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Abstract

Polynomial optimization is one of the fundamental problems in the field

of optimization with applications in a large range of areas, including biomed-

ical engineering, control theory, signal processing, etc. This thesis presents a

study of some important subclasses of polynomial optimization problems aris-

ing from various applications. We focus on the following three problems: exact

certificate of global nonnegativity of polynomials, computing real roots of poly-

nomial systems, computing a Gröbner basis of the real radical ideal I(VR(I)) of

a positive-dimensional ideal I.

The problem of computing a representation for a real polynomial as a sum

of minimum number of squares of polynomials can be casted as finding a sym-

metric positive semidefinite matrix of minimum rank subject to linear equality

constraints. We propose algorithms for solving the minimum-rank Gram matrix

completion problem, and show the convergence of these algorithms. Our meth-

ods are based on the fixed point continuation method. We also use the Barzilai-

Borwein technique and a specific linear combination of two previous iterates

to accelerate the convergence of modified fixed point continuation algorithms.

Numerical experiments show the effectiveness of our algorithms for computing

approximate and exact rational sum of squares decompositions of polynomials

with rational coefficients.

Based on the above positive semidefinite matrix completion algorithms, we

propose a new algorithm for computing real roots of polynomial equations or a

subset of real roots in a given semi-algebraic set described by additional poly-

nomial inequalities. The algorithm is based on using modified fixed point con-

tinuation method for solving Lasserre’s hierarchy of moment relaxations. We

establish convergence properties for our algorithm. For a large-scale polynomial

system with only a few real solutions in a given area, we can extract them quickly.

Moreover, for a polynomial system with infinitely many real solutions, our algo-

rithm can also be used to find some isolated real solutions or real solutions on
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the manifolds.

For an ideal I ⊆ R[x] with positive-dimensional real variety VR(I), we pro-

pose a symbolic-numeric algorithm to compute a Gröbner base of the real radical

ideal I(VR(I)) based on semidefinite relaxation. By using the geometric involu-

tive theory, we prove a certificate for terminating the algorithm. The stopping

criterion consists of conditions on ranks of moment matrices and Cartan char-

acters. Based on the conjecture 5.1, we prove that, for a δ-regular coordinate

system, these conditions are satisfiable by a finite number of semidefinite re-

laxations. Moreover, given a semialgebraic set S , we extend our algorithm to

compute a numeric Gröbner basis of the S-radical ideal I(VR(I) ∩ S).

Keywords: Sums of squares decomposition of polynomials, low-rank matrix

completion, nuclear norm minimization, semidefinite programming, real radical

ideal
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õ�ª`z¯K´`z+�S����¯K��. 3)�¢�¥, k�þ


u)Ô�Æó§!��nØ!&Ò?n!þfåÆ!O�Å�[!�Ñ£O�+

��¯KÑ�±8(�õ�ª`z¯K. da¯KÏ~�±��±e/ªµ

min f(x1, . . . , xn)

s. t. gj(x1, . . . , xn) = 0, j = 1, . . . , s1,

gj(x1, . . . , xn) ≥ 0, j = s1 + 1, . . . , s2,





(1.1)

Ù¥ f, gj ∈ R[x1, . . . , xn], j = 1, . . . , s2. 'uõ�ª`z¯K�ïÄ�±J

���Ê­VÐ, Hilbert [49]?Ø
�Kõ�ª¼ê�õ�ª²�Ú�m�

'X. 3 1900c{Ini�ISêÆ[�¬þ, HilbertJÑ
é±��êÆ

uÐ�)­�K�� 23�êÆ¯K, Ù¥1 17�¯K�QãXeµéu?¿

�Kõ�ª f ∈ R[x1, . . . , xn], ´Ä�3kn¼ê g1, . . . , gs ∈ R(x1, . . . , xn) ¦

� f =
∑s

i=1 g2
i ? 1927 c, c/|êÆ[Artin [4]éù�¯K�Ñ
�½�y²

¿±d�¢�ênØ�uÐC½
Ä:. Dezell [35]u 1984c�Ñ
)d¯K

���ëY��E5�{. ,
¿�¤k��Kõ�ªÑäkõ�ª²�Ú

©), ~XMotzkin õ�ª f = x4
1x

2
2 + x2

1x
4
2 + 1 − 3x2

1x
2
2, Ùy²ë� [106]. ©

z [14]¥�Ñ, 3¤kgê�u½�u 4�õ�õ�ª8Ü¥, U
©)�²�

Ú�õ�ª��Kõ�ª�'~�XC�ê�O\
ª�u 0.

Äuþã'uHilbert1 17¯K�?Ø, ·��Ä±e¯KµXÛ�Ñk�

��{�½õ�ª f ∈ R[x1, . . . , xn]��Û�K5, =

f(x1, . . . , xn) ≥ 0, ∀(x1, . . . , xn) ∈ Rn. (1.2)

ù�¯K�~­�, c<éd�
�þ�ïÄ. XÚÚ���Æ¥�Nõ¯K�

ªÑ¬=z�éõ�ª�Û�K5��½. éu°(Xê�üC�õ�ª,·�

�±|^�êAÛ¥õ�ª�É��O{K [143]{ü/�äÑõ�ª��Û

�K5. ©z [84]¥y²
�õ�õ�ª f �gê�u�u 4�, (1.2)´NP-J
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¯K. éupgõC�õ�ª�K5��½, õê�{3¢SO�¥¿Ø�1,

~X, þc��{ [54].

XJ��õ�ª�±L«�õ�ª²�Ú�/ª, Ù�Û�K5KØó


�. ©Ù [98]¥y²
¢Xêõ�ª f(x)U©)� R[x]þõ�ª²�Ú�¿©

7�^��

f(x) = [x]Td · W · [x]d, (1.3)

Ù¥ [x]d�¤kgê�u�u d = ⌈deg(f)/2⌉�ü�ª�¤���þ, W�¢

é¡��½Ý
, �¡�� f� GramÝ
. Ïd, �½õ�ª��Û�K5¯

K�±=z�¦)���^��`z¯K

min 1

s. t. f(x) = [x]Td · W · [x]d,

W � 0, W T = W.





(1.4)

²�Útµ�{ÄkdShor [118]Ú\�õ�ª�Û�`z¯K�¦)¥,

�5�*Ð�k��^��/Úkn¼ê�`z�/. Nesterov [84]|^`z

�nØÚ�{&¢Ýþ (Moment)Ý
I��Kõ�ªI�m�éó5�. ¦

y²
éuU
L«�²�Ú/ª��Kõ�ª�¤�I, ÙéóÝþÝ
I

¥���÷v��½5. Lasserre [60](Ü¢�êAÛòõ�ª`z¯Ktµ�

�X���½5y (Semidefinite Program)¯K, ¿y²
da��½tµ¯K

�)Âñ��¯K��`). Parrilo [90, 91]��Ñ
Äu��½5y��Eõ

�ª²�Ú©)��{. �dÓ�, Waki [135]�<JÑ
�X�DÕ��½t

µ�{, ÏL&¢¯K�DÕ55Jp�{�O��Ç.

Xþ¤ã, �½õ�ª��Û�K5�±=z�¦)�A���½5y

¯K (1.4). 
��½5y¯K�±ÏLMatlab¥ÄuS:{ (Interior-point

Method)�^��p�¦), ~XSeDuMi [125], SDPT3 [128], SDPNAL [145].

,
duMatlab�U?1k�°Ý�O�, ¤�(J  �k���ê�Ø

�, ¤¦)�´Cq/÷v¯K��ª½Ø�ª��. ©z [55, 56, 93]|^kn

z��ÝK, Gauss-NewtonS��óä, òõ�ªCq²�Ú©)=z�O(

knXê²�Ú©). �´, duGauss-NewtonS�°zL§�O�þ�õ�

ª²�Ú©)¥²�êk', ²�Úê�õ, Gauss-NewtonS��O�þ��.


ÄuS:{���½5y^��Ï~�£÷v��^������GramÝ
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 [98, ½n 1], GramÝ
���u²�Úê. ùÒr¦·��ÄXÛÏL¦²

�Úê���õ�ª²�Ú©)5°(�y�½õ�ª��Û�K5. �dÓ

�, duS:{3S�L§¥I�O�¿;��'¼ê���&E, �Ý
��

ê�u 1000, ��^��ê�u 6000�, S:{òØ2·^. ù�r¦·�&

¢�p���{5)û��5��¯K.¯¢þ, ·�òSDP¯K (1.4)=z�

$�Ý
¡E¯K (Low-rank Matrix Completion), ¿31nÙ¥�[0�¯K

�¦)�{.

õ�ª`z+�S�,��Ä�
­��¯K´õ�ª�§|¦). T¯

K�´íÄ�êÆuÐ��©Äå. @3ú�c, ·I��êÆ[3ïÄÐ�

AÛ¯K�Òm©¦^õ�ª�§L«ã/�>��¡È�m�'X. 3�8

E,�ÆïÄ¥, Ï~�´|^õ�ªXÚ5£ã�
E,ÔN�$Ä;,!

Øå!³|�þ�m�'X. �½õ�ª�§|




g1(x1, . . . , xn) = 0,

g2(x1, . . . , xn) = 0,
...

gs1
(x1, . . . , xn) = 0,

(1.5)

Ù¥ gi ∈ R[x1, . . . , xn], i = 1, . . . , s1. du3ó§¢�¥, C�Ï~L«,
Ô

nþ, ¤±�þ�¢S¯K�ª=z�õ�ª�§|�¢�¦)¯K, ½´¦÷

vXeØ�ª��^��¢�.




gs1+1(x1, . . . , xn) ≥ 0,

gs1+2(x1, . . . , xn) ≥ 0,
...

gs2
(x1, . . . , xn) ≥ 0,

(1.6)

¦)�{�Nþ©�ü«: ÎÒ�{Úê��{. ùüa�{�k`"

:. ÎÒ){U
°(/¦Ñõ�ªXÚ�¤k¢�, ��Ý�ú, ·Ü)

û¥�¯K. ÎÒ�{Ì�k: GröbnerÄ�{, Ritt-WuA���{Úõ�(

ª��{. GröbnerÄ�{´ 1965cdBuchberger3ÙÆ¬Ø©¥JÑ� [16].

Ritt-Wu�{´{IêÆ[Ritt [107]3 20­V 50c�Ú\�, 
�dÇ©d�

¬ [132]éÙ?1U?ÚuÐ. ±þü«�{�Ä�g�Ñ´3":ØC�cJ



4 Äu$�Ý
¡EÚ��½5y�õ�ª`z�{

eéõ�ª�§|?1��, ¿=z��d�n�/ªBu¦). õ�(ª�

{�Ä��n´l�½��§|�EÑ�¹õ��§��Ñ�§|, òÙw�

�5�§|, l
|^®k�/�5�{05ïÄ���5�§|�). Ød�

	, Collins [28]JÑ
Î/�ê©)��{5¦)õ�ª�§|. T�{ò?�

�êõ�ªXÚ¿©¤k�õ�pØ�����ê8, ¿©��z����ê

8�nþ½Âõ�ª�ÎÒØC. �âØÓ�n�ÎÒCz�¹?1¢��l.

�kÄuDescartes ÎÒ{K�¢��l�{, � [110, 141, 142].

�éÎÒ�{
ó, ê��{��¤Ù, �Ý�¯, �±)û�¯K�5�

��, �Ù  �U¦Ñk�°Ý�Cq). ê��{Ì�k�©{!Úî{Ú

ÓÔ�{ [134]�. Cc5, Chesi [23–25]9Lasserre [46, 63–66]�<�åu|^

��½5y�ê�`z�{5¦)õ�ªXÚ�¢�.�X©z [64]¤ã, ��

½5yEâ9ÝþtµnØ�`:3u§��&¢¯K�¢�êA5
¦��

§|�¢�, l
;�O��E��'�&E. ©z [64–66]JÑ�ÄuÝþÝ


��½tµ��{´¦)�X�SDP¯K

min 1

s. t. y0 = 1,

Mt(y) � 0,

Mt−dj
(gj y) = 0, j = 1, . . . , s1,

Mt−dj
(gj y) � 0, j = s1 + 1, . . . , s2,





(1.7)

Ù¥ dj := ⌈deg(gj)/2⌉, j = 1, . . . , s2. Lasserre [64]���Ñ
Äu¦)þã�

�½tµ�¯K (1.7)ª���½½nµ

½n 1.1. [64]éu"�õ�ªXÚ (1.5), � t ≥ d, Mt(y)�¯K (1.7)��1

), �÷v rankMt(y)��. XJ�3 d ≤ k ≤ t÷v

rank Mk(y) = rank Mk−d(y), (1.8)

Ù¥ d = max1≤j≤s2
dj, dj = ⌈deg (gj)/2⌉, j = 1, . . . , s2, @o 〈kerMk(y)〉 =

I(VR(I)). õ�ªXÚ (1.5),(1.6)¢���ê�u rank Mk(y).

��½5y¯K (1.7)�±dS:{¦). �,|^S:{�£��

��ÝþÝ
Mt(y), ·��±¦�"�õ�ªXÚ��Ü¢�. �´, �

�^� (1.8)¤á�, t�Ï~��. du t�ÝþÝ
��êm =
(

n+t
t

)
, d
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� (1.7)¥�ª��^��ê p =
∑s1

j=1
1
2

(
n+t−dj

n

) ((
n+t−dj

n

)
+ 1
)
. �X t�

O�, ¯K (1.7)�5��¬�ÌÝO\, ¦�Ï~���½5y^��,

XSeDuMi [125], SDPT3 [128], ÑÃ{O�Ñ(J. �­��¯K´XJ�

½õ�ªXÚkÃ¡õ�¢�, ÃØ t�õ�, dS:{�£����ÝþÝ


þØ÷v�^� (1.8). �éþãJK, ·�ò¯K (1.7)=z�$�ÝþÝ
�

¡E¯K, ¿(ÜÝ
¡E�{5¦)��5�õ�ªXÚ (1.5),(1.6)�Ü©½

�Ü�¢� (��1oÙ).

±þ0��ÎÒ){Úê�){�õ·^uõ�ª�§|�kk�

õ�¢���/. XJ�½�õ�ªXÚkÃ¡õ�¢�, Äuõ�ªn

� I = 〈g1, . . . , gs1
〉��êqV (I) (�§|�ú�":8)�éA'X, õ�ª�

§|¢�¦)¯K�±=z�én� I�¢�n� R
√

I�ïÄ. e¡�½n�Ñ


n� I(VR(I))�¢�n� R
√

I�m�'X.

½n 1.2 (¢":½n). [15] n� I ⊆ R[x], R
√

I = I(VR(I)).

éu¢�n� I(VR(I))�O��'�n��O��\(J. éu"�

õ�ªXÚ, Lasserre�<JÑ
Äu��½5y�ê��{ [64, 66]ÚÎ

Ò–ê�·Ü�{ [63, 65]5O�¢�n� I(VR(I))��|>.Ä (Border Ba-

sis)½GröbnerÄ.éu��õ�ªXÚ, BeckerÚNeuhaus [12]JÑ
�«Äu

n��O�©)��{5¦¢�n� I(VR(I)), �'ó��ë� [87, 141, 144].

Ød�	, �k�a�{Äu¢�êAÛ¥�'�:�{, U
3¢�êq�

z��ëÏ©|þ¦Ñ�:, � [5, 6, 8, 9, 113]. �´, �X¯K5��O�,

da�é��õ�ªXÚ�ÎÒ�{3O�L§¥¬ÑyL�ª×�)ä, S

�I¦O\, O��Ýü$�¯K, Ï
Ã{÷v¢SA^�I¦. ·�JÑ


�«ÄuÝþÝ
��½tµ (1.7)�ÎÒ–ê�·Ü�{¦n� I �¢�n

� I(VR(I))�'uS≺tdeg��|GröbnerÄ (��1ÊÙ).

1.2 ØØØ©©©���(((���ÚÚÚÌÌÌ���(((JJJ

�©�(�9Ì��zXeµ

1�Ù¥, ·�0�
$�Ý
¡E, õ�ª�Û�K5�²�ÚL«±9

¢�êAÛÄ:�£.
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1nÙ¥, ·�?ØXÛÏL¦ê8���õ�ª²�Ú©)°(�yõ

�ª��Û�K5. d¯K�±=z�é¡��½Ý
��4�z¯K

min rankW

s. t. f(x) = [x]Td · W · [x]d,

W � 0, W T = W,





(1.9)

¯K (1.9)�±àtµ�����^�eÝ
Ø�ê4�z¯K

min ‖W‖∗
s. t. A(W ) = b,

W � 0, W T = W,





(1.10)

Ù¥ ‖W‖∗�Ý
�Ø�ê (Nuclear Norm), =Ý
ÛÉ��Ú. �é��½5

y�{�3O�þ�!�Ýú!U
?n�Ý
5���¯K, ·�JÑ
�

«#�¦)Gram Ý
Ø�ê4�z¯K (1.10)����{—–U?�ØÄ:S

��{ (MFPC-BB), ¿�Ñ
�{�Âñ5©ÛÚ3Maple ÚMatlab¥�¢

y. ·���{±ØÄ:S��{¥��f©�Eâ�Ä:, ÏLU?K��

fT ±·Aé¡��½Ý
�¡E. Ó�, ·�Ú\Barzilai-BorweinEâ5?

1Ú�ëê�À�, l
Jp�{�Âñ�Ý. 3d�{Ä:þ, ·�qJÑ�

«\��ØÄ:S��{ (AFPC-BB). §Q�±
MFPC-BB�{�{ü´¢

y�A:, qòÂñ�ÝJp��gÂñ. ê�¢�w«AFPC-BB�{éu$

�GramÝ
�Cq½O(¡E�Äu��½5y��{J�²w, �·Ü�

5�¯K�¦). ~X, éuü��ê�L����õ�õ�ª, |^AFPC-

BB�{3����m=�ò�Ù�A��ê� 1500× 1500�� 50�GramÝ


O(/¡EÑ5.

1oÙ¥,·�ïÄXÛ¯�¦)�5�õ�ªXÚ�¢�.ÏLòLasserreJ

Ñ���½5y�. (1.7)¥�8I¼êU�ÝþÝ
�Ø�ê ‖Mt(y)‖∗, l

òõ�ªXÚ¢�¦)�¯K=z�¦ÝþÝ
Ø�ê4�z¯K





min ‖Mt(y)‖∗
s. t. y0 = 1,

Mt(y) � 0,

Mt−dj
(gj y) = 0, j = 1, . . . , s1,

Mt−dj
(gj y) � 0, j = s1 + 1, . . . , s2.

(1.11)
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éu��½��^�Mt−dj
(gjy) � 0, j = s1 + 1, . . . , s2, ÏLÚ\tµÝ
C

�Zj , òÙ=z��ª��^�

Mt−dj
(gjy) = Zj, Zj = ZT

j , Zj � 0. (1.12)

'uÝþÝ
Mt(y)ÚÝ
C�Zj , ·�|^1nÙ�Ñ�AFPC-BB�{�

O/¦þã���^��$�ÝþÝ
�¡E¯K (1.11). �dÓ�, ·��

Ñ
�{�Âñ5©ÛÚ3MapleÚMatlab¥�¢y (MMCRSolver). XJé

u t�¯K (1.11), MMCRSolver�£�$�ÝþÝ
�,� k�f¬Mk(y)÷

v�½^� (1.8), @o�±ÏL¦Ý
Mk−1(y)���m��|ÄÚ�A

¦{Ý
 (Multiplication Matrix)�ú�A��þ��õ�ª�§|�¢�

[29, 46, 101].

8c·���{Ã{�y¦Ñõ�ªXÚ��Ü¢�. éu��5��õ

�ªXÚ, XJ��3��½�êA�¢�, MMCRSolverU
¯�/ò§�¦

)Ñ5. XJõ�ªXÚkÃ¡õ�¢�, ·�EU¦ÑÜ©�á¢�½´�

ê6/þ�¢�. ê�¢�w«, é,
|^��½5y�{J±¦)�~f,

MMCRSolver�U¯�/¦ÑÙ�Ü½Ü©�¢� (�L 4.1).

1ÊÙ¥, �½äk��¢�êq�õ�ªn� I = 〈h1, . . . , hm〉 ⊆
R[x] (Ã¡õ��), ·�JÑ
�«ÄuÝþÝ
��½tµ�ÎÒ–ê�

·Ü�{¦¢�n� I(VR(I)). ÏLòAÛéÜnØ���½ÝþÝ


�5��(Ü, ·��Ñ
���/e��½tµ�{ª���½½n.

P vec(p) = (pα)α∈Nn�õ�ª p�Xê�þ. -

kerMt(y) := {p ∈ R[x]t|Mt(y)vec(p) = 0},
Kgen

t := {y ∈ RNn
2t|y0 = 1, Mt(y) � 0, Mt−dj

(hjy) = 0, j = 1, . . . , m, Mt(y)���}.

½n 1.3. 3 δ-�K�IXe, XJ�3�ê(t, ℓ), t ≥ 2d, 1 ≤ ℓ ≤ t − 2d9 y1 ∈
Kgen

t , y2 ∈ Kgen
t+1÷ve�^�

rank Mt−ℓ(y1) = rankM(t+1)−(ℓ+1)(y2), (1.13)
n∑

j=1

jα
(j)
t−ℓéuMt−ℓ(y1) = corankM(t+1)−ℓ(y2) − corank M(t+1)−(ℓ+1)(y2),

(1.14)
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@o kerMt−ℓ(y1)´¢�n�
R
√

I'uS≺tdeg��|GröbnerÄ, =

〈kerMt−ℓ(y1)〉 =
R
√

I. (1.15)

Äuß� 5.1,·�y²
3 δ-�K�IXe,½n 1.3¥^� (1.13)-(1.14)�

½3k�Ú���½tµS÷v, ¿�Ñ
¢�n� I(VR(I))'uS≺tdeg��

|GröbnerÄ.^� (1.13)-(1.14) �±��Flat Extension½n 5.1¥^� (5.1)3

���/e�í2. �dÓ�, �½���ê8ÜS = {x ∈ Rn | f1(x) ≥
0, . . . , fs(x) ≥ 0}, ·�ò�{í2�¦n� I�S-�n� I(VR(I) ∩ S)��

|GröbnerÄ.

3���Ù, ·�o(
®k�ó�¤J¿?Ø
±�UYãå���.
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�Ù¥, ·�{�/0�$�Ý
¡E, õ�ª�Û�K5�²�ÚL«,

¢�êAÛÄ:�£.

