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Abstract

It is a fundamental and difficult problem to compute approximate greatest

common divisors (GCD) of polynomials using hybrid symbolic-numerical method.

This problem has been intensely studied by many authors.

In this paper, we mainly discuss the verification of the degree of the approx-

imate GCD for univariate polynomials with real coefficients: given s polynomials

g1, · · · , gs and an integer k, we compute verified error bounds such that there

exist perturbed polynomials with exact GCD of degree k. This problem can be

transformed into computing verified error bounds such that there exist perturbed

polynomials within computed error bounds whose Bezout submatrix has rank d-

eficiency one. Using a bordered system, we can further reduce the problem to

verify the implicit functions f = 0. To compute verified bounds of the solution

of implicit functions f = 0, we propose to use the implicit determinant method.

Especially, when s = 2, the Bezout matrix of two polynomials is symmetrical and

the number of implicit functions is one. Finally, this paper presents an algorithm

(VUP) for verifying the degree of approximate GCD of univariate polynomials.

The VUP algorithm firstly optimizes the initial perturbed coefficient vector of

polynomials by using generalized inverse method and then executes interval iter-

ations using verifylss in INTLAB package. In comparison to other methods for

computing approximate GCD, the degree of the approximate GCD is certified.

Keywords: Univariate polynomial, verification method, approximate GCD
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111���ÙÙÙ ÚÚÚóóó
1.1 ÎÎÎÒÒÒ`̀̀²²²

NL«�K�ê8Ü.

N∗L«��ê8Ü.

Ai,:L«Ý
 A ∈ Rm×n�1 i1, ½ÂXe:

Ai,: := (Ai,1, . . . , Ai,n).

A:,j L«Ý
 A ∈ Rm×n�1 j �, ½ÂXe:

A:,j :=




A1,j

...

Am,j


 .

Ai:j,:L«Ý
 A ∈ Rm×n�1 i1�1 j1|¤�fÝ
, Ù¥ i ≤ j, ½ÂXeµ
Ai:j,: :=




Ai,1 . . . Ai,n

...
...

...

Aj,1 . . . Aj,n


 .

A:,i:j L«Ý
 A ∈ Rm×n�1 i��1 j�|¤�fÝ
, Ù¥ i ≤ j, ½ÂXeµ
A:,i:j :=




A1,i . . . A1,j

...
...

...

Am,i . . . Am,j


 .

IRL«¢«m8Ü, ½ÂXe:

IR := {x|x = [a, b], a ≤ b, a, b ∈ R}.

PRL«¢ê8 R�¤kf8�¤�8Ü, ½ÂXe:

PR := {X|X ⊆ R}.



2 ü��õ�ªCq��úÏf�gê��&�y
hull(X)L«¤k�¹8Ü X �8Ü��; éu?¿� X ∈ PR, ½ÂXe:

hull(X) :=
⋂

{Z ∈ PR|X ⊆ Z}.

1.2 ýýý������£££
1.2.1 ���&&&���yyy�&�y�{�Ì�8I´y²3O�Ñ5���.S�3�½¯K�). �&�y�{����~{ü�A^´y²��Ý
��ÛÉ5.Ún 1.1. [54] ��½Ý
 A,R ∈ Rn×n, I L« n × n �ü Ý
. XJ

‖I −RA‖ ≤ α < 1, �o AÚ Rþ�ÛÉ; ¿�
‖R‖
1 + α

≤ ‖A−1‖ ≤ ‖R‖
1− α

.�Ø©^���êÑ´Ì�ê.Ún 1.2. [55] ��½Ý
 A ∈ R
m×n, A+ L«Ý
 A �2Â_Ý
. XJ

‖I − ATA‖ ≤ α < 1, �o A´÷��; ¿�
‖A+‖ ≤ ‖AT‖

1− α
.5 1. Ún 1.2 �Ñ
y²��Ý
´÷���&�y�{. ,
, ^�

‖I − ATA‖ ≤ α < 1 �´��¿©^�¿�7�^�. e¡�Ñ��Ý
 A

A =




1 4

2 7

4 1


´�÷��, �´ AÚ AT Ø÷vÚn 1.2�^�, O��� ‖I − ATA‖ ≥ 73.Ún 1.3. �Ý
 A ∈ R

m×n, R ∈ R
n×m§m ≥ n. XJ ‖I − RA‖ < 1, �o A´÷��.y². XJ AØ´÷��, �o�½�3���"�þ x ∈ Rn �� Ax = 0.u´k RAx = 0, ?
 1Ǒ I −RA�AÆ�, ù� ‖I −RA‖ < 1gñ.



1�Ù Úó 35 2. Ún 1.3�
��Ý
÷���&�y�{. ���¹e, �½�Ý
 A,- R = inv(ATA) ·AT , Ù¥ inv(ATA)´d ATA^2:�{O����Cq_;�oÚn 1.3�^� ‖I − RA‖ < 1ék�U÷v. �,, Ǒ�3Ø´2Â_ A+�Ý
 R�� ‖I − RA‖ < 1. ��5¿�´Ún 1.3¿vk�Ñ ‖A+‖�Ø�..

Rump [52]�Ñ
�5È�XÚ��&�y�{, Ù¥�5XÚ�Ý
�±´2:Ý
, Ǒ�±´«mÝ
. ¢yù��{�¼ê´3 INTLAB¼ê�p� verifylss¼ê.½n 1.4. [53] �½«mÝ
 A ∈ IR
n×n Ú«m�þ b ∈ IR

n, XJ¼ê veri-

fylss$1¤õ, �oT¼êO����«m�þ X ⊂ IR
n÷v

Σ(A, b) := {x ∈ R
n|Ãx = b̃, Ã ∈ A, b̃ ∈ b} ⊆ X.

Moore [47]�Ñ
��5XÚ)��35�¿©^�;3dÄ:þKrawczyk

[35]�Ñ
y²��5XÚ)�35�Úî�{«m��. Rump [56]�
?�Ú�ïÄó�, Uõþã�{�ÙU
��/¢SA^.½n 1.5. [56] �¼ê f : Rn → R
n, � f = (f1, . . . , fn) ∈ C1. �½�þ x̃ ∈ R

n,«m�þ X ∈ IR
n, 0 ∈ X ±9Ý
 R ∈ R

n×n, ��½�«mÝ
M ∈ IR
n×n÷v^�

{∇fi(ζ)|ζ ∈ x̃+X} ⊆ Mi,:.XJ
−Rf(x̃) + (I −RM)X ⊆ int(X) (1.1)¤á, Ù¥ int(X)´ X �S:; �o�3���: x̂ ∈ x̃ +X �� f(x̂) = 0.
�z�Ý
 M̃ ∈ M Ñ´�ÛÉ�.

1.2.2 >>>...ÝÝÝ


Ǒ
y²ü��õ�ª�GCD�gê´ k, ·�{�0��
>.Ý
�5� [23, 25, 26, 46].



4 ü��õ�ªCq��úÏf�gê��&�yÚn 1.6. �Ý
A ∈ Rm×n,Ù¥m ≥ n� rank(A) = n−1. �Ý
A�"�m
Nullspace(A) = span{α},Ù=��"�mNullspace(AT ) = span{β0, . . . ,βm−n}.XJ�þ c ∈ Rn±9�þ b0, . . . , bm−n ∈ Rm÷v±e^�

cTα 6= 0, (1.2)

det




βT
0 b0 . . . βT

0 bm−n

...
...

...

βT
m−nb0 . . . βT

m−nbm−n


 6= 0; (1.3)�o (m+ 1)× (m+ 1)�Ý


G =

(
A b0 . . . bm−n

cT 0 . . . 0

)
(1.4)´�ÛÉ�.y². (1.4)´�ÛÉ��duy²e¡��5XÚ�k").

(
A b0 . . . bm−n

cT 0 . . . 0

)



α∗

f ∗

0
...

f ∗

m−n




=

(
0

0

)
(1.5)ò (1.5)�m�� {

Aα∗ +
∑m−n

i=0 bif
∗

i = 0,

cTα∗ = 0.
(1.6)3 (1.6)1���ª��1�þ βT

j , 0 ≤ j ≤ m − n. �d βT
j A = 0 ��Xe�5�§|

m−n∑

i=0

βT
j bif

∗

i = 0, 0 ≤ j ≤ m− n.�¤Ý
/ªXe,




βT
0 b0 . . . βT

0 bm−n

...
. . .

...

βT
m−nb0 . . . βT

m−nbm−n







f ∗

0
...

f ∗

m−n


 =




0
...

0


 .



