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Abstract

In this paper, we discuss the problem on approximate factorization of multivariate

polynomials and approximate greatest common divisors(GCD) of univariate and multi-

variate polynomials. The main results in the thesis include three parts:

(1) About approximate factorization in many variables, the input to our algorithm

is a multivariate polynomial, whose complex rational coefficients are considered imprecise

with an unknown error that causes f to be irreducible over the complex number C. We

seek to perturb the coefficients by a small quantitity such that the resulting polynomial

factors over C. One would like to minimize the perturbation in some selected distance

measure. Our algorithms are based on a generalization of the differential forms introduced

by W. Ruppert and S. Gao to many variables, and use singular value decomposition or

structure total least squares approximation and Gauss-Newton optimization to numeri-

cally compute the approximate multivariate factors. We demonstrate on a large set of

benchmark polynomials that our algorithms efficiently yield approximate factorizations

within the coefficient noise that is substantial (10−3).

(2) The task of determining the approximate greatest common divisor (GCD) of

univariate and multivariate polynomials with inexact coefficients can be formulated as

computing for a given (generalized) Sylvester matrix a new (generalized) Sylvester matrix

of lower rank whose entries are near the corresponding entries of that input matrix. We

solve the approximate GCD problem by a new method based on structured total least

norm (STLN) algorithms, in our case for matrices with Sylvester structure. We present

iterative algorithms that compute an approximate GCD and can certify an approximate

ǫ-GCD when a tolerance ǫ is given on input. Each single iteration is carried out with a

number of floating point operations that is of cubic order in the input degrees. We also

demonstrate the practical performance of our algorithms on a diverse set of univariate or

multivariate pairs of polynomials.

(3)We consider the problem of computing minimal real or complex deformations to

the coefficients in a list of relatively prime real or complex multivariate polynomials such

iii
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that the deformed polynomials have a greatest common divisor (GCD) of a given degree

at least k . In addition, we restrict the deformed coefficients by a given set of linear con-

straints, thus introducing the linearly constrained approximate GCD problem. We present

an algorithm based on a version of the structured total least norm method and demon-

strate on a diverse set of benchmark polynomials that the algorithm in practice computes

globally minimal approximations. As an application of the linearly constrained approxi-

mate GCD problem we present an STLN-based method that computes to a real or complex

polynomial the nearest real or complex polynomial that has a root of multiplicity at least

k. We demonstrate that the algorithm in practice computes on the benchmark polynomi-

als given in the literature the known globally optimal nearest singular polynomials. Our

algorithms can handle, via randomized preconditioning, the difficult case when the nearest

solution to a list of real input polynomials actually has non-real complex coefficients.

Keywords: approximate factorization, singular value decomposition, Gauss-Newton

optimization, generalized Sylvester matrix, approximate greatest common divisor, struc-

tured total least norm(STLN), singular polynomials, linear constraints, hybrid/numerical

algorithm .
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1�Ù Úó
§1.1 ¯K��µÎÒÚê�·ÜO��Ì�8I´(ÜÎÒÚê�O��{k�/)û�
êÆ¯K"·ÜO�Ì�)ûüa¯K[23]µ1�§éCq¯K�¦ )"3 F~)¹¥§ÿþ�êâ´k�°Ý�"Ïd§̂ ÎÒO�¥��{´�{��ù aCq¯K�)"1�§éu�
O(�¯K§̂ ÎÒO�¥��{�Çé$§ù �ǑI�^·ÜO���{�¦ )ù 
¯K�Cq)"y 3 §õ�ª�ÎÒê��{£SNAP¤3 CqO�Å�ê¥ Ó k�~��/ "ù ´ÏǑ 3 �«éõ��5¯K¤äk�J±���5�ÚAÆL§¥§
SNAPå�
���^"·ÜO�¥�±^�ê�óäkÛÉ�©)§�55y§����{§��"C
 SNAPuÐ �é×�"3 SNAP�¡§·��±�ÄA«a.¯K"Äk^Cq��úÏf¯K�Ǒ~f"1�§�Û�`¯K"�½�éõ�ª§�é ��él§�/�C0�k�²�úÏf�õ�ª"ù p�¦ �´�C�§¿… §éuØÓ�¯K§/�C0¤��¿gǑØÓ"~X§�½�éõ�ª

f = 1000 x10 + x3 − 1.0

g = 1.0 x2 −
1

100�é �l§��C��éõ�ª f̃§ g̃"ù p�C��´ Euclidean ål�C"̂ 1oÙ �{O���õ�ª f̃ , g̃ ∈ C[x]µ
f̃ = (x − 0.494155) (1000.0 x9 + 494.155 x8 + 244.189 x7 + 120.667 x6 + 59.6284 x5

+29.4659 x4 + 14.5612 x3 + 8.19650656855512948 x2 + 4.05239 x + 2.00666)

g̃ = (x − 0.494155) (0.956139 x + 0.383722)O�üéõ�ª�m�ål ‖f − f̃‖2
2 + ‖g − g̃‖2

2 = 0.042157867§3 1oÙ ¥ò�`²ù �ål´�C�ål"1�§ǫ-Cq¯K"�½�éõ�ª§�é ��ék�²�úÏf�õ�ª§…� ¦ ù �éõ�ªl� 5��éõ�ª�ålØ�u ǫ"�´^þ¡�~f§ù p� ǫ = 0.05"é²w§þ¡é ��éõ�ª f̃§ g̃ ´ù �¯K�)"ù p�¯K�'�Û�`¯K^��t�:§·���±é �,	�éõ�ª f̂ , ĝ ∈ C[x]Ǒ´ù �
1



2 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K¯K�)µ
f̂ = (x − 0.41019 − 0.29067 i) (1000. x9 + 410.191 x8 + 290.669 ix8 + 83.7678 x7

+238.459 ix7 + 122.163 ix6 − 34.952 x6 − 49.8461 x5 + 39.9505 ix5 + 1.89861 ix4

−32.0590 x4 − 13.7026 x3 − 8.5401 ix3 − 7.4870 ix2 − 2.13866 ix2 + 1.29957 x

−3.6947 ix + 1.61022 − 1.1402 i)

ĝ = (x − 0.41019 − 0.29067 i) (0.952118 x − 0.001811 ix + 0.315449 + 0.218002 i)O�õ�ª�m�ål ‖f − f̂‖2
2 + ‖g − ĝ‖2