2.1 $$$���ÝÝÝ


¡¡¡EEE

$�Ý
¡E¯K´�, éuÝ
M ∈ Rn1×n2 , ®�Ù¥m��� {Mij :

(i, j) ∈ Ω} (m < n1n2), XÛò����ÜnO(/¡EÑ5. Ý
¡E¯K�

�Í¶�A^´NetflixXÚ [120]. Netflix´­.þ���3�K¡u�ÑÖ

û, l 2006c 10�°m©Þ�Netflix�øm. §úm
���·� 1*5?�

]¶>Kµ?, 5g� 48���ré 1.8�Ü>K�µd. êâ¥¤k�<&E

Ñ�íØ, =�¹
K¡¶¡!µd(?ÚµdFÏ, vk?ÛµdSN. 'm

�¦ëmöýÿNetflix�r©OU��oK¡,�rýÿ��Ç�é�í�X

ÚCinematchJpz©��±þ. ù´��;.�Ý
¡E¯K, =Ý
�z�

1éA,�^ré>K�µ?, z��L«,>K3¤k^r¥�µ?, �´z

�^r��UéÜ©>K?1µd. Ïd, �±ÏLÝ
¡E�Ñ^rézÜ

>K�UÐ§Ý. Ý
¡E�¯K�Ñy3Nõó§9ÙA^�Æ+�¥, ~

X, ÅìÆS [1–3], �� [77]9O�ÅÀú¥ [130]. 3éõ�äN¯K¥, &Ò

½öêâ²~¡�"�!��!ÉD(À/��¯K. XÛ3�«�¹e��Z

À!O(!(�5ûÐ�êâ, Ò´Ý
¡E�)û�¯K.

©z [20]¥y²�±ÏL¦)Xe`z¯K5¢y$�Ý
�¡Eµ

min rank(X)

s. t. Xij = Mij, (i, j) ∈ Ω.

}
(2.1)

3Ï~�¹e, �à¼ê rank(·)�|Ü5���¯K (2.1)´NP-J¯

K, ®k�°(�{ÑäkV�ê/ª��mE,Ý [26]. �
)ûd¯K,

Fazel [38]y²
éuW ∈ {W ∈ Rn1×n2 : ‖W‖2 ≤ 1}, ¼ê rank(W )�à�

ä (Convex Envelop) , =÷v f(W ) ≤ rank(W )���à¼ê f�uÝ
W �

Ø�ê, =Ý
W�ÛÉ��Ú, P� ‖W‖∗. Ïd, ¼ê rank(·)^Ùà�ä�
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O, ¯K (2.1)=z�à`z¯K

min ‖X‖∗
s. t. Xij = Mij , (i, j) ∈ Ω.

}
(2.2)

Candès ÚRecht [20]y²�æ�:8 {Mij : (i, j) ∈ Ω}÷v�½^�, XJæ�

êm÷v

m ≥ Cn6/5r log n,

Ù¥n = max(n1, n2), r�Ý
��ê, C�~ê. @o¯K (2.2) ��`)��

��u�¯K (2.1)��`), 
����Ý
�uM�VÇ÷v

p ≥ 1 − cn−3.

Ù¥ c�~ê.

XJ®��Ø´æ�:
´'uÝ
¥�����^�, @o$�Ý
¡

E¯K (2.1)=�=z�����^�eÝ
��4�z¯K

min rank(X)

s. t. A(X) = b,

}
(2.3)

Ù¥�5�fA : Rn1×n2 → Rp, b ∈ Rp. d¯KÓ��±àtµ�

min ‖X‖∗
s. t. A(X) = b,

}
(2.4)

þã¯K (2.3)Ú (2.4)��d5^�, Recht�3©z [100]¥�
�[�?Ø.

¦�JÑ
Ý
���å5� (Restricted Isometry Property). é?¿��ê r,

1 ≤ r ≤ max(n1, n2), ½Â r-���å~ê δr(A)�¦�eª

(1 − δr(A))‖X‖F ≤ ‖A(X)‖2 ≤ (1 − δr(A))‖X‖F , (2.5)

é¤k���u�u r�Ý
Xþ¤á� δr(A)����. ¦��y², é

u r ≥ 1, � δ5r(A) < 1/10�, ¯K (2.3)Ú (2.4)�)�����. 'uÝ
¡E

nØ��15ïÄ�ë� [21, 76, 82, 99].

�éþãà`z¯K (2.4), ®�3õ«¦)�{. éu5����¯K,�

±òÙ=z¤IO���½5y¯K, ¿|^S:{ [17, 18, 39, 70, 103, 122]½
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ÝK�{ [47, 48, 57, 74, 89, 145]k�/¦), �U
���p�°Ý. �´,

duÏ~ÄuS:{��½5y^��3$�L§¥I�O�¿;��'

¼ê���&E, �Ý
��ê�u 1000½��^���ê�u 6000�, S

:{òØ2·^. �Ý
��êp� 5000, ��^���ê�u 105�, ÝK

�{�J±O�Ñ(J. �C, NõÆö�åuuÐ��¯��{5¦)Ý


¡E¯K, ~X, SVT [19]!FPC [43, 71]!APG [129]�. �dÓ�, �
äk

�Ð�Âñ�ÝO(1/k2) (k�S�ê)�\��FÝ�{�É�2�'5, ~

X [11, 50, 72, 73, 83, 85, 86, 129, 131]. �,da���{¦��)3ê�°Ý

þØ9S:{, �´, da�{U)û�êp� 105���5�Ý
�¡E¯K.

2.2 õõõ���ªªª���ÛÛÛ���KKK555���²²²���ÚÚÚLLL«««

�ä¼ê��Û�K53XÚ�ÆÚ��Ø�Nõ+�¥kX­��A

^, �Äõ�ª¼ê f(x) ∈ R[x] = R[x1, . . . , xn]. XJõ�ª f(x)÷v

f(x) ≥ 0, ∀x ∈ Rn,

K¡Ù���½ (Positive Semidefinite)õ�ª. Ï~�¹e,�½õ�ª���

½5´�~(J�?Ö. XJ�3õ�ªui(x) ∈ R[x]¦�

f(x) =
∑

j

uj(x)2 ∈
∑

R[x]2

¤á, K¡ f(x)äk²�Ú©). 'u�Kõ�ª�õ�ª²�Ú�m�'

X�ïÄ�±J��Hilbert �Ô¯K. XJõ�ª f(x)äk²�Ú©), w

, f(x)´��½�; ��, XJ f(x)´��½�, �÷vXen�^���:

1. f(x) �üC�õ�ª¶

2. deg f(x) = 2;

3. deg f(x) ≤ 4 ��¹kü�C�¶

K f(x) äk²�Ú©). ,
���/e�Kõ�ªØ�½U©)�²�Ú�

/ª. Motzkin [80]�Ñ
��{ü��~

M(x1, x2, x3) = x4
1x

2
2 + x2

1x
4
2 + x6

3 − 3x2
1x

2
2x

2
3 ≥ 0.
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1927c,c/|êÆ[Emil Artin [4]y²
éu?¿���½õ�ª f(x),

�3õ�ª v(x)¦� f(x)v(x)2�±©)�õ�ª²�Ú. Polya [95]u 1928c

y²
XJ f(x)´óêg�½õ�ª,@oé¿©����ê r, (Σ x2
i )

rf´R[x1, . . . , xn]þ

ü�ª�²�Ú. Reznick [105]u 1995cy²
: b� f(x)´R[x1, . . . , xn]¥g

ê�m�àg�½õ�ª, ǫ(f)´ f3ü ¥þ�e(.Úþ(.�', X

J r ≥ nm(m−1)
4 log 2ǫ(f)

− n+m
2

, @o (Σn
i=1x

2
i )

rf´Q[x1, . . . , xn]þ�5/� (m+2r)g�

��KR-�5|Ü. �õ�'0��ë�©z [106].

òR[x]¥¤kUL«¤²�Ú/ª�õ�ª�8ÜP�

∑
R[x]2 :=

{
f ∈ R[x] | f =

∑

i

g2
i , gi ∈ R[x]

}
.

½n 2.1. [98] ¢Xêõ�ª f(x) U©)�R[x]þõ�ª²�Ú�¿©7�^

�� f(x)�±L«�

f(x) = [x]Td · W · [x]d, (2.6)

Ù¥ [x]d�¤kgê�u�ud = ⌈deg(f)/2⌉�ü�ª�¤���þ, W�¢

é¡��½Ý
, �¡�� f�GramÝ
.

XJõ�ª f´DÕ�, @o�þ [x]dÚÝ
W Ï~�´DÕ�. ·��

±ÏL©ÛÚîõ¡N (Newton Polytope) [27, 104]5~�¯K�5�. ÷v�

ª^� (2.6)�Ý
W Ø��, ¿�¤�Né¡Ý
8ÜS�����f�m

X = {W | W T = W, f(x) = [x]Td · W · [x]d}. (2.7)

XJ��f�mX�é¡��½Ý
IS+��8��, f(x)=�©)�²�

Ú/ª. XJÝ
W ���´knê, K fU
©)�Q[x]¥�õ�ª²�Ú.

õ�ª�²�Ú©)¯K�du¦��½5y

min 1

s. t. f(x) = [x]Td · W · [x]d,

W � 0, W T = W.





(2.8)

��1). 'uXÛ|^��½5y�{¦õ�ª�²�Ú©), ë� [55, 56,

60, 61, 90, 91, 119].
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~ 2.1. �ÄXe~f f(x1, x2) = 2x4
1 + 2x3

1x2 − x2
1x

2
2 + 5x4

2,

f(x1, x2) = 2x4
1 + 2x3

1x2 − x2
1x

2
2 + 5x4

2

=




x2
1

x2
2

x1x2




T 


2 −λ 1

−λ 5 0

1 0 −λ + 2λ







x2
1

x2
2

x1x2


 .

-λ = 3, éÝ
W �Cholesky ©),

W =

(
2 −3 1

0 1 3

)T (
1/2 0

0 1/2

)(
2 −3 1

0 1 3

)
,

Ïd, f�²�Ú©)�

f(x1, x2) =
1

2
(2x2

1 − 3x2
2 + x1x2)

2 +
1

2
(x2

2 + 3x1x2)
2.

d±þ~f�±wÑ, ¦��½Gram Ý
¥�ëêλ¢Sþ´Ý
¡E

�L§. ·�ò31nÙ¥�[?ØXÛ|^Ý
¡E��{ÚE|5¦õ�

ª°(�²�Ú©).

2.3 ¢¢¢���êêêAAAÛÛÛÄÄÄ:::

¢�êAÛ+�¥�­��ïÄé����¢�êq (Real Variety), ù�

´�©ïÄ�­:.

�½�K = R½C, Ùþ�n�õ�ª�P�K[x] := K[x1, . . . , xn]. é

u�ê t ≥ 0, K[x]tL«¤kgê�u�u t�õ�ª�¤�8Ü. NL«�

K�ê8. éu t ∈ N, Nn
t := {α ∈ Nn | |α| :=

∑n
i=1 αi ≤ t}. éuα ∈ Nn,

xα = xα1

1 · · ·xαn
n ,dü�ª��gê� |α| :=

∑n
i=1 αi. PTn := {xα | α ∈ Nn}�

¤kü�ª�8Ü, Tn
t := {xα | α ∈ Nn

t }�¹�gê�u�u t�ü�ª. �

½Tnþ���ü�S≺, õ�ª p ∈ K[x]�±�� p =
∑

α∈Nn pαxα, Ù¥�k

k�õ�Xê pα ∈ K�". P vec(p) := (pα)α∈Nn�õ�ª p�Xê�þ.

-P = {p1, . . . , pm} ⊆ K[x] = K[x1, . . . , xn]. I = 〈p1, . . . , pm〉´dP ¥õ

�ª)¤�n�. n� I��êq�

VC(I) := {x ∈ Cn | f(x) = 0, ∀ f ∈ I}.
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¢�êq�

VR(I) = VC(I) ∩ Rn.

-V ⊂ Cn��êq, ½Â

I(V ) =
{
f ∈ C[x] | ?�: ξ ∈ V, f(ξ) = 0

}
,

�V ��²n� (Vanishing Ideal).

½Â 2.1. [75] n��¢� (Real Radical)½Â�

R
√

I := {f ∈ R[x] | f 2k + σ ∈ Ié,� σ ∈
∑

R[x]2, k ∈ N\{0}}.

XJ I = R
√

I, ¡ I�¢�n� (Real Radical Ideal). Ï~�¹e, k

I ⊆ R
√

I ⊆ I(VR(I)).

e¡�Ún�Ñ
¢�n����{ü�£ã.

Ún 2.2. n� I ∈ R[x]�¢�n��¿©7�^��

∀pi ∈ R[x],
∑

i

p2
i ∈ I ⇒ pi ∈ I.

�Hilbert":½n,=
√

I = I(VC(I))�aq,e¡·��Ñn� I(VR(I))�

n� I�¢� R
√

I�m�'X.

½n 2.3 (¢":½n). [15] én� I ⊆ R[x], R
√

I = I(VR(I)) .

�½��ê8Ü

S = {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0},

Ù¥ f1, . . . , fs ∈ R[x]. S-�êqVS(I)½Â�¢�êqVR(I)��½���ê

8S��8VS(I) = VR(I) ∩ S . ·�ò¦È f e1

1 f e2

2 · · · f es
s , ei ∈ {0, 1}P� f e.

½Â 2.2. n� I�S-�½Â�

S
√

I :=



p ∈ R[x] | p2m +

∑

e∈{0,1}k

σef
e ∈ I é,� σe ∈

∑
R[x]2, m ∈ N\{0}



 .

XJ I = S
√

I, @on� I¡�S-�n�.
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e¡ü�½n5gStengel [123], `² S
√

I´n�, ¿òn� I(VR(I) ∩
S)�S-�éXå5.

Ún 2.4. [123, Ún 1] S
√

I�S-�n�.

½n 2.5. [123, ½n 1][��ê":½n] é?¿n� I ∈ R[x],

S
√

I = I(VS(I)) = I(VR(I) ∩ S).
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3.1 ÚÚÚóóó

¯K 3.1. �½gê�u 2d �õ�ª f(x) ∈ Q[x1, . . . , xn], O�Ù°(�²�

Ú©), =

f(x) =
k∑

i=1

f 2
i (x), fi(x) ∈ Q[x1, . . . , xn],

¦�²�Úê k ��.

÷v�ª^�

f(x) = [x]Td · W · [x]d, (3.1)

�¤kÝ
 W �¤�Né¡Ý
8Ü S �����f�m. �d��f�m

�é¡��½Ý
I��8���, f(x) =�©)�²�Ú/ª. du�þ [x]d

¥���Ø´�êÃ'�, KW Ø��. ¯K 3.1 �±=z�¦÷v�ª��

^� (3.1) ����� Gram Ý


min rank(W )

s. t. f(x) = [x]Td · W · [x]d,

W � 0, W T = W.





(3.2)

éuüC��/, Pourchet [97]y²
z��K�üC�knXêõ�

ªÑU©)� Q[x]¥Ê�õ�ª�²�Ú. Ïd, � n = 1 �, ÷v^�

(3.2) � Gram Ý
�����þ.� 5. éuõC��/, Pfister [94] y²


R[x1, . . . , xn] ¥���½õ�ªÑU©)� 2n �¢Xêkn¼ê�²�Ú. ¦

+Ø´¤k�Kõ�ªÑU©)¤²�Ú�/ª (~XMotzkin õ�ª), �´,

©z [56] ¥�Ñ��Kõ�ª3¦±T��õ�ª�Ñ�±©)� 10�±S

�knõ�ª²�Ú. ù�´·�ïÄ¯K (3.1)�ÄÅ��.

3Ï~�¹e, �à¼ê rank(·)�|Ü5���þã¯K´NP-J¯

K, ®k�°(�{ÑäkV�ê/ª��mE,Ý [26]. �
)ûd¯K,

Fazel [38]y²
éuW ∈ {W ∈ Rn1×n2 : ‖W‖2 ≤ 1}, ¼ê rank(W )�à�ä,
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=÷v f(W ) ≤ rank(W )���à¼ê f�uÝ
W�Ø�ê, =Ý
W�Û

É��Ú, P� ‖W‖∗. Ïd, ¼ê rank(·)^Ùà�ä�O, l
ò¯K (3.2) =

z�à`z¯K.

ò¯K (3.2) ¥�ª��^��màÐm¿z{, ���|'uÝ
 W ¥

����5�§|

A(W ) = b, (3.3)

Ù¥ b = (b1, . . . , bp) ∈ Rp, bi � f(x) ¥ü�ª xαi = x
αi,1

1 · · ·xαi,n
n �Xê. �5

�f A : Sm → Rp �^� W þ½Â�Ý
SÈ�/ª 〈Ai, W 〉 := Tr(AT
i W ),

Ù¥ A1, . . . , Ap ∈ Sm. |^ [x]d¥ü�ª��ê�þ��Ý
��I, KÝ


Ai ¥���½ÂXeµ� βi + γi = αi �, Ý
¥ βi 1 γi ����� 1, Ù{�

��þ� 0. �f A ����fP� A∗ : Rp → Sm. Ïd, Ý
��4�z¯K

(3.2) �±tµ�Ý
Ø�ê4�z¯K

min ‖W‖∗
s. t. A(W ) = b,

W � 0, W T = W.





(3.4)

�ª��^� A(W ) = b E��tµ?n, ¯K�A/=z�

min ‖W‖∗
s. t. ‖A(W ) − b‖2 ≤ ǫ,

W � 0, W T = W,





(3.5)

½´ Lagrange /ª

min
W∈Sm

+

µ‖W‖∗ +
1

2
‖A(W ) − b‖2

2, (3.6)

Ù¥ Sm
+ L«m �é¡��½Ý
�8Ü, ëê µ > 0.

Cc5, NõÆö�åuuÐ��¯��{5¦)Ý
¡E¯K, ~

X, SVT [19]!FPC [43, 71]!APG [129]�. �dÓ�, �
äk�Ð�Âñ�

ÝO(1/k2) (k�S�ê)�\�FÝ�{�É�2�'5, ~X [11, 50, 72, 73,

83, 85, 86, 129, 131]. �,da���{¦��)3ê�°ÝþØ9S:{, �

´U)û��5��¯K.

�Ù¥, ·�JÑ¦)¯K (3.6) ����{—–U?�ØÄ:S��{

(MFPC-BB), ¿�Ñ
�{�Âñ5©Û. �{±ØÄ:S��{¥��f©
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�Eâ�Ä:, ÏLU?K��f Tν 5¦)$� Gram Ý
�¡E¯K. Ó�,

Ú\ Barzilai-Borwein EâÄ�/À�S�Ú�, l
Jp
�{�Âñ�Ý.

3d�{Ä:þ, ·�qJÑ
�«\��ØÄ:S��{ (AFPC-BB). §Q

�±
MFPC-BB {ü´¢y�A:, qU
ò��{��5Âñ�ÝJp�

�gÂñ. ê�¢�w«, AFPC-BB �{3Cq½O(O�knXêõ�ª²

�Ú©)�¯Kþ�Ly`uS:{½ÝK�{.

3.2 UUU???���ØØØÄÄÄ:::SSS������{{{

duÝ
�Ø�ê´Ø��¼ê, �
£ãØ�ê4�z¯K (3.6) �)¤

÷v��`5^�, ÄkI?ØØ�ê�g�©(Subdifferential). �½��à

¼ê f : Rn1×n2 → R, f 3 X∗ ∈ Rn1×n2 ?�g�©½Â�Xe;�à8

∂f(X∗) := {Z ∈ Rn1×n2 : f(Y ) ≥ f(X∗) + 〈Z, Y − X∗〉, ∀ Y ∈ Rn1×n2}.

�â [69, ½n 3.2] Ú [136] ¥�?Ø, ·�í�ÑØ�ê'ué¡Ý
W ∈ Sm

�g�©�L�ª.

½n 3.1. -W ∈ Sm, K

∂‖W‖∗ = {Q(1)Q(1)T − Q(2)Q(2)T + Z : Q(i)T Z = 0, i = 1, 2, � ‖Z‖2 ≤ 1},

Ù¥ Q(1) Ú Q(2) ©O�éAu�!KA�����A��þ.

y². éu�½�¢é¡Ý
W ∈ Sm, òÙA��üS� λ1 ≥ · · · ≥ λt > 0 >

λt+1 ≥ · · · ≥ λs, λs+1 = · · · = λm = 0. �W = QΛQT �Ý
W �Schur ©),

Ù¥ Λ = diag(λ1, . . . , λm), Q ∈ Rm×m �¢��Ý
, ¿�©¬P�

Q =
(
Q(1), Q(2), Q(3)

)
, Λ =




Λ(1) 0 0

0 Λ(2) 0

0 0 Λ(3)


 ,

Ù¥Q(1), Q(2), Q(3)�¹ t, s−t, m−s��©OéAuA��Λ(1) = diag(λ1, . . . ,

λt), Λ(2) = diag(λt+1, . . . , λs), Λ(3) = diag(λs+1, . . . , λm).

- λ = (λ1, . . . , λm)T , d [136] ¥�©Û��

∂‖λ‖1 = {y ∈ Rm : yi = 1, i = 1, . . . , t; yj = −1, j = t + 1, . . . , s; |yk| ≤ 1,

k = s + 1, . . . , m}.
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- Y ∈ ∂‖W‖∗, d [69, ½n 3.1] ��

Y = Q diag(T ) QT ,

Ù¥ T ∈ ∂‖λ‖1. l
k,

Y = Q(1)Q(1)T − Q(2)Q(2)T + Q(3)DQ(3)T ,

Ù¥D � (m− s) × (m− s) é�Ý
, Ùé��þ���ýé�þ�u�u 1.

- Z = Q(3)DQ(3)T , Kk Q(i)T Z = 0, i = 1, 2. P σ1(·) �Ý
��ÛÉ�,

K

‖Z‖2 = Q(3)DQ(3)T ≤ σ1(D) < 1,

e¡ò [71, ½n 2] ¥Ã��^��à`z¯K��`5½ní2�¦)

���^��¯K (3.6).

½n 3.2. -f : Sm → R �ýà¼ê, = f > −∞ �3Ù½Â�¥���3�
:¦� f < +∞, KW ∗´

min
W∈Sm

+

f(W ), (3.7)

��`)��=�W ∗ ∈ Sm
+ , ��3Ý
 U ∈ ∂f(W ∗), ¦�

〈U, V − W ∗〉 ≥ 0, ∀ V ∈ Sm
+ . (3.8)

y². Äk, b� U ∈ ∂f(W ∗) ÷v (3.8). d f 3W ∗ ∈ Sm
+ ?g�©�½Â�

�

f(V ) ≥ f(W ∗) + 〈U, V − W ∗〉, ∀ V ∈ Sm
+ .

Ïd, é¤k V ∈ Sm
+ , f(V ) ≥ f(W ∗), l
W ∗ � (3.7) ��`).

��,b�W ∗� (3.7)��`)�Ø÷v^� (3.8),=éz�U ∈ ∂f(W ∗),

Ñ�3 V ∈ Sm
+ ¦�

〈U, V − W ∗〉 < 0. (3.9)
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- Z(t) = tW ∗ + (1 − t)V , Ù¥ t ∈ [0, 1] �ëê. du Z(t) 3±W ∗ Ú V �à

:��ã¥, � Sm
+ �à8, Ké¤k t ∈ [0, 1], Z(t) ∈ Sm

+ . d [108, ½n 23.4]

��, f 3 Z(1) :'u�þW ∗ − V ����ê÷vØ�ª

f ′(Z(t); W ∗ − V )|t=1 = f ′(W ∗; W ∗ − V )

= sup{〈W, W ∗ − V 〉 : W ∈ ∂f(W ∗)}
(3.9)
= 〈U, W ∗ − V 〉 > 0.

