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Abstract

If the polynomial system and the singular solutions are known exactly, we

compute the multiplicity, index and a basis of Max Noether space by exact linear

algebra computation. If we are given an approximate isolated singular solution

of an exact polynomial system, then we propose a generalized quadratic Newton

iteration to refine the singular solution to have high accuracy and obtain accurate

multiplicity structure with respect to the refined solution. We prove quadratically

convergence and stability of the algorithm to refine a multiple solution. The

complexities of our algorithms are given.

The algorithms have been implemented in Maple 11 and Matlab. We give

examples to illustrate our method along the paper. Test results are presented in

Maple 11 with Digits := 14 for a set of benchmark problems. It is shown that for

most of examples, we can refine a singular solution with only two correct digits

to high precision by only two or three generalized Newton iterations.

Keywords: involutive system, numerical linear algebra, Max Noether condition,

index, multiplicity
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111���ÙÙÙ ÚÚÚóóó
1.1 óóóõ�ª�§|�)3�ÆÚó§éõ+�kX2��A^µ3O�AÛ¥§¡Ú�Òd�
õ�ªã|¤§§�����ÿÒ÷võ�ª�§|¶�kÅ�$ÄǑ�÷v �Cþ�õ�õ�ª�§ÚÆÝ÷vnÆ¼ê'X¶zÆ�A¥�²ï�§§O�ÅÀú§&Ò?n�Ǒ�)õ�õ�ªXÚ�)¯K. õ�ª�§|�)ù�¯K�±J���F1Ú��¥I§Ïd)û�{ÓXë°. ·��±^ÎÒÚê��óä5?nõ�ªXÚ. �X©Ù [2, 4]¥¤ã§ÎÒO���Ì�A:´O(5. §�Ñ\!$�ÚÑÑÑ´°(�.ùÒ�ÎÒO���Ýéú§���Ø�¢�ó�A^�I�. ,	§y¢.¥�éõ¯K�kCq�.§=êâkØÓ§Ý�Ø�. 'X£ãÅì<�$Ä§§�Å:��Ý!ÆÝÚ�é �Ñ´Cqÿþ�§�kk��°Ý. XÛ�^ÎÒO�XÚ?nCq¯K´�þ�ÆÚó§O�¥�)���ïÄ�K. ���§ê�O��±$^2:$�?nCq¯K§��Cq)§O��Ýé¯. §�Ì�¯K´O�(J�°ÝØN´�OÚ�y§,	§���U��ÛÜ)ÚÜ©)§¢�,
k¿Â�).·ÜO�Ò´rÎÒO�Úê�O�(Üå5µ$^ÎÒO�5?nCqÛÉ½é6Ä¯a�¾�¯K§^ê��{5\�ÎÒO��,�Ü©½öO����Cq). �XÇ©dk)3 [55, 3] ¥�Ñ�/�O�«·Ü�{§3O�L§¥Ø���ü«O��ª§��Qkü«O���§q;ü«O��á§A´)û8O�þ(J��«·�å». ǑdAT3nØþî�y²3·ÜO�¥±ê��O©iÎÒ�§7L�äk�½�½5§=3ê��k ��§Ø�L©�ý�)�¡8��. ùò´��QknØ�âqU¢S$^����Ä�¯K.0

1



2 õ�ª�§|��(�9�gÂñS��{
1.2 ���'''óóó���{{{000õ�ª�§|���O�3éõ©z¥��
?Ø [7, 13, 14, 15, 22, 31,

32, 35, 36, 37, 58]. éó�m�ëYÄo´�3�§3 [31, 32] ¥§�öÏL�½Xê�{�Ñ
éó�m�Ä.. Mourrain 3 [37] ¥JÑ�O�éóÄ��{Ǒ´aq�§d�½Xê{§ÏL�yµ45^�ÚéóÄ½Â�Ñ�|éóÄ. Möller Ú Stetter ÏLO� Gröbner Ä���{Ý
§©Û
AÆ�þÚ":�m�'X [35]. Möller Ú Tenberg [36] ?Ø
û�m��{(��AÆ���":�'X. ©Ù [15] dO�Macaulay Ý
�"�m���(�§¿�
Zeng |^µ4f�m�^� �
Macaulay Ý
 [58].3©Ù [11, 27, 28, 29, 42, 44] ¥JÑ
�«�{5JpO���°Ý.©Ù [11] r�{Ý
�����5|Ü� Schur ©)#Sü§l��õ�ªXÚ�)§�)��¹. ©Ù [27] �éä�'Ý
º���/�O
�gÂñ�ÚîS�/ª. Ù¥ [28, 29, 42, 44]§?Ø Defaltion �{µÏL3��§|¥V\C�Ú�§§���C¤#��§|�ü���Ü©§ù�Ò�±^ÚîS�?�Cq��. ù«�{�[0��1o Ù.

1.3 ���©©©ÌÌÌ���óóó���VVVããã�Ädõ�ªXÚ F = {f1, . . . , ft} )¤�n� I§éu i = 1, . . . , t§õ�ª fi ∈ C[x1, . . . , xs]. õ�ª�§|�~Xê��5àg �©�§|kXg,���éA'X. Ïd �©�§�éÜnØ3õ�ªXÚ¥�A^�2�&?. 3©Ù [48] ¥§�Ñ
A^ê��5�ê¥�ÛÉ�©)O�§�)õ�ªXÚ�)§ù«�{�3
n��(�§ǑÒ´�3
��(��&E.¤±§©Ù [56] �\&?
XÛO�Ñù«éÜ�{�3���(��&E.éu���½�n� I = (f1, . . . , ft) ��á�ÛÉ�":§b� Q ´ù�":éA�O�©|§§�éA��n�´ P = (x1 − x̂1, . . . , xs − x̂s)§�on�
(I, P k) ´de¡õ�ª)¤�

Fk = {f1, . . . , ft, (x1 − x̂1)
α1 · · · (xs − x̂s)

αs ,
s∑

i=1

αi = k}.d·��Ä�"��O�©|�AÏ(��Ñe¡{z�éÜ�½½nµ



1�Ù Úó 3½n 1.1. "��õ�ªXÚ Fk 3m gòÿ�éÜ��=�
dim F

(m)
k = dim F

(m+1)
k . (1.1)��"��O�©|�éÜ/ª±�§·��±�Ñ":��(�µ½n 1.2. - Q = (I, P ρ) Ǒn� I = (f1, . . . , ft) �3": x̂ ?����á�O�©|. µ ´": x̂ �ê. b�XÚ Fρ = Tρ(F ) ∪ P ρ 3 m gòÿ�éÜ§XêÝ
M

(m)
ρ �"�md�þ v1,v2, . . . ,vµ )¤. -

L = [D(ρ − 1, 0, . . . , 0), D(ρ − 2, 1, 0, . . . , 0), . . . , D(0, . . . , 0)]L«�¹¤k�©gê�u ρ g��©�f��þ. �o Max Noether �m
△x̂ ��|Äde¡O���

Lj = L · vj , éu 1 ≤ j ≤ µ.XJÛÉ":´O(���§d�·�ÏLO(��5�êO�§��I!ê!�©(�. ��½�ÛÉ":´äkk�°Ý�§·�O�¥Ò�ÀJ·��NNØ�§ù«�/e§O����(�Ò¬�ù��kk�°Ý�ÛÉ":�Óêþ?�Ø�§Ǒd·�Ǒ�O
���{§�±JpCqÛÉ":�°Ý§lJp�(��°Ý. Ø=Xd§ÏǑ·��^?�CqÛÉ":�Ý
Lu
�§X¢�L� 3.1 ¥����¤«§Ù¥�xL«Ý
��¤^O�Å�;�mØv�{O�Ñ(J§¤±·�JÑ
?���{5°zCq�ÛÉ":§3ù«�{¥·�¤�^�S�Ý
��3òÿL§´�½�§Ïd��Jp
O��Ç.½n 1.3. �?��{´��ê�½��gÂñ�°zÛÉ":��{.b½·�®�õ�ªXÚ F = {f1, . . . , ft} ���Cq�ÛÉ":
x̂ = x̂exact + x̂error,ùp x̂error L«Cq)¥�Ø�Ü©§ x̂exact L«õ�ªXÚ�°()§§�êǑ µ Ú�IǑ ρ. ÏL�IC� yi = xi − x̂i§i = 1, . . . , s§·���
��#�õ�ªXÚ G = {g1, . . . , gt}§ùp

gj(y1, . . . , ys) = fj(y1 + x̂1,exact + x̂1,error, . . . , ys + x̂s,exact + x̂s,error), j = 1, . . . , t.



4 õ�ª�§|��(�9�gÂñS��{�Äõ�ªXÚ̄
G = {g1, . . . , gt, (y + x̂error)

α, |α| = ρ + 1},ùp ρ ´: −x̂error ��I. b�XÚ Ḡ 3 m gòÿ�éÜ§·�rd��XêÝ
L«Ǒ:

M =

[

M ′
h M ′

l

Mh Ml

]

, (1.2)5¿�
Ml = M

(m)
ρ+1, (1.3)ùpM

(m)
ρ+1 ´�äXÚ

Gρ+1 = {Tk(g1), . . . , Tk(gt)}òÿ�m g�XêÝ
.½n 1.4. b½ {L1, . . . , Lµ} ´õ�ªXÚ G 3 ŷ ?�Max Noether �m��|Ä§õ�ªXÚ Ḡ ²Lm gòÿ���éÜ§d��XêÝ
ǑM§·�k
{L1(v(y)ρ+m) |y=ŷ, . . . , Lµ(v(y)ρ+m) |y=ŷ} (1.4)´M �"�m��|Ä§ùp ŷ = −x̂error ¿�
v(y)T

ρ+m = [yρ+m
1 , . . . , yρ+1

s , yρ
1 , . . . , ys, 1]T . (1.5)XJ·�dXêÝ
M �"�þ/¤�{Ý
 {My1

, . . . , Mys
}§�o 1

µ
Tr(Myi

) =

−x̂i,error ÏǑ Ḡ �k��êǑ µ �) ŷ = −x̂error. XJ·�®�õ�ªXÚ
F ���Cq�": x̂§=

‖ŷ‖ = ‖ − x̂error‖ = O(ε) ≪ 1. (1.6)duM �f¬M ′
h �AÏ�(�§�3�_Ý
 P1§�� P1M

′
h = I.

M̃ =

[

I 0

−Mh I

] [

P1 0

0 I

] [

M ′
h M ′

l

Mh Ml

]

=

[

I M̃l

0 Ml − MhM̃l

]

,ùp§M̃l = P1M
′
l . Ïd§O�M �"�þ�duO�Ml − MhM̃l �"�þ.



1�Ù Úó 5b� v = [vT
h ,vT

l ]T ´Ý
M ���5�z�"�þ§
[

I M̃l

0 Ml − MhM̃l

] [

vh

vl

]

= 0.ÏǑ vh + M̃lvl = 0§¤±
‖M̃lvl‖ = ‖vh‖ = O(ε2).,	§ÏǑMlvl − MhM̃lvl = 0§¤±

‖Mlvl‖ = ‖MhM̃lvl‖ ≤ ‖Mh‖‖M̃lvl‖ = O(ε2).·�ke¡���½nµ½n 1.5. b� {L1, . . . , Lµ} ´ G 3 ŷ � Max Noether �m��|Ä§�ä�õ�ªXÚ
Gρ+1 = {Tk(g1), . . . , Tk(gt)}²Lm gòÿ�éÜ§§�XêÝ
´Ml = M

(m)
ρ+1.éu��Ǒ O(ε2) �NNØ�§·�k

{L1(v(y)ρ) |y=ŷ, . . . , Lµ(v(y)ρ) |y=ŷ} (1.7)´Ý
M
(m)
ρ+1 �"�m��|Ä§ùp ŷ = −x̂error �

v(y)T
ρ = [yρ

1 , y
ρ−1
1 y2, . . . , y1, . . . , ys, 1]T .XJ·�ÀJ�� O(ε2) �NNØ��O�Ý
Ml ��§�o¬uy

dim Nullspace(M
(m)
ρ+1) = dim Nullspace(M).�{Ý
 {M̃y1

, . . . , M̃ys
} ´dM

(m)
ρ+1 �"�þ��5'X)Ñ�§¤±

1

µ
Tr(M̃yi

) =
1

µ
Tr(Myi

) + O(ε2) = −x̂i,error + O(ε2). (1.8)Ïd§·��ÑØ�Ü©´äkü�O(êi�.



