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Abstract

The separation bound of zeros of polynomial systems is the lower bound on the minimal
distance among zeros. The computation of the separation bound of polynomial systems using
symbolic and numeric methods is an important problem of solving polynomial systems, which
is widely applied across the engineering and sciences.

This thesis is concerned with the computation of separation bounds of simple multiple
zeros of polynomial systems, and the existence of the cluster of polynomial systems. A simple
multiple zero of a polynomial system is also known as a breadth-one isolated singular zero, the
corank of its Jacobian matrix is one at simple multiple zero.

We first introduce the local dual space for characterizing an isolated singular solution of
a polynomial system, and a parametric representation for a reduced basis (multiplicity struc-
ture) of the local dual spaces. We present the definition of the standard form of Jacobian matrix
whose corank is one. Given a polynomial system with a simple multiple zero, we can always
assume that the Jacobian matrix satisfies the standard form by performing a unitary transforma-
tion on the polynomial system. Based on the parameterized multiplicity structure, we simplify
the definition of simple multiple zeros.

Secondly, under the assumption of the standard form, we can get a general form of poly-
nomial expansion around the simple multiple zero by substituting some items in the Taylor
expansion of polynomial iteratively. Then we present a lower bound of the separation bound
of simple multiple zeros quantitatively. In particular, for simple triple zeros, we give an ex-
plicit expression to the local separation bound. Moreover, we compare our separation bound of
simple multiple zeros with the local separation bound obtained by other methods.

Finally, we certify the existence of a cluster of polynomial systems. For a polynomial
system with an approximate root, we define a new polynomial system with the approximate
root as a simple multiple zero. By Rouché’s Theorem, we propose a numerical criterion for the

existence of a cluster of the polynomial system around the approximate root.

Keywords: polynomial systems; simple multiple zeros; separation bounds; cluster location
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yo ATRESE /o BRI, 3F G407 (UL 3.2), FRATTI SR 0% 25 77 AT RELL [3] v B B 57K
Hk, WFAELHRAL f:C >, xeC, MR £ Al x L D) T, [

AL(f) #£0, BAilE Lok

6f(x) 0
i, = afa,x(ic) u(x) |’ (1-15)
0X1 0X
0 0
Hy = AE) onx_l_c_xnx(n_l) ,2<k<u-1 (1-16)
IEATEY
g(X) = f(X) - f(x) = > Hi(X-x\
1<k<u—1
A A s&— AT RE
_ \/§Df(X) 1 0 ' (1-17)
0 EAu(fn)
R 3.8 7, FRATUERA T W R LR ASE R AL
1
(1-18)

d \ o
|W@M—§]WM@W®@J<5@R;WWMIL

1<k<p—-1
5




Hh R A B At A 18 S — 2 AR G il L H AR Y 2 5

W4 fAEL x R, R b BRI 1 B8 GHERED.



FE MuUFFROKELEN
1 BERsHE=IE
4 d? : C[X] —» C RRMTZ R, EXWT:

1 g
d¢(g) = . , VgeClX]|, 2-1
+(8) T axfl"-axﬁ"(x> g € C[X] (2-1)

..... a,) € N, TR AT

HtrxeC, a=[m

1, Wk a=48,
dﬁ“_”ﬂ{o éwé ’ 2

&1 NIMETRRS f = (h

..... X,]o XtF&
SE LA AR x € C, 1 RN E 28] Dy, 2 %% 8] D, = Span.{d?} T2, 2

Dy ={AeD, | A(g) =0, Vg el (2-3)
fa] B, HHE A x FTRUE R SCHiE, NSRS, ATH a7 - dy AU a9
%Dﬁ%ﬁ@m¢ﬁ%%ﬁ$?ﬁ%%k%%%ﬁ@%%%%%@,%X

1. 95 k = dim (D) \ D),
2. %% p = min({k | dim (D \ D)) = 0}),
3. ¥ p = dim(DY)).
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BN Df(x) /T35, As(f,) #0, Frol T A Wi,
L DF(x)?!
ﬂ_l _ V2 f(X) \OF } (3_5)
O 2
As(fa)
SIE 32 R ys(f.x)lwll < 5, A4
i cos® ¢ — 8y2 cos? psin g — Ty2 cos g sin® ¢ — 2y2 sin® ¢ 3 o3y
A fWIl = 1T 20089 + sing Wll” = 2ysliwll".
IEEB & f(y) & x BHORBEF X, T
it 1), PFx), 1Pf(x) , ¢ D) -2 ]
n=Df(x) (f(y) 2 X2 'S axox"" T2 axe kz;‘ . (3-6)
H fiy) B x BRMAESRT, BH B = Y TR g, prR
0 fu(x) 10°fu(x) 2) 1 fu(x) 5 10°ful(x) 4
W (y) = e + = Sy
Sa(y) (axlaxén 2o ) 6 ax 'S 2aX§aX§ n
03 ; 63 " Dk " AN 4
_|_1 f(x)&]Q—i-l f<x>’73+z Ja(X)(y = x) '

2 9X,0X> 6 ox3 — k!