1�Ù Úó 5d (1.3)� f ∗

0 = 0, . . . , f ∗

m−n = 0. u´ (1.6){zǑ
{

Aα∗ = 0,

cTα∗ = 0.d (1.2)�� α∗ = 0.Ún 1.7. [26] �Ý
 A ∈ R
m×n, m ≥ n. XJ�þ b0, . . . , bm−n ∈ R

m, c ∈ R
n±9Ý
 A�¤� (m+ 1)× (m+ 1)�Ý


G =

(
A b0 . . . bm−n

cT 0 . . . 0

)
(1.7)´�ÛÉ�, �o rank(A) = n− 1��=��5XÚ

(
A b0 . . . bm−n

cT 0 . . . 0

)



α

f0
...

fm−n




=

(
0

1

)
(1.8)�)÷v^� f0 = 0, . . . , fm−n = 0.y². =⇒: (��{)b�Ø�3�" γ �� (γ, 0, . . . , 0)T ´�5XÚ� (1.8)�). =�§| Aγ = 0, cTγ = 1 ��"). du rank(A) = n − 1, -

NullSpace(A) = span{α}�o cTα 6= 0, ÄK� (1.7)�ÛÉ5gñ. Ïd�½�3�" λ ∈ R�� λα´�§| Aγ = 0, cTγ = 1�); gñ.

⇐=: b� (α, 0, . . . , 0)T ´�5XÚ (1.8)�), �o Aα = 0Ú cTα = 1;Ï
 rank(A) ≤ n − 1. XJ Nullspace(A) = span{α1,α2}, �o�½�3Ø�Ǒ"� λ1, λ2 ∈ R�� A(λ1α1 + λα2) = 0Ú cT (λ1α1 + λ2α2) = 0. ù�Ý

(1.7)´�ÛÉ�gñ, ÏdÝ
 A"�m�ê�õǑ 1. l
 rank(A) = n− 1.

1.2.3 ÛÛÛ111���ªªª���{{{ù��!·�ò0��)e¡1�ª�§��{, ǑÒ´·�¤`�Û1�ª�{.

det(A(ε)) = 0 (1.9)



6 ü��õ�ªCq��úÏf�gê��&�yùpǑ
`²T�{�g�, ·�b� ε´ü��. Û1�ª�{´�E���§
f(ε) = 0, (1.10)���§ (1.10)� (1.9)k�Ó��, ¿��ê fε(ε)N´�O, l
�±^Úî{?1S�.Ún 1.8. [59] � (x⋆, ε⋆)´e��§|��.

{
A(ε)x = 0,

xHx = 1.Ù¥ A(ε) ∈ Cn×n ´ Hermite Ý
, � Nullspace(A(ε⋆)) = span{x⋆}. b�
bHx⋆ 6= 0, b ∈ Cn, K (n+ 1)× (n+ 1)�Ý


M(ε) =

(
A(ε) b

bH 0

)3: ε = ε⋆?´�ÛÉ�.5 3. Ún 1.8¥�� A(ε)´ HermiteÝ
; AO/, XJ A(ε)´¢é¡Ý
,� bTx⋆ 6= 0, b ∈ R
n, K(ØÓ�¤á. ¯¤±�ü�ü��¢Xêõ�ª�

BezoutÝ
±9§� k�Ìfª´é¡Ý
, ·�ò31 3.3!¥$^Û1�ª�{O�Û¼ê|� JacobianÝ
.Äk5¿� M(ε⋆)´�ÛÉ�, � A(ε) ´'uCþ ε �1w¼ê, Ïd
M(ε)3Cþ ε⋆ �����S´�ÛÉ�. Ùg, éu ε⋆ �����S� εÚ÷v bHx⋆ 6= 0��þ b, ·�Ú\�5XÚ

(
A(ε) b

bH 0

)(
x

f

)
=

(
0

1

)
. (1.11)duÝ
M(ε)´�ÛÉ�, Ïd xÚ f ´'uCþ ε�1w¼ê, u´·��±r§��¤ x(ε)Ú f(ε). d Crammer{K, ��

f(ε) =
det(A(ε))

det(M(ε))
.þª`²Ú\�5XÚ (1.11)�°©�?. du det(M(ε))�", K f(ε) = 0��=� det(A(ε)) = 0. Ïdò�)1�ª det(A(ε)) = 0�":=z¤�)�§

f(ε) = 0�":.



1�Ù Úó 7½n 1.9. [59] b�Ún 1.8�^�÷v, ¼ê x(ε)Ú f(ε)´d�5XÚ (1.11)½Â, �o
• f(ε) = 0��=� det(A(ε)) = 0;

• � ε = ε⋆�, d (1.11)O���� x(ε⋆)´ A(ε⋆)�"�m�þ.�°(/`, Û1�ª{Ò´òÚîS�A^��5XÚ (1.11)½Â�¼ê f(ε)¥. Ǒ
?1ÚîS�, ·�I�O� fε(ε). éd, ·�ò�5XÚ
(1.11)'uCþ ε?1�©

(
A(ε) b

bH 0

)(
xε(ε)

fε(ε)

)
= −

(
Aε(ε)x(ε)

0

)
. (1.12)5¿��) fε(ε)� f(ε)Ñ´^��Ó�Ý
, ØÓ�?3umà�þ.�{ 1.1. ÛÛÛ111���ªªª���{{{�½ ε0Ú b ∈ C��M(ε0)´�ÛÉ�.

• - ε = εi, �)�5XÚ (1.11)�� f(εi).

• - ε = εi, |^þ�ÚO�(J x(εi), O��5XÚ (1.12)�mà�þ;?
�)�5XÚ (1.12)�� fε(ε
i).

• ÚîS�
εi+1 = εi − f(εi)

fε(εi)
.

• S�ª�^�
‖εi+1 − εi‖ ≤ tol.Ù¥ tol´S�N�.�{ 1.1¤^���5XÚ (1.12)´éü����¹, éuõC��¹, ·��Iò�5XÚ (1.11)éz��Cþ?1�©, �±�� f(ε)� JacobianÝ
. äN�í�L§·�ò3 3.3¥�[0�.
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1.3 ¯̄̄KKKVVVããã^ÎÒ�ê�·ÜO��{5O�ü��õ�ªCqGCD¯K´��Ä�
q(J�¯K. éõÆöéCq GCD¯K?1
2��ïÄ. e¡{�0�õ�ªCq GCD¯K�ïÄ�µ"

Collins [12]Ú Brown [7]3�Ø���¹e�
õ�ª°(GCD��{. �õ�ª&EØ���, Cqõ�ª¯KÑ¬¤ǑÆ�)û�¯K. u´<�m©ïÄknXê, ¢Xê, EXêõ�ª3�½�Ø���S6Äõ�ª� GCD¯K. Ø��ÑyUC
O�Å�ê¯K��
DÚ�5�. ~X, DÚ�¯Kµ�½ü�knXêõ�ª, ��´Ä�3�²� GCDº�½��knXêõ�ª´Ä¹k r­�º3kØ���¹�UCǑ: �½�ü�õ�ªNC´Äkü�6Äõ�ªäk�²��GCDº3�½knXêõ�ªNC´Ä�3��6Äõ�ªk r­�ºCq GCD�O�´��Ø­½�¯K, é��õ�ª?1���~��6Ä�U��UC¯K��Y.õ�ªCq GCD ¯K®²�éõ�Æó�öïÄL. Schonhage [58] b�Ñ\�±´?¿°Ý, =õ�ªXê�°Ý�±�âI�
�½. Nada Ú
Sasaki [43]JÑ
O��½õ�ªCq��úÏf�îAp��{. HribernigÚ Stetter [30]^õ�ªf(ªó�{�Ñ
CqGCDgê�e.. Corless [13]KòÛÉ�©)�{A^� f, g � SlyvesterÝ
, ¿òT�{^u�)õ�ªXÚCq":. Pan [44]JÑ^AÛ�{5Ïé���Cq�. Zeng [69]^��{Ú����{5�)õC�õ�ªCq GCD¯K.þã�{´3ØÓ�b�^�e�ÑO�õ�ªNCäk�²�GCD�6Äõ�ª��{. �´��Ñk���Ó:µvk�Ñ(�U
O�Ñ(J���N�. =3�½õ�ª�N� ε��S´Ä�3äk�²� GCD�6Äõ�ª. �éù�¯K, Emirs [20, 21]JÑ gap theorem, 3,
A½��/e^TnØ?U SVD (Singular Value Decomposition)�{¿¤õ�) GCD.

KarmarkarÚ LakshmanL [34]�Ñ
3�½�Ø�.S�)CqúÏf��{. Rupprecht [57]�Ä3�½N� εe�) GCD�gê�p�6Äõ�ª¯K, ¿^2Â SylvesterÝ
Ú SVD©)5�)T¯K.