6 õ�ª�§|��(�9�gÂñS��{
1.4 ���©©©���ÌÌÌ���SSSNNN31� Ù§Äk0�éÜ�{�)"��õ�ª�§XÚ [48] ÚéÜ�{�"���á�O�©| [56].31n Ù§·�?Øéuõ�ª�ÛÉ�":(��O�§Äurõ�ªÏLÎÒê��·Ü�{z{�AÛéÜ/ª. ùp·�®��ÛÉ":�±´O(�§Ǒ�±´Cq� [56]. O(��/§·�O���(�´O(�§éuCq�ÛÉ)§·�r)û�Y3�1o Ù.31o Ù¥§·�Äk£�
²;�Úî�{ÚS�úª��gÂñ5�y²¶,�{�0�
éuõC��CqÛÉ�":�?��{ Deflation¶��JÑ
í2��gÂñ�ÚîS��{ [57]§?�ÛÉ�":�Åì°Ý.ù�·�Ò�±Ò�§�p°Ý��(�
§¿��Ñ
·��{�gÂñ5�y².3���Ù§·�o(
®k�ó�¤J¿?Ø
±��±UYó�ãå���.



111���ÙÙÙ """���õõõ���ªªªXXXÚÚÚ���éééÜÜÜnnnØØØ
2.1 óóóõ�ªXÚ�)¯K¥§XJ�ÄO(Xê�õ�ª�§§�±A^

Gröbner Ä§AÆ�§(ª��{�)ûµù
�{�kCþ�S�ÀJ§́ �6u�I�§3?n2:Xê�õ�ª�§�Ò¬��ê�(J§'XÀJ�Ä��Xê´�é��2:ê.~ 2.1. õ�ªXÚµ
{

f1 = x2
1 + 2x2

2 − 3x1 + 5x2 + 1,

f2 = x2
1 + 7x2

2 − 11x1 + 13x2 + 1.æ^S 1 < x2 < x1 < x2
2 < x1x2 < x2

1 < · · · O� Gröbner Ä§l��û�
C[x1, x2]/(f1, f2) ��|Ä

{1, x1, x2, x1x2}.²L��é��6Ä��
õ�ªXÚµ
{

f̃1 = f1 + ǫ1x1x2,

f̃2 = f2 + ǫ2x1x2.E,æ^S 1 < x2 < x1 < x2
2 < x1x2 < x2

1 < · · · O� Gröbner Ä§l��û� C[x1, x2]/(f̃1, f̃2) ��|Ä
{1, x1, x2, x2

2}.²Lé��6Äü^���: �Czé�§�´d GröbnerÄO���58d�|ü�ªC��
,	�|ü�ª. C
§2:Xê�õ�ª�)¯K)�
�1ó�µê�õ�ª�
border Ä [23, 41] �§éÜÄ [47, 59, 48] �.

7



8 õ�ª�§|��(�9�gÂñS��{
2.2 ýýý������£££3ù��!¥·�ò�0��©�^��PÒVg§��[�SN�ë�

[12, 52].½Â 2.1. õ�õ�ª� C[x] = C[x1, . . . , xs] �f8Ü I ¡�n�§XJ÷vµ
1. f , g ∈ I ⇒ f + g ∈ I,

2. f ∈ I, g ∈ C[x] ⇒ fg ∈ I.½Â 2.2. n� I ´õ�õ�ª� C[x] = C[x1, . . . , xs] ¥�n�§f, g ´õ�õ�ª� C[x] ¥�?¿ü���§
• I ´4�n�XJ I ´ýn�§¿�?Ûn� J ÷v I ⊂ J =⇒ J = C[x].

• I ´�n� XJ fg ∈ I =⇒ f ∈ I ½ö g ∈ I.

• I ´O�n� XJ fg ∈ I =⇒ f ∈ I ½ö gm ∈ I éu,����êm.

• I ´�n� XJ fm ∈ I =⇒ f ∈ I.

• I ��n� ´8Ü
√

I = {f | fm ∈ I éu,��ê m ≥ 1}.N´�y√
I Ǒ´n�. ?¿��n��½´�n�§¿�O�n���n�´�n�. ·�`n�´k�)¤�XJ�3k���� f1, f2, . . . , ft ∈ I ÷v I ¥�?¿������±�¤ f1, f2, . . . , ft � C[x]-�5|Ü§�é{`µ

I = {g1f1 + g2f2 + · · · + gtft | g1, g2, . . . , gt ∈ C[x]}.L«Ǒ I = (f1, f2, . . . , ft).e¡��Ä�´dõ�ªXÚ F = {f1, . . . , ft} )¤�n� I§éu
i = 1, . . . , t§õ�ª fi ∈ C[x].½Â 2.3. éu�½�k�8Ü F = {f1, . . . , ft}§fi ∈ C[x]§Eê�þ����êq½ÂǑe¡8Üµ

V (F ) = {z ∈ Cs | fi(z) = 0, i = 1, . . . , t}.



1�Ù "�õ�ªXÚ�éÜnØ 9XJ F Ú G ´Ó��n��ü|Ä§�o V (F ) = V (G)¶XJ V (I) ´k��8Ü§�on� I �¡�´"��n�. éu�½�n� I§�Ä�ê
C[x]/I = {[f ] | f ∈ C[x]}, [f ] := {f + g | g ∈ I}. (2.1)rù��êw�´Eê�þ��5�m§�n� I ´"��§·��±é�§��|Ä.½Â 2.4. n� I ´"��§��ê C[x]/I �ǑEê�þ��5�m��|Ä§ù|Ä�z���da�Ñ���L��|¤�8Ü§���58.½Â 2.5. N ´n� I ��58§õ�õ�ª� C[x] ¥���?¿�õ�ª f§·��±r§�¤

[f ] =
∑

t∈N

ct(f)[t],·�r NF (f) �� f ∈ C[x] ��5/ª§
NF (f) =

∑

t∈N

ct(f)t, ct(f) ∈ C.�±w�Ǒ
ØÚ?S�Vg§·��

�z�VgÚ�{.�Äe¡�gÓ�µ
Φf : C[x]/I → C[x]/I, [g] 7→ [f · g]. (2.2)½Â 2.6. �½n� I§Ú§��58 N = {t1, . . . , tµ}§XJ
[f · ti] =

µ
∑

j=1

mij(f)[tj ], i = 1, . . . , µ, (2.3)�o§µ × µ �EÝ
Mf = (mij(f))µ
i,j=1 ��õ�ª f ∈ C[x] ��{Ý
.ÏǑ Φfg = Φf ◦ Φg §¤±Mf · Mg = Mfg = Mgf = Mg · Mf§ǑÒ´`�{Ý
��.



10 õ�ª�§|��(�9�gÂñS��{~ 2.2. �ÄüC��õ�ª§=- s = 1, x := x1§n� (xn +
∑n−1

i=0 aix
i)§ÀJ�58 {1, x, . . . , xn−1}§�o�éuù|�58���{Ý


Mx =












0 1 0 · · · 0

0 0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

−a0 −a1 · · · −an−1












,

ù�Ý
�¡� Frobenius ��Ý
.Ún 2.1. n� P ´�n���=� C[x]/P ´��.y²./⇒0§∀ f, g ∈ C[x]§
(f + P )(g + P ) ≡ 0 =⇒ fg ∈ P dun� P ´�n�,

=⇒ f ∈ P ½ö g ∈ P, =,

f + P ≡ 0 ½ö g + P ≡ 0./⇐0§∀ f, g ∈ C[x]§fg ∈ P

=⇒ (f + P )(g + P ) ≡ 0§du C[x]/P ´��§
=⇒ f + P ≡ 0 ½ö g + P ≡ 0§=
f ∈ P ½ö g ∈ P .Ún 2.2. n�M ´4�n���=� C[x]/M ´�.y²./⇒0§?� f ∈ C[x]\M§duM ´4�n�§
=⇒ M + (a) = C[x]§
=⇒ ∃ g1, g2 ∈ C[x] s.t. g1fm + g2f = 1§Ù¥ fm ∈ M .

=⇒ g2f ≡ 1./⇐0§�n� J ÷vM ⊂ J§� f ∈ J\M§∃ g ∈ C[x]§�� fg ≡ 1§=
1 ∈ (f)§ǑÒ´ J = C[x].



1�Ù "�õ�ªXÚ�éÜnØ 11íØ 2.3. ?Û4�n�Ñ´�n�.y². b�n�M ´��4�n�§�odÚn 2.2

=⇒ C[x]/M ´�§
=⇒ C[x]/M ´��§dÚn 2.1

=⇒ M ´�n�.½n 2.4.£Hilbert Ä½n¤õ�õ�ª� C[x] = C[x1, . . . , xs] ¥�?¿n�Ñ´k�)¤�.½Â 2.7. XJ P Ú Q ´÷ve¡5��n�µ
1. fg ∈ Q ¿� f /∈ Q íÑ g ∈ P§
2. Q ⊆ P§
3. g ∈ P íÑ gρ ∈ Q éu,����ê ρ§�o Q ´O��§P ´�n�§¿�´áuO�n� Q ��n�.XJ Q ´��O�n�§�o P =

√
Q ´��áu Q ��n�¿� Q �¡� P -O��.½Â 2.8. ?¿�õ�ªn�Ñk�P{�O�©)§�é{`§

I = ∩r
i=1Qi,ùp Qi ´O�n�,

Qi  ∩j 6=iQj,·�¡ Qi ´n� I O�©|(n�). XJvkáu Qj, j 6= i ��n�U�áu Qi ��n��Ø§�o Qi �¡��á�.½Â 2.9. r C[x]/Q �ǑEê�þ��5�m��ê µ ¡�"�O�n� Q�ê§ǑÒ´
µ = dimC(C[x]/Q).½Â 2.10. ρ �¡�O�n� Q ��IXJ ρ ´����K�ê��

√

Q
ρ ⊆ Q.



12 õ�ª�§|��(�9�gÂñS��{e¡·K`²"��n�´4�n��¿�^�.·K 2.5. n�M ∈ C[x] ´4�n���=�n�M ´"��¿�´�n�.y². /⇒0§n�M ´4�n�§díØ 2.3 �n�M ´�n�. ��y²n� M ´"��. b�n�M Ø´"��§�od"�n��5���3
C[xi]

⋂
M = {0}§Ù¥ i ∈ {1, . . . , s}.  V (M) 6= ∅§� (c1, . . . , cs) ∈ V (M)§Ù¥ cj ∈ C. � f(xi) ∈ C[xi] ´ ci �4�õ�ª. �En�

I = M + (f(xi))�o
(c1, . . . , cs) ∈ V (I) 6= ∅�n�M ´4�n�gñ./⇐0§n� P ´��"���n�§� f ∈ C[x] \P§�o

1 + P, f + P, f 2 + P, · · ·´3Eê�þ�5�'�§=�3Ø�Ǒ"� λi ∈ C§��
m∑

i=0

λi(f
i + P ) = 0,u´

(f j + P )

m−j
∑

ℓ=0

µℓ(f
ℓ + P ) = 0,Ù¥ µℓ ∈ C, µ0 6= 0.dÚn 2.1 C[x]/P ´��§��

µ0(1 + P ) + µ1(f + P ) + · · · + µm−j(f
m−j + P ) = 0,ǑÒ´

−µ0 + P = (f + P )(µ1 + µ2f + · · · + P ),�� f + P ´�_�§dÚn 2.2 �n� P ´4�n�.



1�Ù "�õ�ªXÚ�éÜnØ 13�Ñ²;�êÆ¥���½n§ù´·��O�{¤�6�'�½n.½n 2.6. [52] b�õ�ªn� I k�á�O�©| Q ��'�n� P ´4�n�§¿� ρ ´ Q ��I§XJ σ < ρ§�o
dim(C[x]/(I, P σ−1)) < dim(C[x]/(I, P σ)). (2.4)XJ σ ≥ ρ§�o

Q = (I, P ρ) = (I, P σ). (2.5)íØ 2.7. XJõ�ªn� I k�á�O�©| Q§§��'�n� P ´4�n�§�o Q ��I ρ �u�u Q �ê µ.y². �á�O�n� Q �ê µ �uû�ê C[x]/(I, P ρ) ��ê. û�ê
C[x]/(I, P σ) ��êî�O\��� σ = ρ§¤± µ �u�u�I ρ.

2.3 éééÜÜÜnnnØØØ¯¤±�§õ�ª�§|�~Xê��5àg �©�§|kXg,���éA'X. Ïd �©�§|�éÜnØ3õ�ªXÚ¥�A^�2�&?.3©Ù [48] ¥§�Ñ
A^ê��5�ê¥�ÛÉ�©)O�§�)õ�ªXÚ�)§ù«�{�3
n��(�§ǑÒ´�3
��(��&E. ¤±§©Ù [56] �\&?
XÛòÄuéÜnØ��{A^uO���(�.