o ERFE B L A AL S — Z IR SR AR R ot

B R 89T K (3-6) Bk Ty o 4y e L2002 o st ok AN B Ay (f,) # 0

9X10X 2 ox2 ,
BT vLA
1 1 #f(x) . s 1 18%f(x) o 3
—_f(y) = D AN
A3<fn)f(y) AR f(x) ﬂw{+A%m2 P fx) " fyn+<¢
1 , 1 1 D f(x)(y — %)
+A3(fn)C2’1§ U+A3(f) Ci2ln” + Ag(f)cozaﬂ +;A3(f) k!
1 L DM () (y - x) L DM () (y - x)
A3(fn TlokZ;Df ! J+ A, f")TOlkZ:;Df 7l n.
2,
1A A P 1PAE 1R
YUU29X20% 0X,0X DI xox 2 o P e Tax
1°f,(x)  *f(x) o 183f(x) 18°4(x) L f(x)
Cio—= = A 2L .
T 24x,0%2 0X,0X DI X2 2 ax? Df ()" 0X,0X
1) 18Pf(x) s 10%f(x)
Ca=5 0 2 o T %
& fu(x)
1,0 — — ~ 9
0X,0X
18hE)
Y2 axe
BHAKZHEIETFIOHFHLA T REF K
0 f(x) P & f(x) ‘ L
| <P | I i =k

Frvh, & = ARFE XABABRFEM ¥3(F, 0wl < 5, yaa(fx)lwll < 5, T4

2 < | £ >‘+2ygn

A Df(x)™ £ ()| Iml

+ (37/3,n + 273,n : 2’5/3 + 7’3,n5’5)|§|2||77||

+ (33, + 2¥3u¥3 + Yan  29)IINIP + (V3 + vau¥s)lnll®

+ O VI 2750 > I WL+ ysn D75 IwIFl

k>4 k>3 k>3

< —A; 7 )My)‘ + D7) F ) @vsaldt + Yl

+ (3y2, + 5y )Pl + (32, + 4ys.73)Illinl?
+ (¥, + yaaya) P + 2y3 Wl + dys, V2w + 2ys, 72wl

< |#fn<y)‘ + | )G (2yaald] + yaalinll) + Sy2ILP I
As(fn)

+ Y2l + 2¥21nlP + 2y3lwll* + dy3lwlPIZ] + 2yalwlPlinll,
16



= A AR AR AR S AT AR

X # T | = [wllcos g, lInll = lwllsing, PTAA

Iwll® cos® ¢ <

(f )fn ‘ + ||Df )’)||7’3,n||W||(2 cos ¢ + sing)

+ 2y2|wl1? sin® @ 4 Ty2|Iwll® cos ¢ sin® ¢ + 8yZ[w||® cos? g sin g
+ 2y3|lwl[*(1 4 2 cos ¢ + sin )

‘:5(,06[0, ’—QT] i, 1<2cosyg+sing < V5, #&

cos® ¢ — 8y2 cos? psinp — Ty2 cos g sin® ¢ — 2y2sin® ¢

3 3 4
; wl|® = 2y5llw
1 +QCOS(,0+S1n(p [lwl| Yslwll

1 yg,,,w(Q cosp+sing) .
1 +2cosg + sing Ag(f,,)f"( I+ 14 2cose + sing ||Df(x) f()’)”
1 Vi .y
s ol
<V2 2+2Vﬁl)f(x ”
As (fn) f" y
e ()
0 A3(2) I (y)
=IIA"f Il

5|32 3.3 d ~ 0.08507 &% X,
(1-2d-8d*) V1 —d? - 9d — d* + 6d° = 0.
RN EA, 03B heT 2 L
sing = —.
Vs
M2, Sys(fix)wll<iir, FTHEZHyeC, AUTLE®R
T, _ sin @
<<= FENALOI = V2yslwll|—— = Iwll|,
2 2y3
. _ no
0<@<OFR AL = 2y3w ”3(7 - ||w||)
3

PR AT 0<e<Z, W33, TH

Df () ()
/)

17

V2 A f )l = > ||Df(x) ' £

(3-7)

(3-8)



o ERFE B L A AL S — Z IR SR AR R ot

) . sin @
> [lwllsin® — 235(f, x)Iwll* > 2y3llwll (W - IIWII)-
3

HFT0<e<6h, w332, TH

3 2 2 : 2 s .2 2 i3
_ €0s” ¢ — 8yz cos” psing — Ty; cos @ sin” ¢ — 2y; sin” ¢
nﬂvwmzwmm[ 2 2 3 —[Iwll|.

2y3(1 + 2cos ¢ + sing)

s
hg) = cos® ¢ — 8y2 cos? psing — Ty3 cos (p sin” ¢ — 2y2sin’ ¢
2y3(1+ 2cos ¢ + sing)
AA1ETE
h(6) > Siﬁ.
2ys3

42\ &2\ T &2 2 P2 &
(1——4) —Sd(l——4)——2 1-= = _g-2a,1-= -5 >0
V3 V3 Y3 Ys 73 Y3 V3

y‘] SIHQI }%o
3

X EAZEANHE A d e [o, %] EXTF ys > 1 A#B3EE, EMT [3, 5132 4] 95EH,
REEP LERFRE yy =10 m 2, B

(1-2d-8d*) V1 —d? - 9d — d* + 6d° > 0.
AREXERRE, KFX (3-7) 9k EHR, 7

d ~ 0.08507 € [0,

|

| =

BT VA,

sin
2—73.
#—F, ZRAKX h(p) £VAT X8 £ 5 849

h(6) >
€0, 6], O¢ [O arcsin i] (3-9)
@ ’ B s \/g )