2006
 Kaltofen [33]�<�Ä�¯K´�½��|p�¢(E)ê�þ�õC�õ�ª, XÛO�Ñ���¢(E)õ�ªXê6Ä��6Äõ�ª GCD�gê��´�½��ê k. T©Ù¥�Ñ
Äu(��Û���ê��{
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(STLN). 2011 
 Mourrain[11] �<�Äü�üC�õ�ª f, g ∈ Cd[x] \ {0}3�»Ǒ ε�6Ä��Sé���6Ä��6Äõ�ªk���²��°(
GCD , �öòT¯K=zǑ��`z¯K:





min ‖f − p‖2 + ‖g − q‖2

s. t. f, g ∈ Cd[x] \ {0},
Resultantd(p, q) = 0.¿^ Smale’s αnØ5y²3����SüC�õ�ª�C GCD��35Ú��5.·�(ÜCq GCD¯KÚ�&�y�{, JÑXe¯K"¯K 1.1.�ü��õ�ª g1, . . . , gs ∈ R[x] \ {0}, Ù¥ deg(gi) = di, 1 ≤ i ≤ s. �

d1 = max(d1, . . . , ds), g1, . . . , gs�Cq GCD�gê´ k, g1, . . . , gs �Xê6Äõ�ª½ÂXe:

gi(εi) := gi +

di∑

j=0

εi,jx
j, i = 1, ..., s,Ù¥ ε1, . . . , εs ´ëCþ�þ. XÛ���õ�ª g1, . . . , gs Xê�6Ä��

E1, . . . , Es, ���½�3��6Ä ε̂1 ∈ E1, . . . , ε̂s ∈ Es , ÷v
deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) = k.·�3 3.3�«N�òü��õ�ªCq GCDgê��&�y¯K=zǑõ�ª BezoutÝ
�fÝ
�ºǑ 1��&�y¯K. |^>.Ý
�5�,y²õ�ª BezoutÝ
�fÝ
�ºǑ 1�du�)Û¼ê�§|�":. ��|^¼ê� INTLABp�¼êO�Û¼ê�§|":��&«m.

1.4 ØØØ©©©���(((���ÚÚÚÌÌÌ���(((JJJ3ù�©Ù¥, ·�{�0��&�yVã, Ì�?Ø�°(ü��õ�ªCq GCDgê��&�y¯K.1�ÙÌ�©¤ü�Ü©: 2:�{�«m�{, �&�y�{. 1�Ü©Äk0�^2:�{?1O��3�¯K, Ùg0�«m�{�Ú\. 1�Ü



10 ü��õ�ªCq��úÏf�gê��&�y©0�±«m�{ǑÄ:u�å5��&�y. TÜ©Äk0�
�&�y�{?n�;.¯K, ±9�&�y�{��O�KÚ�)�K. Ùg�Ñ
�&O�L§¥�[�U¬?\��
Ø«. ��{�0�
�&�y�u�{§.1nÙÌ�©¤ü�Ü©: ü��õ�ª� GCD� BezoutÝ
, ü��õ�ªCq GCDgê�&�y. 1�Ü©Äk0�ü�ü��õ�ª BezoutÝ
�½Â, �²ü�ü��õ�ª GCDgê�Ù BezoutÝ
º��'X.Ùg, 0�õ�ü��õ�ª BezoutÝ
�½Â, ±9õ�ü��õ�ª GCD�gê� BezoutÝ
�fÝ
º��'X. 1�Ü©´Ø©�Ø%SN, �[0�ü��õ�ªCq GCDgê�&�y¯K��)g´. Äk0�XÛòü��õ�ªCq GCDgê�&�y¯K=zǑ��5Û¼ê�§|":��&�y¯K. Ùg©Û
��5Û¼ê| f(ε)Cþ�ê��§�ê���'X. ��, 3��5Û¼ê| f(ε)´j½��¹e, ^Û1�ª�{O� f(ε)� JacobianÝ
¿^�½Cþ{òj½XÚ f(ε)=zǑ�5XÚ f(εI).1oÙ�)ü�Ü©: VUP�{Úê�Á�. �â1nÙ�nØ, ·��Ñü��õ�ªCq GCDgê�&�y�{ (VUP). T�{Ì�©n�Ú½,Äk^2Â_�{é��?1`z,Ùg^�½Cþ{òj½XÚ f(ε)=zǑ�5XÚ f(εI), ��?1«mÚîS�. ·�®²�¤ü�ü��õ�ªCq
GCDgê��&�y�{, 
�é¤��~fÑU3Ü·���Ú��«meO����&«m.���Ù·�o(
®k�ó�¤J, ¿?Ø
±��±UYãå�ïÄ��.
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2.1 222:::���{{{���«««mmm���{{{3ÎÒÚê�·ÜO�L§¥, �{�k3O�Åþ?ÈâU¢y. ÏǑO�Å�U�;k� ê, �õê¢ê3O�Åþ´±Ø°(�2:ê5L«.ù«�;þ�Ø�Ø�;�/¬KǑ�O�(J. O�Åþ�2:�{�UE¤�	�Ø�. ��~�Ø���{´^�õ� ê5L«��¢ê. ,
e¡�~fw�·��õ� ê��ØU��)û¯K.��{ü
4à�~f

x0 = 1;

x1 =
1

3
;

xn+1 =
13

3
xn −

4

3
xn−1, n = 1, 2, 3, · · · .3O�Åþ^2:�{��O�(Jw«TS�òÂñ�−∞½ö +∞ (−∞�´ +∞�ûuO�Å, ?§�ó±9?È§S). �´Ø+´æ^ü°Ý�´V°Ý5?1O�, (JÑ´Xd. ?1í��±y²TS��ÓuXeS�:

xn =

(
1

3

)n

, n = 0, 1, 2, · · · .3êÆ¿Âþ, þãS�S�ATÂñ� 0.¯¤±�,¼ê f3 x = x0?�ê�½Â´ f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
.XJ3O�Åþ�E��ê�S�, � hªCu 0�, �O f ′(x0)��¶�o·��±äó¤këY¼êÑ��, 
��¼êA�??Ǒ". E¤ù«(J��Ï´� hv
���ÿ, f(x0 + h)Ú f(x0)3O�Åþ�;���Ó. ±þü�~fw�·�2:�{���ê�)¿Ø�½�&.,��¡, 3ÎÒO�¯K¥, XJ¯K�Ñ\�¹Ø°(�2:ê, �oÑÑ(J'XúÏª!Ïª©)½DÕS�ª��U´²��. ��2:�{�U�ÑêÆ¯K���Cq). 3êÆ�¢SA^¥, Ǒ
{z?�Ú�í



12 ü��õ�ªCq��úÏf�gê��&�y�ó�, Nõ©Ûó�´3®k(J�Ä:þ?1�. 2:�{���Cq)�°()�m�Ø�ò¬\È�?�Ú��)Ú©ÛL§¥.e¡·�ò�Ñ�X�{ü�~f5`²«m�Ñy´ég,�.

1. Ôn~ê½ÝþÏ~·����Ñ´Cq�. ~X, ­å\�Ý g��½�Ǒ
g = 9.80665m/s2.¯¢þ, g ���ûu¤3 ��pÝ, Ù��´ [9.8045, 9.8082]. Ïdé

gO(�£ã´
g ∈ [9.8045, 9.8082]m/s2.

2. ê�L«�Ø´)��´ÅìO�, ¤k�êÑ�U^k� êL«; X
1

3
≈ 0.33333,

√
2 ≈ 1.4142, π ≈ 3.1416.ùÒ¿�Xk�\Ø�. XJU
^þe.5.½��ê,�où«L«�{ò�\°(. e¡´Ê k�ê�L«

1

3
∈ [0.33333, 0.33334],

√
2 ∈ [1.4142, 1.4143], π ∈ [3.1415, 3.1416].Ǒ
���&�ê�), 3��­VÊ�
��Ï R.E.Moore 3 [49] ¥0�
���{. Ǒ
L«��¢ê r, �JÑ^O�Å¥�¹ r �«m5L«, 
Ø´DÚ��ä½ö�\. ~X, 3O�Åþ�nê π �±L«Ǒ«m

[3.141592653, 3.141592654]. ^«mL«�ê�m�$�ǑAT^«m5L«,�½Â«m$�Xeµ½Â 2.1. «m$�� x Ú y ´ü�¢ê«m, op L«�â$� (+, -, *, /). �o x op y =

{x op y|∀x ∈ x, y ∈ y}.�õ�«m�{$�Ú©Û�±ë�©z [53]. «mL«Ú«m$����`:´�&. Äu«m©Û��{��?�Ú�u�, k,��Öö�±ë� [50]ÚÙ��'«m©Û�©z. 3Ø�ª, Cq�, Ø�.±9k.à8��'¢Só�¥, «m�{Ñ´��°{�óä. «m�{3ó�A^, Ý℄|Ü+n, y76ºx��±9ÄÏ|¢��¡�A^, Öö�±ëw©Ù [10].
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2.2 ���&&&���yyyDÚ�êÆy²´^)Ú�5�¤�, y3kéõêÆ¯K�y²$^�O�Å. ,
, Ø+´^O�Å5y²�´y²L§¥^�O�Å, ù«�{¿ØN´4<�É. �&�y�{´, éu�½����y¯K, �E�{¿y²^T�{O�Ñ�«mS�½�3T¯K�). e¡´A�|^O�Å59Ïy²�~f:

• 10�k��K²¡���35y².