2.3.1 éééÜÜÜnnnØØØ���)))"""���õõõ���ªªªXXXÚÚÚ�Ä"�õ�ª�§| F = {f1, . . . , ft}, fi ∈ C[x1, . . . , xs]§Ù¥�õ�ª
f1, . . . , ft gêǑ d, ¿� s ≤ t. õ�ª�§XÚ�±Uì���XêÝ
M

(0)
d�ǑXe/ªµ

M
(0)
d · [xd

1, x
d−1
1 x2, . . . , x

2
s, x1, . . . , xs, 1]T = [0, . . . , 0]T3ùpÚe¡�©Ùp, [...]T L«Ý
�=�. k(Ø [ξ1, ξ2, . . . , ξs] ´�§|�)��=�

[ξd
1 , ξ

d−1
1 ξ2, . . . , ξ

2
s , ξ1, . . . , ξs, 1]T
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M
(0)
d �"�þ.ÏǑü�ª��êÏ~���õuõ�ª��ê§¤±XêÝ
�"�m��ê´é��. ©Ù [6, 16, 17, 26, 34, 35, 38, 39, 40, 41, 50, 51] �8I´é�áu F )¤�n��Ù§�õ�ª§�����/ª�±�½n��¤
¯K. ©Ù [46, 47, 48, 59] ��{´ÏL �©�§ R �éÜ�½OK [24, 45] ��O��êL.  �©�§XÚ R �duõ�ª�§XÚ F ÏLe¡�éAµ

φ : xi ↔
∂

∂xi

, 1 ≤ i ≤ s.

φ´��V�§ǑÒ´`õ�õ�ª�C[x1, . . . , xs]Ú�©�f�C[ ∂
∂x1

, . . . , ∂
∂xs

]´Ó��. ÏǑN´�yµ
1. φ(p1 + p2) = φ(p1) + φ(p2),

2. φ(p1p2) = φ(p1)φ(p2),éu?¿� p1, p2 ∈ C[x]. ¿�N� φ �ØǑ".~ 2.3. �½��õ�ªXÚ
P = {xy3 + xy2, x2y2 + 2x2y − 3xy}�oéA� �©�§XÚ

R = φ(P ) = {ux,y,y,y + ux,y,y, ux,x,y,y + 2ux,x,y − 3ux,y}.�e5§·�^õ�ª�ê�ó{�/)º�eÎÒê�·ÜO�����{. �Ä�êq
V (F ) =

{

[xd, . . . , 1] ∈ CNd | M
(0)
d · [xd, . . . , 1]T = 0

}

,ùp Nd =
(

d+s

s

)§xj L«¤kgêǑ j �ü�ª. XJò¤kØÓ�ü�ªÑw�´ÕáC�§�o V (F ) Ò´M
(0)
d �"�m.õ�ªXÚ F ��gòÿ´�r F �±z�C����õ�ªV\��5�XÚ¥§Ïd·���
 d + 1 g�*¿XÚ. �±48½Âpg�òÿ§��
S� F = F (0), F (1), F (2), . . .§�A/��
�|XêÝ
µ

M
(0)
d · vd = 0, M

(1)
d · vd+1 = 0, M

(2)
d · vd+2 = 0, · · ·



1�Ù "�õ�ªXÚ�éÜnØ 15Ù¥ vi = [xi,xi−1, . . . ,x, 1]
T
.�gÝK½ÂǑ

π(F ) =
{

[xd−1, . . . , 1]∈ CNd−1 | ∃xd,M
(0)
d · [xd, . . . , 1]T = 0

}

.ù�ÝK�f π r CNd ¥���:N�� CNd−1 ¥§�KgêǑ d��
ü�ª. 3©Ù [8, 47, 54] ¥JÑ�ê��ÝK�f π̂ ´ÄuÛÉ�©) (SVD). ·�Äké�XêÝ
�ÛÉ�©)
M

(0)
d = U · Σ · V (2.6)

M
(0)
d �Cq� r ´'�½NNØ���ÛÉ���ê. NNØ��À���âÑ\õ�ª�Xê�O(êi�ê. õ�ªXÚ F ��ê½ÂǑ§�XêÝ


M
(0)
d �"�m��ê. L«Ǒ

dim F = dim Nullspace(M
(0)
d ) = Nd − r. (2.7)ÏL�K V �¡ r 1��M

(0)
d �"�m��|CqÄ. Ǒ
�O dim π̂(F )§�KM

(0)
d �"�m�|CqÄ¥éAugê�pǑ dg�ü�ª. ù|ÝK�CqÄÜ¤ π̂(F ). rÛÉ�©)�{A^�z|ÝK�CqÄþ�±O�ÝKXÚ��ê π̂(F ), π̂

2(F ), π̂
3(F ), ...§ù
&E´·�3�½éÜ�ÿ¤I��.gêǑ d �õ�ªXÚ�ÎÒÝ
Ò´XêÝ
M

(0)
d �fÝ
éA��pg d g���f¬. éÜ�½OK¥�������Ò´ÎÒéÜ. e¡�Ñ
"�õ�ªXÚ�éÜ��½OK [59].½n 2.8. [59] ��"��õ�ªXÚ F 3m gòÿÚ ℓ gÝK�éÜ��=� π

ℓ(F (m)) ÷vÝKéÜÿÁµ
dim π

ℓ
(
F (m)

)
= dim π

ℓ+1
(
F (m+1)

)
, (2.8)ÚÎÒéÜÿÁµ

dim π
ℓ
(
F (m)

)
= dim π

ℓ+1
(
F (m)

)
. (2.9)©Ù [48, 59] ¥�Ñ
e¡��{§|^ÎÒê���{��õ�ªXÚ�éÜ/ª§l�)"��õ�ªXÚ�":.



16 õ�ª�§|��(�9�gÂñS��{���{{{µµµSNEPSolverÑ\µ◮ "��õ�ªn� I = (f1, . . . , ft)§ùp�õ�ª´ d g�¿�
fi ∈ C[x]§��NNØ� τ .ÑÑµ◮ û� C[x]/I ��êÚ�{Ý
Mx1

, . . . , Mxs
.

• éu�½�NNØ� τ éu F = {f1, . . . , ft} A^ÎÒòÿÚê�����{§·����êL dim π̂
ℓ(F (m)).

• é����m ÷v�3 ℓ ¿ π̂
ℓ(F (m)) CqéÜ§=÷v^� (2.8§2.9).XJéu�½�m �3õ�ù���§�oÀJ����Ǒ ℓ.

• õ�ªXÚ F �)��ê´ d = dim(C[x]/I) = dim π̂
ℓ(F (m)).

• �{Ý
Mx1
, . . . , Mxs

�±d π̂
ℓ(F (m)) Ú π̂

ℓ+1(F (m)) �"�þ/¤.5 1. ØÓu± ��{ÀJü�ª�¤�k d �����58Ü§·�O� π̂
ℓ+1(F (m)) �"�mCqÄ�ÛÉ�©). �â (2.9)§ d �ÛÉ�þ3

π̂
ℓ(F (m)) �"�m�CqÄ¥�±½�5|ÜÑÙ§1§u´·�é�
�|õ�ª�Ǒû� C[x]/I �½��|Ä. õ�ªXÚ F �)�±d�{Ý
�AÆ�AÆ�þ��{�� [6, 11, 35].

2.3.2 éééÜÜÜnnnØØØ������ááá"""������OOO���©©©|||éu���½�n� I = (f1, . . . , ft) ��á�ÛÉ�":§b� Q ´ù�":éA�O�©|§§��'�n�´ P = (x1 − x̂1, . . . , xs − x̂s)§·�A^�{ SNEPSolver 5O�3ù�:�O�n���I ρ§�� Q = (I, P ρ) ¿�O�û� C[x]/Q ��{(�.���{{{µµµOOO���©©©|||Ñ\µ◮ n� I = (f1, . . . , ft) ����á�": x̂§Ú��NNØ� τ"ÑÑµ◮ O�©|Q�êµ§�I ρ§Úû�C[x]/Q��{Ý
Mx1
, . . . , Mxs

§ùp Q = (I, P ρ)"
• /¤�n� P = (x1 − x̂1, . . . , xs − x̂s).
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• 3�½�NNØ� τ§Uì�{ SNEPSolver O� dk = dim(C[x]/(I, P k))§�� dk = dk−1§,��½ ρ = k − 1§µ = dρ Ú Q = (I, P ρ).

• Uì�{ SNEPSolver O�û� C[x]/Q ��{Ý
Mx1
, . . . , Mxs

.Äu�z�GröbnerÄ���5O�O�©|��I�ÎÒ�{3 [19, 25]¥�Ñ. �·�?n�n��)�kk�°Ý��ÿ§ù«�{Ò¬��ê�?nþ�(J. ÏǑló�~f¥�±wÑ§Gröbner Äé6Ä¯a.5 2. O�Ñ5��{Ý
|¤�8Ü {Mx1
, . . . , Mxs

} 3 [14] ¥�¡�éu�½�": x̂ �ÛÜ�.ÏǑn� (I, P k) ´de¡õ�ª)¤�
Fk = {f1, . . . , ft, (x1 − x̂1)

α1 · · · (xs − x̂s)
αs ,

s∑

i=1

αi = k}.Ø���5§b� d ≤ k§·�r¤kõ�ª fi Ñòÿ� d g. Q,¤kgêǑ k + j �ü�ªÑÑy3òÿXÚ F
(j)
k ¥§= F

(j)
k �ÎÒÝ
o´�÷��§ǑÒ´`§F

(j)
k ´ÎÒéÜ�. òÿ��XÚ��êL«Ǒ

dim F
(j)
k = dim Nullspace(M

(j)
k ),ù�ê�î�4~��Ê�§ùp·�^ M

(j)
k L«õ�ªXÚ F

(j)
k �XêÝ
. Ïd·���
e¡�éAu·�AÏ�õ�ªXÚ Fk �{ü�éÜ�½½n.½n 2.9. "��õ�ªXÚ Fk 3m gòÿ�éÜ��=�

dim F
(m)
k = dim F

(m+1)
k . (2.10)~ 2.4. [42] n� I de¡õ�ª)¤

{f1 = x2
1 + x2 − 3, f2 = x1 + 0.125x2

2 − 1.5}. (2.11)

(1, 2) ´n���� 3-":./¤4�n� P = (x1 − 1, x2 − 2).
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• k = 2§·��ÄXÚ

F2 = {f1, f2, (x1 − 1)2, (x1 − 1)(x2 − 2), (x2 − 2)2}.ÏǑ dim F2 = 1§dim F
(1)
2 = dim F

(2)
2 = 2§·�k dim(C[x]/(I, P 2)) = 2.Ó�/§

• k = 3§dim F3 = 1§dimF
(1)
3 = dimF

(2)
3 = 3§·�k dim(C[x]/(I, P 3)) = 3.

• k = 4§dim F4 = 1§dimF
(1)
4 = dimF

(2)
4 = 3§·�k dim(C[x]/(I, P 4)) = 3.Ïd� (1, 2) ��IÚê©OǑµρ = 3 Ú µ = 3. �éu�58Ü {x1, x2, 1}��{Ý
´µ

Mx1
=







0 −1 3

6 3 −10

1 0 0







, Mx2
=







6 3 −10

−8 0 12

0 1 0







(2.12)

Mx1
ÚMx2

�nAÆ�©O´ 1 Ú 2.XJÛÉ) x̂ ´Cq�§�oõ�ªXÚ Fk k��)q. �{Ý
 Mxi� Schur ©)�¹k��¬. 3©Ù [11] ¥§�{Ý
Mxi
�AÆ�q�²þ�d Trace(Mxi

)/µ O�§�Ñ
 x̂i ���?��. 3ê�O��¢�¥§·�uyµ�±^·��éÜXÚ�XêÝ
O�"�þ§,�/¤�{Ý
§2A^ù«�{O��{Ý
�,�²þ�§��Cq)�?��§r?��\\�Cq�§Ò��°Ý�p�).~ 2.5. ( 2.4 UY) b�·�����Cq��á�ÛÉ)µ
x̂ = (1 + 2.5428 × 10−4 + 2.4352 × 10−4 i,

2 + 8.4071 × 10−4 + 3.6129 × 10−4 i).·�À½��NNØ� τ = 10−4 ¿�$^O�©|�{5O�éu�½� x̂Úõ�ªXÚ (2.11). éuÀ½�NNØ�ê�O���ê(J�þ¡~f�
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Ó��ù�Cq���IÚê§O����?��´µ
(1 + 9.5829 × 10−8 − 1.2762 × 10−7 i,

2 − 2.6679 × 10−6 + 3.5569 × 10−7 i).,�·�^ù�?�
���Ǒ���©�)§2�g/À½�����NNØ� τ = 10−6§#$1O�©|�{§��:

(1 − 1.0000 × 10−15 + 2.5854 × 10−14 i, 2 + 8.4457 × 10−14).