2 = 0.0474087 < 0.050"Ïd§ù éõ�ª´ ǫ-Cq¯K�)"1n§°t�Cq¯K"�½�éõ�ª§�é �/NC0��ék�²�úÏf�õ�ª"ÏǑéu�
Cq¯K§·��{é ��Û�`)Ú ǫ-Cq)"þ¡�´^Cq��úÏf¯KÞ�~f"·��±r§í2�Cq�ê¥�Ù§¯Kþ�"ǑÒ´`§Cqõ�ª�ê¥�ke¡na¯K���Ä[51]"
1. �Û�`¯K"�½��õ�ª| F§�é �lù |õ�ª�C��|õ�ª§… Tõ�ª|÷v,«5� F"
2. ǫ-Cq¯K"�½��õ�ª| F§�é ��|õ�ª÷v,«5� F§… ù ü|õ�ª�ålØ�L ǫ"
3. °t�Cq¯K"�½��õ�ª| F§�3 F NCé ��|õ�ª÷v,«5� F"�©�1�Ù �Ä�CqÏª©)¯K´þ¡¤`�1n«a.�¯K"�©�1n Ù Ú1o Ù �Ä�Cq��úÏf¯KÒ´þ¡¤`�1�«a.�¯K"'uù 
¯K§ò3 �¡�Ù !äN)º"

§1.2 õ�õ�ª�CqÏª©)�{0C
§kéõ�©Ù ïÄ3 ¢ê�ÚEê�þ�CqÏª©)¯K"©Ù [31]£1 6 Ü©¤1��JÑ5I�éXêØ´O(�õ�ª?1Ïª©)",	§©
Ù [32; 33] JÑòØO(�õ�ªÏª©)¯K=z¤��`z¯K"õC � õ�ª�CqÏª©)�±=zǑ'uõ�ªÏf��½Xê���5`z¯K"© Ù [26]�Ñ
��^ëê������{O��C�k�gêǑ dÏf�õ�ª"©Ù [28; 66; 14; 6; 15; 64; 69]$ ^ HenselJ,½ö  �����{)û
Ñ\�õ�ªl�±Ïª©)�õ�ª'�C�œ /��CqÏª©)¯K"



1�Ù Úó 3éu?¿�½�õ�ª§·�1�Ù �Ñ��{�±���½õ�ªNC����±©)�õ�ª"�k�
�'�ó�[4]´^2:ê�{5O�O(�Ïª©)¯K§ù pÑ\�õ�ª�Xê´O(�œ /"©Ù [52; 34; 53]�Ñ
Ñ\õ�ª�Ø�� ��»"
ù 
.Ø�éuõ�ª�ê�Ø�©)ék^§… �±�ä��®²O��CqÏª©)´ÄØ�� ©)"
§1.3 õ�ª�Cq��ú Ïf�{0éuO�õ�ª�Cq��úÏf§kéõ�ö �
ù �¡�ó�"©Ù [40]�Ñ
��õ�ª�m�{O�üC� õ�ª�Cq��úÏf¯K"©Ù [67; 54; 7;

13; 27; 3; 56; 65; 77; 10; 74; 75]�Ä
üC� õ�ª� ǫ-Cq��úÏf¯KÚ°t�Cq��úÏf¯K"Ù¥Äu©Ù [10]� Maple §S� SNAP¥� QRGCD §SÒ´ù 
�{¥���~��~f"'uõC� õ�ª�Cq��úÏf¯K§y3 �vkõ�ª�m�{"�8
c Ǒ�§®²k
éõ�{[55; 54; 7; 27; 79; 56; 65; 73; 76]O�°t�Cq��úÏf¯K"

3 �©�1nÙ ¥§F"O���Cq��úÏf��Û�`¯K�)"ù �
Ù ^�´Äuv¼ê�(������{£STLN¤"nØþ`§STLN�{�U��ÛÜ�`)"�´¢�`²§éuüC� �Cq��úÏf¯K§STLN�{�±���Û�`)"

3 ù p?Ø�,��¯K´O�õ�ª�Xêk�5���Cq��úÏf¯K"�±Ä�5´õ�ªXêk�5����«œ /"éuüC� �œ /§Xêk�5���Cq��úÏf¯K�±A^uO���C�k k ��ÛÉõ�ª¯K"©Ù [41; 25; 81; 80]�Ñ
Ù§��{�¦ )ù �¯K"
§1.4 Ø©�Ì�SN�©¤�?Ø�´O�õC � õ�ª�CqÏª©)±9üC � ÚõC � õ�ª�Cq��úÏf¯K"Ø©�{eÜ©deãÙ !�¤µ

3 1� Ù ¥Äk�Ñ
��õC � õ�ª�CqØ{��{ÚCq��úÏf�{",�$ ^ù ü��{§�Ñ
��õC� õ�ª�CqÏª©)�{"�Ñ\�õ�ªl�±©)�õ�ª�ål'�� �§·���{E,U��'���(J"… �±^ Gauss-Newton S�`zù �(J"��œ ¹e§S��gê�u 10 g"��§�Ñ��L5`²Ú±c ��{�'��(J"



4 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K1nÙ Ì��Ñ
��#��{O�õ�ª�Cq��úÏf¯K§ù �Ù �Ä
üC � õ�ªÚõC � õ�ªü« œ /"·�rO��C��úÏf¯K=zǑé£2Â¤ Sylvester Ý
�(�$�%C§^�´(������ê��{£STLN¤"�±c ��{�'§STLN�{U�������Ø�§… S��gê'��£��œ ¹e§�I�üng¤"1oÙ Ì�?Øõ�ª�Xêk�5��^��Cq��úÏf¯K"ù �ÙrO�ü�õ�ª�Cq��úÏf�{í2�O�õ�õ�ª�Cq��úÏf�{"�,§�Ì��´éuõ�ªXê�m÷v�5'X�ª½ö Ø�ªœ /§·�Ñ�Ñ
k���{O�õ�ªCq��úÏf�¯K"éuüC� �œ /§Xêk�5���Cq��úÏf¯K�±A^u¦ )��C�k k ��ÛÉõ�ª¯K§ù ´���Û`z¯K"Ú± c �{�'�§·���{�±ÏL�{B�O����C�ÛÉõ�ª¯K��Û�`)"3 õC� �œ /§O��C�kÏf�õ�ª��²�Ïf©)¯K�±=zǑ¦ )Xêk�5���õ�ªCq��úÏf¯K§ù éõ�ª�CqÏª©)�{k�~���^"1ÊÙ o(·�¤��ó�¿… Ì�?Ø
ò5�ïÄ��ÚÐ ""