• o.ü+ ( 28 · 37 · 56 · 7 · 11 · 31 · 37 · 67� )��35.

• Thompsonü+���5Ú O’Nan+��35.þã~f�y²äk���Ó:: Äu�êO�, vkØ�. e¡�~f´Äu2:O�5?1y²�.

• �ÈN��ÊH5y².

• lÑÄåXÚ¥·b��&�y.

• V�ß��y².

• Lorenz.�§|·b��&�y.

• Sturm-Liouville¯K$u��Ì�AÆ��35y².Ù���
~f, Öö�±ë� Frommer [22].·�J�êÆ¯K���y²L§k�UÑ3O�Åþ?1¢y(I�§S
�°|?È). lù�¡5w, kéõ��8, ~Xµy²Ï�X Coq [67],½ny²§SX HOL [40], ½ny²Ú«mO��(Ü [15, 29], FMathL [41].�þ��²��êÆ½n�y²´ÏLO�Å5¢y�, �)�[Ù���êÄ�½n, n�© 60bÆ�Ø�U5, �ê½n, BrouwerØÄ:½n. Ù��
3O�Åþ¢y�~5y², Xk���È©. éudÄ��âö�ÚÄ�IO¼ê�¤�¼ê, Risch [51]JÑ
���{5(½ÙÈ©�35 (XJ�3, K�ªO�Ñ(J). ù��{3 Maple (2009)Ú Mathematica (2009)¥¢y, �±3k��mSO�Ñ(J.



14 ü��õ�ªCq��úÏf�gê��&�y
2.2.1 ���&&&���yyy���{{{������KKK�&�y�{Ǒ¡Ǒg�y�{, T�{�²
XÛò2:�{^uî�y². ^�&�y�{?n�;.¯K�)

• �ä���½�Ý
��ÛÉ5.

• O�¼ê f : D ⊆ R
n → R�����Ø�..

• O���5XÚ f(x) = 0":��&Ø�..

• O�~�©�§½ö �©�§)��&Ø�..�õê�&�y�{Ñ�6u����Cq��. �+z�¯K�)�5��UØ��Ó, ����)L§¥�kXe�Ó:.�&�y�{��O�K:êÆ½n�b�^��y²´3O�Å�9Ïe�¤�.�&�y�{´êÆ½nÚ¢SA^�p�^��Ô. Ì�?ÖÒ´d½nÚ½nb�^��Ñ�{���&�yé�U¤õ. ý�õêù�½n�^�´¿©^�, =XJ^�÷v, �oäóǑý; XJØ÷v, ØU`²?Û¯K. b�^���&�y´Äu2:�{��O. e¡´M�ç�Ñ���¯K�·½5½Â: XJ��¯Kk��)¿�ù���)ëY/�6uÑ\êâ,�o·�¡ù�¯K´·½�. �&�y�{Ò´ÏLy²)��35Ú��55�)¯K�. Ïd�\Ø��ÑyÒ¿�X�&�y�{�)·½5¯K.�&�y�{��)�K:�&�y�{�)·½5¯K.��;.�~f, y3®²kék���&�y�{5y²��Ý
��ÛÉ5; �´, Ý
�ÛÉ5�y²%�Ñ
�&�y���, ÏǑ3?Û��Ý
�m��SÑk�ÛÉÝ
.�&�y�{�8I´3�Ä¤k�UØ�5
��¹e, AO´�\Ø�, O�Ñî��Ø�.��3êÆ¿Âþ´�(�. ?�Ú�8I´�Ñ�),a¯K��&�y�{, ÙO��ÝØ$uyk����ê��{��Ý.
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ó, �½,�ê��{, <��U¬¯éu��ê�¯K·�´Äk7�O��&�Ø�.. ·��±Ú^Willian Kahan�{5£�/ê�Ø�´D��, D��¿ØI�o´�Ä�;�Ǒ¿Ø´D��·��±�Ñ�.0Ød�	, vk<¬«�, x�nâß�é�U´�(�==´ÏǑ3ê�·�Á�¥vké��~.�&�y�{����O\��5��{k���«O. ~X, PorteÚ
Vignes [45], Vignes [64, 65], Stewart [60] Ú Chatelin [8] k�u�
�Å�{.

Demmel [16]JÑ���5XÚ�)§S, T§S^Uû�S�?1°z¿3ê±z�O�~f¥y²
�&5; �´��¥vk���{�±(¡���(J�½´�&�.

2.2.2 ¯̄̄¤¤¤±±±���������²²²·�I�Ǒî���&�y�½óä. ¯¤±�, Cq)k��í�Øv±`²°()Ò3ÙNC. Ó�/, lÑ¯K�)ØI�3ëY¯K)�NC.,	, 3ØÓ�°ÝeO�Ñ�q�Cq, ù¿Ø¿�Xù�Cq�3°(�NC. Ǒ
`²ù�¯K·�Ú^ Rump (1994)�E�~f5\±`².

f = 333.75b6 + a2(11a2b2 − b6 − 121b4 − 2) + 5.5b8 +
a

2b
, (2.1)Ù¥ a = 77617, b = 33096, 3 IBM�.ÌÅþ?1O�, ©O±ü°Ý, V°Ý, *�°ÝO����(JXeü°Ý f ≈ 1.172603 · · ·V°Ý f ≈ 1.1726039400531 · · ·*�°Ý f ≈ 1.172603940053178 · · ·¯¢þ, °()Ǒ f = −0.827386 · · · = a

2b
− 2.

(2.1)�Ì�Ü© (Ø
����©ª)�Ú´ -2. -|�´Ì�Ü©�2:O�3¤k°ÝeÑCqu"; ÏdO�(JCqu a
2b
. ?�Ú�©Û�±ë� Cuyt, Verdonk, BecuweÚ Kuterna [14]±9 LohÚWalster [38].

2.2.3 ���&&&���yyyuuu���{{{§§§�&�y�u�{§�±©¤n�Ì��ã.



16 ü��õ�ªCq��úÏf�gê��&�y1��ã, Young [68], Dwyer [19], Warmus [66]�NNõõ��©ÙÑ½Â
«m$�; �´vkéà:?1T�/�\.1��ã, Ì��?Ú´^«m�{�)¯K. Sunaga [63]3À®�Æ�Ï�a¬Ø©¥0�:

• «m�f, lá©�½Æ, �©, FÝ±9r«mw�ÿÀ+�*:��,

• ^	�\.5(½þe(.Ú¥%�»��{, ¢«m, E«mǑ�)p��/,

• �¹á5, �¹�K±9f8�5�,

• ¥%/ª, Uû���O�[©,

• «mÚî�{,

• IO¼ê°(�O��&��,

• ÏL{êL«�{¯�¢yO�Å�{,

• Simpson{K�)½È©��¹,

• ÅÚ�°{) ODE�§.

Moore [48]Æ¬Ø©�uL,iå«m�{�9�. HansenÚ Smith [27]JÑ�kû^�4�/�Ø
é«m$��L©p���&. ����­VÔ�
�¥Ï, î�/O�Ñ Simpson{K�Ø��O, Krawczyz [35]¥Ú\«mÚî�{¿O����&�y«m. AlefeldÚ Herzberger [1]¥éõ�²��êÆ¯K��?�Ú�)û.1n�ã, Moore [47]JÑ��35ÿÁmé
�&�y+��1n�ã,���&�yl«mª���&�y�{. Ø+´k��� BrouwerØÄ:½n�´��� SchauderØÄ:½nþ�^uy²��¯K�)3O�Ñ�«mS. Ǒ
�Eù��«m, Rump [52]JÑ
�«S��{. T�{´�&�y�{�IO�{.
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3.1 


óóó^ÎÒ�ê�·ÜO��{5O�ü��õ�ªCq GCD�¯K´��Ä�
q(J�¯K. éõ�ïó�öéT¯K?1
2�/ïÄ. ©z [31]¥0�õ�ªCqGCD�¯K��«�{. 3 [36, 42]¥,Ú\²�Ú�{ (SOS)5O��&�6Äe., ��6Ä�õ�ª� GCDgê´�½��. 
3 [11]¥, ^ Smale’s αnØ5y²3����SüC�õ�ª�C GCD��35Ú��5.�ÙÄk0�ü��õ�ª� GCD� BezoutÝ
, �²ü��õ�ª

GCDgê�Ù BezoutÝ
�fÝ
�º�'X. Ùg, Ǒ
O�õ�ª GCDgê��&�y«m, ·�òT¯K=zǑO�õ�ªBezoutÝ
�fÝ
�ºǑ 1��&�y«m. �â>.Ý
�5�, Ý
�ºǑ 1�du>.Ý
½Â�Û¼ê| f = 0. ��, ·�^Û1�ª�{5O�Û¼ê|� JacobianÝ
, ,�?1ÚîS�. AO/, �üC�õ�ª��ê´ 2�, BezoutÝ
´é¡Ý
���5Û¼ê| f ��êǑ 1.

