sols(L ) ⊂ Rk ´L �ú�)�¤��5f�m§

S(Â) ∩ Sols(L ) = S(A)¶

• XJÝ
A���¥¹kQ(ϑ)[X1, . . . , Xk] ¥��5õ�ª£d�Ñ\

¥g 6= 0¤§L = ∅¶ÄK§L ´Q[X1, . . . , Xk]¥�knXê�5õ�ª§

§�3S(A) ∩Qk �¤k:?���0 ¶·�-Sols(L) ⊂ Rk L«L �ú

�)�¤��5f�m§

S(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

·�P§SConstructFormula1§ConstructFormula2 L«Ñ\�A ¿�©O

�£e¡�úªG1, G2µ

||U||2 > 0,U?AiU = 0, 0 ≤ i ≤ k, g(ϑ) = 0

||U1||2 > 0, ||U2||2 > 0,
D∑
i=1

U?
iAjU

?
i = 0, 0 ≤ j ≤ k, g(ϑ) = 0

ùpU = [U1, . . . , UD]?´��d#C��¤��þ§U1, . . . ,UD ´�|d#C

��¤��þ£[Ui,1, . . . , Ui,D]?§1 ≤ i ≤ D¤"e¡·��Ñ�{WeakRealLMI�

äN£ã"

WeakRealLMI(A, [X1, . . . , Xk], g)

1. -U = Decision(ConstructFormula1(A))

2. XJU��§u´
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(a) -iL«�þU¥�"������I§q��þU¥¢�êêν�4

�õ�ª"

(b) -P L«Ý
[Param(U ), (ej)1≤j 6=i≤D] ¿�A′ = P?AP

(c) -L = L1, . . . ,LDL«�þA′e1¥���§-ÂL«íØÝ
A′�1

�1Ú1���¤���(D − 1, D − 1) Ý
"

(d) eg 6= 0§-L = ∅"ÄK§-L = (ExtractLinForms(Li,MinPol(U )),

1 ≤ i ≤ D)§�£q, Â,L , L"

3. -V = (V,Θ) = Decision(ConstructFormula2(A))

4. -U = ExtractFirstEntry(V , D)

(a) -iL«�þU¥�"������I§q��þU¥¢�êêν�4

�õ�ª"

(b) -P L«Ý
[Param(U ), (ej)1≤j 6=i≤D] ¿�A′ = P?AP

(c) -L = L1, . . . ,LDL«�þA′e1¥���§-ÂL«íØÝ
A′�1

�1Ú1���¤���(D − 1, D − 1) Ý
"

(d) eg 6= 0§-L = ∅"ÄK§-L = (ExtractLinForms(Li,MinPol(U )),

1 ≤ i ≤ D)§�£q, Â,L , L"

·K 5.2. �½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk§Ù¥A0, . . . ,Ak ´

knXê½¢�êêXê£Q(ϑ)¤�(D ×D) é¡Ý
§g�¢�êêϑ�4�

õ�ª§�A0, . . . ,Ak¥��þ�knXê�§�-g = 0"b�A � 0 ´f�

1½Ø�1¿�Ø�3�"�þu ∈ RD − {0}¦�Au = 0"

f§SWeakRealLMI(A, [X1, . . . , Xk], g) �£q, Â,L , L§Ù¥q�¢�êêν

�4�õ�ª§Â´��3Q[X1, . . . , Xk]½Q(ϑ)[X1, . . . , Xk]¥�(D−1, D−1)

é¡Ý
"L ´Q[X1, . . . , Xk] ½Q(ν)[X1, . . . , Xk] ¥��|�5õ�ª§§�

3S(A) �¤k:?���0"S(Â)∩Sols(L ) = S(A)"eÑ\¥g 6= 0§L = ∅¶
ÄK§L ´Q[X1, . . . , Xk]¥��|�5õ�ª§§�3S(A) ∩ Qk�¤k:?