AXE T iR (3-9) 89 ¢, h(p) 890 T340k R, 9EIRH;AELEE, HLTT
W2 (3-9) 8 o,

Awisl®32, TF

IAT L = 2y3Iwl (h(e) = Iwll) = 231wl (g - IIWII)-

18



= A AR AR AR S AT AR

O

A d ~ 0.08507 252 (3-7) ME/NEM .. LU R JIASE BN [3] MI45 B HE 3 1 faj
—=HEHR.
TEIE3] AxREZARXAL fF ORI E =T, y R f o975 —A4k, N

d
lly — x|l > 2—2 (3-10)

ERR B A f(y) =0, Z yslwll <5 &8, @313 33 4 (3-8), TH

Iy =l = il > S0 _ 4
y—x||= W=z — = —
2y 2y3
S oysliwll = 4 8, B yy =1, d<1, TRHREGLE, .

Eﬂ&2$x%§%ﬁ%%f%%iﬁiiﬁﬁ,ﬂy%iw—msﬁ®ﬂﬂ
3

dlly - P
o) = A=
TON= 3z
SR
wll = Iy — xif < - — Sn@
wl=ly—xl<—=—,
g 1y,

B35 33, T/%

sin @ sin @ d d
A HZ2ﬂMW(———HM022ﬂMW——~=2ﬂMW——=—MM?
f) Y3 2 Y3 v Y3 2
O
T R>0, FATEN
dr(f,g) = max [If(y) — gl (3-11)

ly—xll<R

TIB33 A xRZAKXNAA fFOIRZHE=F4, H

O<Rsi.
4y§

4 R

dR?

dr(f.8) < =—=—.

A4 g & B(x,R) LagHeETHZ o R =,



o ERFE B L A AL S — Z IR SR AR R ot

UERR H 232 32, HTHEZEHL |y-x=R&y, A
drR®  dlly - xIP
A 2AY

® Rouché =32, f A= g & B(x,R) LAY R ENHAME, BAHLE31, YR< L0, f

4y

& B(x,R) LA E—K & xo PTVA, g i B(x,R) LH =44k, mi

If(y) — gl < dr(f,8) < <If W,

WE f:C' > C xeC, A Df(x) W, H

1 f(x)  Ffulx) - 10°f(x)
As(fy) == -~ =Df(x)" = # 0.
& K
af (x)
go_| w0
! (x) 0 |
0X1 oX
0 0
H, = 192£,(x) 0 0n><n><(n—1) >
2 ox?
2 1=

EE 3.4 Ty =y3(g,x), R
d? d*

< :
6y5  128y3I A

d

1/ (ol -+ ||H1||4—y§, + 1l

MMAfEAx AR, FRA 5 aRE, AZARR GHEEZR0.,
MERR A A3, &AA g(x) =0,

Dg(x) = Df(x) - Hy = 0 0

0 Df(x) ]

o H
18 1840) 186

Ns(ga) = = - —0,
(8= 3% 3o 2 ox
18%g, 5g, 10%¢
Ag(gn) S g (.X) _ g ('Xi) A Dg(x)—l - g(x)
6 ox} 9X,0X 2 0Xx?
16%f, & f, ) 16%f
_ = f(BX)_ f<xA)'Df(X>_l'_ f(;);t()
6 0X; 0X,0X 2 0Xj

20



= A AR AR AR S AT AR

Bt vk Dg(x) it RARE K (2-9), H x & g 69 = FIK L4 FAko
LR=g5, A

4y33?
dr(g. f) = max lig(y) = fV)I
= max [If(x) + Hi(y = x) + Ha(y = )’
<)l + IHIR + || Ho|IR?
d 2
pr— H — o H .
I )l -+ L e [ 2”16yg
%
d d? d*
H,||— H < )
1 C)ll + [1H | 4y§,+|| 2||16y§ oA
]
d* dR?
dr(e, f) < = .
W& ) < gy ~ 2
MEE 33, fAEBXR LRI EHKZ R =, O

3.1 A 2.1 %, KAEEH A X BBTH, FEHOSZAXEZ % g £ TR ELY
Jacobian 4E [Fi#% £ ARE S X (2-9)0 T R AMEAREN KOBXTHESZAXRALR L
FARGI R H R

Rk AKX F 4%

V73
12

64 48 9
fl - %X% - %X1X2 + %Xg +

fr = (8X1 — 3X2)*(3X, + 8X>).

25

0 2
x:(o)f‘%fz{fhfz} B =T AR, yz[ ‘/? )f%féﬁfa’"/l\#&, lly — x|l = 0.25.

473
AR CIEC

0 Y3
oro-( " %]

0 0

W HETE L (2-9).

OA(Y) _ V73

X, 127

As(fy) = = :
slf2) = 5 0X3  0X,0X,

21

LI f(x) ) (0f1 (x))‘l 1A _ o
X, | 2 ox2 7



o ERFE B L A AL S — Z IR SR AR R ot

(0f1 )‘1 DAix) D _
0X> 2 73

vs(f, x) = maX(l,

1 ) Dka (.X)

1) V73 146
M) K ’

L,
24

Y32(f, x) = max

y3(f, x) = max(ys(f, x), y32(f, x)) = \% ~ 1.4045.