3.2 üüü������õõõ���ªªª��� GCD��� BezoutÝÝÝ


¯¤±�, BezoutÝ
�±^5O�ü��õ�ª� GCD, Öö�±ë�©z [2–6, 17, 18, 24, 28, 61, 62]. Ó�ü�üC�õ�ª, ��� BezoutÝ
��ê'�A/ SlyvesterÝ
�, 
�ü�üC�õ�ª� BezoutÝ
9Ù k�Ìfª´é¡Ý
.�ü�ü���"õ�ª g1, g2 ∈ R[x] \ {0}, gê©O´ deg(g1) = mÚ
deg(g2) = n, m ≥ n; �ÙL�ªXe:

g1 = umx
m + um−1x

m−1 + . . .+ u1x+ u0, um 6= 0,

g2 = vnx
n + vn−1x

n−1 + . . .+ v1x+ v0, vn 6= 0.K��� BezoutÝ
½ÂǑ B̂(g1, g2) = (̂bi,j), Ù��Ǒ
b̂i,j = |u0vi+j−1|+ |u1vi+j−2|+ . . . + |ukvi+j−k−1|,



18 ü��õ�ªCq��úÏf�gê��&�yÙ¥ |urvs| = urvs − usvr, k = min(i − 1, j − 1). XJ r > n, K vr = 0. 5¿d? BezoutÝ
�½Â�Maple¥�½ÂØÓ; Maple¥½ÂXe:

B(g1, g2) = −JB̂(g1, g2)J,Ù¥ J´�éÆü 
. Maple¥½Â� BezoutÝ
 B(g1, g2)��uòÝ

B̂(g1, g2) ^= 180b�2�K; ��þü«½Â´���.½n 3.1. [61] � g1, g2 ∈ R[x] \ {0} ´ü��"ü��õ�ª, deg(g1) = m,

deg(g2) = n�m ≥ n. XJ deg(gcd(g1, g2)) = k, �o rank(B(g1, g2)) = m− k�
det(B(g1, g2)1:l,1:l)





6= 0, l ≤ m− k,

= 0, l > m− k.ü�ü��õ�ª� BezoutÝ
�±í2�õ��"ü��õ�ª. �
g1, . . . , gs ∈ R[x] \ {0} Ù¥ deg(gi) = di, 1 ≤ i ≤ s. b� d1 = max(d1, . . . , ds),�o B(g1, . . . , gs) ∈ R

(s−1)d1×d1 �±½ÂǑ
B(g1, . . . , gs) =




B(g1, g2)

B(g1, g3)
...

B(g1, gs)




.½n 3.2. [62] �ü��õ�ª g1, . . . , gs ∈ R[x] \ {0}, Ù¥ deg(gi) = di,

1 ≤ i ≤ s, � d1 = max(d1, . . . , ds), �o deg(GCD(g1, . . . , gs)) = k ��=�
BezoutÝ
�
 d1 − k + 1� B(g1, . . . , gs):,1:d1−k+1´�ºǑ 1.5 4. � s = 2�,½n 3.2�(Ø{zǑ deg(GCD(g1, g2)) = k��=� BezoutÝ
�
 d1 − k + 1� B(g1, g2):,1:d1−k+1 ´�º 1�. ��¡, ½n 3.1w�·� deg(GCD(g1, g2)) = k, K B(g1, g2)1:d1−k+1,1:d1−k+1´�º 1�. ,��¡, XJ B(g1, g2)1:d1−k+1,1:d1−k+1´�º 1�, �o B(g1, g2):,1:d1−k+1�½´�º 1�,Ïd deg(GCD(g1, g2)) = k.íØ 3.3. �ü�ü���"õ�ª g1, g2 ∈ R[x] \ {0}, d1 = max(d1, d2),

deg(GCD(g1, g2)) = k��=� B(g1, g2)1:d1−k+1,1:d1−k+1´�ºǑ 1.
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3.3 üüü������õõõ���ªªªCCCqqq GCDgggêêê������&&&���yyy¯K 3.1.�ü��õ�ª g1, . . . , gs ∈ R[x] \ {0}, Ù¥ deg(gi) = di, 1 ≤ i ≤ s, �
d1 = max(d1, . . . , ds), g1, . . . , gs�Cq GCD�gê´ k, g1, . . . , gs�Xê6Äõ�ª½ÂXe:

gi(εi) := gi +

di∑

j=0

εi,jx
j, i = 1, ..., s,Ù¥ ε1, . . . , εs ´ëCþ�þ. XÛ���õ�ª g1, . . . , gs Xê�6Ä«m

E1, . . . , Es, ���½�3��6Ä ε̂1 ∈ E1, . . . , ε̂s ∈ Es , ÷v
deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) = k.ù´�� GCD�&�y¯K. ½n 3.2(JL² deg(GCD(g1, . . . , gs)) = k� BezoutÝ
�
 d1 − k + 1� B(g1, . . . , gs):,1:d1−k+1´�ºǑ 1�d. 
Ún

1.7�Ñ
��Ý
´�ºǑ 1��d^�. ±þ½nÚÚn�(J�
·��)¯K��{.·�-
A(ε1, . . . , εs) := B(g1(ε1), . . . , gs(εs)):,1:d1−k+1.b� A(ε1, . . . , εs) ⊆ Rm×n(ε1, . . . , εs). �EÝ
 G(ε1, . . . , εs)Xe:

G(ε1, . . . , εs) :=

(
A(ε1, . . . , εs) b0 . . . bm−n

cT 0 . . . 0

)
(3.1)Ù¥ c ∈ Rn, bi ∈ Rm, 0 ≤ i ≤ m − n . XJéu,�6ÄXê�þ

(ε̃1, . . . , ε̃s), Ý
 G(ε̃1, . . . , ε̃s)´�ÛÉ�, �o�½�3�þ (ε̃1, . . . , ε̃s)�,��� U(ε̃1, . . . , ε̃s), Ý
 G(ε1, . . . , εs)´�ÛÉ�. ?�Ú, éuz����
U(ε̃1, . . . , ε̃s)S�:, �5XÚ

(
A(ε1, . . . , εs) b0 . . . bm−n

cT 0 . . . 0

)



α

f0
...

fm−n




=

(
0

1

)
(3.2)
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¼ê|
(α, f0, · · · , fm−n)

T : U(ε̃1, . . . , ε̃s) −→ R
m+1
 (3.2)´¼ê| (α, f0, · · · , fm−n)

T �Û¼ê�§.dþ¡¤ã, Ý
 G(ε1, . . . , εs)3�� U(ε̃1, . . . , ε̃s)S´�ÛÉ�, �âÚn 1.7�íÑ, A(ε1, . . . , εs)´�ºǑ 1��=�
(f0(ε1, . . . , εs), . . . , fm−n(ε1, . . . , εs)) = 0.�d, ·�ò�) deg(GCD(g1(ε1), . . . , gs(εs))) = k�:=�Ǒ�)�§|

(f0, · · · , fm−n)
T = 0�":. y²�g´Xe:

deg(GCD(g1(ε1), . . . , gs(εs))) = k (3.3)½n3.2−−−−→ corank(A(ε1, . . . , εs)) = 1 (3.4)Ún1.7−−−−→
G�ÛÉ (f0, · · · , fm−n)

T = 0. (3.5)e¡·�ò?Ø��5¼ê|
f(ε1, . . . , εs) = (f0(ε1, . . . , εs), . . . , fm−n(ε1, . . . , εs)) (3.6)":��&�y. dõ�ª� Bezout Ý
½Â��Ý
 A(ε1, . . . , εs) ´

(s − 1)d1 × (d1 − k + 1) �Ý
. Ïd m = (s − 1)d1, n = d1 − k + 1, -
q = m− n+ 1 = (s− 2)d1 + k. 
ëCþ��ê p =

∑s

i=1(di + 1). K
f : Rp −→ R

q��5¼ê| f ´�½�´j½�ûu di, i = 1, ..., s. ·�U s��{ü/?ØXe:

• s = 2�, p = d1 + d2 + 2, q = k, d� p > qð¤á, ��5¼ê| f ´j½�.