Ïd, é��v
�� ǫ > 0, k f(Z(1 − ǫ)) < f(W ∗), �W ∗ ´ (3.7) ��`)

gñ.

e¡·�0�K��fTν¿�Ñ)¯K (3.6) �U?�ØÄ:S��{.

½Â 3.1. �Ý
 W ∈ Sm ��� Schur ©)� W = QΛQT , Ù¥ Λ =

diag(λ1, . . . , λm), Q ∈ Rm×m �¢��Ý
. ?� ν ≥ 0, K��f Tν(·) ½
Â�

Tν(W ) := Q Tν(Λ) QT , Tν(Λ) = diag({λi − ν}+),

Ù¥ t+ = max(0, t).

�½ µ ≥ 0, Ú� τ > 0 ±9Ð©: X0, U?�ØÄ:S��{�

{
Y k = Xk − τA∗(A(Xk) − b),

Xk+1 = Tτµ(Y k),
(3.10)

Ù¥ k = 1, 2, · · · .

5 1. Äué¡Ý
Y k�A��©)�K��fTν�3 [129, 5 3]¥Ñy. 


©z [73]¥�ö©Û
ÄuA��©)�K��f�Âñ5.

½n 3.3. �W ∗ ∈ Sm
+ ÷v

• éu�½� µ > 0, ‖A(W ∗) − b‖2 < µ/m,

• W ∗ = Tτµ(h(W ∗)), Ù¥ h(·) = I(·) − τA∗(A(·) − b), I(·) �ð��f,

KW ∗´¯K (3.6)�����`).
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y². - ν = τµ, Y ∗ = h(W ∗) = W ∗ + E, Ù¥ E = −τA∗(A(W ∗) − b), K

Y ∗ ∈ Sm.

ky Tν(Y
∗) ´¯K

min
W∈Sm

+

ν‖W‖∗ +
1

2
‖W − Y ∗‖2

F , (3.11)

�����`).

¯¢þ, du¯K (3.11) �8I¼ê�î�à¼ê, ´�Ù�3���4�

�:, Ïd, ·��Iy²Ù4��:=� Tν(Y
∗). ò Y ∗ �A��ü��

λ1(Y
∗) ≥ · · · ≥ λt(Y

∗) ≥ ν > λt+1(Y
∗) ≥ · · · > 0 > · · · ≥ λs(Y

∗),

λs+1(Y
∗) = · · · = λm(Y ∗) = 0.

K Y ∗ ��� Schur ©)�P�

Y ∗ = Q(1)Λ(1)Q(1)T + Q(2)Λ(2)Q(2)T ,

Ù¥ Λ(1) = diag(λ1, . . . , λt), Λ(2) = diag(λt+1, . . . , λs), Q(1)!Q(2) ©O��Au

Λ(1)!Λ(2) �©¬Ý
.

P X̂ = Tν(Y
∗), K

X̂ = Q(1)(Λ(1) − νI)Q(1)T ,

Ïd,

Y ∗ − X̂ = ν(Q(1)Q(1)T + Z), Z = ν−1Q(2)Λ(2)Q(2)T .

w, Q(1)T Z = 0.

• XJ λt+1(Y
∗) ≥ |λs(Y

∗)|, @o ‖Z‖2 = λt+1(Y
∗)/ν < 1.

• ÄK, - y = A(W ∗) − b ∈ Rp, K

‖E‖2
F = τ 2‖A1y1 + · · · + Apyp‖2

F

= τ 2(‖A1‖2
F y2

1 + · · · + ‖Ap‖2
Fy2

p)

≤ τ 2m2(y2
1 + · · · + y2

p)

< τ 2µ2
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5¿� E ∈ Sm �W ∗ ∈ Sm
+ , d [44, ½n 8.1.5] ��

‖Z‖2 =
|λs(Y

∗)|
ν

=
max{|λ1(E)|, |λn(E)|}

ν
≤ ‖E‖F

ν
< 1.

Ïd, Y ∗ − X̂ ∈ ν∂‖X̂‖∗, = 0 ∈ ν∂‖X̂‖∗ + X̂ − Y ∗. d½n 3.2�� Tν(Y
∗) �

¯K (3.11) ��`).

5¿�, ¯K (3.6) �8I¼ê�´î�à¼ê, Ù�`)��. XJ

W ∗ = Tτµ(Y ∗), =W ∗ � (3.11) ��`), d½n 3.2���3 U ∈ ν∂‖W ∗‖∗ +

W ∗ − Y ∗, ¦�

〈U, V − W ∗〉 ≥ 0, ∀ V ∈ Sm
+ .

- Ũ = U/τ , ò ν = τµ Ú Y ∗ = W ∗ − τA∗(A(W ∗) − b) �\þãg�©L�ª

¥, �Ñ Ũ ∈ µ∂‖W ∗‖∗ + A∗(A(W ∗) − b), Ïd,

〈Ũ , V − W ∗〉 ≥ 0, ∀ V ∈ Sm
+ .

2gA^½n 3.2, �±íÑW ∗ �¯K (3.6) ��`).

3.3 ÂÂÂñññ555©©©ÛÛÛ

�!�ÑU?�ØÄ:S��{ (3.10) �Âñ5©Û. 3y²Ì��Â

ñ5½n�c, ·�Äk�Ñü�Ún`²K��f TνÚ½n 3.3¥½Â�¼

êhÑäk�*Ü5.

Ún 3.4. K��f Tν ´�*Ü�, =é?¿ X1, X2 ∈ Sm,

‖Tν(X1) − Tν(X2)‖F ≤ ‖X1 − X2‖F , (3.12)


�

‖X1 − X2‖F = ‖Tν(X1) − Tν(X2)‖F ⇐⇒ X1 − X2 = Tν(X1) − Tν(X2). (3.13)

y². � X1 = Q(1)Λ(1)Q(1)T Ú X2 = Q(2)Λ(2)Q(2)T ©O� X1 Ú X2 � Schur

©), Ù¥

Λ(1) =

(
diag(λ1) 0

0 0

)
, Λ(2) =

(
diag(λ2) 0

0 0

)
,
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λ1 = (α1, . . . , αs)
T Ú λ2 = (β1, . . . , βt)

T ©O� X1!X2 �A���¤��

þ, Q(1)!Q(2) ���Ý
. Ø�� α1 ≥ · · · ≥ αk ≥ ν > αk+1 ≥ · · · ≥ αs,

β1 ≥ · · · ≥ βl ≥ ν > βl+1 ≥ · · · ≥ βt, K

X̃1 := Tν(X1) = Q(1)Λ̃(1)Q(1)T , X̃2 := Tν(X2) = Q(2)Λ̃(2)Q(2)T ,

Ù¥

Λ̄(1) =

(
diag(λ̃1) 0

0 0

)
, Λ̄(2) =

(
diag(λ̃2) 0

0 0

)
,

λ̃1 = (α1 − ν, . . . , αk − ν), λ̃2 = (β1 − ν, . . . , βl − ν). Ïd,

‖X1 − X2‖2
F − ‖X̃1 − X̃2‖2

F

= Tr((X1 − X2)
T (X1 − X2)) − Tr((X̃1 − X̃2)

T (X̃1 − X̃2))

= Tr(XT
1 X1 − X̃T

1 X̃1 + XT
2 X2 − X̃T

2 X̃2) − 2Tr(XT
1 X2 − X̃T

1 X̃2)

=
s∑

i=1

α2
i −

k∑

i=1

(αi − ν)2 +
t∑

i=1

β2 −
l∑

i=1

(βi − ν)2 − 2Tr(XT
1 X2 − X̃T

1 X̃2).

5¿�

Tr(XT
1 X2 − X̃T

1 X̃2)

= Tr((X1 − X̃1)
T (X2 − X̃2) + (X1 − X̃1)

T X̃2 + X̃T
1 (X2 − X̃2))

= Tr((Λ(1) − Λ̃(1))(Λ(2) − Λ̃(2))) + Tr((Λ(1) − Λ̃(1))Λ̃(2)) + Tr(Λ̃(1)(Λ(2) − Λ̃(2))).

(3.14)

e¡�Ä (3.14) ª�þ.. �½ü�é¡Ý
X, Y ∈ Sm, Kk

Tr(XY ) ≤ λ(X)T λ(Y ),

�Ò¤á��=��3¢��Ý
 Q ∈ Rm×m ÷v

X = Qdiag(λ(X))QT , Y = Qdiag(λ(Y ))QT

Ù¥ λ(X) = (λ1(X), · · · , λn(X))T L«Ý
 X �A���¤��þ(� [69, ½

n 2.2]). Ø�� k ≤ l ≤ s ≤ t, òd(J^�ª (3.14) ¥��

Tr(XT
1 X2 − X̃T

1 X̃2) ≤
l∑

i=1

αiν +
s∑

i=l+1

αiβi +
k∑

i=1

(βi − ν)ν +
l∑

i=k+1

αi(βi − ν).
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l
k,

‖X1 − X2‖2
F − ‖X̃1 − X̃2‖2

F

≥
s∑

i=1

α2
i −

k∑

i=1

(αi − ν)2 +
t∑

i=1

β2 −
l∑

i=1

(βi − ν)2

− 2(
l∑

i=1

αiν +
s∑

i=l+1

αiβi +
k∑

i=1

(βi − ν)ν +
l∑

i=k+1

αi(βi − ν))

= (
s∑

i=l+1

α2
i +

t∑

i=l+1

β2
i − 2

s∑

i=l+1

αiβi) +
l∑

i=k+1

(2βiν − ν2 + α2
i − 2αiβi).

d t ≥ s � α2
i + β2

i − 2αiβi ≥ 0, ��

s∑

i=l+1

α2
i +

t∑

i=l+1

β2
i − 2

s∑

i=l+1

αiβi ≥ 0.

�dÓ�, du¼ê g(x) := 2βix − x2 + α2
i − 2αiβi 3«m [−∞, βi] þüN4

O, � αi ≤ ν ≤ βi, i = k + 1, . . . , l, Kk,

2νβi − ν2 + α2
i − 2αiβi > 0, i = k + 1, . . . , l.

Ïd,

‖X1 − X2‖2
F − ‖X̃1 − X̃2‖2

F ≥ 0,

= (3.12) ¤á.

XJ ‖X1 − X2‖F = ‖Tν(X1) − Tν(X1)‖F , K s = t, k = l, � αi = βi, i =

k + 1, . . . , s, `² Λ(1) − Λ̃(1) = Λ(2) − Λ̃(2) � Tr((X1 − X̃1)
T (X2 − X̃2)) ��Ù

���. d [69, ½n 2.2] ���3��Ý
 Q ∈ Rm×m ¦�

X1 − X̃1 = Q(Λ(1) − Λ̃(1))QT = Q(Λ(2) − Λ̃(2))QT = X2 − X̃2,

Ïd,

X1 − X2 = Tν(X1) − Tν(X2). (3.15)

,��¡, XJ (3.15) ¤á, w,k ‖X1 − X2‖F = ‖Tν(X1) − Tν(X2)‖F .

Ún 3.5. � τ ∈ (0, 2/‖A‖2
2), K�f h(·) = I(·) − τA∗(A(·) − b) ´�*Ü�,

=é?¿� X1, X2 ∈ Sm,

‖h(X1) − h(X2)‖F ≤ ‖X1 − X2‖F .
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�

‖h(X1) − h(X2)‖F = ‖X1 − X2‖F ⇐⇒ h(X1) − h(X2) = X1 − X2.

dÚn�y²ë� [71, Ún 2].

e¡·��Ñ�{�Âñ5½n, `²U?�ØÄ:S��{ (3.10) Âñ

�¯K (3.6) ��`).

½n 3.6. � τ ∈ (0, 2/‖A‖2
2), W ∗ ∈ Sm

+ ÷v

• éu�½� µ > 0, ‖A(W ∗) − b‖2 < µ/m,

• W ∗ = Tτµ(h(W ∗)), Ù¥ h(·) = I(·) − τA∗(A(·) − b), I(·) �ð��f,

@odU?�ØÄ:S��{ (3.10) ¤��� {Xk} Âñ�¯K (3.6) ��`

).

y². d½n refeqivalence��, ÷vþãü�^��W ∗ �¯K (3.6) ���

��`), e¡�Iy² {Xk} Âñ�W ∗.

- ν = τµ, du�f Tν(·) Ú h(·) Ñ´�*Ü�, K Tν(h(·)) �´�
*Ü�, Kk {Xk} 3;8¥. @o�½�3 {Xk} �Âñf� {Xkj}, �
X̃ = limj−→∞ Xkj �÷v ‖A(X̃) − b‖2 < µ/m �4�:.

5¿�W ∗ = Tν(h(W ∗)), Kk

‖Xk+1−W ∗‖F = ‖Tν(h(Xk))−Tν(h(W ∗))‖F ≤ ‖h(Xk)−h(W ∗)‖F = ‖Xk−W ∗‖F ,

= {‖Xk − W ∗‖F} ´üN�O�, l
k

lim
k−→∞

‖Xk − W ∗‖F = ‖X̃ − W ∗‖F ,

Ù¥ X̃ ´ {Xk} �?¿��4�:. d�f Tν(h(·)) �ëY5��

Tν(h(X̃)) = lim
j−→∞

Tν(h(Xkj )) = lim
j−→∞

Xkj+1,

= Tν(h(X̃)) �´ {Xk} ���4�:, Kk

‖Tν(h(X̃)) − Tν(h(W ∗))‖F = ‖Tν(h(X̃)) − W ∗‖F = ‖X̃ − W ∗‖F .
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|^Ún 3.4 ÚÚn 3.5, �

Tν(h(X̃)) − Tν(h(W ∗)) = h(X̃) − h(W ∗) = X̃ − W ∗.

`² Tν(h(X̃)) = X̃. 5¿�, ‖A(X̃) − b‖2 < µ/m, d½n 3.3�� X̃�¯K

(3.6) ��`), = X̃ = W ∗.

Ïd,

lim
k−→∞

‖Xk − W ∗‖F = 0,

= {Xk} Âñ�W ∗.

3.4 ���{{{999¢¢¢yyy

�!�Ñ
¦)$�GramÝ
¡E¯K�U?�ØÄ:S��{, ±9

3�{�¢yL§¥�'ëê�À��{.

3.4.1 KKK������fff���DDD���

S�úª (3.10)¥Ì��O�þ3uz�ÚS�L§¥éÝ
� Schur ©

) Y k = QΛQT . (ÜK��f Tν �½Â, ·��IO�Ý
 Y k¥�u ν �

A��9�A�A��þ. 
3ê��5�ê+�¥, O�Ý
���Ü©A

��9A��þ�ê��{®²��¤Ù, �kNõp�þ�^��ø<�¦

^, ë� [51–53]. �â©z [19, 129], ·�À� Matlab ^�� PROPACK [59]

5O�Ý
� Schur©). PROPACK U
O�ÑÝ
�½�ê���A��

9�A�A��þ, 
ØUgÄ/O�Ñ�u½�u ν �A��. Ïd, z�Ú

S�¥, 3O� Y k � Schur©)�c, ·�I�ýk�½¤IO��A���

�ê sk. ·�æ^±e�{µ� Xk � Schur ©)� Xk = Qk−1Λk−1(Qk−1)T ,

- sk�ué�Ý
 Λk−1�é��þ�u½�u ǫk ‖ Λk−1 ‖2�����ê, Ù

¥ ǫk > 0��½ëê. 5¿�, Uìþã�{O���� skÅì~�. XJ3

1 kÚS�¥ sk��L�, ò¬��K��f Tν Ø÷v�*Ü5^� (3.12).

Ïd, 3�{¢yL§¥, XJ�L 10g��^� (3.12), ·�- sk = sk + 1.

ê�¢�w«ù��?n¬O\�{�°�5.
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3.4.2 Barzilai-Borwein EEEâââ

3©z [71] ¥, du�f A 5gudÕáÓ©Ù�pd�ÅCþ�¤�
Ý
¥�ÅÄ�� p ���, K¯K (3.6) �8I¼ê� Lipschitz ~ê� 1.

Ïd�ö©ª�ëê τ = 1. �Ù¥, d½n 3.6��U?�ØÄ:S��{

(3.10)Âñ�^�� τ ∈ (0, 2/‖A‖2
2). �´dÀJ�ULu�Å, ���{�Â

ñ�Ý�ú.

'uS�Ú��À��ªkéõ. É©z [138, 140]�éu, ·�JÑ��

ÄuBarzilai-Borwein�{ (BB) [7]�ÀJÚ� τk�Eâ. - g(·) = A∗(A(·)−b)

� gk = A∗(A(Xk) − b). U?�ØÄ:S��{ (3.10) Äk± τ �Ú�÷X1

w¼ê 1
2
‖A(Xk)− b‖2

2 �KFÝ�� gkeü, 
�|^K��f Tν(·) 5�N�
1w¼ê ‖X‖∗, Ïd, τ�ÀJ�� 1

2
‖A(Xk) − b‖2

2 k'.

-

∆X = Xk − Xk−1, ∆g = gk − gk−1.

BB Eâ´Äu[Úî{�Ñ����§�ü:Cq,

τk =
〈∆X, ∆g〉
〈∆g, ∆g〉 , ½ τk =

〈∆X, ∆X〉
〈∆X, ∆g〉 .

�
;�ëê τk ��L�½L�, -

τk = max{τmin, min{τk, τmax}},

Ù¥ 0 < τmin < τmax < ∞ ��½�ëê.

|^ BB �{¦�Ú�l
\�FÝ�{�Âñ�Eâ3 [138] ¥�Ñy

L.

3.4.3 ���{{{

�½��üNeüªu"�ëê µk ↓ 0, ¯K (3.6) �4��:ªu�¯

K (3.4) ��`). da�{�¡�	v��{ (Exterior Penalty Method), ´

d Fiacco ÚMcCormick [40] 3þ­V8�c�JÑ�. /�©z [45, 71, 129],

·���{¥æ^Xe�ëY5Eâµ� µ̄ �8Iëê, ~X, 10−4. éuüN

eü�ëê µk, |^U?�ØÄ:S��{5¦)�X��¯K (3.6). 3¦)
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ëê� µk+1 �¯K (3.6) �, å©:À�þ�ÚS����ëê� µk �¯K

(3.6) �Cq�`). -

µk+1 = max(ηµk, µ̄), k = 1, . . . , L − 1,

Ù¥ 0 < η < 1 L«��ü� µ �~��'~.

���{{{µµµMFPC-BB

Ñ\µ◮ �½ëê 0 < τmin < τ0 < τmax < ∞, µ1 > µ̄ > 0, η > 0 ÚØ�.

ǫ > 0.

ÑÑµ◮ ê� Gram Ý
.

- -X0 = 0.

- éuµ = µ1, . . . , µL, ?1Ì�

1. |^ BB EâÀJÚ� τk �÷v τmin ≤ τk ≤ τmax.

2. O� Y k = Xk − τkA∗(A(Xk) − b) 9 Schur ©) Y k = Qk Λk (Qk)T .

3. O�Xk+1 = Qk Tτkµk
(Λk) (Qk)T .

- XJ÷vÊÅ^�, @o�£Xopt.

� F (X) = µ‖W‖∗ + 1
2
‖A(W ) − b‖2

2. X©z [11] ¥¤y

F (Xk) − F (X∗) ≤ C ‖ X0 − X∗ ‖2
F

k
.

Ù¥ C �~ê. Ïd, U?�ØÄ:S��{�Âñ�Ý� O(1/k).

�C, Beck Ú Teboulle [11] ò Nesterov [83]��{¥�\�E|A^�¦

)ã�?n¥�)��5�¯Kþ, ���Ð�Âñ�J. ¦���{3O�#

�S�Ú Xk+1 �, Ø�´|^ Xk, 
´�|^þüÚS��(J Xk Ú Xk−1

��5|Ü. ·�òdE|Ú\� MFPC-BB �{¥, �Ñ\��ØÄ:S�

�{ (AFPC-BB). #�{Q�±
MFPC-BB {ü´¢y�A:, qU
òÂ

ñ�ÝJp� O(1/k2).
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���{{{µµµAFPC-BB

Ñ\µ◮ �½ëê 0 < τmin < τ0 < τmax < ∞, µ1 > µ̄ > 0, η > 0 9Ø�.

ǫ > 0.

ÑÑµ◮ ê� Gram Ý
.

- -X0 = 0, t0 = 1.

- é µ = µ1, . . . , µL, ?1Ì�

1. |^ BB EâÀJÚ� τk �÷v τmin ≤ τk ≤ τmax.

2. O� Zk = Xk + tk−1−1

tk
(Xk − Xk−1).

3. O� Y k = Zk − τkA∗(A(Zk) − b) 9 Schur ©) Y k = Qk Λk (Qk)T .

4. O� Xk+1 = Qk Tτkµk
(Λk) (Qk)T .

5. O� tk+1 =
1+
√

1+4t2
k

2
.

- XJ÷vÊÅ^�, @o�£ Xopt.

e¡�½n`²òMFPC-BB�{¥'uXk �FÝÚU�é Zk ¢�,�

{�Âñ�ÝòJp� O(1/k2).

½n 3.7. [50, 129] � {Xk} ´d\��ØÄ:S��{����. Ké?¿

k > 1, k

F (Xk) − F (X∗) ≤ C‖X∗ − X0‖2
F

(k + 1)2
.

Ù¥ C �~ê.

3.4.4 ÊÊÊÅÅÅOOOKKK

·��ÑU?�ØÄ:S��{�ÊÅOK.5¿�, 3)¯K (3.6) �1

k gSÜS��L§¥, ëê µ = µk ´�½�. kõ«�ª5(½dSÜS�

�ÊÅOK, �â½n 3.2, �W ÷v

{
W = Tν(h(W )),

‖A(W ) − b‖2 < ǫ.
(3.16)
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�, W ´¯K (3.5)�). �
�yXk ��`)W ∗ v
�C, �Iu�Xk ´

ÄCq/÷v^� (3.16). éu^� (3.16) ¥�1���§, � Xk+1 � Xk �

m��éØ�÷v

rel.err :=
‖Xk+1 − Xk‖F

max{1, ‖Xk‖F}
< ǫ, (3.17)

S�L§=�Ê�.

éu^� (3.16) ¥�1���§, ·�¦^XeÊÅOK

rel.err :=
‖A(Xk) − b‖2

‖b‖2

< ǫ. (3.18)

3.5 êêê���¢¢¢���

3�!¥, ·��ÑMFPC-BB �{Ú AFPC-BB �{¦��½õ�ªê

8���²�Ú©)�ê�Ly. ¢�¥,·�ÄkUìXe�{�E��½õ

�ª f(x): éu�½��êm, r ÷v r < m,�ÅÀ�−10� 10�m��ê�

¤m× r �Ý
 L. -W = LLT ,l
��é¡��½Ý
. ��þ [x]d ¥�¹

¤kd x1, . . . , xn �¤�gê�u�u d�ü�ª,Ù¥ 2 ≤ n ≤ 4, 5 ≤ d ≤ 20.