HEEE 3.1, FATAIS R e 2 5

d
lly = xll = = = 0.01545.
2y;

YREWIUE M. (-0.01,0.01), F st F 4R UEARE Y [4, Hik 4.2] IBRPIR, WTRATE R
—ANERx = (=4.1291 - 1078, -2.9505 - 1078), FHILUELE x P E LM FEE .

é\

_ | —5-3000- 1078 0
1.5679-1071%  —5.4401-10"

0 0
Hy = 0n><n><(n—1) >
-3.4641-107 0

1l

. 12
v3(g, x) = max(ys(g, x),y32(g, x)) = \/—7_3 ~ 1.4045,

2 4

d d d
+ ||H||— + ||Hy||— ~ 1.937364-10% < ————— ~ 1.937370 - 1075.
£ Coll + 1] 1”473 I 2”16yg 25 01AT

HIB AL, HERE 3.4, fAELL x WERG, 42N £ ~ 0.0076 IUEREA =A%k G
HEHD.
2 HERER

NIHFATREE 1 RIS B S ) R AR

A f:C > CRAZIARS, x & f MEECH p AR, Forb DAx) W2 bR e
3
0 Df(x) ]

Dﬂx):(o 0

22



= A AR AR AR S AT AR

Adfy) =0, fork=2,....u—1, A(f,) #0. (3-12)

LyeC y#xo FIBILLNRR: o =dp(v,y—x), v=(1,0,...,0)" flw=x-y=

(&n2s e sm)Ts = (2, ...om)T > IBAH (2] = |Iwllsing, |l = [[w]|cos . 4

V2D f(x) 0
0 5 2u(f)

Yy = Max(Vus Vyn) Hrp

D () ]
AR TR )

B ST 0<e<Z, B ydwl<ic 4% f(y) 75 x SALMIRHRIT:

k>2

Yun = Yun (f, X) = max (1, sup

70) = Dt + LT 2 TIO p  1TT 5 DT

20X} ox.ox" 2 ox? e k!

H=MmA%EX, f

wllsine = linll < [DFC) FON + D 3lf ) iwdl

k>2

<||DF ) FO)| + 29, (f, x) Wil

Rk, FRATTE W A

W31 HTFo<ep<i, Bikylwl<s, F2H

|Df () F )| = 2m|w||(
VA R

sing S sin 6 S sin 6

wl| > — > — > )
2Y, 2y, 2Yu

B 2: WT 0<p<0<Z, Byl <3 ¥ f £y RULHEEBIRETT:

18h() o Ph(x) . 18h(0) 1 & fu(x)
120) = 3 Pre & axlamerﬁ axz T T Toxe &

1 0 fulx) .. 10 fulx Dff(x (y x)
(u—1)!axt~ 1axgﬂ +#! AXH ”ﬂ Z

k>u+1

23



o ERFE B L A AL S — Z IR SR AR R ot

fE £ SR RF, Ty (RS L a0 e

t'j' 6X’6XJ
i+ i)
1 ) ia jﬁl(Ax‘) < (l +.]) /11—0—]71‘ (3_13)
Au(fn) 115 axiaxi !

XTI Ll i+ <, j> 00 R AIRT B ol b 05—,

02 f (x 82 f(x 162 f(x
(2)4’ (2§n+— A()ngJr
20X 0X,0X 2 ox2

1 oI f(x) Jt1—imj—k K
" Z (mt+1l-i-j- k)'k‘a)(““’f"axk§ 1

1=- i3

0<k<u+1-i—j

S ”ﬂ”@‘”—ﬂw}

|
k2p+2—i—j k!

ZRIEH f(y) 16 x sUACH SR IF BT EI . WA

102f( ) ito e 82f(x)§i+1 j 4 182f(x)

i j+1
2 0X? oxz ¢ X,0X 2 9x2 cr

(' =-Df(x) (

n Z 1 HTIIf(x) ikl
(u+1—i—j—k)kl gxiti=r*gxk

n Z D' f(x)(y = x)kginjq_f(y)ginj—l ,
ketik j=12p41
AT PR —IRRBER TS T i+ j+ 1.
B2, BSEHMRBIMIy ik + - 1+ < p FIREE AL(f) BRIER)
WHORNAT LU
()

TG

0<k<u+1-i—j

1 6k+lf(x)
K gxkox!

< ( ) (k + l) i+k+j+1-2 (3_14)

Fron-1
Df(x) i'j! K r

Wi+ j=2, j21I1E, mEBEN p -2 KIACEH, FATATLUR £, 5 i M B

k
L) =Gl 4Gl Y C sz+§]Dﬁ b= (3-15)

i+ j=p,j>0 k>u+1
A — Df X)y—X k i -
c Y na| Y b2 >§¢1J
1<i+j-1<u-2

|
k4i+j-12p+1 il

= D, TuaDf() 7 )

1<ij—1<u—2

Har C,, ... ,Cy TR, REC,; MT; ;¥ Ay(fn) B 5 78 2000 A2 «

L
A#(fn)

1
Aulfi)

24

i+j-1

Cl] = zﬂ’ﬂ s

Tl] 1| =t i,j— 17;1+j 1a (3_16)




= A AR AR AR S AT AR

Horbe, 100 € RAFH. XAERATLLIE (3-13) 1 (3-14) A3,
W32 C=A(f), t=2,....1

i L, AT AR (3-15) RMHRJE T 1 j - 1:
MERR Koz A, AER B (3-15) Xy, 1%

A(fa) =CoD(L) + -+ GO+ Y. Coyd(dn)

i+j=u.j>0

+ Z Ti,j . [ Z Df(x)_lAt (Dkf<x)k<!y - x)kginj))

1<i+j<u-2 k>pu+1-i—j

= ), TuPFWTA(f )+ )] A,(Dkﬁi(xﬁy—x)").