• s = 3�, p = d1 + d2 + d3 + 3, q = d1 + k, d� p > qð¤á, ��5¼ê| f ´j½�.
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• s > 3�, p =
∑s

i=1(di + 1), q = (s − 2)d1 + k,, q < pÚ q ≥ pÑk�U.b� s = 4, - d1 = 20, d2 = 4, d3 = 5, d4 = 6, k = 3, ?1{ü�O��� p = 39, q = 43; XJ- d1 = 10, d2 = 4, d3 = 5, d4 = 6, k = 3§w,k
p = 29, q = 23.��5¼ê| f ´�½��¹, �I��?�Ú�ïÄó�, 3d6�Ø��Ä. ±e·�ob���5¼ê| f ´j½�. � (ε̃1, . . . , ε̃s) ´��5j½XÚ f = 0 ���Cq), b� f 3 (ε̃1, . . . , ε̃s) ?� Jacobian Ý


Jf (ε̃1, . . . , ε̃s)´÷��, �o��5�§| f = 0":��&�yÒ=zǑO�«m�þ
Xi ∈ IR

dim εi � 0 ∈ Xi, for 1 ≤ i ≤ s (3.7)�� (ε̃1 +X1, . . . , ε̃s +Xs)�¹��5�§| f = 0�":.Äk, ·�ò0�O� Jf(ε1, . . . , εs)�/Û1�ª�{0, SpenceÚ Poul-

ton [59] 3 GriewankÚ Reddien [25, 26] �Ï�ó��Ä:þ, 1�gJÑ
Û1�ª�{. T�{´òÚî{A^�Û¼ê. Ǒ
��?�Ú�(J,·�òXÚ (3.2)éz��Cþ εi,j ?1�©
{

A ∂α
∂εi,j

+ ∂A
∂εi,j

α+
∑m−n

i=0 bi
∂fi
∂εi,j

= 0,

cT ∂α
∂εi,j

= 0.

=⇒

G(ε1, . . . , εs)

(
∂α(ε1,...,εs)

∂εi,j
∂f(ε1,...,εs)

∂εi,j

)
=

(
−∂A(ε1,...,εs)

∂εi,j
α(ε1, . . . , εs)

0

)
. (3.8)éu�½�Cq) (ε̃1, . . . , ε̃s), �5XÚ (3.8)¥�Ý
 G´��~êÝ
, 
éØÓ�Cþ εi,j ?1�©���mà�þ��5`´ØÓ�. ·�ò�)� p��5XÚ��þ|Üå5B�� (α,f)T 3 (ε̃1, . . . , ε̃s)?� JacobianÝ
 J ,�o Jf(ε̃1, . . . , ε̃s) = Jn+1:m+1,:.Ùg, ·�òéj½�§| (3.6)":��&�y=zǑ Rn −→ Rn��5XÚ":��&�y. ·�¤^���{
uChenÚWomersley [9]. À�Cþ����If8 I ⊂ {(i, j)|1 ≤ i ≤ s, 0 ≤ j ≤ di}�� Jf(ε̃1, . . . , ε̃s)I ´÷��
. Ù¥ Jf (ε̃1, . . . , ε̃s)I L« JacobianÝ
 Jf(ε̃1, . . . , ε̃s)À��I8 I ¥��éACþ¤é��|¤�fÝ
. �Bå�, ·�� εI = (εi,j : (i, j) ∈ I), �o
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Jf(ε̃1, . . . , ε̃s)I �±L«Ǒ Jf (ε̃I). ?
j½¼ê| (3.6)¤õ/=zǑ·����¼ê|.��, ·�òØ3�I8¥���éA�Cþ�½¤��, = εi,j = ε̃i,j,

(i, j) 6∈ I, d�
f(εI) : R

m−n+1 −→ R
m−n+1XJ�½ XI = (Xi,j : (i, j) ∈ I) ∈ IRm−n+1 � 0 ∈ XI , R ∈ R(m−n+1)×(m−n+1);|^½n 1.5��{, ¤õ��

S(XI , εI) := −Rf(ε̃1, . . . , ε̃s) + {I −RJf(ε̃I +XI)I}XI ⊆ int(XI).�o, ·��±�Ñ(Ø: 3«m�þ E ¥�½�3��: (ε̂1, . . . , ε̂s)´�§| f(ε) = 0�":; Ù¥
Ei,j :=

{
ε̃i,j, (i, j) 6∈ I,

ε̃i,j +Xi,j, (i, j) ∈ I.�âÚn 1.7, XJÝ
 G(ε1, . . . , εs), (ε1, . . . , εs) ∈ E ´�ÛÉÝ
, �o�½�3: (ε̂1, . . . , ε̂s) ∈ E��Ý
 A(ε̂1, . . . , ε̂s)´�ºǑ 1; l

deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) = k.5 5. �)¯K 3.1�L§¥, ·�^�
±eü�b�:

1. ��5¼ê| (3.6)´j½�;

2. �½���5�§| f(ε) = 0�©Cq) (ε̃1, . . . , ε̃s)�� JacobianÝ

Jf(ε̃1, . . . , ε̃s)´÷��.
¡·�®²�Ñ(Ø� s = 2, 3�, ��5¼ê| (3.6)´j½�. AO/, �

s = 2�, díØ 3.3�Ý
 A(ε1, . . . , ε2) = B(g1, . . . , g2)1:d1−k+1:,1:d1−k+1 ´�
, Ïd��5¼ê| (3.6)��êǑ 1. 3À��I8 I �, ·��IÀ�����=�.
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4.1 ���{{{�âþ�!�nØ, ·��O�{Xe:�{ 4.1. VUP�{Ñ\µ

◮ ü��õ�ª g1, . . . , gs ∈ R[x] \ {0}, Ù¥ di = deg(gi), 1 ≤ i ≤ s �
d1 = max{d1, . . . , ds}.
◮ (ε̃1, . . . , ε̃s): õ�ª g1, . . . , gsXê�þ�6Ä��.

◮ (X̃1, . . . , X̃s): õ�ª g1, . . . , gsXê«m�þ�6Ä��.

◮ tol: ��`z�N�.

◮ k: ��yõ�ª g1, . . . , gsCq GCD�gê.ÑÑµ
◮ (X1, . . . , Xs), Ù¥ Xi ∈ IRdim εi, 1 ≤ i ≤ s.

◮ Failure: �¤õ$1.Ú½:

1. ê���`z
a ÀJÜ·��þ b0, . . . , bm−n ∈ R

m Ú c ∈ R
n �� (3.1) ¥�Ý


G(ε̃1, . . . , ε̃s)�ÛÉ.

b - (3.2)¥ëCþ�þ (ε1, . . . , εs) = (ε̃1, . . . , ε̃s), �)T�5XÚ��Cq) (α(ε̃1, . . . , ε̃s),f(ε̃1, . . . , ε̃s)).

c éuz��Cþ εi,j, 1 ≤ i ≤ s, 0 ≤ j ≤ di, ÏL)�5XÚ (3.8)��
∂f(ε̃1,...,ε̃s)

∂εi,j
��; l
�� Jf(ε̃1, . . . , ε̃s).

d u� Jf(ε̃1, . . . , ε̃s)´Ä´÷��. XJ Jf Ø´÷��, £�1�Ú, ­#ÀJ��. XJ Jf ´÷��, ?\e�Ú.

e ^2Â_�{é��?1`z,�� |fi(ε̃1, . . . , ε̃s)| < tol, 0 ≤ i ≤ m−n.
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2. À��I8 I �� Jf (ε̃I)´�ÛÉ��
. ¿O� Jf(ε̃I)�Cq_ R.

3. «mS�.

a «m�{��©z.

Yi,j = Xi,j :=

{
0, (i, j) 6∈ I,

X̃i,j , (i, j) ∈ I.

b ^ INTLAB�¥ verifylss¼êO�«m�þ Z ��
∑

(
G(ε̃1 + Y1, . . . , ε̃s + Ys),

(
0

1

))
⊆ Z

c ^ verifylss¼êO�«mÝ
M ��
Jf(ε̃1 + Y1, . . . , ε̃s + Ys)I ⊆ M (4.1)

d -
XI = −Rf(ε̃1, . . . , ε̃s) + (I −RM)YI .XJ XI ⊆ int(YI), �oaÑÌ�, ?\e�Ú; ÄK, òO�¤��

XI D�Ǒ�©S�«m, ?\«mS�1�Ú.

e �y«mÝ
G(ε̃1+X1, . . . , ε̃s+Xs)�ÛÉ5. XJG(ε̃1+X1, . . . , ε̃s+

Xs)´�ÛÉ�, �o�£ (X1, . . . , Xs); ÄK, �£�}.5 6. ±e´éT�{�A:Ö¿`²:

• ^2Â_�{é��6Ä�`zJp
é����65.

• T«m�{Ü©´±½n 1.5ǑÄ:. 
½n 1.5��
¼ê| f ":�&�y���¿©^�, k�UO�Ñ�«m�þX ´�&«m, �´Ø÷v½n 1.5�^�.