·�����½õ�ª

f(x) = [x]Td · W · [x]d ∈ Q[x].

òÝ
W ëêz, ¿òþªÐm, -�ªüà�Óü�ª�Xê��, =��

��5�ª^� AW = b.

5¿�, �� r �n × n �é¡Ý
�gdÝ� dr = r(2n − r + 1)/2. -

FR L«Ý
�gdÝ�®���^���ê p �'�, = FR = dr/p. XJ

FR ���� (�Cu 1), `²��^���êCq�uÝ
¥�½���ê,

d�Ý
W �¡E��(J. ��, XJ FR ���� (�Cu 0), @oÝ
¡

E�é{ü. 
� FR > 1 �, ÷v�½��^��� r Ý
kÃ¡õ�, Ý


¡E�JÝ��O\.

�!¥, �{ MFPC!MFPC-BB Ú AFPC-BB �ª�5^�þ� (3.18),

Ù¥ ǫ ��½�Ø�.. ê�¢�¥, Ð©:� X0 = 0. 3S��c, ·�

I�ý�O¯K (3.6)�8I¼ê¥1�� 1
2
‖AX − b‖2

2 ��� Lipschitz ~ê

C = ‖A‖2
2, 
�- Barzilai-Borwein ëê τmax = 10/C, τmin = 10−3/C, Ù¥ 10

Ú 10−3 ´3¢�L§¥d²�¤�.



32 Äu$�Ý
¡EÚ��½5y�õ�ª`z�{

·�3 MATLAB ¥¢y
�{ MFPC-BB Ú AFPC-BB. e¡¤k¢

�êâÑ´3 HP xw8600 ó�Õ (Inter Xeon(R) 2.67GHz CPU, 3.00 GB of

RAM)þ$1¤�. §S�è�±3e¡/�e1 http://www.mmrc.iss.ac.

cn/~lzhi/Research/hybrid/FPCs/

3.5.1 ���ÅÅÅ Gram ÝÝÝ


¡¡¡EEE���êêê���(((JJJ

31�Ü©�¢�¥, - ǫ = 10−3, '��{MFPC, MFPC-BB ÚAFPC-

BB 3¦)5�����Å)¤�$� Gram Ý
¡E¯Kþ�Ly. �


�Ù/'�n«�{�Âñ�Ý, 3ùÜ©¢�¥, ·�Ø¦^ëY5Eâ

ÚPROPACK^��, 
´3z�ÚS�¥ÑO�Ý
��� Schur ©).

¯K MFPC MFPC-BB AFPC-BB

n r p FR S�ê Ø� S�ê Ø� S�ê Ø�

100 10 579 1.6494 527 9.98e-4 434 9.97e-4 50 9.46e-4

200 10 1221 1.6011 797 9.99e-4 512 9.99e-4 59 9.84e-4

500 10 5124 0.9670 632 4.99e-3 499 4.99e-3 66 4.90e-3

L 3.1: MFPC, MFPC-BB ÚAFPC-BB 3Ø¦^ëY5Eâe�'�

L 3.1 ¥�Ñ
Ý
�gdÝ�®���^��ê�'� FR, n��{

Ê��©O���°Ý (3.18) 9¤IS�ê. �{�O��ÇdS�ê5ï

þ. ÏLéL¥(J�'��±wÑ, n«�{3��A��Ó�Ø�.�, �

MFPC �', MFPC-BB ¤I�S�Úê��. ù`² Barzilai-Borwein Eâé

u MFPC �{äk�Ð�\��J. n«�{�', w, AFPC-BB ¤I�S

�Úê��.

L 3.2 ¥�Ñ¦^
ëY5Eâ� AFPC-BB �{é�Å)¤� Gram

Ý
¡E¯K�ê�(J. Ù¥, -8Iëê µ̄ = 10−4‖A∗b‖, 
Ð©ëê
µ1 = 1/4‖A∗b‖. S�L§¥, µk ��#�{� µk = max(1/4µk−1, µ̄), ��÷v

ÊÅ^�. Ó�, 3S�¥·�¦^ PROPACK^��5O�Ý
Ü©��A

��9�A�A��þ. éuê�Ý
��O�, �½Ø�. 10−5.

ê�¢�(Jw« AFPC-BB �{�I 200 Ú±S�S�9Ø� 10 ©¨

��m=÷v ‖A(Xk)−b‖2

‖b‖2
< 10−3. ù|¢�¥¤k~fþ÷vFR > 1. Ïd, 3
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¯K (J

n r p FR S�ê � �m/¦

100 10 579 1.6494 76 10 1.48e+0

500 10 3309 1.4974 139 27 6.13e+1

1000 50 10621 4.5923 127 59 1.53e+2

1500 50 25573 2.8849 196 77 5.41e+2

L 3.2: ¦^ëY5Eâ��{AFPC-BB �ê�(J

®���^��ê�u�½��ê�cJe, AFPC-BB �{E,U
òGram

Ý
�Ð/¡EÑ5.

3.5.2 OOO(((���²²²���ÚÚÚ©©©)))

\��ØÄ:S��{ AFPC-BB ¦��ê� Gram Ý
W Cq÷v

f(x) ≈ [x]Td · W · [x]d, W � 0. (3.19)

�
����½õ�ª f(x) O(�²�Ú©), ê� Gram Ý
I����p

�°Ý [55, 56, 92, 93], âUòÙ=z�knêÝ
.

¦+���{´¦)�5�Ý
¡E¯K���1��{, ,
|^

AFPC-BB �{5��p°Ý) (~Xµ10−10)I�Ñ¤é��m. Uì©z

[55, 56] ¤ã, ·�|^ Gauss-NewtonS�°zd AFPC-BB �{O����

Cq÷v (3.19)�Ý
W . Äk, ·�ÀJÜ·��ê r ��Ý
��, ¿O�

Ý
W � LTDL ©)l
�� f(x) Cq�²�ÚÐm

f(x) ≈
r∑

i=1

(
∑

α

ci,αxα)2.

,�, |^IO� Gauss-Newton S�5O� ∆ci,αxα ¦Ù÷v

f(x) =
r∑

i=1

(
∑

α

ci,αxα + ∆ci,αxα)2 + O(
r∑

i=1

(
∑

α

∆ci,αxα)2).

¿òÝ
W �#�W + ∆W . �

θ = ‖f(x) − [x]Td · W · [x]d‖2,
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'���½�Ø�.���ÿÊ�S�. XJ θ ²LAÚS��E,ØÂñ, ·

��±O\ Gauss-Newton S�O�¥�°Ý, ½UC r �­#}ÁO�. XJ

À�� r �é�, Gauss-NewtonS�Ú�~Ñ�, $�Ã{O�Ñ(J. Ïd,

ù�´·�O�²�Úê���õ�ª²�Ú©)�­��Ï��. � (3.19)

�°Ýv
p�, ��òê�GramÝ
�z����\����C�knê,

=��� fO(�²�Ú©)

f(x) = [x]Td · W̃ · [x]d, W̃ � 0. (3.20)

52 AFPC-BB�{�£�ê� GramÝ
WÏ~Ø´÷��, d�÷v

(3.20)¥�ª^��é¡Ý
 W̃ ¤/¤��²¡ X �é¡��½Ý
I��,

=¯K (3.2) ��`)Ø3é¡��½Ý
I�SÜ, 
´3Ù>.þ, |^©

z [55, 56]¥�knz��ÝK��{éJòW ÝK�é¡��½Ý
Iþ.

\��ØÄ:S��{AFPC-BBU
�£$� Gram Ý
, 
²;��

½5y^�� SeDuMi [125]�£4�� Gram Ý
 (� [32, ½n 2.1]). CÏÑ

y��½5y^�� SDPNAL [145] KU
�£�é��$��Ý
.

3L 3.3 ¥, ·�¦^È�ü�ª�¤��þ [x]d5�E~f, ¿©O�Ñ


 AFPC-BB �{ÚÄu�½5y�^�� SeDuMi Ú SDPNAL 3O(/¡

E$� Gram Ý
¯Kþ�Ly. Ó�, ��Ñ
±þãn«�{�£�Ý


��Ð©�, |^ Gauss-Newton S�3 Maple 13 ¥éuê� Gram Ý
°z

¤I��m. �
���Ð�¡E�J, ù|Á�¥, n«�{�ª�5^�þ

�� AW − b ��éØ��u ǫ = 5 × 10−4.

XL 3.3¤«, éuco�~f, þ�|^ Gauss-Newton S� (3.5.2)òn

«�{�£�ê� Gram Ý
°z��p�°Ý. ÏLò°z�¤�Ý
�z

���U��lÙ�C��ê, =����� 5 �kn Gram Ý
, l
���

�½õ�ªO(�²�Ú©). éuL¥���~f, � n = 500�, SeDuMi®

²Ã{O�Ñ(J.

3L 3.4 ¥, ·�|^dDÕü�ª�¤��þ [x]d5�E��5��~

f. �X��^��ê p �O\, Ý
�gdÝ� p�'� FR ~�. éuL¥

¤k~f, �,SDPNALU
O�Ñ�é$��ê� Gram Ý
, �´8cÃ

{3�á��mS|^§�¦Ñ��½õ�ªO(�²�Ú©). ,��¡,

=¦Ø$1 Gauss-Newton S��°zÚ½, ·��U
|^ AFPC-BB �{
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¯K (J Gauss-Newton S�

n r p FR �{ � θ �m/¦ � θ �m/¦

100 5 579 0.8463 AFPC-BB 9 8.415e-1 1.75e+0 5 1.935e-9 2.98e+1

SDPNAL 16 2.600e-1 1.50e+0 5 8.852e-10 2.63e+1

SeDuMi 100 5.373e-2 4.03e+0 5 1.102e-10 3.22e+1

200 5 1221 0.8108 AFPC-BB 14 3.629e+0 1.07e+1 5 6.950e-10 4.02e+2

SDPNAL 21 2.828e+0 1.06e+1 5 6.912e-10 5.57e+2

SeDuMi 200 2.579e-1 5.56e+1 5 7.176e-10 1.10e+3

300 5 1932 0.7712 AFPC-BB 14 2.232e+1 2.32e+1 5 1.379e-9 5.61e+2

SDPNAL 25 2.505e+0 2.69e+1 5 1.075e-9 7.05e+2

SeDuMi 300 4.748e-1 2.62e+2 5 1.131e-9 6.89e+2

400 5 2610 0.7624 AFPC-BB 15 1.252e+1 6.23e+1 5 5.825e-7 1.22e+3

SDPNAL 27 2.086e+0 8.69e+1 5 2.341e-8 5.03e+3

SeDuMi 399 3.384e-1 4.88e+2 5 4.390e-8 5.03e+3

500 5 5124 0.4859 AFPC-BB 17 2.483e+1 5.33e+1 5 1.479e-5 7.92e+3

SDPNAL 38 6.333e+0 2.53e+2 5 4.913e-8 1.84e+4

SeDuMi – – – – – –

L 3.3: |^ AFPC-BB, SDPNAL, SeDuMi 9 Gauss-Newton S�¦ f O(�

²�Ú©)

¯K AFPC-BB SDPNAL

n r p FR � θ �m/¦ � θ �m/¦

400 10 10078 0.3924 10 1.712e+1 2.46e+1 66 1.093e+1 1.43e+2

500 20 24240 0.4047 20 1.497e+1 4.48e+1 113 4.232e+1 6.72e+2

1000 10 27101 0.3673 10 2.207e+1 3.70e+2 99 8.801e+1 2.70e+3

1000 50 95367 0.5114 50 1.009e+1 6.56e+2 218 9.200e+1 9.92e+3

1500 10 45599 0.3280 10 3.310e+1 1.00e+3 121 3.408e+1 3.72e+4

1500 50 122742 0.6011 50 1.508e+1 3.84e+3 226 3.790e+1 1.36e+4

L 3.4: |^ AFPC-BB Ú SDPNAL ¦ f O(�²�Ú©).

�£�ê� Gram Ý
��¡EÑ��½õ�ªO(�²�Ú©). ~X, �

���~f¥ Gram Ý
��ê� 1500 × 1500, �� 50. �Å�E���½õ

�ª�

f = 498w34x4z2 − 160w31x3y2z3 + 58x6z2 + · · ·︸︷︷︸
122399 �

,
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¯K¥�ª��^���ê�L 100000. AFPC-BB�{U
3���S�£

�½°Ý�ê� Gram Ý
. ÏLòdÝ
�z����\����C��ê,

·�=���þãõ�ªO(� 50 �²�Ú©).
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¡¡¡EEEÚÚÚõõõ���ªªªXXXÚÚÚ¢¢¢���¦¦¦)))

4.1 ÚÚÚóóó

�½õ�ª�§|





g1(x1, . . . , xn) = 0,

g2(x1, . . . , xn) = 0,
...

gs1
(x1, . . . , xn) = 0,

(4.1)

Ù¥ gi ∈ R[x1, . . . , xn], i = 1, . . . , s1. þã��5õ�ª�§|¦)´��

Ä�
q­��¯K. õc5, Nõ;[Æö�åud�¯K�ïÄ, ë�

[9, 36, 68, 121, 124, 126] ±9�2�¦^�^��, ~Xµd Jan Verschelde �

Ñ�ÄuÓÔ�{�^�� PHCpack [134]. 3ó§¢�!²LÆ!&ES�Ú

ÄåÆ��¡k�þ�¢S¯K�ª=z�¦õ�ª�§|�¢�, ½´÷v

,
Ø�ª��^�





gs1+1(x1, . . . , xn) ≥ 0,

gs1+2(x1, . . . , xn) ≥ 0,
...

gs2
(x1, . . . , xn) ≥ 0,

(4.2)

�¢�, Ù¥ gi ∈ R[x1, . . . , xn], i = s1 + 1, . . . , s2.

¦õ�ª�§|¢���{�Nþ©�ü«: ÎÒ�{Úê��{, �

)GröbnerÄ�{, «m�{, ÓÔ�{�, � [10, 81, 88]. Cc5, Chesi [23–

25] 9 Lasserre [46, 63–66] �<�åu|^��½5y�ê��{5¦)õ�

ªXÚ�¢�. �X©z [64] ¥¤ã, ¦^��½5yEâ���`:3u§Ï

L��&¢¯K�¢�êA5
¦��§|�¢�, l
;�
O�õ{��

E��'�&E. ©z [64–66] ¥JÑ�«Ýþtµ�{, =ÏL¦)�X��
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�½5y¯K





min 1

s. t. y0 = 1,

Mt(y) � 0,

Mt−dj
(gj y) = 0, j = 1, . . . , s1,

Mt−dj
(gj y) � 0, j = s1 + 1, . . . , s2,

(4.3)

���X�ÝþÝ
Mt(y), Ù¥ dj := ⌈deg(gj)/2⌉, j = 1, . . . , s2. ©z [64]¥y

²
XJ���ÝþÝ
Mt(y)÷v^� (4.4), @o�±ÏL¦Ý
Mt(y)�

��m��|ÄÚ�A¦{Ý
�ú�A��þ��õ�ª�§|�¢

�. e¡�½n�±��¦)�X���½5y¯K (4.3)�ª�5�½^

� (� [31])µ

½n 4.1. [64] éu"�õ�ªXÚ (4.1), � t ≥ d, Mt(y) �¯K (4.3) ��1

), �÷v rankMt(y) ��. XJ�3 d ≤ k ≤ t ÷v

rank Mk(y) = rank Mk−d(y), (4.4)

Ù¥ d = max1≤j≤s2
dj. @o 〈ker Mk(y)〉 = I(VR(I)). õ�ªXÚ (4.1), (4.2)

�¢��ê�u rank Mk(y).

éu5������½5y¯K (4.3), ·��±|^S:{¦). ,
d

uS:{�O�E,Ý� O(pm3 + p2m2 + p3), Ù¥m�ÝþÝ
Mt(y)��

ê, p���^���ê. �Ý
��ê m > 1000 ��^��ê p > 6000 �,

S:{Ø2·^. �,|^S:{�£����ÝþÝ
U
¦�õ�ªX

Ú��Ü¢�. �´, ��^� (4.4) ¤á�, t �Ï~��. du t �ÝþÝ


��êm =
(

n+t
t

)
, d��ª��^���ê p =

∑s2

j=1
1
2

(
n+t−dj

n

) ((
n+t−dj

n

)
+ 1
)
.

�X t �O�, �½5y¯K (4.3) �5��ò��O\. �­��¯K3uX

J�½õ�ªXÚkÃ¡õ�¢��, ÃØ t �õ�, dS:{�£����Ý

þÝ
þØ÷v�^� (4.4). ©z [46, 62] ¥, �öJÑ
��#��., ò¯

K (4.3) �8I¼êU�ÝþÝ
�,, ¿�ÏLê�¢�`²¦��Ñ�Äu

SeDuMi�^��GloptiPoly 3¦õ�ª�§|�Ü©¢���~k�, � [62,

L 6.3, 6.4]. du��½ÝþÝ
�,�uÝ
�Ø�ê, u´·�ò¯K (4.3)
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=z�¦)e�Ý
Ø�ê4�z¯K




min ||Mt(y)||∗
s. t. y0 = 1,

Mt(y) � 0,

Mt−dj
(gj y) = 0, j = 1, . . . , s1,

Mt−dj
(gj y) � 0, j = s1 + 1, . . . , s2.

(4.5)

X1nÙ¤ã, Ý
Ø�ê4�z¯K�±��dS:{¦), �duda

���{O�þ±9éO�ÅS���¦Ñ��, Ïd, Ø·u¦)�5�Ý


¡E¯K. ~X, [62, L 6.3, 6.4]¥, Ü©~f3ÝþÝ
�� t �����

GloptiPoly®²Ã{O�Ñ(J.

�Ù¥, ·�ïÄXÛ$^1nÙ¥�Ñ� AFPC-BB �{¦)÷v®�

�ªÚØ�ª��^��$�ÝþÝ
�¡E¯K, ?
¦�

K := {x ∈ Rn | g1(x) = 0, . . . , gs1
(x) = 0; gs1+1(x) ≥ 0, . . . , gs2

(x) ≥ 0}. (4.6)

¥�Ü©¢:. 8c·���{Ã{�y¦Ñõ�ªXÚ��Ü¢�. éu�

�5��õ�ªXÚ, XJ��3��½�êA�¢�, ·���{U
¯�/

ò§�¦)Ñ5. � K¥�¢��êÃ¡�, ·�EU¦ÑÜ©�á¢�½´

�ê6/þ�¢�. ê�¢�w«, é|^��½5y�{J±¦)�~f, ·

���{�U¯�/¦ÑÙ�Ü½Ü©�¢� (�L 4.1).

4.2 OOO���õõõ���ªªªXXXÚÚÚ���¢¢¢���

�½ Rn þÿÝ µ,¡ yα :=
∫

xαµ(dx)�éAu µ��� α�Ýþ,¡S�

(yα)α∈Nn �éAu µ �ÝþS�, ½Â�A��½ t ∈ N, ¡�äS� (yα)α∈Nn
t

�éAu µ ��� t �ÝþS�. �½S� y = (yα)α∈Nn ∈ RNn

, Ù�A� (Ã

¡��)ÝþÝ
½Â�

M(y) := (yα+β)α,β∈Nn .

�½�ê t ≥ 1 Ú�ä�S� y = (yα)α∈Nn
2t
∈ RNn

2t , éu α, β ∈ Nn
t , Ù�A� t

�ÝþÝ
½Â�

Mt(y) := (yα+β)α,β∈Nn
t
.
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�Mt(y)��ê� m =
(

n+t
t

)
. �½�|ü�ªÄ (xα)α∈Nn , ½ÂÝ
 Bα

Xe (� [60])µ

Bα(ζ, η) :=

{
1, ζ + η = α,

0, Ù¦.

Mt(y)�±L«�

Mt(y) =
∑

α∈Nn
t

Bαyα.

P gj(x) =
∑

α∈Nn gj,αxα ∈ R[x] ��kk�õ��"Xê gj,α ∈ R. XJP

Mt(y) � (k, l)  ����� yβ, @o�ê�u mj =
(

n+t−dj

t−dj

)
� (t − dj) �Û

ÜzÝ
 (Localizing Matrix) Mt−dj
(gjy) � (k, l)  �����

Mt−dj
(gjy)(k, l) :=

∑

α

gj,αyα+β.

é j = 1, . . . , s1, 1 ≤ k ≤ mj , k ≤ l ≤ mj, Xe½Â

A
(j)
(k,l) :=

∑

α

gj,αBα+β, b
(j)
(k,l) := gj,0,

òA
(j)
(k,l), b

(j)
(k,l)©OüS,P�A1, . . . , ApÚ b1, . . . , bp,Ù¥ p =

∑s1

j=1(m
2
j+mj)/2.

½Â�5�f A : Sm → Rp �

A(Mt(y)) := (〈A1, Mt(y)〉, . . . , 〈Ap, Mt(y)〉)T , (4.7)

Ù¥ Sm �m �é¡��½Ý
8Ü, SÈ 〈Ai, Mt(y)〉 := Tr(AT
i Mt(y)).

Ïd, ¯K (4.5) ¥¤k�ª��^�Mt−dj
(gjy) = 0, j = 1, . . . , s1 �±L

«�Xe/ª

A(Mt(y)) = b, (4.8)

Ù¥ b = (b1, . . . , bp)
T . éu z ∈ Rp, �f A ����f A∗ : Rp −→ Sm ½Â�

A∗(z) := A1z1 + · · · + Apzp. (4.9)

5 2. 5¿�, ÝþÝ
Mt(y)´é¡�, @o3¢�L§¥, ·��I¦

Ùþn�Ü©. ò Mt(y)�þn�Ü©��Ä���ü¤���þ, P�
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svec(Mt(y)) ∈ R(m2+m)/2. Ó�, òÝ
 Ai ∈ Rm×m �þn�Ü©±�Ó��

ªü¤�þ svec(Ai) ∈ R(m2+m)/2, i = 1, . . . , p, K (4.8) �du

A svec(Mt(y)) = b,

Ù¥

A =




svec(A1)
T

...

svec(Ap)
T


 .

Xþ½Â�Ý
 A �~DÕ, 3§S¢y¥, ·���;Ý
 A ��"��9

eI (i, j).

�f A ����f (4.9) ���A/=z� A∗(z) = smat(AT z), Ù¥�

f smat � svec �_$�, = smat(AT z) ∈ Rm×m �é¡Ý
, Ùþn�Ü©

���l��m!lþ�eü��¤�þ AT z.

éu��½��^�Mt−dj
(gjy) � 0, j = s1 + 1, . . . , s2, ÏLÚ\tµÝ


C� Zj ∈ Smj , òÙ=z�Xe�ª��^�.