111nnnÙÙÙ õõõ���ªªª���������(((���
3.1 óóó·�éõ�ªÛÉ��êa,�§ùp·�¤`�ê§Ø==´�â¿Âþ�ü�§��§n��§´3�r��ê¿Âþ�Ñù�ÛÉ":¤3�O�©|�£ã§·�½Â��(�´�O�Ñù�O�©|�éó�m��|Ä. ÏǑ�â¿Âþ�êØU�·�'uO�©|�¿v�&Eµ�Ä C[x1, x2] þ�":3�:?êǑ 3 �O�n�küa§�±©OL«Ǒ

(x3
1, x2) Ú (x1, x2)

2. Ǒ
ïÄn�ÛÜ�ÿÀ5�§·�?Ø§�éó�m.

3.2 ÄÄÄ:::���£££½Â 3.1. �{8 T ½ÂǑ�¹ü  1 �é�{µ4�8Ü§=µ
1. 1 ∈ T,

2. t1, t2 ∈ T ⇒ t1t2 ∈ T.�©¥ T L«¤kü�ª u = xα = xα1

1 · · ·xαs
s ��{8. - D(u) =

D(α) = D(α1, . . . , αs) : C[x] → C[x] L«e¡½Â��©�fµ
D(α1, . . . , αs) =

1

α1! · · ·αs!
∂xα1

1 · · · ∂xαs

s ,éu�K��êê| α = [α1, . . . , αs]. �¤ D = {D(α), |α| ≥ 0} ¿�L«
SpanC(D) Ǒd D )¤� C-�þ�m§¿�3 D þÚ\�����^��u/È©0µ

Φxj
(D(α)) =

{

D(α1, . . . , αj − 1, . . . , αs), XJ αj > 0,

0, ÄK.
(3.1)g,�k/õgÈ©0��½Âµ

Φt1(D(t2)) =

{

D( t2
t1

), XJ t2|t1,
0, ÄK.

(3.2)

21
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Ψxj

(D(α)) = D(α1, . . . , αj + 1, . . . , αs). (3.3)Ú/õg�©0��µ
Ψt1(D(t2)) = D(t1t2) (3.4)½Â 3.2. SpanC(D) ���f�m U �¡�´µ4�§XJ§´k���¿�÷ve¡^�µ

Φxj
(U) ⊆ U, j = 1, . . . , s.·K 3.1. �½n� I = (f1, . . . , ft)§z ∈ Cs Ú���©�f�¤�µ4�þ�m U ��|Ä {D1, . . . , Dµ}. XJ÷v Di(fj)(z) = 0 éu i = 1, . . . , µ Ú

j = 1, . . . , t§�o D(f)(z) = 0§éu?¿� f ∈ I§Ú D ∈ U .y². ?¿� f ∈ I§kL�ªµ
f =

t∑

j=1

gjfj .

D ∈ U§d�m U �µ45� Φu(D) ∈ U§¤±
Φu(D)(fj)(z) = 0,éu u ∈ T Ú j = 1, . . . , t§d Leibniz {K§

D(f) =

µ
∑

j=i

D(gjfj) =

µ
∑

j=1

∑

u∈T

D(u)(gj)Φu(D)(fj). (3.5)þ¡L�ª3 z :?O�§Ò��
·�I��(Ø.½Â 3.3. �½n� I ���": x̂ = (x̂1, . . . , x̂s)§·�½Â'u I 3 x̂ ?�
Max Noether �mǑµ

△x̂ := {L ∈ SpanC(D)|L(f)|x=x̂ = 0, ∀f ∈ I}. (3.6)¿�r�m¥�z���¡�Max Noether ^�.



1nÙ õ�ª���(� 23½n 3.2. [13] -M Ǒ C[x] �4�n� (x1, . . . , xs). 3M-O�n�Ú C[x]�µ4f�m SpanC(D) �m�3��V�µ
{C[x]¥�M-O�n�}

↑↓
{ SpanC(D) �µ4f�m}.AO�§éu"�� C[x]þ�êǑ µ �M-O�n�§·�k

dimC(△x̂) = µ.½Â 3.4. [33] �m△x̂ ��|Ä {L1, . . . , Ls} ´Uì�©gêd$�p/ü��§XJéu?¿� l > 0 o´�3 j ≥ 1 �� {L1, . . . , Lj} ´�m
△x̂ ∩ {L ∈ D| deg(L) < l}, (3.7)��|Ä§�oÒr {L1, . . . , Ls} ¡��m△x̂ ��|ëYÄ.ù��ëYÄo´�3�§�±l L1 := D(1) m©O�§¿�l
△x̂ ∩ {L ∈ D| deg(L) < l}, (3.8)��|Ä.*¿�
△x̂ ∩ {L ∈ D| deg(L) ≤ l}, (3.9)��|Ä§,�2O\ l ��?1*¿§�*¿ª�·�Ò��
Max Noether�m△x̂ �|ëY�Ä..

3.3 éééóóó���mmm�¼ D(α)[x̂] : C[x] → C ¹Â´µ
D(α)[x̂](f(x)) = D(α)(f(x)) |x=x̂ .·���Max Noether �m´d�
�f)¤§éó�m´dù
�f3":?O���¼)¤�.



24 õ�ª�§|��(�9�gÂñS��{½Â 3.5. �½n� I ���": x̂ = (x̂1, . . . , x̂s)§·�½Â'u I 3 x̂ ?�éó�mǑµ
Dx̂(I) := {L[x̂] |L ∈ SpanC(D), L(f)|x=x̂ = 0, ∀f ∈ I}. (3.10)dd��§3":ØÚå· ��¹e§Ǒ
Ö�{ü§·��Ñ Max

Noether ^�§Ò`é�
n�3ù�":?�éó�m.

3.3.1 ���éééóóó���mmmÄÄÄ������«««���{{{e¡��{dO�©|�{�ÑÑ�ǑÑ\^�5�)Max Noether ^�. ·�®²��§�Ñ� Max Noether ^�3":?O���¼Ò´)¤éó�m��|Ä.���{{{µµµMax Noether ���mmm IÑ\µ◮ �{Ý
Mx1
, . . . , Mxs

§": x̂ Ú�I ρ.ÑÑµ◮ Max Noether �m△x̂ ��|Ä L = {L1, . . . , Lµ}.

• �Ñõ�ª h ∈ C[x] 3: x̂ ?��� ρ − 1 g��V�m§Xê cα ∈ Cµ
Tρ−1(h) =

∑

α∈Ns,|α|<ρ

cα(x1 − x̂1)
α1 · · · (xs − x̂s)

αs .

• ÏL�{Ý
Mx1
, . . . , Mxs

O�õ�ª h ��K/ª¿�3 x̂ ?�mµ
NF(h(x)) =

∑

β

dβ(x − x̂)β.

• é�~ê aαβ ∈ C �� dβ =
∑

α aαβcα. é?¿ β ÷v dβ 6= 0§�£�f
Lβ =

∑

α

aαβ

1

α1! · · ·αs!
∂xα1

1 · · · ∂xαs

s =
∑

α

aαβD(α).,	�«Äu Gröbner ÄO��©�f��{3 [13] ¥�Ñ. ·���{�±A^�2:Xê�õ�ªXÚ§ÏǑ�±ÏL�{ SNEPSolver ½O�Ñ�{Ý
l½O�Ñ�K/ª. ,	§õ�ª h(x) �gê3 [13] ¥§��^ê µ �Ǒþ.§,·�^�I ρ �Ǒþ.§�âíØ 2.7 ���ÀJ�þ.�u�u·�ÀJ�þ..



1nÙ õ�ª���(� 25~ 3.1. ( 2.4 UY) ·�O�O(� (1, 2) ��©^�µ
• �Ñ��õ�ª3 (1, 2) :?�� ρ − 1 = 2 g��V�mµ

h(x) = c0,0 + c1,0(x1 − 1) + c0,1(x2 − 2) + c2,0(x1 − 1)2

+c1,1(x1 − 1)(x2 − 2) + c0,2(x2 − 2)2.

• /¤�{Ý
( 2.12)§·�ÏL^
x2

1 = −x2 + 3, x1x2 = 6x1 + 3x2 − 10, x2
2 = −8x1 + 12.�\ x2

1, x1x2, x
2
2 ¥�� h ��K/ª§���Max Noether ^�´µ







L1 = D(0, 0),

L2 = D(0, 1) − D(2, 0) + 2D(1, 1) − 4D(0, 2),

L3 = D(1, 0) − 2D(2, 0) + 4D(1, 1) − 8D(0, 2).·�¤���ù|ÄØ´ëY�Ä.§ÏǑ {L1, L2, L3} ¥�©gê�u�u 1 ��©�f)¤��5�m´ Span{D(0, 0)}§§´
△(1,2) ∩ {L ∈ D| deg(L) < 2} = Span{D(0, 0), D(1, 0) − 2D(0, 1)} (3.11)�ýf�m§Ø÷vëYÄ.�½Â.íØ 3.3. A^Max Noether �m I �{ÑÑ��|Ä�^�õ�ªXÚ F§·���#�õ�ªXÚµ

{Lj(fi) | Lj ∈ L, fi ∈ F, 1 ≤ j ≤ µ, 1 ≤ i ≤ t}, (3.12)¿� x̂ ´#�õ�ªXÚ�ü�.y². XJ x̂´#�õ�ªXÚ (3.12) ���ÛÉ�§�o�3���²��
Max Noether ^� Lτ§§��©gê÷v | τ |≥ 1. � Lβ ∈ L �§äk�p��©gê§�o Lτ ◦ Lβ ´ F �3 x̂ ?���Max Noether ^�§¿�Ø3 L¥§ù�·���
��gñ.XJ®�k�°Ý�ÛÉ�": x̂ §3©Ù [28, 29] ¥JÑ� Deflation �{§V\#��§ÚC���5�õ�ªXÚ F ¥§�� x̂ C¤#��§|XÚ�ü���Ü©§�o·�Ò�±A^²;�ÚîS�5?�ù�). ·����õ�ª�§XÚ (3.12) �� x̂ Ǒ´��ü�§�+Xd§·�Ø�Ù´Ä�±^ùp���&E)ûÛÉ":�?�¯K.
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3.3.2 ???������ SNEPSolver ���{{{���éééóóó���mmm·�®²A^O�©|�{ÚMax Noether �m I �{3L� 3.1 ¥��
~fþ. éu�
~f§ÏǑ·�V\
pgê�¤kü�ª§XÚC�Lu
��{O�. 3ù��!¥§·�JÑ
?�� SNEPSolver �{§ùp·�^u�yéÜ�Ý
����u�{ SNEPSolver ¥�Ý
.b� x̂ = (x̂1, . . . , x̂s) ´õ�õ�ªXÚ F = {f1, . . . , ft} �ÛÉ��á":. - P = (x1 − x̂1, . . . , xs − x̂s) ¿�n� I k P -O��á�©|. -

Tk(F ) = {Tk(f1), . . . , Tk(ft)},ùp Tk(fi) =
∑

|α|<k fi,α(x− x̂)α L«õ�ª fi 3 x̂ :?��gêǑ k ��V�m. ÏǑÏL�5C��±ò":C���:§¤±Ǒ
{B§·�b½":
x̂ ´�:.n� (I, P k)dõ�ª Fk = Tk(F )∪P k )¤. Fk Ú§�òÿ F

(j)
k 'uü�ª P k Ú P k+j �f¬´ü 
. ÏdÎÒÝ
´�÷��§XÚ Fk Ú F

(j)
k ��êÚ"�m�±d�äXÚ Tk(F ) Ú Tk(F

(j)) �XêÝ
O�. ¤±·��±�^�äXÚ Tk(F )�XêÝ
Ú§��äòÿXÚ Tk(F
(j))�XêÝ
O�§Ø´^�5�XÚ F ∪P k Ú§�òÿ�XêÝ
. Ǒ
{B§·�E,�^PÒM

(j)
k L«XÚ Tk(F

(j)) �XêÝ
. PÒµd
(j)
k = dim Nullspace(M

(j)
k ).Q,¤k�õ�ªÑ3gêǑ k ?�ä§XêÝ
 M

(j)
k �k (

k+s−1
s

) �.¿�òÿgêm k��þ.µ
m ≤ max(1, k − 1 − min(ldeg(f1), . . . , ldeg(ft))), (3.13)ùp ldeg(f) L«õ�ª f ¥�ü�ª��$gê.~ 3.2. [28] e¡�õ�ªXÚk 15 ��K�Ú 3 �êǑ 4 �ÛÉ�µ

{f1 = x3
1 + x2

2 + x2
3 − 1,f2 = x2

1 + x3
2 + x2

3 − 1,f3 = x2
1 + x2

2 + x3
3 − 1}ÀJ��ÛÉ�": x̂ = (1, 0, 0)§ÏL�IC�§·���
#�õ�ªXÚ

{g1 = x3
1 + 3x2

1 + 3x1 + x2
2 + x2

3, g2 = x2
1 + 2x1 + x3

2 + x2
3, g3 = x2

1 + 2x1 + x2
2 + x3

3}kêǑ 4 �ÛÉ": x̂ = (0, 0, 0). - P = (x1, x2, x3)§
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• k = 2§·�k:

[T2(g1), T2(g2), T2(g3)]
T = M

(0)
2 · [x1, x2, x3, 1]T ,ùp

M
(0)
2 =







3 0 0 0

2 0 0 0

2 0 0 0





u´ d

(0)
2 = 3. òÿ�Ý
 M

(1)
2 dM

(0)
2 V\�
�¹"���1��§Ïd d

(1)
2 = 3 ¿�

d2 = dim(C[x]/(I, P 2)) = 3.