1<i+j<p-2 kep+1

WA (2-2) o 2-4) K, EZE d RN, PE—KREH 1 IRy AKX, MBLA, T REA
di, s<t, BMTRENE S 2<r<pi,
() AL =1, WmEs=t, TNHO;
2) A(d)=0, AP r<i+j=pu, j>0;
3) A,(Mglnf) 0, £, r<pu<itjtks
(fO)Ew) =0, F¥, 1<itj<u-2;
(M):O, HP, r<u<ko

k!

A THE, C=A(f), t=2,..., 1o 0
R 3.2 A (3-12), FeAlTH

=A(f,) =0, t=2,---,u—1, C, = A,(f,) 0. (3-17)
i (3-15) XA (3-17) 20, A5

1 1 D' f,(x)(y = x)
o _ C..l'n' —
g Aﬂ (f;l) i+j=zu;i>0 ,j{ 1 A#(ﬂ) k>u+1 Kl

1 ; _1D"f(x)( - x)* i j
AR 2 Tf’f'[ 2. DI - 4’7‘]

) 1<itj<p-2 k>p+1-i—j

+

T Df(x)" f ()¢
7 Z DI + T

R =A%, H

< >

i+j=1.j>0

Ja(y)-

1 Difu(x)
Au(fa) K

k
wll

il + > |5

k>u+1

(fn) €

25



o ERFE B L A AL S — Z IR SR AR R ot

1 AL D"f X P
+ mT’?J’ ' Z Df(x) 1%H||W||k|§| ||77||J)
1<i+ j<u-2 HAJ k>p+1-i-j )
L 1
+ Tl IDF o~ f )1t + —fn(y>‘
1<z—|;;1 2 A/l(fn)
< > c,m’ff 1|§|f||n||f+ > vl
i+ j=11,j>0 kzpt1
> 2 I gl
1<i+j<u-2
i FN\-1 7 i j 1
+ o, a [PF T Al e + A—fn(y)‘
1<i+j<u—-2 /l(fn)
< Z ey el + Z 2ty wIF U Il + 2y wl
i+ j=p,j>0 1<i+j<u-2
L o 1
+ ) wIPF@ )k ||77||’+|A—fn(y)|~
1<it j<u—2 /J(fn>
HH (21 = Iwllsing, lInll = IIwllcos @, T4
Iw|[* cost ¢ < Z c,-,jyfflllwll“ cos’ gsin’ ¢
i+ j=u,j>0
u+1 i Sy u+1
+ Z 21;, j YWl cos’ g sin’ @ + 24wl
1<i+j<u-2
i i) el aind Froy-1 7 1
+ Z zﬂ’ﬂ—H”WH i cos' gsin’ ¢ - ||Df(x) 1f<y)|| + |mfn(y)‘
1<i+j<u-2 u\Jn

.[H:’

COs" @ — it jyu 50 Ci,ﬂ’z_l cos’ g sin’ ¢
1+ X icit jemn 1 COS sin’ @
1 1
1+ Dicisjeu2 1ijCOS @ sin ¢ | Au(fn)
Di<it jeu-2 i Yu PNl cost g sin’ ¢

L+ Yicitjeu-2 tijcOS ¢ sin’ ¢

70| + 307 )

1
AwlF = 2yglwiF

fn(y)‘

IDf ()7 f )]

N
Aulfi)
<IAFO)I

26



= A AR AR AR S AT AR

HAF 2T HAZE:

AT F DN = h(e) - 2v4lwlF = 2y4lwlF+E. (3-18)

\
/|
+

h(p) = COS" @ = Bitjmyugp0 iV 08 psin’ (3-19)
2 <i<pu-2 2ti,07//4[ + Yi<itju-2,j50 2ti,j7fz cos’ g sin’ ¢ + 27ﬁ

EX 3.1 L d=min(dy,dy,d3), ¥

1 1
dy = - dy = |—,
Ci11 +1 u—1

1 dy & % AKX

pld)=(1-d*? = > cd(1-d*)rd (3-20)
—d[ Z tio+ Z tl',j(l —d2)%dj+ 1]
1<i<u-2 1<i+j<u—-2,j>0

AR Y IE SR AR
R TR NS, A d A7 LR E

W 33 KM h(0) > 2D s sing = L,

= 27#

=

N T UEBHX AN @, F sinf =

, cosf = (1 - y2<" 5 ) KB (3-19) A sing

'}’“ 1
F cos, NIFRATTTEEZAEB R oA
d? 2 d? T
[1 - W] — Cﬂ_l’ld(l — W) (3-21)
2
— Ci’jJrld[l_ — ] ._ (3-22)
iﬂ:; o0 ,yi(/l 1) 7;]1(” 1)
£ ) d
_d[ PRTEEDY ti,j(l - 2(;4—1>] - + 1] > 0. (3-23)
1<i<u—2 1<i+j<u—2,j>0 Yu Yu
e Md<d = / 1+1 i, (3-21) RBIFT IR A SE Ty, > 1 AR R, KA

B

,u;l
42 )2( 42 )
1—-— 1-——c,.11d].
2(u-1 2(u— H= 4
[ 7#(/1 ) 7#(# 1)

27



Hh R A B At A 18 S — 2 AR G il L H AR Y 2 5

« BT cos'psin'p, j>0F T e [0, arctan \/g] IR, FOAMRA

i-1

(cos’ psing) = cos! ¢(cos® ¢ — isin® @) > 0.