Mt−dj
(gjy) = Zj , Zj � 0. (4.10)

Uì�f A �½Â, (4.10)¥�z���ªÑ�±�¤Xe/ª

Cj(Mt(y)) = svec(Zj), j = s1 + 1, . . . , s2, (4.11)

Ù¥�f Cj : Sm → R(m2
j+mj)/2, j = s1 + 1, . . . , s2.

Äuþã�f�½Â9é��^��=z, ÝþÝ
Ø�ê4�z¯K

(4.5)�=z�





min ||X||∗
s. t. A(X) = b,

X = XT , X � 0,

Cj(X) = svec(Zj), j = s1 + 1, . . . , s2,

Zj = ZT
j , Zj � 0, j = s1 + 1, . . . , s2.

(4.12)
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�5�ª��^���tµ?n, �� Lagrange /ª��K�4�z¯K

min
X∈Sm

+
,Zj∈S

mj
+

,j=s1+1,...,s2

µ‖X‖∗ +
1

2
‖A(X) − b‖2

2 +
1

2

s2∑

j=s1+1

‖Cj(X) − svec(Zj)‖2
2,

(4.13)

Ù¥ Sm
+ , S

mj

+ ©OL«m!mj �é¡��½Ý
|¤�8Ü, ëê µ > 0.

5¿�, ¯K (4.13) �8I¼ê¥C� Zj , j = s1 + 1, . . . , s2, �pÕá, ¿

�Ó�6u X ���. Ïd, � X �½�, �±©O¦ÑZj, j = s1 + 1, . . . , s2.

�½ Zj, �±|^1nÙ�Ñ� AFPC-BB �{¦Ñ$�Ý
 X. ù«éuØ

Ó�C�©m¦)��{¡��O��{ (Alternating Direction Method). §

U
k�/¦)8I¼êäk�©l(����5��^��à`z¯K. ù

«¦)�g��@d Gabay ÚMercier [41, 42] JÑ, 'uda�{CÏ�uÐ

�ë� [22, 37, 74, 137].

éu�½�X = X̂ ∈ Sm
+ , ¯K (4.13) �8I¼ê�cü��~ê,¤k�

C� Zj , j = s1 + 1, . . . , s2 �pÕá. ¯K��`)�±ÏL¦)e¡����

¦¯K
��

min
Zj∈S

mj
+

‖Cj(X̂) − svec(Zj)‖2
2, (4.14)

Ù¥ j = s1 + 1, . . . , s2.

�é¡Ý
 Y ∈ Sm �Ì©)� Y =
∑

i λiqiq
T
i , Ù¥ λi �Ý
 Y �A�

�, qi ��A���A��þ. KÝ
 Y ∈ Sm 3��½I Sm
+ Ú4I Sm

− þ�

ÝK©O�

Y+ =
∑

λi>0

λiqiq
T
i , Y− =

∑

λi<0

λiqiq
T
i . (4.15)

l
k

Y = Y+ + Y−. (4.16)

Ïd, ¯K (4.14) ����`)�

Ẑj = smat(Cj(X̂))+. (4.17)
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,��¡, éu�½� Zj = Ẑj, j = s1 + 1, . . . , s2, �¯K (4.13) �±��

'u X �4�z¯K

min
X∈Sm

+

µ‖X‖∗ +
1

2
‖A(X) − b‖2

2 +
1

2

s2∑

j=s1+1

‖Cj(X) − svec(Ẑj)‖2
2. (4.18)

|^þ�Ù¥0��\��ØÄ:S��{ (AFPC-BB) 5¦)d¯K. �½

τ > 0, ½Â�f

h(X, Zs1+1, . . . , Zs2
) := X − τA∗(A(X) − b) −

s2∑

j=s1+1

τC∗
j (Cj(X) − svec(Zj)).

(4.19)

� µ ��½��¢ê, X0 �Ð©:. ¦)¯K (4.18) �S�úª�

Xk+1 = Tτµ(h(Xk, Ẑs1+1, . . . , Ẑs2
)). (4.20)

Ù¥ Tτµ �1nÙ¥½Â 3.1 �Ñ�K��f, k = 0, 1, 2, . . ..

1nÙ¥½n 3.3 y²
��f A Ú Cj, j = s1 + 1, . . . , s2, ÷v�½�^

��, dS�úª (4.20) ���S� {Xk} Âñ�¯K (4.18) ��`).

�½ (4.20) ¥�S�ê� 1, =���S�úª

{
Zk+1

j = smat(Cj(X
k))+, j = s1 + 1, . . . , s2,

Xk+1 = Tτµ(h(Xk, Zk+1
s1+1, . . . , Z

k+1
s2

)).
(4.21)

e¡�Ñ¯K (4.13) ��`)÷v�¿©^�.

½n 4.2. �½ µ > 0, XJ�f A Ú Cj, j = s1 + 1, . . . , s2 ÷v

‖A(X∗) − b‖2
2 +

s2∑

j=s1+1

‖Cj(X
∗) − svec(Z∗

j )‖2
2 <

µ2

m max1≤j≤s2
‖gj‖2

2

. (4.22)


�, X∗ ∈ Sm
+ Ú Z∗

j ∈ S
mj

+ , j = s1 + 1, . . . , s2 ÷v

{
Z∗

j = smat(Cj(X
∗))+, j = s1 + 1, . . . , s2,

X∗ = Tτµ(h(X∗, Z∗
s1+1, . . . , Z

∗
s2

)),
(4.23)

@o (X∗, Z∗
s1+1, . . . , Z

∗
s2

) ´¯K (4.13) ����`).
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y². �½ X∗ ∈ Sm
+ , d (4.17) ª��, ¯K (4.13) 'uC� Zj �)�

smat(Cj(X
∗))+, j = s1 + 1, . . . , s2.

�½ Z∗
j ∈ S

mj

+ , j = s1 + 1, . . . , s2, du¯K (4.13) �8I¼ê´î�à¼

ê, K�3�����. - ν = τµ,

Y ∗ = h(X∗, Z∗
s1+1, . . . , Z

∗
s2

) = X∗ + E ∈ Sm,

Ù¥

E = −τA∗(A(X∗) − b) −
s2∑

j=s1+1

τC∗
j (Cj(X

∗) − svec(Z∗
j )).

Ø���5, ò Y ∗ �A��UìXe�ªüS

λ1(Y
∗) ≥ · · · ≥ λk1

(Y ∗) ≥ ν > λk1+1(Y
∗) ≥ · · · > 0 > · · · ≥ λk(Y

∗),

λk+1(Y
∗) = · · · = λm(Y ∗) = 0.

O� Y ∗ � Schur ©)

Y ∗ = Q1Λ1Q
T
1 + Q2Λ2Q

T
2 ,

Ù¥ Λ1 = diag(λ1, . . . , λk1
), Λ2 = diag(λk1+1, . . . , λk). l
k,

Tν(Y
∗) = Q1(Λ1 − νI)QT

1 ,

�

Y ∗ − Tν(Y
∗) = ν(Q1Q

T
1 + Z), Z = ν−1Q2Λ2Q

T
2 .

w,k QT
1 Z = 0.

• XJ λk1+1(Y
∗) ≥ |λk(Y

∗)|, @o ‖Z‖2 = λk1+1(Y
∗)/ν < 1.

• ÄK, k

‖E‖2
F ≤ τ 2‖A∗(A(X∗) − b)‖F + τ 2

s2∑

j=s1+1

‖C∗
j (Cj(X

∗) − svec(Z∗
j )‖2

F

≤τ 2m max
1≤j≤s2

‖gj‖2
2

(
‖A(X∗) − b‖2

2 +
s2∑

j=s1+1

‖Cj(X
∗) − svec(Z∗

j )‖2
2

)

<τ 2µ2.
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5¿� E ∈ Sm �W ∗ ∈ Sm
+ . d [44, ½n8.1.5], ��

‖Z‖2 =
|λk(Y

∗)|
ν

=
max{|λ1(E)|, |λm(E)|}

ν
≤ ‖E‖F

ν
< 1.

d½n 3.1� Y ∗ − Tν(Y
∗) ∈ ν∂‖Tν(Y

∗)‖∗, = 0 ∈ ν∂‖Tν(Y
∗)‖∗ + Tν(Y

∗) − Y ∗.

K

0 ∈ µ∂‖X∗‖∗ −A∗(A(X∗) − b) −
s2∑

j=s1+1

C∗
j (Cj(X

∗) − svec(Z∗
j )).

Ïd, d½n 3.2� (X∗, smat(Cs1+1(X
∗))+, . . . , smat(Cs2

(X∗))+) �¯K (4.13)

����`).

4.3 ÂÂÂñññ555©©©ÛÛÛ

�!¥, ©ÛS��{ (4.21) �Âñ5. K��f Tν ��*Ü5®²3Ú

n 3.4 ¥y², =é?��X1, X2 ∈ Sm,

‖Tν(X1) − Tν(X2)‖F ≤ ‖X1 − X2‖F .


�

‖X1 − X2‖F = ‖Tν(X1) − Tν(X2)‖F ⇐⇒ X1 − X2 = Tν(X1) − Tν(X2).

- Zj = smat(Cj(X))+, j = s1 + 1, . . . , s2, E,P h ��^�Ý
X þ

�¼ê:

h(X) := h (X, smat(Cs1+1(X))+, . . . , smat(Cs2
(X))+) . (4.24)

e¡�Ún`²3,«^�e, h(·) ´�*Ü�.

Ún 4.3. �Ú� τ ∈ (a, b), Ù¥
{

a = 1/(‖A‖2
2 +

∑s2

j=s1+1 ‖Cj‖2
2),

b = min(3a, 1/2
∑s2

j=s1+1 ‖Cj‖2
2).

(4.25)

@o (4.24) ¥½Â�¼ê h(·) ´�*Ü�, =é?¿ X1, X2 ∈ Sm,

‖h(X1) − h(X2)‖F ≤ ‖X1 − X2‖F .


�

‖h(X1) − h(X2)‖F = ‖X1 − X2‖F ⇐⇒ h(X1) − h(X2) = X1 − X2.
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y². d (4.16) ª�

‖X1 − X2‖2
F − ‖X1+ − X2+‖2

F

= 〈X1 − X2, X1 − X2〉 − 〈X1+ − X2+, X1+ − X2+〉
= ‖X1− − X2−‖2

F − 2Tr(XT
1+X2− + XT

1−X2+)

≥ 0.

Ïd, é¤k j = s1 + 1, . . . , s2, k

‖Z1,j − Z2,j‖F = ‖smat(Cj(X1))+ − smat(Cj(X2))+‖F

≤ ‖smat(Cj(X1)) − smat(Cj(X2))‖F

≤ ‖Cj‖2 ‖X1 − X2‖F . (4.26)

��

‖h(X1) − h(X2)‖F

≤ ‖I − τA∗A−
s2∑

j=s1+1

τC∗
j Cj‖2 ‖X1 − X2‖F +

s2∑

j=s1+1

τ‖Cj‖2 ‖Z1,j − Z2,j‖F

≤
(
‖I − τA∗A−

s2∑

j=s1+1

τC∗
j Cj‖2 +

s2∑

j=s1+1

τ‖Cj‖2
2

)
‖X1 − X2‖F . (4.27)

� τ ∈ (a, b) �, Ù¥ a, b X (4.25) ª¤«, �±íÑ

‖I − τA∗A−
s2∑

j=s1+1

τC∗
j Cj‖2 +

s2∑

j=s1+1

τ‖Cj‖2
2 ≤ 1. (4.28)

Ïd, ‖h(X1) − h(X2)‖F ≤ ‖X1 − X2‖F . �dÓ�, ‖h(X1) − h(X2)‖F = ‖X1 −
X2‖F ¤á��=�þãØ�ª (4.26)!(4.27) Ú (4.28) ¥�Òþ¤á. l
k,

(I − τA∗A−
s2∑

j=s1+1

τC∗
j Cj)(X1 − X2) +

s2∑

j=s1+1

τC∗
j (svec(Z1,j) − svec(Z2,j)) = X1 − X2,

Z1,j − Z2,j = smat(Cj(X1)) − smat(Cj(X2)), j = s1 + 1, . . . , s2.

Ïd, h(X1) − h(X2) = X1 − X2.

e¡�½n`²S��{ (4.21) Âñ�¯K (4.13) ��`).
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½n 4.4. �Ú� τ ∈ (a, b), Ù¥ a, b X (4.25) ª¤½Â. X∗ ∈ Sm
+ Ú Z∗

j ∈ S
mj

+ ,

j = s1 + 1, . . . , s2 ÷v^�(4.23) Ú (4.22). @odS�úª (4.21)O����

S�

(Xk, Zk
s1+1, . . . , Z

k
s2

)

Âñ�¯K (4.13) ��`) (X∗, Z∗
s1+1, . . . , Z

∗
s2

).

y². d½n�y²�½n 3.6aq. - ν = τµ. dÚn 3.4!4.3���f Tν(·)
Ú h(·) þ��*Ü�. KTν(h(·))�´�*Ü�. Ïd, {Xk}�k.S�, @o

�½�3 {Xk} �Âñf� {Xkj}.
� X̃ = limj−→∞ Xkj �÷v^� (4.22). Ï� X∗ = Tν(h(X∗)), k

‖Xk+1 − X∗‖F = ‖Tν(h(Xk)) − Tν(h(X∗))‖F ≤ ‖h(Xk) − h(X∗)‖F ≤ ‖Xk − X∗‖F .

= {‖Xk −W ∗‖F}´üN�O�, �Âñ� ‖X̃ −X∗‖F . d¼ê Tν(h(·))�ëY
5��

Tν(h(X̃)) = lim
j−→∞

Tν(h(Xkj )) = lim
j−→∞

Xkj+1,

ù`² Tν(h(X̃)) E� {Xk} ���4�:. l
k

‖Tν(h(X̃)) − Tν(h(X∗))‖F = ‖Tν(h(X̃)) − X∗‖F = ‖X̃ − X∗‖F .

dÚn 3.4 ÚÚn 4.3 �±íÑ

Tν(h(X̃)) − Tν(h(X∗)) = h(X̃) − h(X∗) = X̃ − X∗,

= Tν(h(X̃)) = X̃. �â½n 4.2 �� X̃ �¯K (4.13) ��`), = X̃ = X∗.

Ïd,

lim
k−→∞

‖Xk − X∗‖F = 0,

= {Xk} Âñ����4�: X∗.

Ó�, |^ (4.26) ª��

‖Zk
j − Z∗

j ‖F ≤ ‖Cj‖2‖Xk − X∗‖F .

Ïd,

lim
k−→∞

‖Zk
j − Z∗

j ‖F = 0, j = s1 + 1, . . . , s2.

= (Zk
s1+1, . . . , Z

k
s2

) Âñ����4�: (Z∗
s1+1, . . . , Z

∗
s2

).
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4.4 ���{{{999¢¢¢yyy

�!¥, ·��Ñ
¦)ÝþÝ
¡E¯K��{±9�{3¢y¥�[

!. Ó�·��0�
XÛ|^ÝþÝ
¦��5õ�ªXÚ (4.1)Ú (4.2)�

¢�.

���{{{µµµMMCRSolver

Ñ\µ◮ õ�ª g1(x), . . . , gs1
(x), gs1+1(x), . . . , gs2

(x) ∈ R[x], ëê 0 < τmin <

τ0 < τmax < ∞, µ1 > µ̄ > 0, η > 0 ÚØ�. ǫ > 0.

ÑÑµ◮ ¢� v1, . . . , vr.

1. - t = max1≤j≤s2
⌈deg(gj)/2⌉, a0 = 1,Ý
X0¥�k���"�X0(1, 1) =

1.

2. O� t �tµe��f A Ú Cj , j = s1 + 1, . . . , s2.

3. éu µ = µ1, . . . , µL, ?1Ì�

(a) |^ BB EâÀJÚ� τk �÷v τmin ≤ τk ≤ τmax¶

(b) O� Y k = Xk + ak−1−1

ak
(Xk − Xk−1);

(c) O� Zk+1
j = smat(Cj(Y

k))+, j = s1 + 1, . . . , s2;

(d) O� Xk+1 = Tτkµk
(Y k − τkA∗(AY k − b) − ∑s2

j=s1+1 τkC∗
j (Cj(Y

k) −
svec(Zk+1

j )));

(e) O�ak+1 =
1+
√

1+4a2
k

2
;

(f) XJ÷vÊÅ^� (4.31) ½ (4.32), @o�£ Xopt.

4. XJÝ
 Xopt ÷v^� (4.4), @o

(a) |^ (4.29) ªO�¦{Ý
;

(b) |^ (4.30) ªO�¢�.

5. XJ^� (4.4) Ø÷v, - t = t + 1 ¿�£�1 2 Ú.
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SÜÌ� 3 �8�´�£$�ÝþÝ
. ·�æ^ëY5Eâ, =éuü

Neü�ëê µk, |^S�úª (4.21) 5¦)�X��¯K (4.13). 3¦)ë

ê� µk+1 �¯K�, å©:À�þ�ÚS����ëê� µk �¯K (4.13) �

Cq�`). -

µk+1 = max(ηµk, µ̄), k = 1, . . . , L − 1,

Ù¥ 0 < η < 1 L«��ü� µ �~��'~, L = ⌈logη µ1/µ̄⌉. ,	, ½n 4.4

¥�^� τ ∈ (a, b) �y
dSÜÌ��Âñ5. �´dÀJ�ULu�Å, �

��{�Âñ�Ý�ú, S�Úê�õ. Ïd, 3O�L§¥, ·�¦^þ�Ù

1 3.4.2!¥0�� Barzilai-Borwein Eâ5À�ëê τk. ùÜ©O�¥Ì��

O�þ3u 3(d)Ú¥Ý
� Schur©). Uì1 3.4.1 !¥0���{, ·�¦

^Matlab ¥� PROPACK [59] ^��O�é¡Ý
�Ü©��A��Ú�A

�A��þ. z�ÚS�¥O��A���ê sk ¬��K�� MMCRSover

�ª�£�õ�ªXÚ¢���ê. XJ�IO��þ¢�, ·�3S�L§

¥|^ PROPACK^��¦Ý
�Ü©��A��9�A�A��þ, l
J

pMMCRSover�O��Ç. L 4.1 ¥�~f/puma0�Ù/y¢
ù�:.

4.4.1 OOO���ÝÝÝþþþÝÝÝ


������

éu1 3 Ú�£�ÝþÝ
Mt(y), �
u�éu 1 ≤ k ≤ t ^� (4.4) ´

Ä÷v, ·�I�O�Ý
Mt(y) �z��Ìf¬Mk(y) (k ≤ t) ��. ê�Ý


��3O�L§¥¯aÝ�p. Ïd, ·�æ^ê�­½5�Ð�ÛÉ�©

)��{5¦Ý
��.

�Ý
 X �ÛÉ�©)� X = UΣV T , Ù¥ U!V ���Ý
, Σ �é�

Ý
, é�����Ý
 X �ÛÉ� (=Ý
 XXT �A��). 3°(O�e,

Σé��þ�"����ê r := rank(X).

� σ1(X) ≥ σ2(X) ≥ · · · ≥ σm(X) �Ý
 X ∈ Rm×m �ÛÉ�. �½N

NØ� ǭ > 0, Ý
�ê��Ï~�÷v σk(X) > ǭ ������ê k ∈ N.

XJ���ü�ÛÉ��m��åL�, = σk.(X) ≥ ǫdecay · σk.(X), @o�

rank(X) = k.. ù«�½�{�3©z [33, 34, 64] ¥¦^L, ¢��J�Ð. ê

�Á�¥, Ï~� ǭ = 1e − 8, ǫdecay = 103.

3O�Ý
Mt(y) �z��f¬�ê���Ó�, �U¦ÑÝ
Mk−1(y)

���þ|¤�m��|Ä. �Mk−1(y) �ÛÉ�©)�Mk−1(y) = UΣV T , �
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� r. ��Ý
 U ¥éAu�"ÛÉ� σ1 ≥ · · · ≥ σr �c r � {u1, . . . , ur} =
�¤Ý
Mk−1(y) ���þ|¤�m��|Ä.

4.4.2 OOO���¦¦¦{{{ÝÝÝ


ÚÚÚõõõ���ªªªXXXÚÚÚ���¢¢¢���

d�ÝþÝ
÷v�^�

rankMk−1(y) = rankMk(y).

ëì©z [101] ¥��{, |^Ý
�ÛÉ�©)Mk−1(y) = UΣV T ���

Mk−1(y)���m��|Ä {u1, . . . , ur} 5�E¦{Ý
.

é j = 1, . . . , r, P [x]k−1 = (xα)α∈Nn
k−1
� n C�gê�u�u k − 1 �¤k

ü�ª�¤��þ. -

bj = uT
j [x]k−1,

���|õ�ª8Ü B = {b1, . . . , br}. �â [101] ¥¤ã, xj 'u B �¦{Ý

�

Mxj
= UT

r · Nxj
· V T · S, (4.29)

Ù¥ Ur = (u1, . . . , ur), Nxj
L«Mk(y) ¥éAuü�ª xj · [x]k−1�1�¤�

Ý
. S �é�Ý
, Ùé��þ���� Σ ¥c r �ÛÉ���ê.

��, 1 4(b)Ú¥, õ�ªXÚ (4.1), (4.2) �¢��±ÏL¦¦{Ý


Mxj
, j = 1, . . . , n �ú�A��þ��.

Uì [29, 46] ¥��{, Äk|^�Å�þ ω = (ω1, . . . , ωn) �E¦{Ý


Mxj
��5|Ü

M ′ =
n∑

j=1

ωjMxj
,

Ù¥ ωj ≥ 0,
∑n

j=1 ωj = 1. 
�O�Ý
M ′ � Schur ©)

M ′ = QRQT ,

Ù¥Q = (q1, . . . , qr)���Ý
, R �þn�Ý
, Ùé�����Ý
M ′ �

A��. õ�ªXÚ� r �¢��±deªO���:

vj = (qT
j Mx1

qj , . . . , q
T
j Mxn

qj) ∈ Rn, j = 1, . . . , r. (4.30)
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XJ�����°Ý�$, @o± vj , j = 1, . . . , r �Ð©:�ÚîS�, ?
�

��p°Ý�).

5 3. éu"�õ�ªXÚ, d½n 4.1 ��, � t v
��, ^� (4.4) o÷v.

� µ ªu 0 �, ¯K (4.13) ��`)ì?/Âñ�¯K (4.5) ��Û�`). 3

ê�¢�¥, ·�uyéu,
��õ�ªXÚ, d MMCRSolver �£�$�

ÝþÝ
�÷v^� (4.4). Ïd, ·�U
¦Ñ��XÚ�Ü©�á¢�½�

ê6/þ�¢�.