• k = 3§·�k:

[T3(g1), T3(g2), T3(g3)]
T = M

(0)
3 ·

[
x2

1, . . . , x3, 1
]T

,ùp
M

(0)
3 =







3 0 0 1 0 1 3 0 0 0

1 0 0 0 0 1 2 0 0 0

1 0 0 1 0 0 2 0 0 0





u´ d

(0)
3 = 7. 1�gòÿ�§��:

[T3(x1g1), T3(x1g2), T3(x1g3), . . . , T3(g3)]
T =

M
(1)
3 · [x2

1, x1x2, x1x3, x
2
2, x2x3, x

2
3, x1, x2, x3, 1]

T
,
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M

(1)
3 =






























3 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0

0 3 0 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0 0 0

0 0 3 0 0 0 0 0 0 0

0 0 2 0 0 0 0 0 0 0

0 0 2 0 0 0 0 0 0 0

3 0 0 1 0 1 3 0 0 0

1 0 0 0 0 1 2 0 0 0

1 0 0 1 0 0 2 0 0 0






























.

u´ d
(1)
3 = 4. òÿ�Ý
 M

(2)
3 dM

(1)
3 V\�
�¹"���1��§Ïd d

(2)
3 = 4§¿�

d3 = dim(C[x]/(I, P 3)) = 4.

• k = 4§O��� d
(0)
4 = 17§d

(1)
4 = 8§Ú d

(2)
4 = d

(3)
4 = 4. Ïd§

d4 = dim(C[x]/(I, P 4)) = 4.ÏǑ d3 = d4 = 4§x̂ = (0, 0, 0) �ê´ µ = 4 ¿�O�©|��I´
ρ = 3§O�©|L«Ǒ Q = (I, P 3).Ý
M

(1)
3 �"�m��ê´ 4 ¿��±�¤

N
(1)
3 = [e10, e9, e8, e5],ùp ei L« 10 × 10 ü Ý
�1 i �.k��´·�5¿� Max Noether ^��±ÏLr N

(1)
3 �ù 4 �"�þ�±gê�u 3 ��©�f��µ

{D(0, 0, 0), D(0, 0, 1), D(0, 1, 0), D(0, 1, 1)}.dXêÝ
M
(1)
3 �"�þ�Ñ�©�fýéØ´�gó,.



1nÙ õ�ª���(� 29½n 3.4. - Q = (I, P ρ) Ǒn� I = (f1, . . . , ft) �3": x̂ ?����á�O�©|. µ ´": x̂ �ê. b�XÚ Fρ = Tρ(F ) ∪ P ρ 3 m gòÿ�éÜ§XêÝ
M
(m)
ρ �"�md�þ v1,v2, . . . ,vµ )¤. -

L = [D(ρ − 1, 0, . . . , 0), D(ρ − 2, 1, 0, . . . , 0), . . . , D(0, . . . , 0)]L«�¹¤k�©gê�u ρ g��©�f��þ. �o Max Noether �m
△x̂ ��|Äde¡O���

Lj = L · vj , éu 1 ≤ j ≤ µ.y². ÏǑXÚ Fρ 3òÿm g�éÜ§?¿�õ�ª f ∈ I§�ä����õ�ª Tρ(f) �Xê�þ f �±L«Ǒ f = c · M (m)
ρ §ùp c ´��E�1�þ§éu 1 ≤ j ≤ µ§·�k

Lj(f) |x=x̂= Lj(Tk(f)) |x=x̂= c · M (m)
ρ · vj = 0.¤±½n�(.½n 3.4�y
e¡�Ñ�1�«Max Noether�m�{��(5.���{{{µµµMax Noether ���mmm IIÑ\µ◮ n� I = (f1, . . . , ft) ����á�ÛÉ": x̂ = (x̂1, . . . , x̂s) Ú��NNØ� τ .ÑÑµ◮ O�©| Q = (I, P ρ) �ê µ§�I ρ Ú Max Noether ^� L =

{L1, . . . , Lµ}.

• ÏLO� f1, . . . , ft 3 x̂ :� k g�ä�õC���V�m/¤XêÝ

M

(0)
k . òÿ�XêÝ
M

(j)
k ÏL£ÄXêÝ
M

(0)
k ��A�����.

• é�½� τ§O� d
(j)
k = dim Nullspace(M

(j)
k ). � d

(m)
k = d

(m+1)
k = dk �Ê�òÿ.

• XJ dk = dk−1§�o- ρ = k − 1 ¿� µ = dρ.

• M
(m)
ρ �"�þL«Ǒ v1, . . . ,vµ. �©�fUìúª Lj = L · vj O�§ùp j ��l 1 � µ.



30 õ�ª�§|��(�9�gÂñS��{I��Ñ�´§ù«�{�Ñ5�ÄØ�½´�|ëYÄ:~ 3.3. ( 2.4 UY) ÏL�IC�§��#��§|XÚµ
{g1 = x2

1 + 2x1 + x2, g2 = x1 + 0.125x2
2 + 0.5x2},

x̂ = (0, 0) ´§���n�. - I = (g1, g2) Ú P = (x1, x2).

• k = 2 �§·���µ
[T2(g1), T2(g2)]

T = M
(0)
2 · [x1, x2, 1]T ,ùp

M
(0)
2 =

[

2 1 0

1 0.5 0

]¿� d
(0)
2 = 2§òÿÝ
M

(1)
2 Ò´3Ý
M

(0)
2 V\�
"��|¤��þ§Ïd d

(1)
2 = 2 �

d2 = dim(C[x]/(I, P 2)) = 2.

• k = 3 �§·���µ
[T3(g1), T3(g2)]

T = M
(0)
3 ·

[
x2

1, x1x2, x
2
2, x1, x2, 1

]T
,ùp

M
(0)
3 =

[

1 0 0 2 1 0

0 0 0.125 1 0.5 0

]¿� d
(0)
3 = 4. ²L1�gòÿ§��Ý
µ

[T3(x1g1), . . . , T3(x2g2), T3(g1), T3(g2)]
T = M

(1)
3 ·

[
x2

1, x1x2, x
2
2, x1, x2, 1

]T
,ùp

M
(1)
3 =














2 1 0 0 0 0

1 0.5 0 0 0 0

0 2 1 0 0 0

0 1 0.5 0 0 0

1 0 0 2 1 0

0 0 0.125 1 0.5 0














.
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(1)
3 = 3. òÿÝ
M

(2)
3 Ǒ´ÏL3Ý
 M

(1)
3 ¥V\"��|¤��þ��§Ïd d

(2)
3 = 3§�

d3 = dim(C[x]/(I, P 3)) = 3.

• k = 4 �§O��� d
(0)
4 = 4§Ú d

(1)
4 = d

(2)
4 = 3§Ïd

d4 = dim(C[x]/(I, P 4)) = 3.ÏǑ d3 = d4 = 3§": x̂ = (0, 0) �ê µ = 3 Ú�I ρ = 3. ÏLÝ

M

(1)
4 �"�þ�éu�58 {x1, x2, 1} O���{Ý
µ

Mx1
=







−2 −1 0

4 2 0

1 0 0







, Mx2
=







4 2 0

−8 −4 0

0 1 0





n� I 3 (0, 0) ?�O�©|´

(x2
1 + 2x1 + x2, x2

2 + 8x1 + 4x2, x1x2 − 4x1 − 2x2).w,�§·��±ÏLr�IC�£��� (f1, f2) 3 (1, 2) ?�O�©|
(x2

1 + x2 − 3, x2
2 + 8x1 − 12, x1x2 − 6x1 − 3x2 + 10).Ý
M

(1)
3 �"�m´ 3 ��§

N
(1)
3 =




















0

0

0

0

0

1














,














−1

2

−4

0

1

0














,














−2

4

−8

1

0

0




















.

Max Noether �m��|Ä�±ÏLr�©gê�u 3 ��©�f/¤�1�þ�±"�m N
(1)
3 ��|Ä��µ







L1 = D(0, 0),

L2 = D(0, 1) − D(2, 0) + 2D(1, 1) − 4D(0, 2),

L3 = D(1, 0) − 2D(2, 0) + 4D(1, 1) − 8D(0, 2).



32 õ�ª�§|��(�9�gÂñS��{ù�·�Max Noether �m I �{�O�(J¬Ü§�â©�©Û§·���ù|ÄØ´ëY�.�´§r Max Noether �m II �{��N�§·�E,�±O� Max

Noether �m��|ëY�Ä..���{{{µµµëëëYYYÄÄÄ...Ñ\µ◮ n� I = (f1, . . . , ft) ����á�ÛÉ": x̂ = (x̂1, . . . , x̂s) Ú��NNØ� τ .ÑÑµ◮ O�©| Q = (I, P ρ) �ê µ§�I ρ Ú Max Noether �m��|ëYÄ. L = {L1, . . . , Lµ}.

• ÏLO� f1, . . . , ft 3 x̂ :� k g�ä�õC���V�m/¤XêÝ

M

(0)
k . òÿ�XêÝ
M

(j)
k ÏL£ÄXêÝ
M

(0)
k ��A�����.

• é�½� τ§O� d
(j)
k = dim Nullspace(M

(j)
k ). � d

(m)
k = d

(m+1)
k = dk �Ê�òÿ. �Ñ�m Span{v1, . . . ,vµ(k−1)} 3éÜ/ª�"�m¥���Ö�m Span{vµ(k−1)+1, . . . ,vµ(k), µ(k) ≤ µ}§Uìúª Lj = L |≤k−1 ·vj O�Ñ µ(k) �Ä§ùp L |≤k−1 L«¤k�©gê�u�u k − 1 ��f/¤�1�þ.

• XJ dk = dk−1§�o- ρ = k − 1 ¿� µ = dρ.y². �â½n 3.4§·��Ñ5�
Lj = L |≤k−1 ·vj (3.14)´ (I, P k−1) �3 x̂ :�Max Noether �m��|Ä. 

(I, P k) ⊆ (I, P k−1)¤± (3.14)Ǒ´Q = (I, P k)�Ä��Ü©. � (I, P k)�3 x̂:�Max Noether�m��|Ä�§�3 k − 1 �/e�Ñ�Ä§¿�2*¿¤ (I, P k) �éó�m�Ä. dëYÄ½Â��ù«�{�(.
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• ÄkMax Noether �mÄ�½�¹ {D(0, 0)}§
• k = 2 �§Span{[0, 0, 1]T} 3éÜXÚ�XêÝ
 M

(0)
2 �"�m���Ö�m´ 1 ��§

Span{[−1, 2, 0]T},¤±Max Noether ^�µ{D(0, 0), −D(1, 0) + 2D(0, 1)}§
• k = 3 �§�m

Span




















0

0

0

0

0

1














,














0

0

0

−1

2

0




















,

���Ö�m´ Span{[−5, 10,−20, 2, 1, 0]T}. ¤± Max Noether �m��|ëYÄ.µ






L1 = D(0, 0),

L2 = −D(1, 0) + 2D(0, 1),

L3 = 2D(1, 0) + D(0, 1) − 5D(2, 0) + 10D(1, 1) − 20D(0, 2).5 3. XJ":Ø´�:§·�E,�±ù�O�XêÝ
M
(0)
k µ?1�IC�

yi = xi − x̂i§ùp� 1 ≤ i ≤ s§O�õ�ª f1(y1 + x̂1, . . . , ys + x̂s), . . . , ft(y1 +

x̂1, . . . , ys + x̂s) �'uC� y1, . . . , ys �Xê. Ǒ,ù´�«�{§�´¢S¥·��I� yα1

1 · · · yαs
s �ogê�u k ���Xê§Ïd·�O�: x̂ ?��

k g��V�m´�å��{. Ø=Xd§O��V�m��±;��IC��5�ê�½5þ�(6§l�·���{äkép�ê�½5.