1�Ù õ�õ‘ ª�CqÏª©)
§2.1 ó�Ñ\��õ�ª�§duê�O�½ö Ôn�ÿþN´�)Ø�§ù �õ�ªÒ¬¿�
3 O(¿Âþ��±©)�5�"3 ù Ü©·��Ä¦ õ� õ�ª�E�CqÏf"f(x1, . . . , xn) ∈ C[x1, . . . , xn] 3 Eê CþýéØ�� §ù pØ�� ´duõ�ª f �Xêk6ÄE ¤�"·�^ ‖f‖�L f �õ�ªXê�þ� Euclidean�Ý§^ f [min] �L 3 C þ�±©)�õ�ª … ÷v deg(f [min]) ≤ deg(f) Ú
‖f − f [min]‖���§ǑÒ´`§ f [min]´�C��©)�õ�ª"ù �Ù ��Ñ
��#��{5O�Ïª©)µf̃ = f1 ·f2 · · · fr ∈ C[x1, . . . , xn]§… k deg(f̃) ≤ deg(f)§�� ‖f̃ − f [min]‖ �~�"©Ù [34]¥�~ 2`²
 f [min]´�gê�½Âk'"�{¥�gê�� deg(f̃) ≤

deg(f)´éz�C� Ñk���§ǑÒ´ degxi
(f̃) ≤ degxi

(f), i = 1, . . . , n"·���{ò[16]¥�O(��{í2�O�Cqõ�ª�Ïª©)"·�ÏL Ruppert Ý
�ÛÉ�©)5(½Ïf��ê",	��O
#��{5O�õC� õ�ª�Cq��úÏf"
ù �Ù ©Ù ��Ñ
éõCqõ�ªÏª©)�~f§Ù¥�)�
Ø�� ��S�~f£��! §2.3.6¤"·�U3 �á��mSO�CqÏª©)§¿… ��
���Ø�",	§·��ÿÁ
�
�Å)¤�~f"¢�(JL²·���{äk°�5"

§2.2 õ�õ�ªCqØ{ÚCq��ú Ïf
3 õ� õ�ªCqýéØ�� ©)�{¥§I�kEõ�ª�Cq��úÏfÚEõ�ª�CqØ{��{"e¡k�Äõ�ª�CqØ{"

§2.2.1 õ�ª�CqØ{�½�õ�ª f ����gê´ d �õ�ª��� $ �´��'uõ�ª f

5



6 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K�Xê��5�f§̂ òÈÝ
 C[d]f L«"~Xµ
−−−−−−−−−−−−−−−−−−−−−−−−−→
(a2x + a1y + a0) · (b2x + b1y + b0) =

C[2]a2x + a1y + a0 ·





b2

b1

b0



 =






a2 0 0

a1 a2 0

0 a1 0

a0 0 a2

0 a0 a1

0 0 a0






·





b2

b1

b0



 .

,	§òÈÝ
�±^Ù§«a�gê½ö ^õ�ª�½�|85�E "�´§Ǒ
�B§©Ù ¥�gêÑ´L«õ�ª��gê"�½ü�õ�ª f Ú g§tdeg(g) ≥ tdeg(f)§… f ØU�Ø g"·��éõ�ª�Xê?16Ä§�� f U�Ø g"UCõ�ª g �Xê��l g �C�õ�ª g̃§�� f �Ø g̃ "ù �±ÏLO�������¯K��µ
min

tdeg(q)=tdeg(g)−tdeg(f)
‖f q − g‖2. (2.1)�âòÈÝ
O(�Ñõ�ª g̃§

g̃ = C[tdeg(g)]f (C[tdeg(g)]f)† g

ù p (C[tdeg(g)]f)† L«Ý
 C[tdeg(g)]f�2Â_Ý
"3 üC� �œ /§·��±æ^¯��{"ù ´ÏǑ����¯K(2.1)�XêÝ
ké�� £�§¤±¯��{�±k�/)ûù �¯K[78]"þ¡�{�":´µ�+§UO�CqØ{¯K§�´§vk4õ�ª fÚ g�XêÓ�UC"b�õ�ª f Ú g �XêÑ�±6Ä§�oCqØ{¯K´������¯K£Ý
¥�� �Ú�ªm>��þÑ�±6Ä¤"¢Sþ§ÏǑÝ
 C[d]f kAÏ�(�§¤±CqØ{�±=zǑ(�����¯K"
§2.2.2 Cq��ú Ïf
§2.2.2.1 �{�£ã�r Gao ��{í2�Cq� œ /�§·�I�����Cq��úÏf�{"Äk�Ñ��{ü�Ún§§´Cq��úÏf���Ä:"



1�Ù õ�õ‘ ª�CqÏª©) 7Ún 2.2.1. �½ü��"�õ�ª g, h ∈ C[x1, . . . , xn]"XJ g1 = g/GCD(g, h)§h1 =

h/GCD(g, h)"�o�§
ug + vh = 0 (2.2)�¤k) u, v ∈ C[x1, . . . , xn] 7L´e¡�/ªµ

u = h1q, v = −g1q, (2.3)ùp q ∈ C[x1, . . . , xn]"
y ². ªf 2.2�±�¤µ

ug1 GCD(g, h) + vh1 GCD(g, h) = 0�oþ¡�ªfÓ��±�¤µ
ug1 + vh1 = 0du g1 Ú h1 p�§¤± g1Ú h1�±©O�Ø v Ú u"�§(2.2)´��dõ�ª u Ú v �Xê�¤��5XÚ"Ǒ
4§´k�XÚ§ù pI��� uÚ v �gê"·��±Uì õ�ª�z�C� �gê§Ǒ�±´õ�ª��gê"ù p^�´õ�ª��gê£tdeg¤§… �¦ µ

tdeg(u) ≤ tdeg(h) − 1, tdeg(v) ≤ tdeg(g) − 1. (2.4)�o§GCD(g, h) = 1�… =�vk�"�õ�ª uÚ v´(2.2)Ú(2.4)�)"GCD(g, h)�gêÚ)�m��êk'X"Ǒ
`² ù �:§Äk§�gê ≤ d �ü�ª
xi1

1 · · · xin
n ��ê´��ªêµ

β(d, n) =
(d+n

n
)
.Ïd§u k β(tdeg(h) − 1, n) �Xê§ v k β(tdeg(g) − 1, n) �Xê"ù �§�5XÚ�C� ��êÒ´

m = β(tdeg(g) − 1, n) + β(tdeg(h) − 1, n).�â(2.3) Ú(2.4)§u Ú v �¤k)Ñ�õ�ª q ∈ C[x1, . . . , xn]¤û½§…

tdeg(q) ≤ ℓ − 1,

ù p ℓ ´ GCD(g, h) ��gê"Ïd§uÚ v )�m��ê´�u
β(ℓ − 1, n).