4.5 êêê���¢¢¢���

�!¥, �Ñ
 MMCRSolver 3¦õ�ªXÚ�¢�¯Kþ�Ly. ¢�

¥, ·�|^e¡ü�^����{SÜÌ�1 3 Ú�ª�^�

‖A(Xopt) − b‖2

‖b‖2
< 0.005, (4.31)

½

‖Xk+1 − Xk‖F

max(1, ‖Xk‖F )
< 10−4. (4.32)

3 MATLAB (Version 7.7.0.471)¥$1 MMCRSolver. e¡¤k¢�êâ

Ñ´3�ªÅ (Intel(R) Core(TM) i3-2100 CPU @ 3.10GHz and 2.00 GB of

RAM)þ$1¤�. §S�è�±3e¡/�e1 http://www.mmrc.iss.ac.

cn/~lzhi/Research/hybrid/FPCs/MMCRSolver

~ 4.1. Camera Pose ù�~f5guO�ÅÀú¥�Å� �9�Ý���

¯K, �±=z�¦)e�CqXê�õ�ª�§|, � [102].





g1 = x2
1 + x2

2 − 1.49071 x1x2 − 4,

g2 = x2
1 + x2

3 − .400000 x1x3 − 8,

g3 = x2
1 + x2

4 − .894427 x1x4 − 4,

g4 = x2
2 + x2

3 − 1.49071 x2x3 − 4,

g5 = x2
2 + x2

4 − .666667 x2x4 − 8,

g6 = x2
3 + x2

4 − .894427 x3x4 − 4.
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� t = 2 �, ÝþÝ
M2(y) ÷v

rank M2(y) = rank M1(y) = 2.

���Ü¢�:

v1 = (−2.2361,−3.0000,−2.2361,−1.0023),

v2 = (2.2361, 3.0000, 2.2361, 1.0023).

~ 4.2. e¡�~f5gu©z [13]. dõ�ªXÚk 20��, Ù¥ 8��¢�.





g1 = 5x1
9 − 6x1

5x2 + x1x2
4 + 2x1x3,

g2 = −2x1
6x2 + 2x1

2x2
3 + 2x2x3,

g3 = x1
2 + x2

2 − 0.265625.

ù�õ�ªXÚ�A:´gê�p d = 5, ���ê�õ. � t = 6 �, ^�

(4.4) ¤á

rank M6(y) = rank M1(y) = 3.

�� 3 �¢�:

v1 = (0.5154,−0.0000,−0.0124),

v2 = (−0.5016, 0.1185, 0.0124),

v3 = (−0.0000,−0.5154, 0.0000).

L 4.1 �Ñ
MMCRSolver3�X�²;¯Kþ�Ly, � (http://

homepages.math.uic.edu/~jan/). L¥�Ñ
C�ê (var)!õ�ªXÚ�

gê (deg)!Ýþtµ� t±9��^���ê p. ·���Ñ
©OdMMCR-

Solver Ú GloptiPoly ü«�{O�÷v^� (4.4)�ÝþÝ
Ú¦¢�L§¤

^� CPU �m, ±9¦��¢���ê (sol). L¥��ü�êâ5g©z [62]

¥�L 6.3 ÚL 6.4.

XL¤«, éuco�~f, 3ü«�{¦��¢��ê�Ó�cJe,

MMCRSolver ^��m²w��. ~f/puma0��k 16 �¢� (� [79]).

¦+ MMCRSolverØU�£�Ü¢�, �´3ÝþÝ
¡EL§¥, ÏLN
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¯K var deg t p CPUMMCRSolver/¦ sol CPUGloptiPoly/ ¦ sol

boon 6 4 4 21841 31.75 8 1220 8

eco8 8 3 3 11953 1.37 1 1310 1

heart 8 4 3 12853 53.09 2 1532 2

puma 8 2 3 14653 3.96 4 1136 4

puma 8 2 3 14653 6.61 13 1136 4

butcher 7 4 4 51877 214.38 1 - -

d1 12 3 3 103559 76.55 4 - -

kin1 12 2 3 103559 94.71 11 - -

reimer5 5 6 6 107267 128.70 1 - -

L 4.1: MMCRSolver Ú GloptiPoly ¦��¢��ê9 CPU �m�'�

! PROPACK ¤¦�Ý
A����ê sk, MMCRSolver U3 6.61 ¦S�

£dõ�ªXÚ� 13 �¢�. L¥��o�~f�5��é��, ��^

���êþ�L 50000 ½ 100000, GloptiPoly®Ã{¦)Xd5��¯K. 


MMCRSolver þU�£�� 1 �¢�. Ù¥, ~f/butcher05gu POSSOÿ

Á8, ´����õ�ªXÚ. MMCRSolverU
¤õ/¦Ñdõ�ªXÚ3

6/ x1 = x3 = 0, x5 = x6 = −1 þ�¢�. ,
�ÄuÓÔ�{�^��

PHCpack�', Ek�
~f (cassou, des18 3 Ú rabmo) MMCRSolver3á�

mSØÂñ½´ØU�£�(�(J.

~ 4.3./puma0Ñg©z [79].





g1 = x1
2 + x2

2 − 1,

g2 = x3
2 + x4

2 − 1,

g3 = x5
2 + x6

2 − 1,

g4 = x7
2 + x8

2 − 1,

g5 = 0.0047x1x3 − 0.3578x2x3 − 0.2238x1 − 0.0016x2 − 0.9338x4 + x7 − 0.3571,

g6 = 0.2238x1x3 + 0.7623x2x3 + 0.2638x1 − 0.07745x2 − 0.6734x4

−0.6022x6x8 + 0.3578x1 + 0.004731x2 − 0.7623,

g7 = x1 + 0.2238x2 + 0.3461.
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dõ�ªXÚ�k 16 �¢�, Ù¥ 4�÷vØ�ª��^�µ

{x5 ≥ 0, x6 ≥ 0}.

� t = 3 �, ÝþÝ
M3(y) ÷v

rankM1(y
∗) = rankM3(y

∗) = 4.

MMCRSolver3 36.93 ¦S=�¦���ê�Ü¢�

v1 = (0.6716, 0.7410, 0.9607, 0.2774, 0.6029, 0.7978, 0.9522,−0.3056),

v2 = (0.1644,−0.9864, 0.2394,−0.9709, 0.9976, 0.0687,−0.6155,−0.7881),

v3 = (0.1644,−0.9864,−0.9559, 0.2938, 0.9351, 0.3544, 0.9882,−0.1529),

v4 = (0.6716, 0.7410,−0.2423,−0.9702, 0.9579, 0.2871,−0.5280,−0.8493).
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5.1 ÚÚÚóóó

þ�Ù¥·��Ñ
�«¦)�5�õ�ªXÚÜ©¢���{. XJ�

½�õ�ªXÚkÃ¡õ�¢�,Äuõ�ªn� I��êqV (I)�m�éA

'X, õ�ª�§|�¢�¦)¯K�±=z�é¢�n� I(VR(I))�ïÄ.

¯K 5.1. � I = 〈h1, . . . , hm〉 ⊆ R[x] = R[x1, . . . , xn]´dõ�ªh1, . . . , hm ∈
R[x])¤�n�,� |VR(I)|Ã¡,¦¢�n� I(VR(I))'uS≺tdeg�GröbnerÄ.

¢�n� I(VR(I))�O��'�n��O��\(J. � |VR(I)|k��,

Lasserre�<JÑ
Äu��½5y�ê��{ [64, 66]ÚÎÒ–ê�·Ü�

{ [63, 65]5O�¢�n� I(VR(I))��|>.Ä (Border Basis)½GröbnerÄ.

¦�ÄuÝþtµ�nØÚ�{Ñïá3Flat Extension½n�Ä:þ.

½n 5.1 (Flat Extension½n). [31] �½k�S� y ∈ RNn
2t , XJ÷v

rankMt(y) = rankMt−1(y) (5.1)

@o yU
òÿ� ỹ ∈ RNn
2t+2, ¦� rank Mt(ỹ) = rank Mt(y).

éuäk��¢�êq�õ�ªn� I, BeckerÚNeuhaus [12]JÑ


�«Äun��O�©)��{¦��¢�n� I(VR(I)), �'ó��ë

� [87, 141, 144]. Ød�	, �k�aÄu¢�êAÛ¥'�:��{,§�U


3¢�êq�z��ëÏ©|þ¦Ñ�:, � [5, 6, 8, 9, 113]. �´,�X¯K

5��O�, da�é��õ�ªXÚ�ÎÒ�{3O�L§¥¬ÑyL�ª

×�)ä, S�I¦O\, O��Ýü$�¯K, Ï
Ã{÷v¢SA^�I¦.

3���/e, �ª (5.1)Ø¤á. �½n 5.1aq, ·��ÑXeß�.

ß� 5.1. XJ�3�ê(t, ℓ), t ≥ 2d, 1 ≤ ℓ ≤ t − 2d9 y1 ∈ Kgen
t , y2 ∈ Kgen

t+1 ÷

v^� (5.4)-(5.5), @o�3 ỹ ∈ Kt+2÷v

rankM(t+1)−(ℓ+1)(y2) = rankM(t+2)−(ℓ+2)(ỹ). (5.2)
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�Ù¥, ÏLòAÛéÜnØ���½ÝþÝ
�5��(Ü, ·��Ñ


��½tµ

min 1

s. t. y0 = 1,

Mt(y) � 0,

Mt−dj
(hj y) = 0, j = 1, . . . , m.





(5.3)

3���/eª���½½n 5.2. éu t > ℓ, Mt−ℓ(y) L«Mt(y) � t− ℓ �Ì

f¬, �A��I α, β ∈ Nn
t ÷v |α| ≤ t − ℓ� |β| ≤ t − ℓ. éu t ≥ d, -

Kt := {y ∈ RNn
2t | y0 = 1, Mt(y) � 0, Mt−dj

(hjy) = 0, j = 1, . . . , m},

Ù¥�1�� (generic)�¤�8Ü�

Kgen
t := {y ∈ Kt | Mt(y)����}.

½n 5.2. 3 δ-�K�IXe, XJ�3�ê(t, ℓ), t ≥ 2d, 1 ≤ ℓ ≤ t − 2d9 y1 ∈
Kgen

t , y2 ∈ Kgen
t+1÷ve�^�

rank Mt−ℓ(y1) = rankM(t+1)−(ℓ+1)(y2), (5.4)
n∑

j=1

jα
(j)
t−ℓéuMt−ℓ(y1) = corankM(t+1)−ℓ(y2) − corank M(t+1)−(ℓ+1)(y2), (5.5)

@o kerMt−ℓ(y1) ´¢�n�
R
√

I'uS≺tdeg��| Gröbner Ä, =

〈kerMt−ℓ(y1)〉 =
R
√

I. (5.6)

½n¥α
(j)
t−ℓ, j = 1, . . . , n�Ý
Mt−ℓ(y1)�CartanA� (�½Â 5.7). Äu

½n 5.2, ·��ÑXe�{O�¢�n� R
√

I �GröbnerÄ.

�{ 5.1. O�¢�n�
R
√

I �GröbnerÄ

ÑÑÑ\\\:n� I �)¤8 {h1, . . . , hm}ÚC�S.

ÑÑÑÑÑÑ:
R
√

I 'uS≺tdeg�GröbnerÄ.

1. ¦)¯K (5.3) O� y ∈ Kgen
t . é t ≥ 2d, 1 ≤ ℓ ≤ t − 2d, O��ä�Ýþ

Ý
Mt−ℓ(y) ��.
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2. Ïé����ê t, ¦��3 ℓ ÷v^� (5.4) Ú (5.5). éu�½� t, �

÷v^� (5.4) Ú (5.5) ���� ℓ.

3. O�Mt−ℓ(y)�"�m��|Ä {v1, . . . , vs}, ¿�£õ�ª8Ü

{vT
1 [x]t−ℓ, . . . , v

T
s [x]t−ℓ},

Ù¥ [x]t−ℓ´dn�C�gê�u�u t − ℓ�¤kü�ª�¤��þ.

5 4. �{ 5.1�Ä�?Ö´¦8Ü Kgen
t ¥���. X©Ù [64]¥¤ã, |^

S:{¦)�½5y¯K (5.3), =���÷v��^������ÝþÝ


(ë� [133, 139]). �
u�^� (5.4)-(5.5), I�O�ÝþÝ
Mt(y)��Ú

�z�1�F/ª, 3dO�L§¥�3ê�­½5�¯K. 'uê�Ý


��O�, ·�¦^Ý
�ÛÉ�©), � 4.4.1!. XJMt(y)�ÛÉ�÷v

σ1 ≥ · · · ≥ σr > 10−8 > σr+1½σr/σr+1 > 103, Pê�Ý
Mt(y)��� r. éu

1 5.5 !ê�¢�¥�~ 5.6, ·�òØ�.�� 10−4. 'uÝ
Mt−ℓ(y)�z

�1�F/ª�O�, ·��I�ÀJÜ·�Ø�., l
�y ker Mt−ℓ(y)¥

vk&E¿�. 3ê�¢�¥, ·�3z�~f¥Ñ�Ñ
O�ÝþÝ
�1�

F/ª¤¦^�Ø�..

Äuß� 5.1, 3 δ-�K�IXe, ·�y²
�{ 5.1��(5Úk�ª�

5, =^� (5.4)-(5.5) �½3k�Ú��½tµS÷v. Ó�, ·��Ñ
¢

�n� I(VR(I))'uS≺tdeg��|GröbnerÄ. ^� (5.4)-(5.5)�±��Flat

Extension½n 5.1¥^� (5.1)3���/e�í2. �dÓ�, �½��ê

8S = {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0}, ·�ò�{í2�¦n� I�S-�

n� I(VR(I) ∩ S)'uS≺tdeg��|GröbnerÄ.

5.2 ýýý������£££

5.2.1 Hilbert¼¼¼êêê������êêêqqq������êêê

òK[x]tw�´�Kþ����þ�m, Ù�ê�u
(

n+t
t

)
. é?��n

� I ∈ K[x], - It = I ∩ K[x]t� I¥gê�u�u t�õ�ª�¤�8Ü.

½Â 5.1. [30] n� I���Hilbert¼ê�±e'u�K�ê q�õ�ª

HF aff
I (q) = dim K[x1, . . . , xn]q − dim Iq,
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Ó�, n� I�Hilbert¼ê½Â�

HFI(q) = HF aff
I (q) − HF aff

I (q − 1).

� qv
��, HF aff
I (q) (HFI(q))���ª¬÷v,�õ�ª, ¡��

�Hilbertõ�ª (Hilbertõ�ª). ¦��ªHP aff
I (q) = HF aff

I (q)é¤k q ≥
q0þ¤á�����ê q0¡�n� I��K�I (Index of Regularity).

½Â 5.2. �êqV ⊆ Kn��ê½Â�n� I(V ) ⊆ K[x1, . . . , xn]�Hilbertõ

�ª�gê, P�dim V .

½Â 5.3. �½n� I, XJÙ�A��êqV (I)´"��, = |V (I)| < ∞,

¡ I�"�n�. ÄK, ¡n� I´��n�.

éu"�n� I, Ù��Hilbertõ�ªHP aff
I �u~ê. d�, �þ�

mK[x]/I��êdim K[x]/I = HP aff
I , §��êqV (I)�Äê |V (I)|�'XX

e½n¤ã.

½n 5.3. [30]� I�K[x1, . . . , xn]¥�n�,@o |V (I)| < ∞ ⇐⇒ dim K[x]/I <

∞. 
�, |V (I)| ≤ dim K[x]/I, Ù¥�Ò¤á��=� I��n�.

½n 5.4. [30]� I�K[x1, . . . , xn]¥�n�,n� I�
√

I���Hilbertõ�ª

äk�Ó�gê.

�½n� I ∈ K[x], XJ�3f8A ⊆ Nn (�UÃ¡)¦� I�¹¤k/

X
∑

α∈A hαxα�k�Ú|¤�õ�ª,Ù¥hα ∈ K[x], @o¡ I�ü�n�. d

�, P I = 〈xα, α ∈ A〉. ¯¢þ, DicksonÚnL²z�ü�n�Ñ´k�)¤

�, � [30].

½n 5.5. [30] � I�K[x1, . . . , xn]¥�n�, 3�½�©gSe, ü�n

� 〈LT(I)〉�n� I���Hilbert¼ê�Ó.

n��GröbnerÄ´�êAÛ¥~^�Vg��, §�½Â�6uü�S

�À�.

½Â 5.4. �½Tnþ�ü�S≺, XJk�õ�ª8ÜG = {g1, . . . , gs}÷v

〈LT(g1), . . . , LT(gs)〉 = 〈LT(I)〉.

K¡G�n� I ⊆ K[x1, . . . , xn]�GröbnerÄ.
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HilbertÄ½n(�?¿n�þkGröbnerÄ, ¿�ÏL�{�EÑ5, ~

XBuchberger�{ [16]. �½�"õ�ª f ∈ K[x1, . . . , xn], |^õ�ªØ{

{K, fØ±n� I�GröbnerÄ¥��� g1, . . . , gs�� f =
∑s

j=1 ujgj + r, Ù

¥uj , gj, r ∈ K[x1, . . . , xn]. {ª r´��(½�, � r¥�?Ûü�ªÑØU

�LT(gj), j = 1, . . . , s�Ø. 3�½�©gS (Graded Ordering)e, deg(f) ≥
deg(ujgj), j = 1, . . . , s.

5.2.2 ÝÝÝþþþÝÝÝ


������'''555���

�½S� y = (yα)α∈Nn ∈ RNn

, Ù�A� (Ã¡��) ÝþÝ
M(y) :=

(yα+β)α,β∈Nn�Ø�m½Â�Xeõ�ª8Üµ

kerM(y) := {p ∈ R[x] | M(y)vec(p) = 0}.

§´R[x]¥�n�. 
�, XJM(y) � 0, kerM(y)�¢�n� (� [31, 67, 78]).

aq�, �ä�ÝþÝ
Mt(y)�Ø�m½Â�

kerMt(y) := {p ∈ R[x]t | Mt(y)vec(p) = 0}.

ù�8Ü�´R[x]t�f8, 
Ø´n�. �´3,
^�e, kerMt(y) �äk

aqn�½¢�n��5� (� [31, 67, 78])µ

Ún 5.6. [64] �Mt(y) � 0, K

(i) XJ f, g ∈ R[x], �deg(fg) ≤ t − 1, @o f ∈ kerMt(y) =⇒ fg ∈
kerMt(y).

(ii) � p, qj ∈ R[x], f := p2m +
∑

j q2
j ∈ R[x]t Ù¥m ∈ N, m ≥ 1. @o f ∈

kerMt(y) =⇒ p ∈ kerMt(y).

d��½Ý
�Ä�5��íÑXe(J

Mt(y) � 0 =⇒ kerMt(y) ∩ R[x]s = ker Ms(y) for 1 ≤ s ≤ t, (5.7)

Mt(y), Mt(y
′) � 0 =⇒ kerMt(y + y′) = ker Mt(y) ∩ kerMt(y

′). (5.8)

�n� I := 〈h1, . . . , hm〉 ⊆ R[x], ½Â

d := max
1≤j≤m

dj, dj := ⌈deg(hj)/2⌉, j = 1, . . . , m. (5.9)
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éu t ≥ d, -

Kt := {y ∈ RNn
2t | y0 = 1, Mt(y) � 0, Mt−dj

(hjy) = 0, j = 1, . . . , m}. (5.10)

½Â

Kgen
t := {y ∈ Kt | Mt(y)����}, (5.11)

¡8ÜKgen
t ¥����1��. e¡0�1���5� (� [64, 65, 109]).

Ún 5.7. [109] �½ y ∈ Kt, Ke�Qã�dµ

(i) y ∈ Kgen
t .

(ii) rankMt(y) = maxz∈Kt
rankMt(z).

(iii) é¤k 1 ≤ s ≤ t, rankMs(y) = maxz∈Kt
rankMs(z).

(iv) é¤k z ∈ Kt, kerMs(y) ⊆ kerMs(z) é¤k 1 ≤ s ≤ t þ¤á, �

k kerMs(y) ⊆ R
√

I.

ddÚn�Ñ, Kt¥¤k1��Ñäk�Ó�Ø�m.

Ún 5.8. [65] � t ≤ t′� y ∈ Kgen
t Ú y′ ∈ Kgen

t′ , K

kerMt(y) ⊆ kerMt′(y
′). (5.12)

Ún 5.9. [64] � {g1, . . . , gk}�¢�n� R
√

I��|Ä, �3 t0 ∈ N,¦�é¤

k t ≥ t0, Ñk g1, . . . , gk ∈ kerMt(y), y ∈ Kt.

½n 5.10. [64]�3 t0 ∈ N¦�é¤k t ≥ t0, y ∈ Kgen
t ,Ñk 〈kerMt(y)〉 = R

√
I.

�½��ê8Ü

S = {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0},

Ù¥ f1, . . . , fs ∈ R[x]. �
O�S-�n� S
√

I, ·��ÄXe8Ü

Kt,S := Kt ∩
{

y ∈ RNn
2t | Mt−dfe (f

ey) � 0 é¤k e ∈ {0, 1}s
}

, (5.13)

Ù¥ dfe = ⌈deg(f e)/2⌉. Ï� S
√

I´S-�n�, �Ún 5.9ÚÚn 5.10�q, ·

��ÑXe(Ø.
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Ún 5.11. � {g1, . . . , gk}�n� S
√

I��|k�Ä, �3 t0 ∈ N¦�é¤k t ≥
t0, Ñk g1, . . . , gk ∈ kerMt(y), Ù¥ y ∈ Kt,S .

y². éz� l ∈ {1, . . . , k}, d��ê":½n 2.5, �3ml ∈ NÚõ�ªσe ∈
∑

R[x]2, uj(j ≤ m) ÷v

g2ml

l +
∑

e∈{0,1}k

σef
e =

m∑

j=1

ujhj .

-

t0 = 1 + max(d, deg(g2ml

l ), deg(σef
e), deg(ujhj)).

é t ≥ t0, dudeg(ujhj) ≤ t − 1�hj ∈ kerMt(y), dÚn 5.6��ujhj ∈
ker Mt(y). Ïd, g2ml

l +
∑

e∈{0,1}k σef
e ∈ kerMt(y)�k

vec(gml

l )T Mt(y) vec(gml

l ) +
∑

e∈{0,1}k

vec(σe)
T Mt(y) vec(f e) = 0,

dMt(y) � 0, fi ≥ 0, i = 1, . . . , s�±íÑ gml

l ∈ kerMt(y). XJml ∈ N�ó

ê,@o gml

l ∈ kerMt(y) =⇒ g
ml/2
l ∈ ker Mt(y). XJml�Ûê,ddeg(gml+1

l ) ≤
t − 1��

gml

l ∈ kerMt(y) =⇒ gml+1
l ∈ kerMt(y) =⇒ g

(ml+1)/2
l ∈ kerMt(y).

�ge�éml ≥ 1$^8B{�� gl ∈ kerMt(y).

½n 5.12. �3 t0 ∈ N¦�é¤k t ≥ t0Ú1�� y ∈ Kgen
t,S , Ñk 〈kerMt(y)〉 =

S
√

I.

y². � y ∈ Kgen
t , ?�: v ∈ VR(I) ∩ S , k [v]2t := (vα)α∈Nn

2t
∈ Kt,S � z =

(y + [v]2t)/2 ∈ Kt,S . w,k

kerMt((y + [v]2t)/2) = kerMt(y) ∩ ker Mt([v]2t).