Dayton Ú Zeng �©Ù [15] ¥§��O��©^�léó�mÑu. ·�lõ�ªn�Ñu?1O�§·���{�±w�´�péó�.½n 3.5. Max Noether �m II �{�E,Ý´µ
O

(

t
(

ρ+s−1
s

)3
)

.



34 õ�ª�§|��(�9�gÂñS��{y². Max Noether �m II �{Ì�´O��õ´ t
(

ρ+s−1
s

)
×

(
ρ+s−1

s

) �Ý
�"�þ.5 4. 3©Ù [37] ¥§���O��©^���{�E,Ý´ O((s2 + t)µ3). ��`5§ÏǑ µ ≤
(

ρ+s−1
s

)§¤±·��E,Ý�p. ÏǑ·�3z���þ?1òÿ. 3,«¿Âþ§·�ã+
�
�Ç§�y�{�ê�½5.

3.3.3 ooo(((���¢¢¢���õ�ª":��(�C
É�pÝÀ§�2�ïÄ [7, 13, 14, 15,

22, 31, 32, 35, 36, 37]. 3ù�Ù¥§·��O
Äuõ�ªAÛéÜ/ª§�)ÛÉ�":��(���{. XJÛÉ":´O(���§d�·�ÏLO(��5�êO��I!ê!�©(�. ��½�ÛÉ":´äkk�°Ý�§·�O�¥Ò�ÀJ·��NNØ�§ù«�/e§·�Ǒ�O
���{§�±JpCqÛÉ":�°Ý§XL� 3.1 ¥����¤«§Ù¥�xL«Ý
��¤^O�Å�;�mØv�{O�Ñ(J§��§ �·��Ý
§Jp�{�Ç³371. e¡�¢�´�^ Maple 11 3Windows�¸e§æ^ Digits := 14 ö��. Ù¥� DZ1 Ú DZ2 Àg [15]. XÚ D2Ñg [14] ´�����õ�ªXÚ§�´·�E,�±O��:?�O�©|§ÏǑù�©|´�á�"��. Ù§�~fë� PHCpack �ü«~f
http://www.math.uic.edu/~jan/. e¡L�¥�1��L«ÛÉ�": x̂§Ù¥� Z2 = (−.7071, .4082, .5774, .2500,−.1443,−.4082). ρ Ú µ ©OL«�IÚê. ����¥���ÞL«ÏL�{ SNEPSolver ?1�gO��ÛÉ":�O(êi�ê�Cz.
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System Zero ρ µ SNEPSolver

cmbs1 (0, 0, 0) 5 11 5 → 14

cmbs2 (0, 0, 0) 4 8 5 → 15

mth191 (0, 1, 0) 3 4 5 → 10 → 15

LVZ (0, 0,−1) 8 18

KSS (1, 1, 1, 1, 1, 1) 5 16

Caprasse (2,−i
√

3, 2, i
√

3) 3 4 5 → 14

DZ1 (0, 0, 0, 0) 11 1315 → 14

DZ2 (0, 0,−1) 8 16

tangents1 Z2 4 4

D2 (0, 0, 0) 5 5 5 → 10 → 15

Ojika1 (1, 2) 3 3 5 → 7 → 14

Ojika2 (0, 1, 0) 2 2 5 → 10 → 15

Ojika3 (0, 0, 1) 3 4 5 → 9 → 14

Ojika4 (0, 0, 1) 3 3 5 → 10 → 14L 3.1: �{¢�





111oooÙÙÙ õõõ���ªªªCCCqqqÛÛÛÉÉÉ""":::���gggÂÂÂñññ���222ÂÂÂÚÚÚîîîSSS������{{{
4.1 óóóÚîS�{£Newton’s method¤q¡ǑÚî-.ÅÖ�{£Newton-Raphson

method¤§§´Úî317VJÑ��«3¢ê�ÚEê�þCq�)�§��{, 3êÆ¤þéuÚî'uÚîS��úª�)`�� [10]. éuüC��§§ÊgÚÊg±þ��§Ø�3��úª§Ïd�°(��~(J§$�Ø�U§lÏé�§�Cq�Òw�AO�. ÚîS�{´��§����{��§Ù��`:´3�§ f(x) = 0 �ü�NCäk²�Âñ§�T�{�éüC��§��k?�úªE,�±�gÂñ5§�2�^uO�Å?§¥. �)õ�ªXÚ�ê��{XÓÔ�{ [53]§�±��'�o÷�Cq)§,�ÏLÛÜ��5%C£ÚîS�¤?��÷¿�°Ý.éu":�AÆ��{��[Øã�©Ù [35]. éuõC�õ�ª�§|�":?�¯K3C
��
2�'5§¿�k�1�©ÙZy, ?Ø Deflation �{�k
[42, 43, 28, 29, 30] �§?ØéuÚîS��{�?� [27] �. ·���{´ÄuO�õ�ªXÚ�éÜ/ª§JÑCq���gÂñ�2ÂÚîS��{.

4.2 ÚÚÚîîî���{{{£££���·�Äk£��eüC��ÚîS��{§ÏǑ�M�g��<éõéu.

4.2.1 ÚÚÚîîî������{{{???nnnCCCqqq���·�kw�eÚî�«��éuCq¢��?n [10]µ�Ä�§ y3 − 2y − 5 = 0, ÄkßÿÑ3 y = 2 NCk���§�´ y = 2 ¿Ø´�§��§u´Úîr��ßÿ�
���?�§r y = 2 + p �\�§��
p3 + 6p2 + 10p − 1 = 0. (4.1)�Ñ��5�§=�Ñ��9±þ��þ§ǑÒ��
 10p − 1 = 0§l

p = 0.1§u´Úî��
�§�#�Cq� y = 2 + p = 2 + 0.1. ÏǑ y = 2.1

37



38 õ�ª�§|��(�9�gÂñS��{E,Ø´�§��§ÚîEþ¡�L§é p ?1?�. ^ p = 0.1 + q �\�§ (4.1)§��
q3 + 6.3q2 + 11.23q + 0.061 = 0. (4.2)2�g�Ñpg��� 11.23q + 0.061 = 0§Ïd q = −0.0054§�8Ǒ�§Úî�Cq�Ǒ y = 2 + 0.1 − 0.0054. Ó�é q ?1?�§r q = −0.0054 + r �\�§ (4.2) ¥§�

r3 + 6.2838r2 + 11.162r + 0.000541551 = 0. (4.3)ÏL 11.162r + 0.000541551 = 0 �� r = −0.00004852§ù�·���
'�p°Ý�Cq) y = 2 + 0.1 − 0.0054 − 0.00004852.5 5. Úî�ù«�{��gÂñ5�w´��.

4.2.2 Raphson ���SSS���úúúªªª�e5§·�ww Raphson ´No?n�§ y3 − 2y − 5 = 0 3 y = 2 ?�Cq��¯K [10]. m©�Ú�Úî��{�Ó§r y = 2 + p �\���§ (4.1)§u´�) 10p − 1 = 0§l p = 0.1§ù�Ò��
#�Cq�
y = 2 + p = 2 + 0.1. I�rN�´§e�ÚÒ´���{��O¤3
µ

• Úîr p = 0.1 + q �\��§ (4.1)§
• Raphson K´r y = 2.1 + q �\��©�§¥§Ǒ,§Raphson Ǒ���§ (4.2)§�X�XÚî�{��§1�g��
Cq� y = 2.1 + q = 2.0946§e¡z�g§Raphson Ñ´�\�©�§¥�?�Ü©. ÚîÚ Raphson ��{�êþ´�d�§�´Úî´48/L����{§Raphson �L�K´{ü�S�L§§¿�rù«L�L«Ǒ

xn+1 = g(xn)§ùp¡�
g(x) = x − f(x)

f ′(x)
. (4.4)�+��§Raphson ¿vkr©1L«¤���©�/ª§��ù«L�3Vgþ¡�\{ü.
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4.2.3 SSS������{{{������gggÂÂÂñññ555yyy²²²±ey²� [1] üC���§�Cqü��S�úªµ
xn+1 = xn − f(xn)

f ′(xn)
. (4.5)b�ù�O()Ǒµα§�� f

′

(α) 6= 0§�o3 α�����þØÄ: x = ϕ(x)� f(x) = 0 �d.

x = x − f(x)

f ′(x)
= ϕ(x). (4.6)e α Ǒ f(x) = 0 �ü":§�o f

′

(α) 6= 0§d�S�Ø�
xn+1 − α = ϕ(xn) − ϕ(α) (4.7)

= (xn − α)ϕ
′

(α) +
(xn − α)2

2
ϕ

′′

(ξn) (4.8)

=
(xn − α)2

2
ϕ

′′

(ξn), (4.9)ÏǑ§
ϕ

′

(α) = 1 − f
′

(α)

f ′(α)
+

f(α)

f ′′(α)
= 0. (4.10)N´O�§

ϕ
′′

(x) =
−2f(x)(f ”(x))2 + (f

′

(x))2f
′′

(x) + f(x)f
′

(x)f
′′

(x)

(f ′(x))3
,Ïk

ϕ
′′

(α) =
f

′′

(α)

f ′(α)
. (4.11)� n ¿©���ÿ§ξn ≈ α§Ï ϕ

′′

(ξn) ≈ ϕ
′′

(α). ��
|en+1|
|en|2

=
|xn+1 − α|
|xn − α|2 ≈ 1

2
|ϕ′′

(α)|. (4.12)5 6. �": α �ê´ µ§·��±�S�
xn+1 = xn − µ

f(xn)

f ′(xn)
. (4.13)�þ¡y²L§aq�kS�E,´��Âñ�. 3¢SA^¥§XJ·�®�ê µ§�o": α´ f (µ−1)(x) �ü�§¤±é f (µ−1)(x) kê�½��gÂñ�ÚîS�úª.
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4.3 õõõCCC���õõõ���ªªª���ÛÛÛÉÉÉ""":::���???������{{{ DeflationéuõC��§�Cqü�§k²;�pd-ÚîS�Jp)�°Ý.�oéuõ�õ�ª�ÛÉ":�?n�{§Ì�´k��A{¤�

Deflation �{ [28, 29, 42, 44]. ·�ò3ù��!{�0� LVZ � Defaltion�{�Ì�g�. �Äõ�ªXÚ F = {f1, . . . , ft}§éu i = 1, . . . , t§õ�ª fi ∈ C[x1, . . . , xs]. ·��Ä�õ�ªXÚØ´j½�§{ü`���Ǒ
t ≥ s. ��� x̂ = (x̂1, . . . , x̂s)§ê^ µ L«§3ù�:?�ä�'Ý

J(x̂) ∈ Ct×s ´º��µ

J(x) =







∂f1

∂x1

· · · ∂f1

∂xs

...
. . .

...
∂ft

∂x1

· · · ∂ft

∂xs







t×s

.� rank(J(x̂)) = r < s§�oA�¤k�ÅÀ�� s × (r + 1) �Ý
 B§�ÈÝ
 J(x̂)B �±´º�Ǒ��. Ïd§éuA�¤k� b ∈ Cr+1 �5XÚ
[

J(x̂)B

bH

]

y =

[

0

1

]k���) y = ŷ. ¿� [· · · ]H L«�Ý=�. �E#� (2t + 1) × (s + r + 1)��§|
F̂ (z) =












f1(x)
...

ft(x)

bHy − 1

J(x̂)By










Ù¥C�

z =

[

x

y

]

,k���á) z = ẑ§¿�©þ x = x̂ Ú y = ŷ.½n 4.1. ẑ 'uXÚ F̂ �êî��u x̂ 'uXÚ F �ê.y². ë� [28].