8 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯KÏd§·��±O�XêÝ
�� p§,�l m − p = β(ℓ − 1, n)¥�� ℓ"éuüC � õ�ª§(2.2) Ú(2.4) �XêÝ
Ò´ g Ú h � E �Ï~¿Â�
Sylvester Ý
"3 ©Ù [8]¥§Sylvester Ý
�±^5O�üC� õ�ª�Cq��úÏf"éuõC� õ�ª§�±^2Â Sylvester Ý
5L«£2.2¤Ú£2.4¤�éA�XêÝ
"Ó�§§�±^5O�õC� õ�ª���úÏf"ù p�O���$gê�)ǑÒ´õ�ª�{Ïf g1 Ú h1"

S1 L« g Ú h�2Â SylvesterÝ
"Ǒ
¦ GCD§I�é � S1 "�m�Ä"
3 O(œ /§·��±ÏLé"�m�Ä�pd��{�� g Ú h�{Ïf",��Ø{ÒUO�Ñ GCD"3 ê�œ /§kü�(JI�)û"1�§3 O(�œ / S1 �U´÷��"1�§̂ pd��{5¦ �$gê�)´Ø½�"Ǒ
�Ñ1��(J§ÛÉ�©)�±^5é £$¤�Ǒ p ��CÝ
"��

m − p�ÛÉ�þ�¤�C$�Ý
�"�m�Ä"·�^ S1�ÛÉ�5(½ê�� p"�(½ê���§I����NNØ� ǫ ½ ö 3 ÛÉ�¥ é ��a� §=��'~ σi+1/σiµ
σm ≥ · · · ≥ σm−p−1 > ǫ ≥ σm−p ≥ · · · ≥ σ1.,	���{´µ�õ�ª g Ú hØ
��C� 	Ù§C� ÑD�§,�é �üC � õ�ª GCD �“��”�gê"NNØ� ǫ �±lÏª©)¯K¥��"�

ǫ é���ÿ§ù «�{Ǒék�"ÏǑ^D���{��� Sylvester Ý
��êé�§=�·�õ�AgD�§ù «�{�´�'�2Â Sylvester Ý
ÛÉ�¯éõ"Ïd§3 ¢SO�L§¥·�^ù «�{5(½ê��"éu1��(J�±ÏLíK S1 ��
1Ú�5)û"XJ�� S1 ��§�±^�r �gê£���õ�ª u Ú v¤��^�5�E �5XÚ ug + vh = 0"Ïd§����#�2Â Sylvester Ý
 Sk£ S1 �fÝ
¤§… Sk �"�m��êǑ 1§ù p k ´ GCD(g, h) ��gê"3ù «œ ¹e§"�m¥�Ä��êǑ 1§ǑÒ´{Ïf g1 Ú h1 �~ê�"ù �"�þ�±^S���{[47] 5O�"�k
Cq�{Ïf g1 Ú h1§Cq��úÏf�±ÏL����{�CqØ{��"�{ 2.2.1. AMVGCD: Cq��ú ÏfÑ\µg Ú h ∈ C[x1, . . . , xn]"ÑÑµd§ g Ú h ��~ê�Cq��úÏf"
1. (½ k, g Ú h �Cq��úÏf�gê§�±^e¡�ü« �{¥ ��« µ
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(a) �E�5XÚ ug+vh = 0)¤�Ý
 S = S1(g, h)§ùp g, h ∈ C[x1, . . . , xn]§�÷v tdeg(u) < tdeg(h) Ú tdeg(v) < tdeg(g)"�â S �ÛÉŠ é���a�",�l S �êŠ• ��gê k"
(b) ÏLé g Ú h �A�?¿�üC��N�§O� Sylvester Ý 
 �ê Š • ",�(½gê k"

2. ^�r�ü�gê�› tdeg(u) = tdeg(h) − k Ú tdeg(v) = tdeg(g) − k 5�E�5XÚ§ #��2Â Sylvster Ý
 Sk(g, h)§PǑ S"#�Ý
 S �"�m��êǑ 1"
3. O� S ����ÛÉŠ ¤éA�ÛÉ�þ§�Ñ [u, v]T ���)"
4. O�Ñ h Ú u£½ö g Ú v¤�Cqû§�� d§½öÏL)û����¯K

‖h − d u‖2
2 + ‖g + d v‖2

2 �� d"XJ��½NNØ�§�o�k1�ÚI�UC"3 ù « œ /e§�U��
k = 0§XJÑyù «œ ¹§���£(J d = 1 §ù ǑÒ´`§g Ú h 3ù ��½�NNØ�e´Cq�ép��",	§�¡�Ù ò�?ØN �^(�����¯K5O�Cq��úÏf"
§2.2.2.2 �{�ÂñǑ
{üå�§ù Ü©��Äü�C� £n = 2¤�œ /"�õ�ª g̃ Ú h̃ �ép�§Äkéü�õ�ª�5z§ǑÒ´�� ‖h̃‖2 = ‖g̃‖2 = 1"b� GCD(g, h) = d 6= 1§tdeg(g) = tdeg(g̃)§tdeg(h) = tdeg(h̃)§� ‖g − g̃‖2 =

ǫ1§‖h − h̃‖2 = ǫ2"·�Uy²µ� ǫ1, ǫ2 → 0§K g̃ Ú h̃ �Cq��úÏfª ? d"� S = Sk(g, h)§ù p k �� S ��Ǒ p§º�Ǒ 1"�o§w = [u, v]´ S �"�m�Ä§ù p u = h/d§v = −g/d§Ø���5§� ‖u‖2 = 1"� S̃ = Sk(g̃, h̃)"·��±��ù ü� Sylvester Ý
�ålµ
‖S − S̃‖2