• � s = 2�, du A(ε1, . . . , ε2)´�
, �I8 I �k����, �{��?�Ú�{z.·K 4.1. XJþã�{¤õ�£«m�þ (X1, . . . , Xs), �o�½�3�þ
(ε̂1, . . . , ε̂s) ∈ (ε̃1 +X1, . . . , ε̃s +Xs)�� deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) = k.



1oÙ �{�ê�Á� 25y². VUP�{¤õ�£«m�þ (X1, . . . , Xs), �â«mS�� dÚ½n 1.5��, �½�3�þ (ε̂1, . . . , ε̂s) ∈ (ε̃1 +X1, . . . , ε̃s +Xs)�� f(ε̂1, . . . , ε̂s) = 0.Ún 1.7Ú�{«mS�� e�� corank(A(ε̂1, . . . , ε̂s)) = 1. d½n 3.2��
corank(A(ε̂1, . . . , ε̂s)) = 1� deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) = k�d. Ïd, �½�3�þ (ε̂1, . . . , ε̂s) ∈ (ε̃1+X1, . . . , ε̃s+Xs)�� deg(GCD(g1(ε̂1), . . . , gs(ε̂s))) =

k.

4.2 êêê���ÁÁÁ���~ 4.1. [31] �Äü�ü��õ�ª
f = 1000x10 + x3 − 1,

g = x2 − 0.01,��y�Cq GCD�gê´ 1. -
f(ε1) = (1000 + ε1,11)x

10 + ε1,10x
9 + ε1,9x

8 + ε1,8x
7 + ε1,7x

6 + ε1,6x
5

+ε1,5x
4 + (1 + ε1,4)x

3 + ε1,3x
2 + ε1,2x+ ε1,1 − 1,

g(ε2) = (1 + ε2,3)x
2 + ε2,2x+ (−0.01 + ε2,1)Ǒ���¹ëCþ6Äõ�ª, Ù¥ ε1, ε2ǑXê6Ä�þ. �{Ñ\Xe

ε̃1 = [0.8399 · 10−2, 0.415059 · 10−2, 0.205103 · 10−2, 0.101 · 10−2,

0.500837 · 10−3, 0.247491 · 10−3, 0.122287 · 10−3, 0.604355 · 10−4,

0.297998 · 10−4, 0.147908 · 10−4, 0],

ε̃2 = [−0.179618,−0.88759 · 10−1,−0.43861 · 10−1],

tol = 10−10,

X̃i,j :=

{
0, (i, j) 6= (2, 1),

10−11 ∗ [−1, 1], (i, j) = (2, 1).|^�{O���Xe«m�þ, �â·K 4.1, �½�3Xê6Ä�þ ε̂1, ε̂2�� f(ε̂1), g(ε̂2)� GCD�gêǑ 1, Ù¥ ε̂1 ∈ E1, ε̂2 ∈ E2.
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E1 =[0.00839899639100, 0.00839899639101]

[0.00415058821698, 0.00415058821701]

[0.00205102911900, 0.00205102911901]

[0.00100999956500, 0.00100999956501]

[0.00050083678479, 0.00050083678481]

[0.00024749089370, 0.00024749089371]

[0.00012228694749, 0.00012228694751]

[0.00006043547404, 0.00006043547405]

[0.00002979978716, 0.00002979978718]

[0.00001479079365, 0.00001479079367],

E2 =[−0.00000000000314,−0.00000000000313]

[−0.17961792278821,−0.17961792278820]

[−0.08875896187001,−0.08875896186998]

[−0.04386098116001,−0.04386098115998].T~f�«��yCq GCDgêǑ 1�ü�õ�ª�(J. e¡ò�Ñ��yCq GCDgê�p��
~f.~ 4.2. �Äõ�ª
f = x9 − x6 + x5 − x4 + x− 1,

g = x6 + 4.0001x5 − 0.9999x− 3.99969999.��yCq GCD�gêǑ 5. aq~ 4.1��{, ·�-
f(ε1) = (1 + ε1,10)x

9 + ε1,9x
8 + ε1,8x

7 + (−1 + ε1,7)x
6 + ε1,6x

5 + (−1 + ε1,5)x
4

+ε1,4x
3 + ε1,3x

2 + ε1,2x+ (−1 + ε1,1),

g(ε2) = (1 + ε2,7)x
6 + (4.0001 + ε2,6)x

5 + ε2,5x
4 + ε2,4x

3 + ε2,3x
2

+(−0.9999 + ε2,2)x+ (−3.99969999 + ε2,1),
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ε̃1 = [0.2 · 10−4,−0.2 · 10−4, 0.23249 · 10−5, 0.1901 · 10−5,

0.3 · 10−4, 0, 0, 0.2675 · 10−5, 0.16753 · 10−5, 0],

ε̃2 = [−0.10001 · 10−3,−0.2 · 10−4, 0.17999 · 10−4,

0.2129 · 10−4, 0.16014 · 10−4,−0.1 · 10−3,−0.2 · 10−4],

tol = 10−10.

X̃i,j :=

{
0, (i, j) 6= (1, 10),

10−10 ∗ [−1, 1], (i, j) = (1, 10).|^�{O���Xe«m�þ, K�½�3Xê6Ä�þ ε̂1, ε̂2 ��
f(ε̂1), g(ε̂2)� GCD�gêǑ 5, Ù¥ ε̂1 ∈ E1, ε̂2 ∈ E2.

E1 =10−3 ∗ [0.02000000000000, 0.02000000000001]
10−3 ∗ [−0.02000000000001,−0.02000000000000]

10−3 ∗ [0.00232489999999, 0.00232490000001]
10−3 ∗ [0.00377335052599, 0.00377335052601]
10−3 ∗ [0.03748960039999, 0.03748960040001]
10−3 ∗ [−0.00000002998423,−0.00000002998422]

10−3 ∗ [−0.00000003986506,−0.00000003986505]

10−3 ∗ [0.00267496629699, 0.00267496629700]
10−3 ∗ [0.00354753818199, 0.00354753818201]
10−3 ∗ [0.00748922591531, 0.00748922591532],
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E2 =10−3 ∗ [−0.10188238800001,−0.10188238800000]

10−3 ∗ [−0.02000005165001,−0.02000005164999]

10−3 ∗ [0.01799898254999, 0.01799898255001]
10−3 ∗ [0.02316240421999, 0.02316240422001]
10−3 ∗ [0.01414157635999, 0.01414157636001]
10−3 ∗ [−0.10187233180001,−0.10187233179999]

10−3 ∗ [−0.02000004495001,−0.02000004494999].~ 4.2´©z [62]¥~f?U
5,e¡ò�Ñgê�p�
�õ�ª�~f.~ 4.3. �Äõ�ª
f = 48.0001− 135.9999x+ 172.0001x2 − 97.9999x3 + 42.0001x4 − 46.9999x5

+118.0001x6 − 139.9999x7 + 65.0001x8 + 68.0001x9 − 16.9999x10

+33.0001x11 − 5.9999x12 − 13.9999x13 + 1.0001x14 + 1.0001x15

g = −47.9999− 79.9999x− 75.9999x2 + 132.0001x3 + 46.0001x4 − 7.9999x5

+30.0001x6 − 32.9999x7 − 4.9999x8 + 7.00001x9 − 0.99998x10,����y�Cq GCD�gêǑ 5. -
f(ε1) = (48.0001 + ε1,1) + (−135.9999 + ε1,2)x+ (172.0001 + ε1,3)x

2

+(−97.9999 + ε1,4)x
3 + (42.0001 + ε1,5)x

4 + (−46.9999 + ε1,6)x
5

+(118.0001 + ε1,7)x
6 + (−139.9999 + ε1,8)x

7 + (65.0001 + ε1,9)x
8

+(68.0001 + ε1,10)x
9 + (−16.9999ε1,11)x

10 + (33.0001ε1,12)x
11

+(−5.9999 + ε1,13)x
12 + (−13.9999 + ε1,14)x

13 + (1.0001 + ε1,15)x
14

+(1.0001 + ε1,16)x
15,

g(ε2) = (−47.9999 + ε2,1) + (−79.9999 + ε2,2)x+ (−75.9999 + ε2,3)x
2

+(132.0001 + ε2,4)x
3 + (46.0001 + ε2,5)x

4 + (−7.9999 + ε2,6)x
5

+(30.0001 + ε2,7)x
6 + (−32.9999 + ε2,8)x

7 + (−4.9999 + ε2,9)x
8

+(7.00001 + ε2,10)x
9 + (−0.99998 + ε2,11)x

10
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ε̃1 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

ε̃2 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

tol = 10−15,

X̃i,j :=

{
0, (i, j) 6= (2, 11),

10−13 ∗ [−1, 1], (i, j) = (2, 11).|^�{O���Xe«m�þ, K�½�3Xê6Ä�þ ε̂1, ε̂2 ��
f(ε̂1), g(ε̂2)� GCD�gêǑ 5, Ù¥ ε̂1 ∈ E1, ε̂2 ∈ E2.