Frbl, B1<i+j<u-1,j>0, de[ \/7]H]L (—%)2 ,(Hl)ﬂéﬂ:7ﬂ$
VIR '
B, (3-21) RIOEDREXT y, > 1 BEIERL, AT TR ERE 5, = 1 8
RS, B
Pld) =(L=d)i= ) add-d)id!

i+ j=1.j>0

—d{ IRTEEDY ti,j(l—d2)édf+1]zo,
1<i<u—2 1<i+j<u—2,/>0

XANEER AR EAN, BN p(d) RT 0<d < ds 1R, p(0) >0, T ds & p(d) =01
B /MESERR

W34 HTF0<9<0, h(p) AF 0<p<6FifHE®, H

h(g) > () > % (3-24)
u

VAR

A L) = 294wl (Sme - ||w||). (3-25)
7l

2y
#—F, WwERy R 05—, A
sin @

wll = 1ly = xll = —.
2Yu

iIEEFJ XﬂLﬂ"goe[O, arctan #11 , B A cospsin’ @, i+ j=p, j>0FFHEIE, HTA h(p)
9T AE R, h(e) 9E3SRIERBEIE, HA, hp) AT 0<p<0I Rt

Bo TREMFE (3-24) o —F, B G-18) X, TH

[ SE—

_ sin @
A W) > () - 2y lwll = 27’,’fIIWII"+1 > 27’ZIIW|I”( 2y, IIWII)-
u

FH3S 2 x A fHERAuWRFEAR, LyR fa95—/ Mk, A

d
Iy =l > 5.
2%

28



= A AR AR AR S AT AR

JERE &4 AR 3.1 A AR 3.4, 4%

Il = Ity — o) > S0 4
y - o
A A s1nt9—)/lj |
EIB3.6 A x A fFOOEHA YR LEMR, ﬂ.lly—x||s&, L BANE
dlly - x|l
> —_—.
IOz G
MR ST 0<e<Z, darA 3.1, TAFE
R
- D)7 f(y) 1
nﬂvwmz[f > —|IDf(x)"" f)I
=) V2
sin @
2V§ w —w|l].
nHH(%% n|0
SFFO0<p<6, o34, K
ind
Hﬂ*fOW|22ﬂme(%3——Hw0.
Y
B fhwll = Iy - 6l < 3 = B0 B, AA1H
0 dly- x|
nﬂ*f<M>2wnn”m’ ”ygﬂy
Yu
O

TIE37 A x A fROEHAuMEEAR, B

O0<R<

W~
&=

do R

dRH

d ) Aanlea—1n°

A2, g Bp(x) EREEMHERZ R .

iﬂﬁ@iﬁ%&ﬁ&%%iw—w:R<ﬁﬁw,ﬁ
dr'  dlly — x|
2l 21A
B Rouché © 32, f A= g /£ Bp(x) LA AR A A94R, B R EIL 35 L R< ﬁ B, fA&
BR(X) _J—_ﬁn&_,.;]:g Xo );)T I’X, g /(:E BR(X) _J—_ﬁ/l /|\7}:E,¢o O

29

If(y) — eIl < dr(f,8) < <IIfOI,



o ERFE B L A AL S — Z IR SR AR R ot

BELTIRRY f:C - O, xeC, W DF(x) [T, Au(f,)#0.

E XK

af (x)

go_| w0

1 Afa(x)  Oful(x)
0X1 oX
0 0
Hy, = 0n><---><n><(n—1) ,2<k=sp-1,
Ae(fu) O -
GIEDY 5N

EE38 £y, =vy.(gx), =X

d,u+1

d k
I ()1l + K;_l DzAl (m) < m,

AL f A IS, FoA & e B AR E GHEE ).

MEER B AAMA g(x) =0,

0 Df(x)

Dg(x) = Df(x) — Hy = 0 0

Ar(gn) = Ak(fa) = Ai(fu) =0, 2<k<pu—1,

Au(gn) = Bulfa) # 0.

H ., Dg(x) HAFREHX, mELx A gt THHI u Y H LT,

A . d S
TR = WD)’ «’r}(‘ﬂ]ﬁ

dr(g. f) = max llg(y) — f(y)

lly—xll<R

= max x)+ H. (X — x)k
max /() 1g;—1 (X =27

<IN+ ) IHIRE

1<k<p-1

— @I+ Kgf_l | (&)k |

30

(3-26)



= A AR AR AR S AT AR

Jm R

d \ P!
IF ()l + Kgﬂ]_l Al (M) < S FIAT
AR A

d' ! dR"
Ay P IA 20

miﬁsm‘Wuﬁﬁfﬁux%ﬁ@,*&%;&%&Lﬁuéiﬁmﬁﬁﬁﬁy O

dR(g’f) < 2

3 HEREER

A, B x R 2T ARSR f OFESR ER, Df(x) #etfErR, my &
fHISA— MR FRATTKER 2R 2 77 ot a7 58 SR A v N A 2 (R AR, TR R T EAR
PIREE S, It5 [3] TR AAR R FE B AR Lh A

O 20 = ) TR o, @I £, (y) 1E x AR BIRIT, AT
0 fu(x) 10°fu(x) D*fu(x) (y = x)*
() = N+ s—— 1 + :
f@)amfh2apn ; 2
S/
2 2
i LG NP it LG RSP

T oaxoxT T2 ax2
Bk, p(d) B BEAIEAN:

p(d) =1-2d> —2dV1-d?—d. (3-27)
p(d) B/ IESEAR 2
d ~ 0.2865.