2 ≤ ‖S − S̃‖2
F = a1ǫ2

1 + a2ǫ2
2 = ǫ2

3

ù p
a1 = β(tdeg(h) − k, 2) Ú a2 = β(tdeg(g) − k, 2)��6 k Ú g§h �gê"O� SVD é �Ý
 M ��:

min
Rank(M)=Rank(S)

‖S̃ − M‖2 = σm−p(S̃) ≤ ǫ3



10 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K5¿ M Ø�½´ SylvesterÝ
§�´÷v ‖M − S‖2 ≤ 2ǫ3§¿… M �º�Ǒ 1"� w̃ = [ũ, ṽ] ´d M �"�m����þ§‖ũ‖2 = 1"3 ½n 6.4 [70] ¥`²µ�â ǫ3 �±�� w Ú w̃ �ål§��� ǫ3 → 0�§ ǫ4 = ‖w − w̃‖2 → 0"ù �ÏǑv
�� ǫ1 Ú ǫ2§·�k tdeg(ũ) = tdeg(u)",	I�^[20, 1 134-139�]¥�ÏfXê���µ‖f1‖2‖f2‖2 ≤ 2
P

i(degxi
f)‖f‖2§

f = f1f2"̂ �����{�±¦ Ñõ�ª d̃µ
ǫ5 = min

d̄ : tdeg(d̄)≤tdeg(d)
‖d̄ ũ − h̃‖2Ó� ǫ5 ÷v����µ

ǫ5 = ‖d̃ ũ − h̃‖2 ≤ ‖d(ũ − u) − (h̃ − h)‖2

≤ ‖d(ũ − u)‖1 + ǫ2 ≤ ‖d‖1‖ũ − u‖1 + ǫ2

≤
(k+2

2
)1/2

‖d‖2
(tdeg(h)−k+2

2
)1/2

‖ũ − u‖2 + ǫ2

≤ a4 ǫ4 + ǫ2�âõC� õ�ª�ÏfXê�����µ
a4 = 2degx(h)+degy(h) ‖h‖2

(k+2
2

)1/2(tdeg(h)−k+2
2

)1/2

K µ
‖(d − d̃)u‖2 = ‖h − d̃ ũ − d̃(u − ũ)‖2

≤ ‖h − h̃ + (h̃ − d̃ ũ)‖2 + ‖d̃(u − ũ)‖2

≤ ‖h − h̃‖2 + ‖h̃ − d̃ ũ‖2 + ‖d̃(u − ũ)‖1

≤ ǫ2 + ǫ5 + ‖d̃‖1‖u − ũ‖1

≤ 2ǫ2 + a4ǫ4 +
(k+2

2
)1/2

‖d̃‖2
(tdeg(h)−k+2

2
)1/2

ǫ4,

‖d̃‖2 �±^e¡�ªf?1��µ
‖d̃‖2 ≤ 2degx(h)+degy(h)‖d̃ ũ‖2

≤ 2degx(h)+degy(h)(‖h̃‖2 + ‖d̃ ũ − h̃‖2)

≤ 2degx(h)+degy(h)(‖h̃‖2 + ǫ2 + a4ǫ4).

2 g^õC� ÏfXê����±��µ
‖d − d̃‖2 ≤ 2degx(h)+degy(h)(2ǫ2 + a5ǫ4)

a5 �±lþ¡ü�ªf��"ÏǑ ǫ4 → 0§ … a5 ´d g̃ Ú h̃ �gêÚ�ê�½
§¤±� ǫ1, ǫ2 → 0 �k‖d − d̃‖2 → 0"3 ¢SO�L§¥§O���� d̃ 'þ¡¤��.��õ"
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§2.3 Ïª©)��{Ú¢�·�ò [16]¥�ü�C � ��{í2���O�Eõ � õ�ª�CqÏª©)",	§̂ Gauss-Newton �{`zCqÏf"·�^Maple §S¢y
�{§¿
… �
�
~f"
§2.3.1 O(õ�õ�ªýéØ��Ïª©)b� f Ø´~ê§… GCD(f, fx1) = 1§fx1 = ∂f/∂x1,ǑÒ´ f ´�²�Ïf�§… 3 C[x2, . . . , xn] þvkÏf"b� f �±©)Ǒµ

f = f1f2 · · · fr, (2.5)

fi ∈ C[x1, x2, . . . , xn]´ C þØÓ�Ø�� Ïf"½Â
Ei =

f
fi

∂fi

∂x1
∈ C[x1, x2, . . . , xn] 1 ≤ i ≤ r. (2.6)�o

fx1 = E1 + E2 + · · · + Er Ú EiEj ≡ 0 mod f éu¤k� i 6= j. (2.7)e¡�ÑÏª©)�{¥��ýéØ� � ��½½n"Äk§Ú^© Ù [63]¥ü�C� õ�ªØ�� ��½½nµÚn 2.3.1. � f ∈ C[x, y] gêǑ (m, n)§= degx f = m§ degy f = n"�o f ´ýéØ����=��§
∂
∂y

(
g
f

)
=

∂
∂x

(
h
f

)
, (2.8)vk�"�) g, h ∈ C[x, y]§ùp deg g ≤ (m − 1, n), deg h ≤ (m, n − 2)"�âÚn2.3.1§�±rØ�� ��½í2�õC� õ�ªœ /"½n 2.3.1. � f ∈ C[x1, x2, . . . , xn] gêǑ (d1, d2, . . . , dn), = degxi

f = di. �o§ f´ýéØ����=��§
∂

∂xi

(
g
f

)
=

∂
∂x1

(
hi

f

)
, i = 2, . . . , n (2.9)vk�"� g, h2, . . . , hn ∈ C[x1, x2, . . . , xn] ÷v

deg g ≤ (d1 − 2, d2, . . . , dn),

deg hi ≤ (d1, d2, . . . , di − 1, . . . , dn), i = 2, . . . , n.