���0§S(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"



1ÊÙ �5Ý
Ø�ª°(¢ê)�O��{ 49

�{�(5y² �·K3.2·Kaq§y²©ü«�/"

�/1. b��3���"�þu = (u1, . . . , uD)? ∈ RD−{0}÷vu?Au = 0"

11ÚO�
ù����þ"3 [37, Ún4.3.5] �y²¥§XJu = e1§@

oA e1¥�¤k�"��L 3S(A)�¤k:?���0¶�?�Ú§·�®²

b�{u | Au = 0} = {0}§L¥7,�3�"��"

Pi�÷vui 6= 0����I§XJù��þ�¹¢�êêν§q��

þU¥¢�êêν�4�õ�ª"ùp§�
���u = e1ù��{ü�

/§12Ú^A′ = P?AP5O�A§ùpP�(D × D)Ý
§§�1���u¿

�Ù§���þej£j ∈ {1, . . . , D} − {i}¤£ë�12bÚ¤"5¿�P�Ø�

_Ý
§�Ä12bÚ�Ý
A′¶Ún2.3 íÑS(A′) = S(A)"�?�Ú§�

â [37, Ún4.3.5]�y²§A′e1 �¤k��£12cÚ¤3S(A′)�¤k:?��

�0" Â���þ3A¥§¤±§´��3Q[X1, . . . , Xk] ½Q(ϑ)[X1, . . . , Xk] ¥

�(D − 1, D − 1)é¡Ý
§Ún2.2 íÑS(Â) ∩ Sols(L ) = S(A′) ∩ Sols(L )¶

,	§S(A′) = S(A)§u´S(Â) ∩ Sols(L ) = S(A)"

eg 6= 0§L = ∅¶ÄK§LL«12dÚ����5õ�ª§¿�Sols(L) ⊂ Rk

�§��ú�)�¤����5f�m"�?�Ú§�âL��E§Ý
A′�

1�1Ú1��3Sols(L)�¤k:?���0"Ún2.7 íÑ

S(A′) ∩Qk = S(A′) ∩ Sols(L) ∩Qk"

Ún2.2 íÑS(Â) ∩ Sols(L) = S(A′) ∩ Sols(L)¶,	§S(A′) = S(A)§·�í

ÑS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

�/2. ·�b�Ø�3���"�þu ∈ RD−{0}÷vu?Au = 0"d [37]§

�3�|�þu1, . . . ,uD in RD ÷v
∑D

i=1 u
?
iAui = 0§¿�u1 6= 0,u2 6= 0"

13Ú§ÏLO�V5¦)�þu1, . . . ,uD"14Ú§lVJ��þu1 ∈ RD−{0}�
?èU¶5¿�u?1Au1 6= 0"3 [37, Ún4.3.5]�y²¥§�u1 = e1�§Ý


A�1�1Ú1��3S(A)�¤k:?���0"

·�^Ý
A′O�Ý
A5¡Eù��/§£14bÚ¤µùp·�ke?1A
′e1 6= 0¶

�âÚn2.3, S(A′) = S(A)"éAu [37, Ún4.3.5]£�/2¤y²¥��E§

14cÚ��Ñ
�5õ�ªL1, . . . ,LD��E§§�3S(A′) = S(A)�¤k:

?���0"Â���þ3A¥§¤±§´��3Q[X1, . . . , Xk]½Q(ϑ)[X1, . . . , Xk]

¥�(D− 1, D− 1)é¡Ý
§Ún2.2íÑS(Â)∩ Sols(L ) = S(A′)∩ Sols(L )¶

,	§S(A′) = S(A)§u´S(Â) ∩ Sols(L ) = S(A)"
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eg 6= 0§L = ∅¶ÄK§LL«12dÚ����5õ�ª§¿�Sols(L) ⊂ Rk

�§��ú�)�¤����5f�m"Ú�/1��§�âL��E§Ý


A′�1�1Ú1��3Sols(L)�¤k:?���0"Ú�/1��§Ún2.7

íÑ

S(A′) ∩Qk = S(A′) ∩ Sols(L) ∩Qk"

Ún2.2 íÑS(Â) ∩ Sols(L) = S(A′) ∩ Sols(L)¶,	§S(A′) = S(A)§·�í

ÑS(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

5.2.3 ÌÌÌ���{{{

�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§§��1��S(A)"

Ù¥A0, . . . ,Ak ´knXê½¢�êêXê£Q(ϑ)¤�(D ×D) é¡Ý
§g�

¢�êêϑ�4�õ�ª§�A0, . . . ,Ak¥��þ�knXê�§�-g = 0"·

�e¡£ã�Ù�Ì�{RealLMI"§�Ñ\�A, [X1, . . . , Xk], g§XJA � 0�

3¢ê)§§�£(X1 − x1, . . . , Xk − xk)5�Lx = (x1, . . . ,xk) ∈ S(A)§Ù¦

�¹e�£∅"