Ý
Mt(y)����`² ker Mt((y+[v]2t)/2) = kerMt(y)� kerMt(y) ⊆ Mt([v]2t).

é¤k p ∈ kerMt(y), Ñk p ∈ Mt([v]2t)� p(v) = 0. d��ê":½n 2.5�

� p ∈ S
√

I, l
k ker Mt(y) ⊆ S
√

I. qdÚn 5.11�� ker Mt(y) ⊇ S
√

I.
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5.2.3 Cartan���III���CartanAAA���

�!0�k'AÛéÜnØ��
Ä�Vg.

½Â 5.5. �½'uC�x1, . . . , xn�üS, XJü�ªxγ�õ��I γ =

(γ1, . . . , γn)�ê1���"�� γj , K¡ü�ªxγ�a� j.

~ 5.1. �½ü�C�x1 ≺ x2��gü�ªx2
1, x1x2, x

2
2, @ox2

1, x1x2�a� 1,

x2
2�a� 2. XJòC��üS��x2 ≺ x1, @ox2

1�a� 2
x1x2, x
2
2�a

� 1.

½Â 5.6. �½ü�Sx1 ≺ x2 ≺ · · · ≺ xn, õ�ª p ∈ R[x]�a½Â�ÙÄ

�xγ�a. XJxγ�a� j, @o¡x1, . . . , xj�õ�ª p�¦fC�.

Ï~�¹e, ·�ÀJ©g�i;S (≺tdeg)éü�ª?1üS. éu�

½�C�Sx1 ≺ · · · ≺ xn, ©g�i;S��½ÂXeµxα ≺tdeg xβ ⇐⇒
|α| < |β|½ |α| = |β|�α − β�>1���"��u". e¡©z¥ÝþÝ


Mt(y)�1Ú�¤éA��Ixα, xβÑ¦^©g�i;S5ü�. ÏLO�

ÝþÝ
Mt(y)��z�1�F/ª, �±òÝ
��©�üÜ©µÌ�Ü©Ú

�Ì�Ü©.

�
u�^� (5.5), ·�I�Cartan�IÚCartanA��½Â.

½Â 5.7. �½ÝþÝ
Mt(y), é j ∈ {1, . . . , n}, Cartan�Iβ
(j)
t ½Â�Ý


Mt(y)�z�1�F/ª¥a� j�gê�u t�Ì����ê. �q�, ½

ÂCartanA�α
(j)
t �Ý
Mt(y)�z�1�F/ª¥a� j�gê�u t��

Ì����ê.

Ún 5.13. n� tgü�ª¥a� j�ü�ª��ê�

N
(j)
t =

(
n − j + t − 1

t − 1

)
.

y². õ��þ γ = (γ1, . . . , γn) ∈ Nn¥÷v |γ| = t��ê�uNt =
(

t+n−1
n−1

)
.

Ï�xγ�a� j, @ok γ1 = · · · = γj−1 = 0� γj 6= 0. Ïd γj�±� 1� t¥
�?¿�ê, 
��{� η = (γj+1, . . . , γn) ∈ Nn−jI÷v |η| = t − γj. l
k

t∑

γj=1

(
t − γj + n − j − 1

n − j − 1

)
=

(
t − 1 + n − j − 1

n − j − 1

)
+ · · · +

(
n − j − 1

n − j − 1

)
=

(
t − 1 + n − j

n − j

)
,

Ù¥�����Ò´�âFermat|Üð�ª.
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dÚn 5.13��Cartan A�α
(j)
t �Cartan�Iβ

(j)
t �m�'X÷vµ

α
(j)
t + β

(j)
t = N

(j)
t . (5.14)

duα
(j)
t Úβ

(j)
t �6uC��^S, �Ò´��IX�'. �IC�¬��þã

ü��u)Cz. ±��?ØÑI�3 δ-�K�IXe?1.

½Â 5.8. 3�IX¥, XJÝþÝ
Mt(y)¥
∑n

j=1 jα
(j)
t �����, =ØUÏ

L�ICz
������, @o¡�c��IX� δ-�K�IX.

X [117]¥¤ã, z��IXÑUÏL�IC�VÇ� 1/=z� δ-�K�

IX. ¯¢þ, ·��Iò�c�I�þ¦±���Å)¤�é��þ��

� 1�þn�Ý
, =���δ-�K�IX.

5¿�, ÝþÝ
Mt(y)�"�m�Rþ��þ�m. �A�, dõ�ª�

¤��þ�m kerMt(y)kÃ¡õ|Ä.. ,
, Mt(y)�z�1�F/ª´�

��, §éAuMt(y)"�m����|�zÄ. òù|�zÄ¦±ü�ª�

þ [x]t, =���ÝþÝ
Ø�m ker Mt(y)��|Ä, P�B. B¥õ�ª�Ä

�éAMt(y)�z�1�F/ª¥��Ì��. XJ p ∈ B÷v

(i) Ä�LT(p)�Xê�u 1;

(ii) p¥vkü�ªáu8ÜLT(B − {p}).

@o¡B� kerMt(y)��|�zÄ.

5.3 ���½½½OOOKKK������yyy

½n 5.2¥^� (5.4) I�uÿ��� t �Ú t + 1 �ÝþÝ
��. 
^�

(5.5) �9ÝþÝ
�º�Ú Cartan A��O�. e¡�½n9·K�x
ù

ü�^��Ä�5� (ë� Seiler [115–117]).

·K 5.14. � t ≥ 2d, 1 ≤ ℓ ≤ t − 2d, y1 ∈ Kgen
t Ú y2 ∈ Kgen

t+1 ÷v^� (5.5).

(i) - kerMt−ℓ(y1) ��zÄ¥gê�u t − ℓ �õ�ª� {p1, . . . , ps}, a©
O� j1, . . . , js. @o

{x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps} ∪ kerM(t+1)−(ℓ+1)(y2)

�¤ ker Mt+1−ℓ(y2) ��|Ä.
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(ii) egê�u t− ℓ a� i �ü� xγ éAuÝ
Mt−ℓ(y1) ��Ì��, Ké

¤k j > i, xγ−ei+ej �éAuÝ
Mt−ℓ(y1) ��Ì��.

y². (i) du y1 ∈ Kgen
t , y2 ∈ Kgen

t+1, dÚn 5.8 Ú (5.7) ª��

pi ∈ kerMt−ℓ(y1) ⊆ ker Mt(y1) ⊆ kerMt+1(y2), i = 1, . . . , s.

é ℓ ≥ 1, k = 1, . . . , n, k deg(xkpi) = t + 1 − ℓ ≤ t. �âÚn 5.6(i) Ú (5.7) ª,

k

xkpi ∈ ker Mt+1(y2) ∩ R[x]t+1−ℓ = ker Mt+1−ℓ(y2). (5.15)

¯¢þ, duõ�ª x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps �Ä�gê�u t + 1− ℓ

�pØ�Ó, Kõ�ª�m�5Ã'. du8Ü {p1, . . . , ps} ¥k α
(j)
t−ℓ�õ

�ª�a� j, ò¤ka jõ�ª¦±Ù¦fC�, =��� kerMt+1−ℓ(y2) ¥∑n
j=1 jα

(j)
t−ℓ�gê�u t+1−ℓ�õ�ª,��5Ã'.,��¡, ker Mt+1−ℓ(y2)

¥gê�u t + 1 − ℓ ��5Ã'õ�ª��ê�u corankM(t+1)−ℓ(y2) −
corankM(t+1)−(ℓ+1)(y2). Ïd, d^� (5.5) ¤áíÑ (i) �(Ø�(.

(ii) w,�3õ�ª pi ∈ {p1, . . . , ps} ¦� LT(pi) = xγ. é¤k j > i, Ï

� xj Ø´ pi �¦fC�, ¤± xjpi �aE� i. du xjpi ∈ kerMt+1−ℓ(y2) �

deg(xjpi) = t + 1 − ℓ, d (i) ��, xjpi �±L«¤ x1p1, . . . , xj1p1, . . . , x1ps, . . . ,

xjs
ps Ú kerM(t+1)−(ℓ+1)(y2) ¥õ�ª��5|Ü. du x1p1, . . . , xjs

ps �Ä�p

Ø�Ó�gê� t + 1 − ℓ, K�3a�u½�u i �õ�ª pk ∈ {p1, . . . , ps} ¦
�

LT(xipk) = LT(xjpi) = xγ+ej .

Ïd, pk �Ä��±L«� xγ−ei+ej , éAuMt−ℓ(y1) �z�1�F/ª¥��

��Ì��.

½n 5.15. � y1 ∈ Kgen
t , y2 ∈ Kgen

t+1, y3 ∈ Kgen
t+2.

(i) e (5.5)ªéu (y1, y2, t, ℓ)¤á, K (5.5)éu (y2, y3, t + 1, ℓ)�¤á, =

n∑

j=1

jα
(j)
t+1−ℓéuMt+1−ℓ(y2) = corankMt+2−ℓ(y3)−corankM(t+2)−(ℓ+1)(y3).

(5.16)
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(ii) e (5.4)-(5.5)éu (y1, y2, t, ℓ)¤á,K (5.4)éu (y2, y3, t+1, ℓ)�¤á,=

rank Mt+1−ℓ(y2) = rank M(t+2)−(ℓ+1)(y3). (5.17)

y². b� kerMt−ℓ(y1) ��z�Ä¥gê� t − ℓ �õ�ª� {p1, . . . , ps}, �
a©O� j1, . . . , js. du^� (5.5) é (y1, y2, t, ℓ) ¤á, d·K 5.14(i) ��

{x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps}∪ker M(t+1)−(ℓ+1)(y2)� kerMt+1−ℓ(y2)��

|Ä. �y (i), Iy {x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps} ¦±Ù¦fC�¤�

�gê� t + 2 − ℓ �õ�ªÚ ker M(t+2)−(ℓ+1)(y3) ¥õ�ª (gê�u�u

t + 1 − ℓ) �¤ kerMt+2−ℓ(y3) ��|Ä.

Ø�� p ∈ {p1, . . . , ps} �a� k, Ä� LT(p) = xγ. éu i ≤ k, d (5.15)

ª�� xip ∈ kerMt+1−ℓ(y2), �a� i. ^ xip¦±¤kC� x1, . . . , xn ¤�õ�

ª�Ä�� xγ+ei+ej , j = 1, . . . , n. d (5.15) ª�� xjxip ∈ kerMt+2−ℓ(y3). e

¡é xjxip ©n«�¹?Øµ

j ≤ i: xj � xip �¦fC�.

i < j ≤ k: du j ≤ k, @o xj � p ∈ ker Mt−ℓ(y1) �¦fC�. ò¦È xjxip w�´

d p k¦± xj 2¦± xi 
�. Ïd, z�Ú¦{Ñ¦±¦fC�. Ïd,

·��±òÙ8�1�«�¹.

k < j: X1�«�¹¤ã, UC xi Ú xj �¦{^S, � t + 2 − ℓ gõ�ª

xi(xjp) ∈ ker Mt+2−ℓ(y3). du j > k, d·K 5.14 (ii) ��ü� xγ−ek+ej

�éAu Mt−ℓ(y1) ��Ì��, =�3 q ∈ kerMt−ℓ(y1) ¦� LT(q) =

xγ−ek+ej , �xγ−ek+ej �a�u½�u k. K xk � q �¦fC�. Ïd,

LT(xkq) = xγ+ej �a� k �éAu Mt+1−ℓ(y2) ��Ì��. du xi �

xkq �¦fC�, Kõ�ª xixkq �gê� t + 2− ℓ, Ä�� xγ+ej+ei, �¹

31�«�¹¥.

� LT(xixjp) = LT(xixkq) = xγ+ej+ei, ��öþdÄ��u xγ+ej �õ

�ª xjp Ú xkq ¦± xi 
�. Ø�� xjp´d p ¦±�¦fC� xj 


�. d·K 5.14 (i) ��, xjp /∈ {x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps}. du

xjp ∈ kerMt+1−ℓ(y2), K�±L«� {x1p1, . . . , xj1p1, . . . , x1ps, . . . ,

xjs
ps} ±9 R[x]t−ℓ ¥õ�ª��5|Ü. Kxixjp�±L«�þã�5

|Ü� xi �¦È. Xc¤ã, xixjp �Ä��±d xixkq �zK, � xi �
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xkq �¦fC�. Uìd«�{�g�Ä�5|Ü¥�z��ü�, �ª

�±ò t + 2 − ℓ gõ�ª xixjp L«�¤k÷v1�«�/�õ�ªÚ

R[x]t+1−ℓ ¥$gõ�ª��5|Ü.

Ïd, kerMt+2−ℓ(y3) ¥¤kgê�u t + 2 − ℓ �õ�ªÑ�±L«�

{x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps} ¦±Ù¦fC�¤��gê� t + 2 − ℓ �

õ�ªÚ kerM(t+2)−(ℓ+1)(y3) ¥õ�ª (gê�u�u t + 1− ℓ) ��5|Ü. �

Ò´^� (5.16) ¤á.

(ii) du^� (5.4)-(5.5) éu (y1, y2, t, ℓ) ¤á, dß� 5.1 ��, �3

ỹ ∈ Kt+2 ÷v

kerMt−ℓ(y1) = ker M(t+1)−(ℓ+1)(y2) = kerM(t+2)−(ℓ+2)(ỹ). (5.18)

du y3 ∈ Kgen
t+2, dÚn 5.7 (iii)��

kerM(t+2)−(ℓ+2)(y3) ⊆ kerM(t+2)−(ℓ+2)(ỹ)
(5.18)
= kerM(t+1)−(ℓ+1)(y2). (5.19)

qdu y3|2t+2 ∈ Kt+1, � y2 ∈ Kgen
t+1, dÚn 5.7 (iii)��

ker M(t+1)−(ℓ+1)(y2) ⊆ kerM(t+2)−(ℓ+2)(y3).

l
k kerM(t+1)−(ℓ+1)(y2) = ker M(t+2)−(ℓ+2)(y3).

Ïd, �y (5.17) �I�Ä ker Mt+1−ℓ(y2) Ú kerM(t+2)−(ℓ+1)(y3) ¥gê�

u t + 1 − ℓ�Ü©. du^� (5.5) éu (y1, y2, t, ℓ) ¤á, �â·K 5.14 (i)Ú

�½n (i) �(J�� ker Mt+2−ℓ(y3) ¥¤kgê�u t + 2 − ℓ �õ�ªÑ�

±L«� {x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps} ©O¦±¦fC����gê�

t + 2 − ℓ�õ�ªÚ kerM(t+2)−(ℓ+1)(y3)¥õ�ª��5|Ü. éu y2 ∈ Kgen
t+1,

y3 ∈ Kgen
t+2, dÚn 5.7 (iii)��

kerM(t+1)−ℓ(y2) ⊆ ker M(t+2)−ℓ(y3) ∩ R[x](t+1)−ℓ = kerM(t+2)−(ℓ+1)(y3).

b��3 t + 1 − ℓgõ�ª q ∈ kerM(t+2)−(ℓ+1)(y3), �´

q /∈ kerM(t+1)−ℓ(y2).
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@oLT(q)�½ØÓu {LT(x1p1), . . . , LT(xj1p1), . . . , LT(x1ps), . . . , LT(xjs
ps)}.

�xi´ q�¦fC�,@oLT(xiq)�½� {x1p1, . . . , xj1p1, . . . , x1ps, . . . , xjs
ps}©

O¦±¦fC�¤��õ�ª�Ä�pØ�Ó. ,��¡, d (5.15)ª�

xiq ∈ kerMt+2(y3) ∩ Rt+2−ℓ ∈ kerMt+2−ℓ(y3).

�Ñgñ. Ïd, kerMt+1−ℓ(y2) = kerM(t+2)−(ℓ+1)(y3), = (5.17) ¤á.

�â [115,½n 2.18]Ú [117,½n 6.1.21],·��ÑXe½n�y^� (5.5)¤

á.

½n 5.16. � I = 〈h1, . . . , hm〉 � R[x] ¥�n�, Kgen
t X (5.11) ¤½Â. ?�

ℓ ≥ 1, Ñ�3�ê t ≥ 2d + ℓ ¦�é¤k y1 ∈ Kgen
t , y2 ∈ Kgen

t+1, eªþ¤á

n∑

j=1

jα
(j)
t−ℓéuMt−ℓ(y1) = corankMt+1−ℓ(y2) − corank M(t+1)−(ℓ+1)(y2).

T½n�y²ë� [117, 127].

½n 5.17. � I = 〈h1, . . . , hm〉 � R[x] ¥�n�. �3�ê t ≥ 2d, 1 ≤ ℓ ≤
t − 2d, ¦� (5.4)-(5.5) é¤k y1 ∈ Kgen

t , y2 ∈ Kgen
t+1 þ¤á.

d½n5gu Cartan-Kähler nØ [58]¥�q�½n. Ùy²�ë� [96].

·��Ñ�{ 5.1¥1 2Ú�äNO��{, ¿y²Ù�(5Úk�ª�5.

y². éu ℓ = 1, d½n 5.16���3 t1 ≥ 2d¦�Ý
 Mt1(y1) ÷v^�

(5.5). XJ^� (5.4)Ø¤á, Kk rankMt1−1(y1) > rankM(t1+1)−2(y), Ù¥

y1 ∈ Kgen
t1 , y ∈ Kgen

t1+1. - ℓ = 2, Ïé t2 ≥ t1 + 1 ¦�Ý
Mt2−2(y2) ÷v^�

(5.5). ·���Xe��¹'X

kerMt1−1(y1) ( kerM(t1+1)−2(y) ⊆ ker Mt2−2(y2).

e^� (5.4)E,Ø¤á,Uìþã�{?1e�,����ÝþÝ
Mt1−1(y1),

Mt2−2(y2), . . . , Mti−i(yi), Ù¥ 2d ≤ t1 < t2 < · · · < ti. l
��n��,ó

〈kerMt1−1(y1)〉 ( 〈kerMt2−2(y2)〉 ( · · · ( 〈kerMti−i(yi)〉 ( · · · ,
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Ï�R[x1, . . . , xn]´Noether�,±þn��,ó�ª¬��­½,=�3 k > 1

¦�

〈kerMtk−1−(k−1)(yk)〉 ( 〈kerMtk−k(yk)〉 = 〈kerMtk+1−(k+1)(yk+1)〉 = · · · .

Ïd, ^� (5.4) éu i ≥ k o¤á. �dÓ�, ^� (5.5) �¤á.

e¡·�?ØÝþÝ
���¢�n�
R
√

I ��� Hilbert ¼ê�m�'

X.

·K 5.18. � I = 〈h1, . . . , hm〉 � R[x] ¥�n�. - t ≥ 2d. XJ�3 1 ≤ ℓ ≤
t − 2d ¦�é¤k k ≥ 0, y ∈ Kgen

t+k, y′ ∈ Kgen
t+k+1 Ñk

rankMt+k−ℓ(y) = rankM(t+k+1)−(ℓ+1)(y
′). (5.20)

@o

rankMt+k−ℓ(y) = HF aff
R
√

I
(t + k − ℓ). (5.21)

y². du y ∈ Kgen
t+k, dÚn 5.7 � ker Mt+k−ℓ(y) ⊆ R

√
I ∩ R[x]t+k−ℓ. d½Â 5.1

�

rankMt+k−ℓ(y) ≥ HF aff
R
√

I
(t + k − ℓ).

XJþª¥��ÒØ¤á,Kk kerMt+k−ℓ(y) (
R
√

I ∩ R[x]t+k−ℓ. @o�½�3

�ê k′ ≥ k, y1 ∈ Kgen
t+k′ , y2 ∈ Kgen

t+k′+1, ¦�

ker Mt+k′−ℓ(y1) ∩ R[x]t+k−ℓ ( ker Mt+k′+1−ℓ(y2) ∩ R[x]t+k−ℓ. (5.22)

l
k

kerMt+k′−ℓ(y1) ( kerMt+k′+1−ℓ(y2) ∩ R[x]t+k′−ℓ = kerM(t+k′+1)−(ℓ+1)(y2).

Ïd, rankMt+k′−ℓ(y1) > rankM(t+k′+1)−(ℓ+1)(y2). �^� (5.20)gñ.

e¡�Ún`², XJ^� (5.5) ÷v, @o·�ØI�ÏLO�gê�u

t+k− ℓ��Ì����ê5¦p�ÝþÝ
Mt+k−ℓ(y)� CartanA� αt+k−ℓ,


´dXe48úª��.
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Ún 5.19. [115] � (5.5) é t ≥ 2d, 1 ≤ ℓ ≤ t − 2d ¤á. @o, é¤k k ≥ 0,

y ∈ Kgen
t+k, ÝþÝ
Mt+k−ℓ(y) � Cartan�IÚ CartanA��

α
(j)
t+k−ℓ =

n∑

i=j

(
k + i − j − 1

k − 1

)
α

(i)
t−ℓ, 1 ≤ j ≤ n, (5.23)

β
(j)
t+k−ℓ =

n∑

i=j

(
k + i − j − 1

k − 1

)
β

(i)
t−ℓ, 1 ≤ j ≤ n. (5.24)

y². dÚn�y²� [115, Ún 3.6]�q. XJ (5.23) ¤á, d (5.14) ª�

�, (5.24) ª�¤á. e¡|^êÆ8B{5y² (5.23) ª�(. � p �Ý


ker Mt−ℓ(y1) ��zÄ¥a�u½�u jgê�u t − ℓ�õ�ª, @o xjp �

a�u j. d·K 5.14 (i) �¤kþã xjp áu kerMt+1−ℓ(y2) ��|Ä. Ïd,

α
(j)
t+1−ℓ = α

(j)
t−ℓ + · · · + α

(n)
t−ℓ, = (5.23) ªéu j = 1 ¤á.

b� (5.23) é j − 1¤á. d½n 5.15 (i) ��, (5.5)é¤k k ≥ 1þ¤á.

|^ j = 1 ��©Û��α
(j)
(t+k)−ℓ = α

(j)
(t+k−1)−ℓ + · · · + α

(n)
(t+k−1)−ℓ. �g?1, �

�

α
(j)
(t+k)−ℓ =

n∑

ℓ=j

n∑

i=ℓ

(
k + i − ℓ − 2

k − 2

)
α

(ℓ)
t−ℓ

=
n∑

i=j

(
k + i − j − 1

k − 1

)
α

(i)
t−ℓ.

½n 5.20. XJ^� (5.4)-(5.5) é (y1, y2, t, ℓ) ¤á, @oé¤k k ≥ 0

HP R
√

I(t + k − ℓ) =
n∑

j=1

(
k + j − 1

k

)
β

(j)
t−ℓ. (5.25)

�dÓ�, é¤k k ≥ 0, y ∈ Kgen
t+kþ÷v

rank Mt+k−ℓ(y) = HP aff
R
√

I
(t + k − ℓ). (5.26)

y². é t, t + 1, t + 2, . . .�g|^½n 5.15Ú·K 5.18��, é k ≥ 0, y ∈
Kgen

t+kþ÷v

rankMt+k−ℓ(y) = HF aff
R
√

I
(t + k − ℓ).
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éu y′ ∈ Kgen
t+k−1, ok kerM(t+k−1)−ℓ(y

′) ⊆ kerM(t+k)−ℓ(y). duÝþÝ


��÷v�� Hilbert ¼ê, @o ker Mt+k−ℓ(y) ��zÄ¥Øáu8Ü

kerM(t+k−1)−ℓ(y
′) �õ�ª�gê�½�u t + 1 − ℓ.