12 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K�â½n 2.3.1��½5K §©Ù [34]�Ñ
�
.5�½��ê�õ�ª´Ä´ýéØ�� �"�ù 
.é��§K õ�ª f l�� õ�ªéC"e¡)ºXÛ^½n 2.3.1 ?1Ïª©)"Äk§éuü�C� �œ /§I�UCÚn2.3.1¥� g Ú h�gê^�µ
deg g ≤ (m − 1, n), deg h ≤ (m, n − 1), (2.10)

ù �=� f Ø�� §(g, h) = (fx, fy)Ñ´�©�§�)"e¡�Ñ��ÚnµÚn 2.3.2. [16]� f ∈ C[x, y]´�~ê�õ�ª§gêǑ (m, n)§�k GCD(f, fx) =

1"½Â
G = {g ∈ C[x, y] : h ∈ C[x, y] ÷v (2.8) Ú (2.10) } (2.11)� f ©)ǑØ���õ�ª£2.5¤"�oG´ C þ�êǑ r ��þ�m§�z�

g ∈ G Ñk/ªµ g =
∑

λiEi§ùp λi ∈ C"þ¡�Ún�±í2�õC � õ�ª� œ /"Äk�UC g Ú hi �gê^�µ
deg g ≤ (d1 − 1, d2, . . . , dn),

deg hi ≤ (d1, d2, . . . , di − 1, . . . , dn), i = 2, . . . , n, (2.12)� f ´Ø�� �§(fx1, fx2 , . . . , fxn) Ñ´�©�§£2.9¤�)"ÏǑ�©3 C þ´�5�§gê.£2.12¤Ú�§£2.9¤�Ñ
��'u g Ú hi Xê��5XÚ,ù �XêÝ
¡Ǒ RuppertÝ
§PǑ Rup(f)"½n 2.3.2. � f ∈ C[x1, x2, . . . , xn] ´�~ê�õ�ª§gêǑ (d1, d2, . . . , dn)§� GCD(f, fx1) = 1"½Â
G = {g ∈ C[x1, x2, . . . , xn] : h2, . . . , hn ∈ C[x1, x2, . . . , xn]÷v (2.9) Ú (2.12)} (2.13)� f �±©)ǑØ��õ�ª��È(2.5) "�o G ´3 C þ�êǑ r ��þ�m§�z� g ∈ G k/ªµ g =

∑r
i=1 λiEi§ùp λi ∈ C"

y ². ù �y²�±��dÚn 2.3.2 í2��"Äk§éu g = Ek = f
fk

∂fk
∂x1
§�

hi = f
fk

∂fk
∂xi
§i = 2, . . . , n"�o (g, h2, . . . , hn) ÷v£2.12¤Ú

∂
∂xi

(
g
f

)
=

∂
∂xi

(
1
fk

∂fk

∂x1

)
=

∂
∂x1

(
1
fk

∂fk

∂xi

)
=

∂
∂x1

(
hi

f

)
,
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i = 2, . . . , n §… E1, . . . , Er ∈ G"ÏǑ E1, . . . , Er ÷v£2.7¤§��3 C þ�5�'"Ïd dimC G ≥ r"� g ∈ G … h2, . . . , hn ∈ C[x1, x2, . . . , xn]÷v£2.9¤Ú£2.12¤"·�I�y² g´ E1, . . . , Er 3 C þ��5|Ü"ÏǑ GCD(f, fx1) = 1§f 3 C(x2, . . . , xn) ��ê4�pvkÏf"�
f = ud1

d1∏

i=1

(x1 − ci), ci ∈ C(x2, . . . , xn).ÏǑ degx1 g < degx1 f Ú degx1 hj ≤ degx1 f§·�d©ª©)kµ
g
f

=
d1∑

i=1

ai

x1 − ci
,

hj

f
=

d1∑

i=1

bji

x1 − ci
+ h∗

j ,

ù p degx1 h∗
j = 0§

ai = g(ci, x2, . . . , xn)/fx1(ci, x2, . . . , xn). (2.14)ÏǑ
∂

∂xj

(
g
f

)
=

d1∑

i=1

(
1

x1 − ci

∂ai

∂xj
+

ai

(x1 − ci)2
∂ci

∂xj

)
,

∂
∂x1

(
hj

f

)
=

d1∑

i=1

−bij

(x1 − ci)2 .�§£2.9¤L« ∂ai
∂xj

= 0§ǑÒ´ ai ∈ C§ i = 1..d1"XJ ci Ú cj 3 C(x2, . . . , xn)þ�ê�Ý �§�â£2.14¤§ai Ú aj Ó��ê�Ý �"ÏǑ ai, aj ∈ C §�±��
ai = aj"Ïd§éu ci 3 éAu f �Ø�� Ïf3 C(x2, . . . , xn)þ�Ó���Ý ap§
ai ´�~ê"�[16] ��§k

g
f

=
r∑

i=1

λi
1
fi

∂fi

∂x1
,

ù p λi ∈ C"Ïd§z�� g ∈ G k/ª g =
∑r

i=1 λiEi … dimC G = r"�X`²N �l�5�mG5©)õ�ª f"éu�� õ�ª©)§©Ù [16]kXeÚnµÚn 2.3.3. � g1, . . . , gr ´ G3 Cþ�Ä"À� si ∈ S ⊂ C§éu 1 ≤ i ≤ r§si ´?¿����5�'�"� g =
∑r

i=1 sigi"K�3���Ý
 A = [ai,j] ∈ Cr×r ��
ggi ≡

r∑

j=1

ai,jgjfx (mod f) ∈ C(y)[x] (2.15)



14 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K�§� Eg(x) = det(Ix − A) ´ A �A� õ�ª"�o§
f =

∏

λ∈C : Eg(λ)=0

GCD(f, g − λfx) (2.16)�Ñ
 f 3 C þýéØ��©)�VÇØ�u 1 − r(r − 1)/(2|S|)"þ¡�Ún�±í2�õC� õ�ª�œ /µ½n 2.3.3. � g1, . . . , gr ´ G 3 C þ�Ä"À� si ∈ S ⊂ C§éu1 ≤ i ≤ r§ si ´?¿����5�'�"� g =
∑r

i=1 sigi"K�3���Ý
 A = [ai,j] ∈ Cr×r ��
ggi ≡

r∑

j=1

ai,jgjfx1 (mod f) ∈ C(x2, . . . , xn)[x1]. (2.17)�§� Eg(x) = det(Ix − A) ´ A �A� õ�ª"�o§
f =