3�{�m©§·��Äe¡���ê8µ

G = {u ∈ RD − {0} | Au = 0, g(ϑ) = 0}"

·�P§SConstructFormulaÑ\�A§¿��£½ÂG�úª"

RealLMI(A, [X1, . . . , Xk], g)

1. U = BasicRealLMI(A, [X1, . . . , Xk], g)"

2. XJU 6= false��§P(x1, . . . , xk)�U¥�:§�£X1−x1, . . . , Xk−xk"

3. -U = LinearSolve(ConstructFormula(A))"

4. XJU��§u´

(a) O��_Ý
P§§���3Q½Q(ϑ)¥§¿�÷vPe1 = u§PA′ =

P?AP§ÂL«íØÝ
A′�1�1Ú1���¤���(D−1, D−1)

Ý
"

(b) �£RealLMI(Â, [X1, . . . , Xk], g)"
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5. q, Â,L , L = WeakRealLMI(A, [X1, . . . , Xk], g)"

6. eLinearSolve(L)��§X ,H,V = GaussianElimination(L)¶eLinearSolve(L )

��§X ,H,V = GaussianElimination(L )¶ÄK§�£∅"

7. Ã = Substitute(X ,H, Â)§¿�R = RealLMI(Ã,V , q)"

8. XJR ��§u´�£R,Evaluate(X ,H, R)§ÄK§�£∅"

½n 5.3. �½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk§Ù¥A0, . . . ,Ak ´

knXê½¢�êêXê£Q(ϑ)¤�(D ×D) é¡Ý
§g�¢�êêϑ�4�

õ�ª§�A0, . . . ,Ak¥��þ�knXê�§�-g = 0"�S(A) 6= ∅�§�
{RealLMI(A, [X1, . . . , Xk], g) �£S(A)¥�:§ÄK�£�8"

�{�(5y² b�k = 1§½S(A) ÷�£eD = 1¿�k ≥ 1§S(A)÷�¤"

�(5l·K5.1�y"e¡ÏLéD8By²µ·��8Bb�´éuD − 1

�Q[X1, . . . , Xp]£½Q(ϑ)[X1, . . . , Xp]¤þ��5é¡Ý
B§g�¢�êêϑ�

4�õ�ª§RealLMI(B, [X1, . . . , Xp], g)ÑÑS(B)þ�¢ê)��=�S(B)�

�"

b��3�þu ∈ RD − {0}÷vA.u = 0§13ÚO�ù����þ"Ú

n2.3 (�S(A′) £é¡Ý
A′d14aÚ��¤ÚS(A)��"�?�Ú§ÏL

�E§·�kA′e1 = 0¶Ý
A′�1�1Ú1���0"ÏLÚn2.2 Ú2.3§

·�íäS(Â) = S(A′) = S(A)"ÏLéÝ
Â�8Bb�§·�íä§X

JS(A) 6= ∅§14bÚ�RealLMI·-òÑÑS(A) þ�¢ê)§ÄK�£∅"

y3b�vk�"�þu ∈ RD − {0}÷vA.u = 0¶·�?\15Ú"·

K5.2íÑµ

• q�¢�êêν�4�õ�ª¶

• Â ´��3Q[X1, . . . , Xk] ½Q(ϑ)[X1, . . . , Xk] ¥�(D − 1)× (D − 1)é¡

�5Ý
¶

• L´Q[X1, . . . , Xk] ½Q(ν)[X1, . . . , Xk] ¥��5õ�ª§§�3S(A) �

¤k:?���0¶-Sols(L ) ⊂ Rk ´L �ú�)�¤��5f�m§

S(Â) ∩ Sols(L ) = S(A)¶
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• XJÝ
A���¥¹kQ(ϑ)[X1, . . . , Xk] ¥��5õ�ª£d�Ñ\

¥g 6= 0¤§L = ∅¶ÄK§L ´Q[X1, . . . , Xk]¥�knXê�5õ�ª§

§�3S(A) ∩Qk �¤k:?���0 ¶·�-Sols(L) ⊂ Rk L«L �ú

�)�¤��5f�m§

S(Â) ∩ Sols(L) ∩Qk = S(A) ∩Qk"