E1 =10−5 ∗ [−0.00000000276405,−0.00000000276404]

10−5 ∗ [−0.00000001959114,−0.00000001959113]

10−5 ∗ [−0.00000007276789,−0.00000007276788]

10−5 ∗ [−0.00000019967659,−0.00000019967658]

10−5 ∗ [−0.00000071602336,−0.00000071602335]

10−5 ∗ [−0.00000220094790,−0.00000220094789]

10−5 ∗ [−0.00000694844899,−0.00000694844898]

10−5 ∗ [−0.00002080087782,−0.00002080087780]

10−5 ∗ [−0.00006402605894,−0.00006402605892]

10−5 ∗ [−0.00019240096661,−0.00019240096659]

10−5 ∗ [−0.00058318053461,−0.00058318053459]

10−5 ∗ [−0.00174972873301,−0.00174972873299]

10−5 ∗ [−0.00527382035501,−0.00527382035499]

10−5 ∗ [−0.01582349019001,−0.01582349018999]

10−5 ∗ [−0.04756477612001,−0.04756477611999]

10−5 ∗ [−0.14269152520000,−0.14269152519999],
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E2 =10−5 ∗ [0.00000755465420, 0.00000755465421]

10−5 ∗ [0.00002301448476, 0.00002301448478]
10−5 ∗ [0.00006983210637, 0.00006983210640]
10−5 ∗ [0.00021118148178, 0.00021118148181]
10−5 ∗ [0.00063645284219, 0.00063645284220]
10−5 ∗ [0.00191540469500, 0.00191540469501]
10−5 ∗ [0.00575795436799, 0.00575795436801]
10−5 ∗ [0.01729827836999, 0.01729827837001]
10−5 ∗ [0.05193810309999, 0.05193810310001]
10−5 ∗ [0.15590106569999, 0.15590106570001]
10−5 ∗ [0.46785230908456, 0.46785230908457].~ 4.4. �Äõ�ª

f = x101 + x100 − x− 1

g = x101 − x100 − x+ 1,Ù��yCq GCDǑ 100. -
f(ε1) = (−1 + ε1,1) + (−1 + ε1,2) + ε1,3x

2 + ε1,4x
3 + ε1,5x

4 + ε1,6x
5 + · · · ,

g(ε2) = (1 + ε2,1) + (−1 + ε2,2) + ε2,3x
2 + ε2,4x

3 + ε2,5x
4 + ε2,6x

5 + · · · .Ǒ���¹ëCþ6Äõ�ª, Ù¥ ε1, ε2ǑXê6Ä�þ. �{Ñ\Xe:

ε̃1 = 10−4[1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,

−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1,

1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1,

1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1]
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ε̃2 = 10−4[1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1,

1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1,

1, 1,−1, 1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1,

1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1, 1,−1, 1, 1, 1,−1],

tol = 10−2,

X̃i,j :=

{
0, (i, j) 6= (2, 100),

10−4 ∗ [−1, 1], (i, j) = (2, 100).|^�{O����� 204��«m�þ, �â·K 4.1,K�½�3Xê6Ä�þ ε̂1, ε̂2�� f(ε̂1), g(ε̂2)� GCD�gêǑ 100, Ù¥ ε̂1 ∈ E1, ε̂2 ∈ E2.

E1 =10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [−0.10000000000001,−0.10000000000000]

...

E2 =10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [−0.10000000000001,−0.10000000000000]

10−3 ∗ [0.10000000000000, 0.10000000000001]
10−3 ∗ [0.10000000000000, 0.10000000000001]

...
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¡·�Ì�?Ø
ü��õ�ªCq GCDgê��&�y¯K.Äk½n 3.2(JL² deg(GCD(g1, . . . , gs)) = k� BezoutÝ
�
 d1 −
k + 1 � B(g1, . . . , gs):,1:d1−k+1 ´�ºǑ 1 �d. Ïd·�òü��õ�ªCq GCD gê��&�y¯K=zǑ: Ïéõ�ªXê���6Ä, ��6Äõ�ª BezoutÝ
�
 d1 − k + 1 �´�ºǑ 1. Ùg, lÚn 1.7�, XJ>.Ý
 (1.7) ´�ÛÉ�, K rank(A) = n − 1 ��5XÚ (1.8) �)÷v^� f0 = 0, . . . , fm−n = 0. ÏdòÏéõ�ªXê���6Ä��6Äõ�ª Bezout Ý
�
 d1 − k + 1 �´�º 1 =zǑ: �)Û¼ê�§|
f0(ε) = 0, . . . , fm−n(ε) = 0 �":. ��, éudXÚ (3.2) ½Â�Û¼ê|
(f0, . . . , fm−n)":��&�y¯K, ·�JÑ^Û1�ª�{�).�&�y�{�Ø%½n 1.5�^�´ f : Rn → Rn, 
dXÚ (3.2)½Â�Û¼ê|´ f : Rp −→ Rq, Ù¥ pÚ qdõ�ª��êÚgêû½. ©Û��Û¼ê| f �U´j½, �½½ö�5. 31nÙ¥·�©Û
� s = 2, 3�, Û¼ê| f ´j½�. Ǒd·�k�ÄÛ¼ê| f ´j½��¹. d�·��½,
Cþ�� f : Rn → Rn; 2|^½n 1.5, XJO�Ñ5�«m÷v^� (1.1) ¿� (3.1)ª3O�Ñ5�«mS´�ÛÉ�, �o¤�«m´ü��õ�ªCq GCDgê��&«m.� s = 2�, dín 3.3�Ý
 A(ε1, . . . , ε2) = B(g1, . . . , g2)1:d1−k+1:,1:d1−k+1´�
, Ïd��5�§| (3.6)��ê´ 1, 3À��I8 I �, ·��IÀ�����=�. ·�®²�¤O�ü�ü��õ�ªCq GCDgê��&�y�{, 
�é¤��~fÑU3Ü·���Ú��«me���&«m.õ�ªCqGCDgê��&�y¯K,·�)û
ü�ü��õ�ª��¹. 8��ó��±l±eA��¡ïÄµ

1. ·�éuÛ¼ê| f ´j½��¹?1
�\ïÄ. �´� p− q > 1�,3�½Cþ�À��{þ�k�Jp. ²Lõgê�Á�, ·���{�±O�Ñ,
~f��&«m, 
k
~f¿vk¤õ. o�, �{`z�¡�±�?�Ú�ïÄ.
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2. ·��±�ÄÛ¼ê| f ´�½��¹, d� p < q, XÛÚ\CþòÛ¼ê|=zǑ�5¼ê| f : Rn −→ Rn, ¿�O�{O��&«m.

3. ·���±�õC�õ�ªCqGCDgê��&�y¯K.¯¤±�,õC�õ�ª� SlyvesterÝ
�º�� GCD��gêk'. duõC�õ�ª���õ, ïÄó�ò�ä℄Ô5.©Ù [31, 33, 37]^ SlyvesterÝ
O�õC�õ�ª�Cq GCD. Ǒ
�BO�ü�õC�õ�ª�Èõ�ª�Xê, [32, 39]Ú\6ÄÝ
 C [m](g). éu�½�õC�õ�ª g, é?¿�gêǑm�õ�ª u, õ�ª u · g�Xê�þ�±^6ÄÝ
 C [m](g)�õ�ª u�Xê�þ��ÈL«. ~X
−−−−−−−−−−−−−−−−−−−−−−−−−→
(a2x+ a1y + a0) · (b2x+ b1y + b0) = C [1](a2x+ a1y + a0) ·




b2

b1

b0




=




a2 0 0

a1 a2 0

0 a1 0

a0 0 a2

0 a0 a1

0 0 a0




·




b2

b1

b0


 .

½n 5.1. [31] � g1, . . . , gs ∈ R[x1, . . . , xr] \ {0}, ¿� di = tdeg(fi), é¤k�
1 ≤ i ≤ sÑk k ≤ di, �o tdeg(GCD(g1, . . . , gs)) ≥ k��=� SylvesterÝ


Sk(g1, . . . , gs) =




C [d2−k](g1) 0 . . . 0 C [d1−k](g2)

0 C [d3−k](g1) 0 C [d1−k](g3)
...

...
. . .

...
...

0 0 . . . C [ds−k](g1) C [d1−k](gs)


��´�º 1�.�âþã½n�(Ø,õC�õ�ªCqGCD�gê��&�y¯K�±=zǑ SylvesterÝ
�º���&�y¯K. ·��Iy²e¡ü��¡

Sk��º 1 =⇒ tdeg(GCD(g1, . . . , gs)) ≥ k

Sk+1÷� =⇒ tdeg(GCD(g1, . . . , gs)) < k + 1.
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