1oÙ õ�ªCqÛÉ":�gÂñ�2ÂÚîS��{ 41·�rþ¡L§¡Ǒ�g Deflation. XJ��� ẑ E,´XÚ F̂ ��§�oÒEþ¡��EL§. 3©Ù [28] ��y²
 Deflation gêî��u x̂�ê. ¤±ù«48L§�ª¬����õ�ªXÚG(u)§� u = û ´§���ü�§l�±$^äk�gÂñ�²;�ÚîS�JpCq)�°Ý.3©Ù [15] ¥§é LVZ � Deflation �{?1
éó©Û. éu α ∈ {0, 1, · · · }§·�^ Dα
x̂(I) L«déó�m Dx̂(I) ¥�¤kgê�u�u α ��¼)¤��5�m§�où��m�F�ËA¼ê H(x) �'XǑµ

{

H(0) = dim(D0
x̂(I)) ≡ 1,

H(α) = dim(Dα
x̂(I)) − dim(Dα−1

x̂ (I)), α ∈ {1, 2, · · · }.
(4.14)½Â 4.1. éó�m Dx̂(I) �°Ý βx̂(I) Ú�Ý δx̂(I) Ǒ

• βx̂(I) = H(1),

• δx̂(I) = max{α | H(α) > 0}.d½ÂN´��µ·K 4.2. �I ρ �u�Ý δ \�§=§
ρ = δ + 1 (4.15)e¡�Ñ��~f§4�[�*w�eù
(�ØCþµ~ 4.1. �Än� I = (x3

1, x
2
1x2 + x4

2) �": (0, 0)§§�(�ØCþµ
• ê µ = 12§
• F�ËA¼ê {1, 2, 3, 2, 2, 1, 1, 0, · · · } ´ 12���y©§
• éó�m Dx̂(I)´ 12 ��§UìF�ËA¼êr§��|Ä.?1y©L�§ùǑÒ´·�`��(�µ

1
︷ ︸︸ ︷

D(0, 0),

2
︷ ︸︸ ︷

D(1, 0), D(0, 1),

3
︷ ︸︸ ︷

D(2, 0), D(1, 1), D(0, 2),

2
︷ ︸︸ ︷

D(1, 2), D(0, 3),
2

︷ ︸︸ ︷

D(1, 3), D(0, 4) − D(2, 1),

1
︷ ︸︸ ︷

D(0, 5) − D(2, 2),

1
︷ ︸︸ ︷

D(0, 6) − D(2, 3)
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• °Ý β(0,0)(I) = 2§�Ý δ(0,0)(I) = 6§�I ρ = 7.

Dayton Ú Zeng 3 [15] ¥�Ñµ�°ÝǑ�§= βx̂(I) = 1 �§F�ËA¼ê´ {1, 1, · · · , 1, 0, · · · }§�Ý�uê~�§= δx̂(I) = µ − 1§O�¢�L²ù«�¹eI�� Deflation gê´�õ�§¿�r�5� t × s XÚ*Ü�
(2µ−1t) × (2µ−1s) �XÚ. ù«�ê�O�¬��ü$�{�Ç§ùÒ´·��JÑõ�õ�ª��?��#�{��Ï.

4.4 222ÂÂÂÚÚÚîîîSSS���b½·�®�õ�ªXÚ F = {f1, . . . , ft} ���Cq�ÛÉ":
x̂ = x̂exact + x̂error,ùp x̂error L«Cq)¥�Ø�Ü©§ x̂exact L«�§XÚ�°()§§�êǑ µ Ú�IǑ ρ. ÏL�IC� yi = xi − x̂i§i = 1, . . . , s§·���
��#�õ�ªXÚ G = {g1, . . . , gt}§ùp

gj(y1, . . . , ys) = fj(y1 + x̂1,exact + x̂1,error, . . . , ys + x̂s,exact + x̂s,error), j = 1, . . . , t.e¡�Únwå5�8
,§,§éu·��{�(5y²(¢�'�.Ún 4.3. õ�ªXÚ G k��O()
ŷ = −x̂error = (−x̂1,error, . . . ,−x̂s,error) (4.16)¿�§��I ρ§ê µ �õ�ªXÚ F �) x̂exact ��IÚê��.y². w, gi(−x̂error) = fi(x̂exact) = 0 éu i = 1, . . . , t. ¿��½ F �3:

x̂exact ?�Max Noether �m��|Ä {L1, . . . , Lµ}§Ù¥� j = 1, . . . , µ§¿�
i = 1, . . . , t§

Lj(gi(y)) |y=−x̂error
= Lj(fi(y + x̂)) |y=−x̂error

= Lj(fi(x)) |x=x̂exact
= 0.Ïd {L1, . . . , Lµ} Ǒ´ G 3: ŷ ?�Max Noether �m��|Ä.
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G = {g1, . . . , gt, (y + x̂error)

α, |α| = ρ + 1},ùp ρ ´": −x̂error ��I. dÚn 4.3§·���ù�õ�ªXÚ�k���IǑ ρ �ÛÉ": −x̂error. 8Ü Ḡ ¥�õ�ª)¤
���á�O�n�L«Ǒ Q̄. b�XÚ Ḡ 3m gòÿ�éÜ§·�rd��XêÝ
L«Ǒ:

M =

[

M ′
h M ′

l

Mh Ml

]

, (4.17)ùp [M ′
h M ′

l ] Ú [Mh Ml] ©OL«õ�ªXÚ {(y + x̂error)
α, |α| = ρ + 1} Ú

{g1, . . . , gt} 9§��òÿ��'upg�ü�ª
[yρ+m, . . . ,yρ+1]Ú$g�ü�ª

[yρ, . . . ,y, 1]�XêÝ
. 5¿�
Ml = M

(m)
ρ+1, (4.18)ùpM

(m)
ρ+1 ´�äXÚ

Gρ+1 = {Tk(g1), . . . , Tk(gt)}òÿ�m g�XêÝ
§¿�
M ′

h =







Iρ+m · · · M̃h

. . .
...

Iρ+1







, (4.19)ùp Iρ+i ´�êǑ (
s+ρ+i−1

ρ+i

) �ü Ý
.½n 4.4. b½ {L1, . . . , Lµ} ´õ�ªXÚG 3 ŷ ?�Max Noether �m��|Ä§õ�ªXÚ Ḡ ²Lm gòÿ���éÜ§d��XêÝ
ǑM§·�k
{L1(v(y)ρ+m) |y=ŷ, . . . , Lµ(v(y)ρ+m) |y=ŷ} (4.20)´M �"�m��|Ä§ùp ŷ = −x̂error ¿�
v(y)T

ρ+m = [yρ+m
1 , . . . , yρ+1

s , yρ
1 , . . . , ys, 1]T . (4.21)



44 õ�ª�§|��(�9�gÂñS��{y². ÏǑ {L1, . . . , Lµ} ´õ�ªXÚ G 3": ŷ ?� Max Noether �m��|Ä§éu?Û Li ∈ L§i = 1, . . . , µ§·�k
Li(M · [yρ+m

1 , . . . , yρ+1
s , yρ

1 , . . . , . . . , ys, 1]T ) |y=ŷ= 0.w,§
M [Li(y

ρ+m
1 ), . . . , Li(y

ρ+1
s ), Li(y

ρ
1), . . . , Li(ys), Li(1)]T |y=ŷ= 0.Ïd Li(v(y)ρ+m) |y=ŷ, i = 1, . . . , µ ´XêÝ
M �"�þ.d�I�½Â§·��±l�þ¥ÀJ µ �ü�ª�¤û�m C[y]/Q̄ �ǑEê�þ��5�m��|Ä§ùp�þ v(y)ρ−1 ´�¹¤kgê�u�u

ρ − 1 g�ü�ª. Q, {L1 |y=ŷ, . . . , Lµ |y=ŷ} ´ C[y]/Q̄ éó�m��|Ä§·���
L1(v(y)ρ−1) |y=ŷ, . . . , Lµ(v(y)ρ−1) |y=ŷ (4.22)´�5�'�. Ïd§
L1(v(y)ρ+m) |y=ŷ, . . . , Lµ(v(y)ρ+m) |y=ŷ´�5�'�.XJ·�dXêÝ
 M �"�þ/¤�{Ý
 {My1

, . . . , Mys
}§�o

1
µ
Tr(Myi

) = −x̂i,error ÏǑ Ḡ �k��êǑ µ �) ŷ = −x̂error.XJ·�®�õ�ªXÚ F ���Cq�": x̂§ù�Cq":ålý¢": x̂exact Ø�§=§
‖ŷ‖ = ‖ − x̂error‖ = O(ε) ≪ 1. (4.23)ùp9±�§‖ · ‖ ^5L«�¡�ê.·�e¡y²
äkü�O(êi�Cq": ŷ �±dM

(m)
ρ+1 �"�þO�§Ïdvk7�^���Ý
M (4.17) 5O�.íØ 4.5. � v = [vT

h ,vT
l ]T ´ (4.17) ¥½Â��Ý
M �5�z�"�þ§ùp vh Ú vl ©O´�ÝǑ (

ρ+m+s

ρ+m

)
−

(
ρ+s

ρ

)Ú (
ρ+s

ρ

)���þ§�o ‖vh‖ = O(ε2).
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{L1(v(y)ρ+m) |y=ŷ, . . . , Lµ(v(y)ρ+m) |y=ŷ}´Ý
M �"�m��|Ä.ÀÑ�©gê�p���§Ø���5§L«Ǒ Lµ§§��©gêǑ ρ− 1.r§�^�gêǑ |α| �ü�ªþ§·���

Lµ(y
α) =

∑

|β|=|α|−ρ+1
cβy

β, cβ ∈ C. (4.24)XJ |α| ≥ ρ+1§�o |β| ≥ 2§Ïd ‖Lµ(yα) |y=ŷ ‖ = O(ε2)� ‖ŷ‖ = O(ε).éu i l 1 � µ§·�k
‖(Li([y

ρ+m, . . . ,yρ+1]T ) |y=ŷ ‖ ≤ ‖(Lµ([y
ρ+m, . . . ,yρ+1]T ) |y=ŷ ‖ = O(ε2).

(4.25)¿�§�âéó5�k§
‖Li(v(y)ρ−1) |y=ŷ ‖ = O(1). (4.26)éu?¿5�z�Ý
M �"�þv = [vT

h ,vT
l ]T§v�±�¤Li(v(y)ρ+m) |y=ŷ��5|Ü§¿� vh ´pg���Ǒ ‖Li(y

α) |y=ŷ ‖ = O(ε2) ���5|Ü§ùp� |α| ≥ ρ + 1 ¿� i = 1, . . . , µ. ÏǑ (4.25)§(4.26) Ú ‖v‖ = 1 ¤±
‖vh‖ = O(ε2)‖vl‖ = O(ε2).éu3 (4.17) ¥½Â�Ý
 M§du§�f¬ M ′

h �AÏ�(�§��
(4.19)§�3�_Ý
 P1§�� P1M

′
h = I.

M̃ =

[

I 0

−Mh I

] [

P1 0

0 I

] [

M ′
h M ′

l

Mh Ml

]

=

[

I M̃l

0 Ml − MhM̃l

]

,ùp§M̃l = P1M
′
l . Ïd§O�M �"�þ�duO�Ml − MhM̃l �"�þ.b� v = [vT

h ,vT
l ]T ´Ý
M ���5�z�"�þ§

[

I M̃l

0 Ml − MhM̃l

] [

vh

vl

]

= 0.