XJL = 0Ã)§@oS(A) ∩Qk��8¶XJL = 0Ã)§@oS(A)��

8¶�5õ�ªL½L�^5��Â¥�eZC�¶ùò��(D − 1, D − 1)�

5é¡Ý
Ã£16Ú¤"317Ú§ò8Bb�A^�Ý
Ã§·�íä§Ï

LN^RealLMI·-§eS(Â) ∩ Sols(L) ∩ Qk��§ò�£T8Ü¥���k

n:�eZ©þ¶eS(Â) ∩ Sols(L )��§ò�£T8Ü¥���¢ê)�

eZ©þ¶ÄK�£∅"·��c®²y²S(Â) ∩ Sols(L) ∩ Qk = S(A) ∩ Qk¶

S(Â)∩Sols(L ) = S(A)¶XJR��§18ÚEvaluate(X ,H, R)·-ò�£S(A)¥

���knê)½°(�¢ê)§ÄK�£∅§½n�y"

5.2.4 ~~~fff

~ 5.1. [41] ·�25w�e1nÙ¥�~f§b�A = A0 +X1A1§Ù¥

A0 =


0 2 0 0

2 0 0 0

0 0 2 0

0 0 0 1

§ A1 =


2 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

"

Ý
A�A�õ�ª�

χ(y) = y4 + (−3− 3X1) y
3 + (X1

2 − 2 + 9X1) y
2

+ (−6X1
2 + 3X1

3 − 6X1 + 12) y

+ 8X1
2 − 2X1

4 − 8"

-m3, . . . ,m0�χ(y)¥y3, y2, y, 1�Xê§§�½Â
��ê8ΦÚΨ"

• 3RealLMI�1�Ú§A0,A1þ�knXê§-g0 = 0§

$1BasicRealLMI(A, [X1], g0)"
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– ÏLÏª©)§·�uym3��5ÏfX1 −
√

2§¿�X1 =
√

2 ÷

vΦ§�£
√

2"

• 3�{RealLMI�1�Ú§U = {
√

2}§�£X1 −
√

2"

¢Sþ§
√

2�S(A)���)"

~ 5.2. ·�25w�e1oÙ¥�~fµ

A =



2 0 X1 0 −2 0

0 1− 2X1 0 0 −2 0

X1 0 1 0 0 −1

0 0 0 1 −1 0

−2 −2 0 −1 8 −1

0 0 −1 0 −1 2


"

Ý
A�A�õ�ªχ(y)¥y5, . . . , 1�Xêm5, . . . ,m0�µ

m5 = −15 + 2X1§

m4 = 64− 28X1 −X1
2§

m3 = −110 + 108X1 + 12X1
2 − 2X1

3§

m2 = 78− 156X1 − 31X1
2 + 22X1

3§

m1 = 84X1 + 33X1
2 − 18− 48X1

3§

m0 = −12X1 − 13X1
2 + 26X1

3"

§�½Â
��ê8Φ ÚΨ"

• 3�{RealLMI¥�1�Ú§A�knXê§-g0 = 0§

$1BasicRealLMI(A, [X1], g0)"

– ÏLÏª©)§·�uym0��5ÏfX1ÚX1 −
1

4
+

√
1417

52
§§�

�)X1 = 0ÚX1 =
1

4
−
√

1417

52
÷vΦ§�£{1

4
−
√

1417

52
, 0}"

• 3�{RealLMI�1�Ú§U = {1

4
−
√

1417

52
, 0}§�£X1−

1

4
+

√
1417

52
ÚX1"



54 �5Ý
Ø�ª°(¦)�ÎÒO��{

¢Sþ§

S(A) =

[
1

4
−
√

1417

52
, 0

]
´÷��§A´r�1�"

5.3 Scheiderer���~~~¢¢¢XXXêêê²²²���ÚÚÚ©©©)))���OOO���ÅÅÅ¢¢¢yyy

·�3þ�Ù¥�Ñ
Scheiderer'uSturmfels¯K�~ [74]§õ�ª

f = x4 + x y3 + y4 − 3x2 y z − 4x y2 z + 2x2 z2 + x z3 + y z3 + z4

ØUL«�knXêõ�ª�²�Ú�O�Å�y"Scheiderer�Ñ
f�Xe

¢Xêõ�ª²�Ú©)§

f = (x2 +
y2 β

2
− x z

2
+
z2 (2 β + 1)