Ay f R R, HEH 3.5, 1fg

Iy - 2 = =2
- Xl| 2 —=.
g 2y2
32 75X E%:
11
fi=Xi- 1X1 - §X2,
1
f2 - §X1X2-

ﬁ%ﬁﬁpﬁ{g)%fszﬂ%ﬁiiﬁﬁ,ﬂ[ }%f%f4$ﬁ°

O =

31



o ERFE B L A AL S — Z IR SR AR R ot

i
1 1
Df(x)=| * °
) 0 0
2 _ 1
RV
4 4 1 V5
g1 = gXl - 3X1XQ + 5X§ + TXQ
_ Ll 3 1 s
g2 = 5X1 1OX1X2 -+ 5X .
01 & s ply — # Ei N
X = &g MR _EN, y= § & g MAR—MH.
\0 _Ng
TR 15
\5
0 ¥
Dg(x) = 4,
. [O O ]
8 _4 _4 2
2 _ 5 5 5 5
Dg(x) = _2 _3 _3 2 ||
5 10 10 5
RN
Ogi(x) V5 1%, _ _
80X, 47 20x2 75
MFATA
. o0\ D) 4
YQ‘H“Xp“|(aX2 | R
1 D?g5(x) )
= max |1, = 1.
7 '%@a 2
FrLL,
4
= — ~ 1.7888.
Y2 \/3

WRAE s 3.5, AIfS R HlE = Ay

d
ly — xll = = =~ 0.0447.
2y;

(3-28)

BUERATH [3] P07 i m R A T R R B 7. [3] oo XS Ee it 1o

A(f%v) = DF(). + 5D F()(v. TT,.),
32



= A AR AR AR S AT AR

T

5

\

/]

|
<
I

ek R ZE 1] ker Df (x) (1B [H) &

wra-((22) (1))

é\w:{wl )e@, WA =A(f,x,v), WEATE

w2

s

2 4 2
+1 2 0 0 0 75 ) 50)1—50)2
2l{o s ) (%0 % ) | —fwi + e
1
2

Frik,

2 4 _2(2548V5) _ 2(25+8V5)
AL M — 5 10V5 105 0
8 _ —25432v6 _ —25432+5 0 :
5 205 205

3 i SR 7 2 35 5RO A BT R B 4 R B R R, AT kB AL 2O s AT T
LIS 2

Yo(f, x) = max(l,

A—l.w
2

) > 3.1121
DRI, [31 FF A 2 B A S 8 o 8 il A2 -

—— < 0.01546, d ~ 0.2976

2y2(f, x)?
AR 31 RERMG W [3] PRGN d ), 128 RN TRt ke y, AL R
do BTVA, Edmf) 3.2 WRTR TG —H, RATA SR R4 5 H R,

33






ENE Zi5RE

AN BT T2 W AR G 0 fa] B AR OB B S AT, RN R AR A T (]

fEH—E R, WAINA T 2K RBAEIL A R AL R EAE 2R |, PR 58 B
NHEET, oL R EE TR, BT XMSEAMELS N, A4 T
PR A SE M E SC, FFPR Al Jacobian FEREIIARHEIZ 0. ERRHERZ MR T, Bl
BE— P Al 1 fa] PR ELAR 75 R 125 M. TR SE b, X SRR 1 TR, JATEATEL
XS 2 TR G A, {345 2 W5 AR GAE (] FR AR AL A Jacobian HE R AL bR T
2o 1T H A A AR STV BOE SR IFRE

=T, TATERAX R R =R, 4 7 =B RN 2 T AR 5 R HARAR
FORE S, FF25 6 Ul WA SEBR TS R XM AR AT AT I o AR5 AT i 0 = AR A 4518
2 AR EAUR R R ER . AR AR EBCT, 2 i R T A
TR AR R, BATR CLEBARE T, 75 2 fi] R EAR ML ) 2 IR T 3 — R
2o FFHIEHT AT 3 (0 A 80 7 Ak, AT e et 4y A i S ) g B AR Y B 2
PRI ERFIER . b, 5= AL 1 BATAS 2 (0 fif #.— SR (1) = 5 b 18 72 A1 Shub
55 Smale fEMATHISCF a5 B R ARG B 5. PO ERAT MBI & v 1€ IEA ANF,
FITUISF—2e 57, FRATTRT AR B KA R bR B 5, XU RATI T TR R
PHHI -

wJa, AR T 2R G 0E m AEIGL BT . W T2 R %M
B ANERR, A A DUL AR Dy ) 5 AR (1587 1) 2 TR St 1 Rouché 5@, K
745 B — Rl TSR R E HE I, SROADE AR X AT AR B 2 S AA R R 2 I R SE i — A
TRNEE, HUAGE 2 050 R GAE UL DR BHL A — ANk B AR N, 1% s A
TR BB L 28 ) 2 AR S g B B AR Y B A

S A B TAF E B E LU AN -

1. K BV T SR, AT SR ERAT T ) e 2 AN 2 e AR BT B

2. WEUHE 24 R s B AN AR e S 7]

35






S22 3Rk

[1] Lenore Blum, Felipe Cucker, Michael Shub, and Steve Smale. Complexity and Real Com-
putation. Springer-Verlag New York, Inc., Secaucus, NJ, USA, 1998.