46 õ�ª�§|��(�9�gÂñS��{�âíØ 4.5§��vh + M̃lvl = 0§
‖M̃lvl‖ = ‖vh‖ = O(ε2).,	§ÏǑMlvl − MhM̃lvl = 0§¤±

‖Mlvl‖ = ‖MhM̃lvl‖ ≤ ‖Mh‖‖M̃lvl‖ = O(ε2).·�ke¡���½nµ½n 4.6. b� {L1, . . . , Lµ} ´ G 3 ŷ � Max Noether �m��|Ä§�ä�õ�ªXÚ
Gρ+1 = {Tk(g1), . . . , Tk(gt)}²Lm gòÿ�éÜ§§�XêÝ
´Ml = M

(m)
ρ+1.éu��Ǒ O(ε2) �NNØ�§·�k

{L1(v(y)ρ) |y=ŷ, . . . , Lµ(v(y)ρ) |y=ŷ} (4.27)´Ý
M
(m)
ρ+1 �"�m��|Ä§ùp ŷ = −x̂error �

v(y)T
ρ = [yρ

1 , y
ρ−1
1 y2, . . . , y1, . . . , ys, 1]T .y². �â½n 4.4§

{L1(v(y)ρ+m) |y=ŷ, . . . , Lµ(v(y)ρ+m) |y=ŷ}´Ý
M �"�m��|Ä. �âíØ 4.5 ±9þ¡�©Û§·���
‖M (m)

ρ+1Li(v(y)ρ) |y=ŷ ‖ = O(ε2), 1 ≤ i ≤ µ.�â (4.22)§"�þ (4.27) ´�5�'�.5 7. �â½n 4.6§XJ·�ÀJ��O(ε2) �NNØ��O�Ý
Ml ��§�o¬uy
dim Nullspace(M

(m)
ρ+1) = dim Nullspace(M).�§�{Ý
 {M̃y1

, . . . , M̃ys
} ´dM

(m)
ρ+1 �"�þ��5'X)Ñ5�§�[�)º`²�ë� [48]. �â½n 4.4 Ú½n 4.6§·�k

1

µ
Tr(M̃yi

) =
1

µ
Tr(Myi

) + O(ε2) = −x̂i,error + O(ε2). (4.28)Ïd§·��ÑØ�Ü©´äkü��O(êi�.k
þ¡�?Ø§·��?�ÛÉ":��{®²¤Ùµ



1oÙ õ�ªCqÛÉ":�gÂñ�2ÂÚîS��{ 47���{{{µµµ���???���Ñ\µ◮ n� I = (f1, . . . , ft) ����á�Cq�ÛÉ": x̂§NNØ� τ .ÑÑµ◮ ?��) x̂§§�ê µ Ú�I ρ§O�©| Q = (I, P ρ) Ú Max

Noether �m��|Ä L = {L1, . . . , Lµ}.

• é�½�) x̂ ÚNNØ� τ§A^O�©|�{�Oê µ Ú�I ρ.

• b��äXÚ Gρ+1 3m gòÿ�éÜ§dM
(m)
ρ+1 �"�þ/¤�{Ý


Mx1
, . . . , Mxs

§2dz��{Ý
�,�²þ���Cq� ŷ.

• - x̂ = x̂ + ŷ 2�g/$1þ¡�ü�Ú½§z�g$1��â���)
ŷ �A/~�NNØ�.

• XJ ŷ Âñ��:§�o·���äkp°Ý�?�
�) x̂. A^O�©|�{O�O�©|ÚMax Noether �m II �{O�n� I 3ù�?�)?�Max Noether �m. ÄK§~�NNØ�§Eþ¡�ö�.½n 4.7. �?��{´��ê�½��gÂñ�°zÛÉ":��{.y². ÏL½n 4.6 Ú5 7 �±wÑ�{��gÂñ5. ·���{´ê�½�§ÏǑ·�3O�L§¥rXêÝ
�ÛÉ�©)5O��êÚ"�þ§lO�Ñ�{Ý
. Ø=Xd§·�O�L§¥vk?1�IC�´ÏL3Cq:?rõ�ª�õ��V�m��½gê5/¤XêÝ
.ÏLé~f 2.4 �ÎÒÚê��/©OO�§�«�?��{��gÂñ5. Äk´ÎÒ�/�µ~ 4.2. ( 2.4 UY) b½·�®���Cq) x̂ = (1 + ε, 2 + ε) Ú§��I
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ρ = 3. éÝ
M

(1)
4 A^pd��§·���
�� 12 × 10 �þnÆÝ
µ




















I5×5 ⋆ ⋆ ⋆ ⋆ ⋆

01×5 1 + 1
2
ε ⋆ ⋆ ⋆ ⋆

01×5 0 1 ⋆ ⋆ ⋆

01×5 0 0 −2ε2 + O(ε3) −1
4
ε2 + O(ε3) − 3

16
ε3 + O(ε4)

01×5 0 0 0 − 1
144

ε3 + O(ε4) − 1
192

ε4 + O(ε5)

01×5 0 0 0 0 − 3
32

ε4 + O(ε5)

01×5 0 0 0 0 0

01×5 0 0 0 0 0




















,

ùp� ⋆ L«± ε �ǑC��kn¼ê.w,�¡Ê1���Ñ´ O(ε2). rùÊ1w¤´",�O�"�þl/¤�{Ý
§����{Ý
´�éu�58 {x1, x2, 1} �µ
Mx1

=







−2 − 2ε −1 −3ε − ε2

4 − ε + O(ε2) 2 − ε + O(ε2) 6ε + O(ε2)

1 0 0







,

Mx2
=







4 − ε + O(ε2) 2 − ε + O(ε2) 6ε + O(ε2)

−8 −4 − 2ε −12ε − ε2

0 1 0







.Ý
Mx1
ÚÝ
Mx2

�,�²þ�Ñ´−ε + O(ε2). rù�(J\þ x̂§·���
?��)µ(1 + O(ε2), 2 + O(ε2)).e¡��«�´ê���/µ~ 4.3. ( 2.4 UY) b�®��Cq)Ǒ x̂ = (1.001, 1.998)§ÀJNNØ�
τ = 10−3§�^�?��{�OêÚ�I.

• Ý
M
(1)
3 �ÛÉ�Ǒµ

{3.1234, · · · , 1.8285, 2.8400 × 10−4, 4.4717 × 10−10, 1.3509 × 10−20}¤± d
(1)
3 = 3.
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• Ý
M
(2)
3 �ÛÉ�Ǒµ

{3.1234, · · · , 1.8285, 2.8400 × 10−4, 2.3352 × 10−9, 3.2703 × 10−13}¤± d
(2)
3 = 3.

• Ý
M
(1)
4 �ÛÉ�Ǒµ

{3.5118, · · · , 4.6516 × 10−2, 1.2633 × 10−6, 6.1389 × 10−13, 6.4274 × 10−20}¤±d
(1)
4 = 3.lþ¡�O��±wÑéuÀJ�NNØ� τ = 10−3§���ê µ = 3 Ú�I ρ = 3. �{Ý
dM

(1)
4 �"�m/¤§2d�{Ý
�,�²þ�O�Ñ�µ

ŷ = (−0.001000696, 0.002003323).r ŷ \þ x̂§·���
?�
�� x̂. 2�^�?��{üg§zgrÑÑ�Ǒe�g�Ñ\§©OÀJNNØ�µ10−5 Ú 10−8§��?��µ
x̂ = (1 − 3.5470 × 10−16, 2 − 2.3068 × 10−15).

4.5 EEE,,,ÝÝÝ©©©ÛÛÛÚÚÚ¢¢¢���'uõ�ªXÚ�éÜÄ��{kéõ�©Ù§'X [5, 17, 49]. �´§'u�{E,Ý�?Ø%´���A. 3©Ù [9] ¥§�ö�Ñ
O� D-�� JanetÄ��{E,Ý´V�ê�. 3©Ù [18] ¥§�ö�Ñ
Ù� Gröbner Ä�³��
�O. éuÙ� Pommaret Ä§���Ñ
��³Ǒü�ê�~f§¿��
E,Ý´ü�ê�ßÿ. ÏǑ·�¤ïÄ�õ�ªXÚ Fk = Tk(F ) ∪ P k´�~AÏ�. �Xþ¡Ù!¤J����§�ä�XêÝ
M
(j)
k ®²Jø
·�O��(��¿v&E§¿��±?1ÛÉ":�?�.ÏLé�{©Û§·���
E,Ýµ½n 4.8. �?��{�E,Ý´µ

O
(

t
(

ρ+s

s

)3
)
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�õ´ t
(

ρ+s

s

)
×

(
ρ+s

s

) �.e¡�¢�ÀJ Digits := 14 �^^� Maple 11 3Windows �¸e$1.õ�ªXÚ DZ1 Ú DZ2 ´l [15] ¥À��. õ�ªXÚ D2 [14] ´��ê�§�´·�E,�±O��á":�O�©|. Ù§�~fÀg PHCpack demos

http://www.math.uic.edu/~jan/.·�^ s, ρ Ú µ 5©OL«C��ê§�IÚê. 1Ê����ÞI«Ñ
Cq�²L�g$��O(êi�ê�Cz. �{�Maple §SÚ¢�(J�±3e¡��é�µhttp://www.mmrc.iss.ac.cn/~lzhi/Research/hybrid/

polysolver.

System s ρ µ # Digits

cmbs1 3 5 11 2 → 7 → 14

cmbs2 3 4 8 2 → 5 → 14

mth191 3 3 4 2 → 6 → 13 → 15

LVZ 3 8 18 4 → 7 → 14

KSS 5 5 16 3 → 7 → 13 → 14

Caprasse 4 3 4 3 → 9 → 12→ 13

DZ1 4 11 131 2 → 8 → 15

DZ2 3 8 16 3 → 7 → 14

tangents1 6 4 4 2 → 6 → 12 → 13

D2 3 5 5 2 → 4 → 7 → 14

Ojika1 2 3 3 2 → 4 → 8 → 14

Ojika2 3 2 2 2 → 4 → 9 → 13

Ojika3 3 3 4 2 → 4 → 9 → 13

Ojika4 3 3 3 2 → 6 → 13

Cyclic9 9 3 4 3 → 5 → 11 → 13L 4.1: �{¢�
4.6 ooo(((3©Ù [11, 27, 28, 29, 42, 44] ¥�Ñ
�«���?�CqÛÉ":��



1oÙ õ�ªCqÛÉ":�gÂñ�2ÂÚîS��{ 51{. ·��ó�´Äuõ�ªXÚ�éÜ�z/ª§��Ñ
�{�gÂñ5�y². ·���{´ØÓu [28, 29, 42, 44]§����{�� Deflation§��ÏLV\C�Ú#�õ�ª��5�XÚ¥§�����XÚrÛÉ":*¿���Ǒ���K�":��Ü©§u´|^²;�ÚîS�Ò�±Jpù�Cq)�°Ý. ·�^5?�ÛÉ":�Ý
��´ (
ρ+s

s

)§��I ρ é���ÿ§·���{�ÇÒØp. ~X [22]§Cþ�ê´ 10§�I�U´ 11§·�?nØ
ù�¯K. ·�e�ÚÒ´�|^·�Ý
��
AÏ�(��A5§ �Ý
§�X [58] ¥§Zeng Ǒ
?nù«�XÚJÑ�p���{.





111ÊÊÊÙÙÙ (((ØØØ������"""õ�ªXÚ�)¯K§XJ´O(Xê�õ�ª�§§�±^Gröbner Ä§AÆ�§(ª��{��)µù
�{�kS�ÀJ§´�6u�I�§3?n2:Xê�õ�ª�§�Ò¬��ê�(J§'XÀJ�Ä��Xê´��é��2:ê. õ�ª�§|�~Xê��5àg �©�§|kXg,���éA'X. Ïd �©�§|�éÜnØ3õ�ªXÚ¥�A^�2�&?.�Äuõ�ªXÚ�éÜnØ§3©Ù [48, 59] ¥�Ñ
�{µ|^ÎÒê���{rõ�ªXÚòÿÝK�éÜ/ªl�)"��õ�ªXÚ. ù«�{vkS�ÀJ§Ø�6u�I§Ïäkrè�ê�½5. Ø=Xd§ù«�{��3
n��(�§ǑÒ´�3
��(��&E. ¤±§©Ù [56] �\&?
XÛO�Ñù«éÜ�{�3���(��&E.·�éõ�ªÛÉ��êa,�§ùp·�¤`�ê§Ø==´�â¿Âþ�ü�§��§n��§´3�r��ê¿Âþ�Ñù�ÛÉ":¤3�O�©|�£ã§·�½Â��(�´�O�Ñù�O�©|�éó�m��|Ä. ÏǑ�â¿Âþ�êØU�·�'uO�©|�¿v�&E.ÏL£�ÚîS���{§·�`²
JÑ2Â��gÂñÚî�{�ÄÅ. ù«2Â�ÚîS�´æ^©Ù [56] ¥^uO�éÜ/ª�XêÝ
���f¬?1$�§¤±�{äkDÚ�éÜ�{�ê�½5¿�Jp
O���Ç.Ǒ,·�®²�� �
^3�?��S�¥�Ý
§�´éu�
���~f§·�E,�{?n§¤±|^XêÝ
�(�A5§æ^ ��Ý
?1O�´·��e�Úó�. 3 [58] ¥§Zeng Ǒ
?n���õ�ªXÚJÑ
U?��{§�|^µ4f�m^�3O�¥m?1�
?n§����A^�Ý
d�51��Ñ*Ü§ ��1ê�±ØC§�uõ�ª�§|��ê§�ê�õǑµ4f�mØ2Cz���ê. �´ù«µ45éuê�$�q�Ø½§�{A^�·��{¥?1�?�.
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