2 β
)2 − β (x y − y2

2 β
+
x z β

2
+
y z

β
− z2

2
)2"

ùpβ ≈ −1.860805853(−0.2541016884)´β3 − 4β − 1���Kê�"

e¡·�/Ï�Ù¥��{RealLMI�Ñù�²�Ú©)�O�Å¢y"

b�f = [x2, xy, y2, xz, yz, z2]A [x2, xy, y2, xz, yz, z2]?§õ�ªf�GramÝ


A´��6× 6é¡Ý


1 0 X1 0 −3

2
−X2 X3

0 −2X1
1

2
X2 −2−X4 −X5

X1
1

2
1 X4 0 X6

0 X2 X4 −2X3 + 2 X5
1

2

−3

2
−X2 −2−X4 0 X5 −2X6

1

2

X3 −X5 X6
1

2

1

2
1



"

ùpk6�C�µX1, X2, X3, X4, X5, X6 éA7�é¡Ý
A0,A1,A2,A3,A4,

A5,A6"
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• A^^��RAGLib [69]¥�·-HasRealSolutions§O�

U = OpenDecision(Ψ)"

8ÜU��8§u´AØ´r�1�"

• 3�{RealLMI�15Ú§A�knXê§-g0 = 0§

$1WeakRealLMI(A, [X1, · · · , X6], g0)"

1. ÏL·-RationalUnivariateRepresentation [66], ·�����¢�ê

ê)

u =



−1 +
1

2
ϑ+

1

2
ϑ4

ϑ3

2
+

1

2

ϑ2

−2ϑ+
1

2
ϑ2 +

1

2
ϑ5

ϑ

1


§

2. U��§u´

(a) i = 1§g = ϑ6 − 4ϑ2 − 1 = 0�¢�êêϑ�4�õ�ª"

(b) P = [Param(U ), e2, . . . , e6] ¿�A′ = P?AP"

(c) L1, . . . ,L6�Ý
A′�1��¥���

0
1

2
X2 ϑ

5 − X1ϑ
3 + · · · −X1 −X5

1

2
X4 ϑ

5 +
1

2
X1 ϑ

4 + · · · −X1 +X6 +
1

4

(1−X3)ϑ
5 +

1

2
X2 ϑ

3 + · · ·+ 1

2
+

1

2
X2

1

2
X5 ϑ

5 + · · ·+ 1 +X2 −
1

2
X4

1

4
ϑ5 +

1

2
X3 ϑ

4 + · · · −X3 + 1− 1

2
X5


"

dui = 1§Â�Ý
AíØ1�1Ú1������5× 5Ý
"
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(d) L1, . . . ,L6¥ϑ
5, . . . , ϑ1, 1�XêP�L, �£g, Â,L , L"

• 3�{RealLMI�16Ú§L1, . . . ,L6¥ϑ
5�Xê�þ�

L5 =

[
0,

1

2
X2,

1

2
X4, 1−X3,

1

2
X5,

1

4

]?
"

L5��������
1
4
§�5XÚL5 = 0 Ã)"Ïd§LinearSolve(L) �

£�8"¦)L = 0§·�^X4, X5, X65L«X1, X2, X3§
X1 =

1

2
X4 ϑ

5 − 1

2
ϑ4X6 + · · · − 1

4
+X6,

X2 = (−1

2
X5 −X6)ϑ

5 +
ϑ4

4
+ · · ·+ 1

2
X4 − 1,

X3 = −ϑ
4

2
+ (

1

2
X5 +

1

2
X6)ϑ

3 + · · · − 1

2
X5 −

1

2
X6 + 1"

• 3�{RealLMI�17Ú§Ý
Â=C�5× 5¹3�C�X4, X5, X6�é¡Ý


B§


− X4 ϑ5 + · · · +

1

2
− 2X6 ,

1

2
, (−

1

2
X5 − X6)ϑ

5 + · · · +
1

2
X4 − 1, −X4 − 2 , −X5

1

2
, 1 , X4 , 0 , X6

(−
1

2
X5 − X6)ϑ

5 + · · · +
1

2
X4 − 1, X4 , ϑ4 + · · · + X5 + X6 , X5 ,

1

2

−X4 − 2 , 0 , X5 , −2X6 ,
1

2

−X5 , X6 ,
1

2
,

1

2
, 1

"