∏

λ∈C : Eg(λ)=0

GCD(f, g − λfx1) (2.18)�Ñ
 f 3 C þýéØ��©)�VÇØ�u 1 − r(r − 1)/(2|S|)"
§2.3.2 Cqõ�õ�ªýéØ��Ïª©)Ǒ
r[16] ¥�O(Ïª©)�{í2�Cqœ /§±eA�¯KI�)ûµ

1. O�õ� õ�ª�Cq��úÏfµGCD(f, g − λifx1)§
2. � zõ�ª f ,��õ�ª f Ú fx1 Cq�ép�§
3. (½ G�ê�¿Âþ��ê"
4. O� Ag �Ùvk�AÆ�"éu1��¯K§þ¡��!®²�Ñ
��'����{5O�õC� õ�ª�Cq��úÏf"éu1��¯K§Ó��±^Cq��úÏf5)ûµÄkO�Ñ f Ú fx1 �Cq��úÏf",�^CqØ{§f/GCD(f, fx1) rõ�ªC¤ GCD(f, fx1) = 1�œ /"'uù 
[!ò3 §2.3.4 Ü©0�"Ǒ
)û1n�¯K§·�é Rup(f) Ý
�ÛÉ�©)5(½ G �ê��ê"� σi ´ Rup(f)1 i�ÛÉ�"XJNNØ� ǫ®²�½§K G�ê��êǑ

r§ù p r ÷v
· · · ≥ σr+2 ≥ σr+1 > ǫ ≥ σr ≥ · · · ≥ σ1.,§XJ f �Xê��éØ�´���§�ÒéJ�Ñ��éØ��éA�NNØ� ǫ"ù �§�±�âÛÉ����a� 5�½NNØ�"ǑÒ´§ÀJ
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ǫ = σr �� σr+1/σr ��U�"© Ù [34]�Ñ§ÛÉ� σr �u�u f Ú�C�k r�Ø�� Ïf�õ�ª f̃ �ål"ǑÒ´µ
min

deg f̃=(d1,...,dn)
dim Nullspace(Rup(f̃))=r

‖Rup(f) − Rup(f̃)‖2 ≥ σr.

ù ��½�NNØ� σr �±�Ǒ�¡¦ õC� õ�ªCq��úÏf�Ñ\�NNØ�"5 2.3.1. nØþ§�±^�±(��$• %C�{£SPLRA¤[57]5��l Rup(f)�C�Ý
 R̃§� R̃ º• Ǒ r"ÏǑ R̃ �±
 Rup(f)�(�§¤± R̃ ¤éA�õ�ª f̃ ´�C�k r �ýéØ��Ïf�õ�ª",§SPLRA�{A^�~fþ§O����(J¿Øn�§F"3±��ó�¥ U?�ÚïÄ&?"3ùpE,é Rup(f)^ÛÉŠ ©)5é�l§�C�º• �Ý
 "e¡?Ø1o�¯K"b�l Rup(f) ��� r �ÛÉ�¤éA�ÛÉ�þ®²�� G �CqÄ"N´�� ‖Rup(f)gi‖2 ≤ σi ≤ σr"Ïd§�þ gi �¤
 3NNØ� σr e� G �CqÄ"�â½n 2.3.3 5� E Ý
 Ag"?¿��
Eê
s1, . . . , sr ∈ S ⊂ C§… � g =

∑r
i=1 sigi",�^?¿��� αi ∈ C� xi D�§�D���õ�ª f(x1, α1, . . . , αn) ´�²�Ïf�"Ý
 Ag �±ÏLe¡üÚ��µÄk§éu¤k� 1 ≤ i, j ≤ r §¿… ^üC� �CqØ{£� §2.2.1Ü©¤é ggi Ú

gjfx1 ^ f£^ xk = αk éõ�ªD�¤��{",�)û������¯Kµ
min ‖rem(ggi − (ai,1g1fx1 + · · · + ai,rgrfx1), f)‖2O�Ñ��þ ai,j ��"O�ÑÝ
 Ag �AÆ�§,�é Ñ§��m���ålµ

min dist(g) = min{|λi − λj|, 1 ≤ i < j ≤ r}.XJålé�ǑÒ´` Ag ê�þk�AÆ�"ù �I�#À�|ê si§UY
é vkAÆ�� Ag"¢Sþ§½n2.3.3 ®²`²
ké��VÇ��vkAÆ�� Ag "Ïd�Ag?¿� g§,�^éAu��� min dist(g) � g ?1O��±�����(J"3 Gao �O(�{¥§^ Ag 3 �ê*�þO���úÏf5��ýéØ�� Ïf"ÏǑ·���{Ñ 3́ Eê�þO��§… Ag ¤k�AÆ�Ñ´Eê"Ïd§vk7�3 �ê*�þO�§´��3 Eê�þO�"�â §2.2Ü©��{§é Ag �z��AÆ� λi O�õC� õ�ª�Cq��úÏf f̃i = GCD(f, g − λifx1)§ǑÒ��
 f 3 C þ�CqÏª©)µf ≈

∏r
i=1 f̃i"



16 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K·��±æ��
�{5`z¤O��õ�ª�CqØ�� ©)"Äk§·�O�Ñ��'~~ê c§��CqÏª©)���Ø�����µ
min
c∈C

‖f − c
r∏

i=1

f̃i‖2/‖f‖2.Ïª©)�(JÏL^ Gauss-Newton S��{)û������¯K5?�Ú/Jp°Ý"�A�`z¯K´é ���dªf F (v1, . . . , vr) = f �E ���5XÚ�����)§ù p vi ∈ C[x1, . . . , xn]§…

F (v1, . . . , vr) =
[

C[tdeg(v2···vr)]v1 · · · C[tdeg(vr)]vr−1 vr

]

C[k]v ´3 §2.2.1 �!¥£ã�òÈÝ
"'u�{�[!§ž �©Ù [35]"
§2.3.3 �{�{ 2.3.1. AFMP: õC�õ�ª�CqÏª©)Ñ\µf ∈ C[x1, . . . , xn] �� f Ú fx1 ´Cqp��§�3 C[x2, . . . , xn] þvkCqÏf£� §2.3.4 �!¤"ÑÑµõ�ª�CqÏª©)Ú�`�'~~ê c"� S ´Eêþk���|ê§� |S| ≥ tdeg(f)2"