éu 1 ≤ j ≤ n, dÚn 5.19�, Ý
Mt+k−ℓ(y) �Cartan�Iβ
(j)
t+k−ℓ÷v

β
(j)
t+k−ℓ =

n∑

i=j

(
k + i − j − 1

k − 1

)
β

(i)
t−ℓ.

Ïd, Ý
Mt+k−ℓ(y)�a 1 ≤ j ≤ n�Cartan�Iβj
t+k−ℓ�Ú�

βt+k−ℓ =
n∑

j=1

β
(j)
t+k−ℓ =

n∑

j=1

n∑

i=j

(
k + i − j − 1

k − 1

)
β

(i)
t−ℓ

=
n∑

j=1

(
k + j − 1

k

)
β

(j)
t−ℓ.

Ï� βt+k−ℓ = rankMt+k−ℓ(y)− rankM(t+k−1)−ℓ(y
′)�Ñ
�� Hilbert¼ê�C

z. éu�½� t, ℓ Ú n, βt+k−ℓ �±w�´'uC� k �õ�ª. Ïd,

βt+k−ℓ = HP R
√

I(t + k − ℓ) =
n∑

j=1

(
k + j − 1

k

)
β

(j)
t−ℓ.

�dÓ�, (5.26) �¤á.

e¡·��Ñ�!�Ì�(J, �±��ÏL¦)�X��½5y¯K

(5.3) 5O�¢�n� R
√

I � Gröbner Ä�{ª���½½n.

½n 5.21. � I = 〈h1, . . . , hm〉 � R[x] ¥�n�. t ≥ 2d, 1 ≤ ℓ ≤ t − 2d, y1 ∈
Kgen

t , y2 ∈ Kgen
t+1, XJ^� (5.4)-(5.5)éu (y1, y2, t, ℓ)¤á. @o ker Mt−ℓ(y1)

´¢�n�
R
√

I 'uS ≺tdeg ��| Gröbner Ä, =

〈kerMt−ℓ(y1)〉 =
R
√

I. (5.27)

y². é¤k k ≥ 0Ú y ∈ Kgen
t+k, d½n 5.7 (iv)��,

kerMt+k−ℓ(y) ⊆ R
√

I ∩ R[x]t+k−ℓ.

du^� (5.4)-(5.5)é (y1, y2, t, ℓ)¤á, �â½n 5.20Ú��Hilbertõ�ª�

½Â��, é¤k k ≥ 0,

rankMt+k−ℓ(y) = HP aff
R
√

I
(t + k − ℓ) = dim R[x]t+k−ℓ − dim

R
√

I t+k−ℓ.
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l
, �þ�m kerMt+k−ℓ(y) = R
√

I t+k−ℓ. �Bk� ker Mt+k−ℓ(y)��zÄ. @

oBk��þ�m
R
√

I t+k−ℓ��|Ä. d½n 5.5��, �þ�m 〈LT( R
√

I)〉t+k−ℓ

Ú
R
√

I t+k−ℓäk�Ó��ê, KLT(Bk)´ 〈LT( R
√

I)〉t+k−ℓ��|Ä, l
k

〈LT(Bk)〉 =
〈
〈LT(

R
√

I)〉t+k−ℓ

〉
. (5.28)

du^� (5.4)-(5.5)é (y1, y2, t, ℓ)¤á,d·K 5.14 (i)�� ker Mt+1−ℓ(y2)�

�zÄB1¥gê�u t + 1− ℓ�õ�ª´d ker Mt−ℓ(y1)��zÄB0¥gê�

u t − ℓ�õ�ª¦±Ù¦fC����. Ïd, 〈LT(B0)〉 = 〈LT(B1)〉. qd½
n 5.15�, ^� (5.4)-(5.5)é (t + k, ℓ)þ¤á, Ïd, é¤k k ≥ 0,

〈LT(B0)〉 = 〈LT(B1)〉 = · · · = 〈LT(Bk)〉 = · · · . (5.29)

d (5.28)Ú (5.29)ª�±íÑ

〈
〈LT(

R
√

I)〉t−ℓ

〉
=
〈
〈LT(

R
√

I)〉t+1−ℓ

〉
= · · · =

〈
〈LT(

R
√

I)〉t+k−ℓ

〉
= · · · .

5¿�, év
�� k, ok
〈
〈LT( R

√
I)〉t+k−ℓ

〉
= 〈LT( R

√
I)〉. dd��,

〈LT(
R
√

I)〉 = 〈LT(B0)〉 ⊆ 〈LT(ker Mt−ℓ(y1))〉 ⊆ 〈LT(
R
√

I)〉.

Ïd, 〈LT(ker Mt−ℓ(y1))〉 = 〈LT( R
√

I)〉. d½Â 5.4�, kerMt−ℓ(y1) ´¢�n

�
R
√

I'uS≺tdeg��|GröbnerÄ.

5.4 OOO��� S-���nnn��� I(VR(I) ∩ S)

þ!¥¤k·KÚ½n��ÝþÝ
��ÚØ�mk'. ù
(Jþ�±

^uO� S-�n� I(VR(I) ∩ S), Ù¥ S = {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0}
���ê8.

£� (5.13), �Äf8 Kt,S ⊆ Kt,

Kt,S := Kt ∩
{
y ∈ RNn

2t | Mt−dfe (f
ey) � 0 é¤k e ∈ {0, 1}s

}
,

Ù¥ dfe = ⌈deg(f e)/2⌉ �ò d �½ÂU�

d := max
1≤j≤m,e∈{0,1}s

{dj , dfe}, (5.30)
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� t v
��, dÚn 5.11 Ú½n 5.12 �, S-�n� S
√

I ¥�&EÑ�¹u1

��8Ü

Kgen
t,S := {y ∈ Kt,S | rankMt(y)����}.

Ïd, þ�!¥�½nÚ·Ké y ∈ Kgen
t,S þ¤á.

e¡�½n�±w�´½n 5.21 'u��ê8 S �í2.

½n 5.22. � I = 〈h1, . . . , hm〉 � R[x] ¥�n�. éu t ≥ 2d, 1 ≤ ℓ ≤
t − 2d, y1 ∈ Kgen

t,S , y2 ∈ Kgen
t+1,S , XJ^� (5.4)-(5.5)éu (y1, y2, t, ℓ)¤á. @

o kerMt−ℓ(y1) ´S-�n� S
√

I'uS ≺tdeg��| Gröbner Ä. �dÓ�

〈kerMt−ℓ(y1)〉 =
S
√

I. (5.31)

5 5. éu S-�n� S
√

I �GröbnerÄ�O�, �Iò½Â��ê8 S �õ�
ª {f1, . . . , fs} \\��{ 5.1 �Ñ\¥. Ó�3�½5y¯K (5.3) ¥\\�

�^�Mt−dfe (f
ey) � 0, é¤k e ∈ {0, 1}s.

5.5 êêê���¢¢¢���

�!¥, �Ñ�{ 5.13O�¢�n� I(VR(I))�GröbnerÄ�¯Kþ�ê

�Ly. e¡�~f¥, þ¦^©g�i;S ≺tdeg.

~ 5.2. �Äõ�ªXÚ P = {p1, p2} [114, p.20, Ex 1.4.6], Ù¥

p1 = x2
1 − x2,

p2 = x1x2 − x3,

d = 1. éu t ≥ 2, 0 ≤ ℓ ≤ t − 2, ÝþÝ
Mt−ℓ(y) ��XL 5.1 ¤«.

dþL�±wÑ rankM3−1 = rankM4−2 = 7. Ïd, éu t = 3, ℓ = 1 ^�

(5.4) ÷v.

e¡uÿ^� (5.5) ´Äé t = 3, ℓ = 1 �÷v. 3�C� 3 �ÝþÝ
�

�ê� 20 × 20, Ù¥ 5 � 10 �éAgê�u 2 �ü�. ÀJC�S x3 ≺tdeg

x1 ≺tdeg x2 ÚØ�. 10−8, M3 �Ì�Ñy31 1, 2, 3, 4, 5, 6, 7, 11, 12, 13, 16, 20

�¥, Ù¥,

5, 6, 7,



1ÊÙ ��õ�ªn��¢��O� 73

� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5

t=2 8 4 1

t=3 12 7 4 1

t=4 16 10 7 4 1

t=5 20 13 10 7 4 1

L 5.1: Ý
Mt−ℓ(y) ��

�éAgê� 2 �ü�. @ogê�u 2 ��Ì��éA�ü��

x2
1, x1x2, x

2
2.

a©O� 2, 2, 3. Ïd, éuM3−1, k

3∑

j=1

jα
(j)
3−1 = 3 × 1 + 2 × 2 = 7.

�dÓ�,

corankM4−1 − corankM4−2 = (20 − 10) − (10 − 7) = 7.

Ïd, ^� (5.4)-(5.5) éu t = 3, ℓ = 1 þ÷v.

Ïd, ker M3−1��zÄ

{−x2 + x2
1, −x3 + x1x2, −x3x1 + x2

2}

´¢�n�
R
√

I'uS ≺tdeg��| Gröbner Ä.

~ 5.3. �Ä 2-�n� I = 〈p1, p2, p3〉 [124, p.397, Eq. (9.60)], Ù¥

p1 = x2
1 + x1x2 − x1x3 − x1 − x2 + x3,

p2 = x1x2 + x2
2 − x2x3 − x1 − x2 + x3,

p3 = x1x3 + x2x3 − x2
3 − x1 − x2 + x3.

ÝþÝ
Mt−ℓ ��XeL¤«µ
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� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5

t=2 7 4 1

t=3 11 7 4 1

t=4 16 11 7 4 1

t=5 22 16 11 7 4 1

L 5.2: Ý
Mt−ℓ(y) ��

w,, rankM3−1 = rankM4−2 = 7. e¡u�^� (5.5). ÀJC�S

x1 ≺tdeg x2 ≺tdeg x3, Ý
M3 �1 5 � 10 1éAgê�u 2 �ü�ª�

x2
1 ≺ x1x3 ≺ x1x3 ≺ x2

2 ≺ x2x3 ≺ x2
3.

Ø�.À� 10−8 �, M3 ��Ì�Ñy3Xe�¥

1, 2, 3, 4, 5, 6, 8, 11, 12, 14, 17.

Ù¥gê�u 2 ��Ì��éA�ü��

x1x3, x2x3, x2
3,

a©O� 1, 2, 3. éM3−1, k
∑3

j=1 jα
(j)
3−1 = 6. �dÓ�,

corankM4−1 − corankM4−2 = 6.

Ïd, ^� (5.4)-(5.5) éu t = 3, ℓ = 1 þ÷v.

Ïd, kerM3−1��zÄ

{x1 + x2 − x3 − x2
1 − x1x2 + x1x3, x1 + x2 − x3 − x1x2 − x2

2 + x2x3,

3x1 + 3x2 − 3x3 − x2
1 − 2x1x2 − x2

2 + x2
3}

´
R
√

I'uS≺tdeg��| Gröbner Ä.

~ 5.4. �½n� I = 〈p1, p2〉 (� [109, p.123, ~ 7.41]), Ù¥

p1 = x2
1 + x2

2 + x2
3 − 2,

p2 = x2
1 + x2

2 − x3.
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n��¢�êq VR(I) î��¹u VC(I). |^©Ù [114] ¥�òÿ-ÝK�{�

��õ�ªXÚ��êLX 5.3 ¤«. Ù¥�¹E�&E, tL«òÿ��ê,

ℓL«ÝK�gê.

� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4

t=0 8 4 1

t=1 12 8 4 1

t=2 16 12 8 4 1

L 5.3: õ�ªXÚ�êL

� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4

t=2 5 3 1

t=3 7 5 3 1

t=4 9 7 5 3 1

L 5.4: Ý
Mt−ℓ(y) ��

L 5.4 ¥�Ñ
ÏL¦)�X��½5y¯K (5.3) ���ÝþÝ
��.

w,, rankM3−1 = rankM4−2 = 5, corankM4−1 − corankM4−2 = 8.

e¡O�
∑3

j=1 jα
(j)
3−1. ÀJC�S x1 ≺tdeg x2 ≺tdeg x3 ÚØ�. 10−8, M3

gê�u 2 �Ì�31 5, 6 �, éAu�Ì�� 2 gü��

x1x3, x2
2, x2x3, x2

3,

a©O� 1, 2, 2 Ú 3. l
k

3∑

j=1

jα
(j)
3−1 = 8.

Ïd, kerM3−1��zÄ {−1 + x3,−1 + x2
1 + x2

2}´ R
√

I 'uS ≺tdeg��

| Gröbner Ä.
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~ 5.5. �½n� I = 〈p1, p2, p3〉 (� [116, p.61, ~2.4.12]), Ù¥

p1 = x2
3 + x2x3 − x2

1,

p2 = x1x3 + x1x2 − x3,

p3 = x2x3 + x2
2 + x2

1 − x1.

ÀJC�S x3 ≺tdeg x1 ≺tdeg x2. ÝþÝ
Mt−ℓ ��XL 5.5 ¤«.

� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5

t=2 7 4 1

t=3 10 7 4 1

t=4 13 10 7 4 1

t=5 16 13 10 7 4 1

L 5.5: Ý
Mt−ℓ(y) ��

é¤kMt−ℓ, Ñk
∑3

j=1 jα
(j)
t−ℓ < corankMt+1−ℓ − corankM(t+1)−ℓ+1. ù`²

�IX (x1, x2, x3)Ø´ δ-�K�IX.,
,ÏL�IC� x̃1 = x2 +x3, x̃2 = x1

Ú x̃3 = x3 9g�z,�òõ�ªXÚ=z� P̃ = {x̃1x̃3− x̃2
2, x̃1x̃2− x̃3, x̃

2
1− x̃2}.

|^dõ�ªXÚ¦��ÝþÝ
���L 5.1 �Ó. Ïd, ^� (5.4)-(5.5) é

u t = 3, ℓ = 1 ¤á.

~ 5.6. �½n� I = 〈p1, p2〉, Ù¥

p1 = x4
1 + 2x3

1x2 − 2x3
2x1 − x4

2 + x2
2x

3
1 + x3

2x
2
1 − x4

2x1 − x5
2,

p2 = x5
1 + x4

1x2 − x4
2x1 − x5

2.

n� IØ´¢�n�. Ý
Mt−l(y) ��XL 5.6 ¤«.

�½C�S x1 ≺tdeg x2. �ä�ÝþÝ
M6−4�ÛÉ��

1.98859, 0.30359, 0.29970, 0.14185, 0.08482, 0.00001.

·�À½Ø�. 10−4, ¿3L 5.6¥�ÑÝþÝ
��.

XL 5.6¤«, rankM6−1 = rankM7−2 = 11, ¿ÏLO��
∑2

j=1 jα
(j)
6−1 =

corankM7−1 − corankM7−2 = 5.
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� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5 ℓ = 6 ℓ = 7 ℓ = 8

t=6 13 11 9 7 5 3 1

t=7 15 13 11 9 7 5 3 1

t=8 17 15 13 11 9 7 5 3 1

L 5.6: Ý
Mt−ℓ(y) ��

Ïd, ker M6−4��zÄ {−x2
1 + x2

2}´¢�n� R
√

I'uS≺tdeg��|

Gröbner Ä.

e¡�Ñ¦ S-�n� I(VR(I) ∩ S)�~f.

~ 5.7. �½n� I = 〈p1, p2〉, Ù¥

p1 = x3
1 + x2

1x2 − x2
2x1 − x3

2 + x2
2x

2
1 − x4

2,

p2 = x4
1 − x4

2.

��ê8

S = {(x1, x2) ∈ R2 | x1 ≥ 1, x2 ≥ 1}.

Ý
Mt−l(y) ��XL 5.7 ¤«, Ù¥ y ∈ Kgen
t,S .

� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5 ℓ = 6

t=4 6 4 3 2 1

t=5 7 5 4 3 2 1

t=6 8 6 5 4 3 2 1

L 5.7: Ý
Mt−ℓ(y) ��, y ∈ Kgen
t,S

�½C�S x1 ≺tdeg x2ÚØ�. 10−8,XþL¤«, rankM5−1 = rankM6−2 =

5, ¿ÏLO��
∑2

j=1 jα
(j)
5−1 = corankM6−1 − corankM6−2 = 5.

Ïd, kerM5−1��zÄ {−x1+x2} ´S-�n� I(VR(I)∩S)'uS≺tdeg�

�| GröbnerÄ.
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� ℓ = 0 ℓ = 1 ℓ = 2 ℓ = 3 ℓ = 4 ℓ = 5 ℓ = 6

t=4 9 7 5 3 1

t=5 11 9 7 5 3 1

t=6 13 11 9 7 5 3 1

L 5.8: Ý
Mt−ℓ(y) ��, y ∈ Kgen
t

L 5.8 ¥�Ñ
�KØ�ª��^� S �)�½5y¯K (5.3) ¤�Ýþ

Ý
��.

5¿� rankM5−1 = rankM6−2 = 9. �½C�S x1 ≺tdeg x2 ÚØ�. 10−5,

ÏLO���
∑2

j=1 jα
(j)
5−1 = corankM6−1 − corankM6−2 = 4. Ïd, kerM5−1�

�zÄ {−x2
1 + x2

2}´¢�n� R
√

I'uS ≺tdeg��| GröbnerÄ.
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�©Ì�ïÄõ�ª`z+�S±en�¯Kµ°(�yõ�ª��Û�

K5!¦õ�ªXÚ�¢�, �½äk��¢�êq�õ�ªn� I, ¦¢�n

� I(VR(I)) ��| Gröbner Ä.

1nÙ¥, ·�?Ø
XÛÏL¦²�Úê8���õ�ª²�Ú©)5

°(�y�½õ�ª��Û�K5. ·�JÑ
�«#�¦)Gram Ý
Ø�

ê4�z¯K (3.4) ����{—–U?�ØÄ:S��{ (MFPC-BB),¿�Ñ


�{�Âñ5©Û±93Maple ÚMatlab ¥�¢y. ·���{±ØÄ:

S��{¥��f©�Eâ�Ä:, ÏLU?K��fT ±·Au¦)é¡�
�½Ý
�¡E¯K. Ó�, ·��Ú\Barzilai-Borwein Eâ5?1Ú�ëê

�À�, l
Jp�{�Âñ�Ý. 3d�{Ä:þ, ·�qJÑ�«\��Ø

Ä:S��{ (AFPC-BB). §Q�±
MFPC-BB �{�{ü´¢y�A:,

qU
ò��{�5�Âñ�ÝJp��gÂñ. ê�¢�w«AFPC-BB �

{éu$�Gram Ý
�Cq½°(¡E�Äu�½5y��{J�²w, �

·Ü�5�¯K�¦).

1oÙ¥, ·�ïÄ
XÛ¯�¦)�5�õ�ªXÚ�¢�. ÏL

òLasserreJÑ��½5y�. (4.3)¥�8I¼êU�ÝþÝ
�Ø�

ê ‖Mt(y)‖∗, ·�òõ�ªXÚ¢�¦)�¯K=z�ÝþÝ
Ø�ê4
�z¯K (4.5), ¿|^1nÙ�Ñ�AFPC-BB �{¦). XJ�£�ÝþÝ


÷v^� (4.4), @o�±ÏL¦ÝþÝ
���m��|ÄÚ�A¦{Ý


�ú�A��þ��õ�ª�§|�¢�. Ó�, ·��Ñ
�{�Âñ5©Û

Ú3Maple ÚMatlab ¥�¢y (MMCRSolver). ·���{ØU�y¦Ñõ�

ªXÚ��Ü¢�. éu��5��õ�ªXÚ, XJ��3��½�êA�¢

�, ·���{U
¯�/ò§�¦)Ñ5. �dÓ�, XJõ�ªXÚkÃ¡

õ�¢�, ·�EU¦ÑÙ¥Ü©�á¢�½´3�ê6/þ�¢�. ê�¢�

w«, éu��½5y��{J±¦)�~f, MMCRSolver �U¯�/¦Ñ

Ù�Ü½Ü©�¢�.

1ÊÙ¥, �½äk��¢�êq�õ�ªn� I, ·�JÑ
�«ÄuÝ

þÝ
��½tµ (5.3)�ÎÒ—ê�·Ü�{¦n� I �¢�n� I(VR(I))�
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�|Gröbner Ä. ÏLòAÛéÜnØ���½ÝþÝ
�5��(Ü, ·�

�Ñ
��½tµ (5.3)3���/eª�5��½½n 5.2. Äuß� 5.1, ·

�y²
3 δ-�K�IXe, ½n 5.2¥�^� (5.4)-(5.5)�½3k�Ú��

�½tµS÷v, ¿�Ñ
¢�n� I(VR(I))'uS≺tdeg ��|Gröbner Ä.

^� (5.4)-(5.5)�±��Flat Extension½n 5.1¥^� (5.1)3���/e�í

2. �dÓ�, �½���ê8S = {x ∈ Rn | f1(x) ≥ 0, . . . , fs(x) ≥ 0}, ·�ò
�{í2�¦n� I�S-�n� I(VR(I) ∩ S)�GröbnerÄ.

8��ó�Ì��¹±eA��¡µ

1. Äu$�ÝþÝ
¡E�õ�ªXÚ¢�¦)�{���´k�°Ý�

ê�), ·�F"3�5�ó�¥(ÜRump [111, 112]�2:ê«m�{

O(/�x¢�¤3���.

2. 'u��¢�n� R
√

I�O�, ·�JÑ��½OK (5.4)-(5.5)Ñïá3

ß� 5.1�Ä:þ. ¦+ê�¢�¥¤k�~fÑ`²dß�´�(�,

�´8cE,vknØy². 38��ó�¥, ·�F"Uy²dß�.

3. �{ 5.1´ïá3¦)�X�8I¼ê�~ê���½5y¯Kþ�. ·

�F"ò¦��¢�n���½OK (5.4)-(5.5)í2�����õ�ª`

z¯Kþ.



ëëë���©©©zzz

[1] J. Abernethy, F. Bach, T. Evgeniou, and J.-P. Vert. Low-rank matrix fac-

torization with attributes. Technical report, N24/06/MM, Ecole des Mines

de Paris, 2006.

[2] Y. Amit, M. Fink, N. Srebro, and S. Ullman. Uncovering shared structures

in multiclass classification. In Proceedings of the Twenty-fourth Interna-

tional Conference on Machine Learning, 2007.

[3] A. Argyriou, T. Evgeniou, and M. Pontil. Multi-task feature learning. In

Neural Information Processing Systems, 2007.
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