$1RealLMI(B, [X4, X5, X6], g)"

– A^^��RAGLib [69]¥�·-HasRealSolutions§O�

U = OpenDecision(Ψ)"

8ÜU��8§u´BØ´r�1�"

– $1WeakRealLMI(B, [X4, X5, X6], g)§·���

1.

u =



1

−1

4 ν4 − ν2 − 16

ν2 + 8− 2 ν4

−ν4 + 4


"
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2. U��§u´

(a) i = 1§q = ν6 − 4 ν2 − 1 = 0�¢�êêν�4�õ�ª"²

Lz{§·��±��ϑ = ν"

(b) P1 = [Param(U ), e2, . . . , e5] ¿�B
′ = P1

?BP1"

(c) Ý
B′�1��L ′�

0

−1

2
+ (4 ν4 − ν2 − 16)X4 + (−ν4 + 4)X6

1

2
ν5X5 + · · · − 8X5 −

1

2
X4 − 8X6 + 1

−X4 + (4 ν4 − ν2 − 16)X5 − 2 (ν2 + 8− 2 ν4)X6 −
ν4

2
−X5 −X6


"

– ¦)L ′ = 0§·���

X5 = −X6, X4 = −ν2X6 −
ν4

2
" (5.1)

�?�Ú§·�k

X1 = X6, X2 = −1, X3 = X4 + 1" (5.2)

– ·�òÝ
B=z���4× 4�¹��C�X6�é¡Ý
C§

C =



1 −ν2X6 −
ν4

2
0 X6

−ν2X6 −
ν4

2
ν4 + 2 ν2X6 −X6

1

2

0 −X6 −2X6
1

2

X6
1

2

1

2
1


"

• $1RealLMI(C, [X6], q)§·�uyX6 ÷v

− 1− 8X6 + 8X3
6 = 0§ (5.3)

Ù¦¤kC��dC�X6L«:

X1 = X6, X2 = −1, X4 =
1

4X6

, X5 = −X6, X3 =
1

4X6

+ 1" (5.4)
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• ò£5.4¤¥�)O��Ý
A¥§·���

M =



1 0 X6 0
−1

2
1 +

1

4X6

0 −2X6
1

2
−1 −2− 1

4X6

X6

X6
1

2
1

1

4X6

0 X6

0 −1
1

4X6

− 1

2X6

−X6
1

2

−1

2
−2− 1

4X6

0 −X6 −2X6
1

2

1 +
1

4X6

X6 X6
1

2

1

2
1



"

éÝ
M?1LU©)¿�3£5.3¤½Â��ê*�þ?1O�§·�uy

Ý
M��½���2"Ïd§·�kf�Xe²�Ú©)§

f =

(
x2 + y2X6 −

y z

2
+

1

4

z2 (1 + 4X6)

X6

)2

−2X6

(
x y − 1

4

y2

X6

+
1

2

x z

X6

+ y z X6 −
z2

2

)2

"

ü�Kê�X6 ≈ −0.930402926555852ÚX6 ≈ −0.127050844182526ò�Ñõ�

ªf�¢Xê²�Ú©)"ù�L«/ªÚ©Ù [74]¥�L«´���"
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�½�5Ý
Ø�ªA = A0 +X1A1 + · · ·+XkAk � 0§Ù¥A0, . . . ,Ak´k

nXê�(D × D) é¡Ý
§Ù¥���?�L«� �Ø�Lτ§§��1

��S(A)"

31nÙ§·��Ñ
���{RationalLMI5�½S(A)´Ä�¹knê

)§3knê)�3��Ñknê)"�Ý
�ê�D = 1½C��êk = 1±

9S(A)÷��§ùAa{ü�/�|^f§SBasicCasesLMI5?n"e�3

�"�þu ∈ RD − {0}¦�Au = 0§·���
���ê����5Ý


Ø�ªÂ � 0§ÏLéÝ
ÂS��±�ÑS(A)þknê)��35�½ÚO

�"�S(A)Ø÷��§eØ�3�"�þu ∈ RD − {0}¦�Au = 0§3f§

SWeakLMI·����|¢Xê�5õ�ªL1, . . . ,LD ∈ R[X1, . . . , Xk]§ù


�5õ�ª½Â��²¡��8�¹
S(A)�¤k¢ê)"�?�Ú§·

��±lù|¢Xê�5õ�ª�EknXê�5õ�ªL§L = 0�)8

�¹
S(A)þ��Üknê)"XJL = 0Ã)§@oS(A)vkknê)"