[2] B. Dayton and Z. Zeng. Computing the multiplicity structure in solving polynomial sys-
tems. In M. Kauers, editor, Proceedings of the 2005 International Symposium on Symbolic
and Algebraic Computation, pages 116—-123, New York, NY, USA, 2005. ACM.

[3] Jean Pierre Dedieu and Mike Shub. On simple double zeros and badly conditioned zeros of
analytic functions of n variables. Mathematics of Computation, 70(233):319-327, 2001.

[4] Zhiwei Hao, Wenrong Jiang, Nan Li, and Lihong Zhi. Computing simple multiple zeros
of polynomial systems. 2017.

[5] Jonathan D. Hauenstein and Frank Sottile. Algorithm 921: AlphaCertified: Certifying
solutions to polynomial systems. ACM Trans. Math. Softw., 38(4):28:1-28:20, August
2012.

[6] Nan Liand Lihong Zhi. Compute the multiplicity structure of an isolated singular solution:

case of breadth one. Journal of Symbolic Computation, 47:700-710, 2012.

[7] Nan Li and Lihong Zhi. Computing isolated singular solutions of polynomial systems:

case of breadth one. SIAM Journal on Numerical Analysis, 50(1):354-372, 2012.

[8] Nan Liand Lihong Zhi. Verified error bounds for isolated singular solutions of polynomial

systems: case of breadth one. Theoretical Computer Science, 479:163—173, 2013.

[9] Maria Grazia Marinari, Teo Mora, and Hans Michael Méller. GrObner duality and mul-
tiplicities in polynomial system solving. In Proceedings of the 1995 International Sym-
posium on Symbolic and Algebraic Computation, ISSAC °95, pages 167-179, New York,
NY, USA, 1995. ACM.

[10] B. Mourrain. Isolated points, duality and residues. J. of Pure and Applied Algebra, 117 &
118:469-493, 1996.

[11] Michael Shub and Steve Smale. Complexity of bezout’s theorem IV: Probability of suc-
cess; extensions. SIAM Journal on Numerical Analysis, 33(1):128-148, 1996.

37



o [ R B A - 27 1830 — 2K R G A AR R

[12] Mike Shub and Steve Smale. Computational complexity: On the geometry of polynomials
and a theory of cost: I. Annales Scientifiques De L Ecole Normale Supérieure, 18(1):107—
142, 1985.

[13] Mike Shub and Steve Smale. Computational complexity: On the geometry of polynomials
and a theory of cost: II. SIAM Journal on Computing, 15(1):145-161, 1986.

[14] Steve Smale. The fundamental theorem of algebra and complexity theory. Bulletin of the
American Mathematical Society, 4(1):1-36, 1981.

[15] Steve Smale. Newton’s method estimates from data at one point. In The Merging of

Disciplines: New Directions in Pure, Applied and Computational Mathematics, pages
185-196. Springer New York, 1986.

[16] H. Stetter. Numerical Polynomial Algebra. SIAM, Philadelphia, 2004.

[17] Xinghua Wang and Danfu Han. On dominating sequence method in the point estimate and

smale theorem. Science in China Ser A, 33(2):135-144, 1990.

38



B

I R B SIS ZLWT 7T B RS, S S HOR R & 2 A,
O IRAE AR AR P SIS AR 2R, 5 TR AR

SR R R A A 2R AR T o, AU S 36 = AR S AR IR 5L, A — R e PR
REAR, MATZE T 7 BRI, SdE 7 BAE L, G RIER R AT R 1R 2 Rl
BT HIZIN BB EERF Y LRI 5 DR S 2 AR TR [F] 22 AT T
I BRI SCRE, KREAE I H PRI 785k !

39






&
. FECUE M. & A HB: 1991.12.26

2014.9 — Ii7E o E R B 5 R SRR T B s A 5T AR
2010.9 —2014.7 TR BB R 2 B AR A

[ Bt A HAlE) & =R X ]
[1] Hao Z, Jiang W, Li N, Zhi L. Computing Simple Multiple Zeros of Polynomial System-
s[J]. arXiv preprint arXiv:1703.03981, 2017.

[FAREH]
[1] 2014 EEFRFFSEETHEM T & (SNC2014), F[E i, 2014 58 H
[2] HA-WMEDERBZROE (BERETRD, HA#E, 2015 429 H-2015
10 A

41






	多项式系统简单重根的隔离界
	摘 要
	Abstract
	目 录
	第一章 引言
	1 问题陈述和研究动机
	2 论文结构和主要结果

	第二章 孤立奇异根的代数结构
	1 局部对偶空间
	2 简单重根
	3 标准形式

	第三章 简单重根的局部隔离界和零点丛集
	1 简单三重根
	2 简单重根
	3 简单二重根

	第四章 结论与展望
	致 谢
	作者简介