ÄK§�±|^pd��{�Ñ�Ü©C�^,�Ü©C���5L«/

ª§·�Ó���
���ê���Ý
Ã§S(Ã)�knê)´S(A)þkn

ê)�ÝK"ÏLéÝ
ÃS��±�ÑS(A)þknê)��35�½ÚO

�"�{RationalLMI�$1�m��3(kτ)O(1)2O(min(k,D)D2)DO(D2) ö�§¿

�3S(A)���/§ÑÑ)�I� ���3τO(1)2O(min(k,D)D2)±S"���

�à��ê8�AÏ/ª§·���{wÍU?
Safey El Din�|wù�{

�E,Ý"

31oÙ§·�|^�{RationalLMIé�
õ�ªf�GramÝ
M½Â

��5Ý
Ø�ªM � 0��1�S(M)´Ä�¹knê)?1�½§3k

nê)�3�§�Ñknê)¿ò�A�GramÝ
?1LU©)§l��

Tõ�ª�knXê²�ÚL«"�½õ�ªf ∈ Q[X1, . . . , Xn] gê�2d§

Xê �Ø�Lτ"·���{��½f ´Ä�3knXêõ�ª²�Ú©

)§¿3©)�3��Ñ�AL«/ª§�{E,Ý�τO(1)2O(M(d,n)3)§Ù

¥M(d, n) = min(dn, nd)"ÑÑL«/ª¥Xê ��.�τO(1)2O(M(d,n)3)"ù

´8cõ�ªknXê²�Ú�½ÚO��E,Ý�Ð��{"��§·��
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½Scheiderer�~�GramÝ
½Â��5Ý
Ø�ª��1�vkknê)§

l�Ñ
T�~Ø�3knXê²�Ú©)�1��O�Å�y"

31ÊÙ§�Ä�5Ý
Ø�ªA = A0 + X1A1 + · · · + XkAk � 0§Ù

¥A0, . . . ,Ak´knXê½¢�êêXê£Q(ϑ)¤�(D × D)é¡Ý
§Ù

¥���?�L«� �Ø�Lτ§§��1��S(A)"·��O
#

�{RealLMI§3�5Ý
knê)Ø�3��±�Ñ¢ê)��35�

½ÚO�"XJ�½��5Ý
Ø�ª´knXê�§3�{RealLMI¥

�-õ�ªg = 0§K�{RealLMI��{RationalLMI Ä���¶3�5Ý


A¥�¹¢�êêXê�§�-õ�ªg�¢�êêϑ�4�õ�ª"�

{RealLMI3S(A)Ø÷��§·��±���|¢Xê�5õ�ªLÚ�|k

nXê�5õ�ªL§L3S(A) �¤k:?���0§L3S(A) �¤kkn:

?���0"XJknXê�5õ�ªL = 0Ã)§KS(A)Ãknê)"e¢X

ê�5õ�ªL = 0Ã)§KS(A)Ã¢ê)"3L = 0½L = 0k)�|^p

d��{�Ñ�Ü©C�^,�Ü©C���5L«/ª§Ó������ê

���Ý
Ã§S(Ã)�¢ê)£knê)¤´S(A) þ¢ê)£knê)¤�

ÝK"ÏLéÝ
ÃS��±�ÑS(A)þ¢ê)£knê)¤��35�½Ú

O�"��§���{RealLMI�A^§·��Ñ
Scheiderer�~¢Xê²�

Ú©)�O�Å¢y"

8��ó�Ì��¹±eA��¡µ

1. �Ñ�5Ý
Ø�ª�ê)��35�½ÚO��{§U? [35, 36] ¥�

�{§ü$�{E,Ý"

2. �O�é�gõ�ª½Â��ê8þ¢ê)��½ÚO��p��{§

?�Úü$�©¥��{E,Ý"
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[53] G. Polya. Über positive Darstellung von Polynomen Viereljschr. Ges. Zürich,
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