1. O�Cq"�m�Äµ
(a) �EÝ
 Rup(f)¶
(b) O� Ruppert Ý
 �ÛÉŠ ©)§é��� tdeg(f) + 1 �ÛÉŠ σi¶
(c) é�ÛÉŠ¥ ���a�§,�(½ G �êŠ �ê r§ùpb� r ≥ 2¶
(d) lÝ
 Rup(f) ��� r �mÛÉ�þ�E G ��|Ä g1, . . . , gr"

2. O� Ag ��§�A�Š �pƒ m�ål'��µ
(a) éC� xi = αi ^ S ¥ ?¿�Š ?1DŠ §���ØUUC f �gêÚ�²�Ïf�5Ÿ ¶
(b) k l 1 � p£3¢SO�¥ §p = 4 ��'��¤�±eÚ½ µ

i. ?¿� si,k ∈ S§� ḡk =
∑r

i=1 si,k gi

ii. O� ai,j,k ��e¡�{ª��µ
min ‖rem(ḡk gi −

r∑

j=1

ai,j,kgjfx1, f)‖2;
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iii. O� Aḡk�A�Š λi,k, 1 ≤ i ≤ r§ùp [Aḡk ]i,j = [ai,j,k]"� min distk =

min1≤i<j≤r{|λi,k − λj,k|}¶
(c) � g = ḡk§ùp min distk ´���"

3. ÏLO�CqúÏf��Ïfµé 1 ≤ i ≤ r§·�3 C[x1, . . . , xn] O�Cq��úÏf:GCD(f, g − λifx1)"
4. `zÏª©)�(Jµ

(a) A^ Gauss-Newton S�5`zCqÏf¶
(b) O� minc∈C ‖f − c

∏r
i=1 fi‖2/‖f‖2"5 2.3.2. 'u31nÚ ¥ �Cq��úÏf�O�§kü��¡I�`²"1�§Ǒ
�ÑõC�õ�ª���úÏf�gê§·�• � AMVGCD�{£ §2.2.2.1�!¤¥ 1�Ú�Ñ�NNØ� ǫ§XJ^ù�NNØ�N��üC�õ�ª��{5(½õC�õ�ª���úÏf�gê§ù« �{´�¯�"duN���üC�õ�ªké���ê§¤±^ σr �ǑNNØ�5O���úÏf¿ØO("1�§ AFMP �{¿vk^ Gauss-Newton �{5`zO����Cq��úÏf"• ´^3Ïª©)�{¥ "ÏǑ3�¢��uyµ`zCq��úÏf§,�2`zÏª©)§ù�¤��(J�• éÏª©)`zO��(J��"5 2.3.3. AFMP�{¿ØU�y ���Ïf´Ø���"~X§Ñ\�õ�ªl�±©)�õ�ª¿Ø´éC§ù�^Cq��úÏf��{���Ïf�Ul���õ�ªéC"�,§·�©ª �±��CqØ���ÏfµÄk�äCqÏf´Ø´CqØ��[34; 51]§XJCq��§�±^ AFMP �{éCqÏf2O��g"

§2.3.4 Ïf�/
f lkÏf�õ�ªéC�§AFMP�{�{����(J"ù �O(�{�{O�kÏf� œ /k'"3 ù « œ /�§Ý
 Rup(f) �º�é� … �Ïf��ê�'£����²�Ïfœ /Ø��¤"·��±|^Cq��úÏf�{O� f Ú fx �Cq��úÏf§,�O�

f Ú��úÏf�Cqûµfsqfr¶̂ ·���{O�Ñ fsqfr ≈ f1 · · · fr �CqØ��©)"��§ÏLO� αi,j = σ1(S1(fi, ∂x,jf)) �m�a� 5(½z�Ïf��g"XJl§�C�õ�ª�Ïf´�²�Ïf�§K f �Ǒ´Cq�²�Ïf�"Ǒ,·�ØUO��C�� õ�ª�Ïf§�´�±^ Rup(f)�ÛÉ�[34]�Ñl�C�� õ�ª�."Ó�§S1(f, fx1)�ÛÉ��Ñ
l�C�kÏf�õ



18 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K�ª�ål."XJù ü�.é�C�§I�^ù ü«�ª£k²�Ïf�{œ /Ú�²�Ïfœ /¤?1Ïª©)§,�^��Ø������"
3 [74]© Ù ¥§���Ñ
ÄuõC � õ�ª�Cq��úÏf��{"3 ¢�¥§ù ü«�{��J�Øõ£3 e¡�L¥'�
©Ù [76]¥�~f¤"

§2.3.5 CqÏª©)�~f~ 2.3.1. [52] ·�^ AFMP �{5©)ù�~fµ
f := (x2 + yx + 2y − 1)(x3 + y2x − y + 7) + 0.2x.ÏǑ deg f = (4, 4, 4), RuppertÝ
 ��ê´ 37 × 26"Ý
 ���A�ÛÉŠ ´µ

· · · , 0.0475177, 0.0180165, 0.00168900, 0.203908 × 10−10l1����ÛÉ Š m©§���a�´ 0.0180165/0.00168900 = 10.6669"Ïd§r = 2§ f �±�Ǒkü�Ø��Ïf"l��ü�mÛÉ�þ�� G �Äµ
g1 = −0.222225 x4 − 0.249186 yx3 − 0.00669638 x3 − 0.0402726 y2x2 − 0.541602 yx2

+0.265256 x2 − 0.0670575 y3x − 0.00117838 y2x − 0.0515876 yx + 0.341504 x

−0.179952 y3 + 0.0653902 y2 + 0.157991 y + 0.0120672,

g2 = 0.186723 x4 + 0.149379 yx3 − 0.146533 · 10−9 x3 + 0.112034 y2x2 + 0.224068 yx2

−0.112034 x2 + 0.0746893 y3x − 0.0746893 yx + 0.522825 x

+0.0746893 y3 − 0.0746893 y2 + 0.261412 y + 0.00746893.?¿����5|Üµ g = 49
50g1 + 29

40g2§� y = 1"O�Ý
 A = [ai,j]




−0.757129 1.166496

0.726481 0.537448



 .ÚA�ü�A� Š µλ1 = −1.23519§λ2 = 1.01551",�O� fi = GCD(f, g−λifx), i =

1, 2§�� f �ü�Ïfµ
f1 = −0.227274 x3 + 0.000400937 yx2 + 0.224906 y − 1.57196 − 0.226899 y2x

−0.00914627y x + 0.000416589 y3 + 0.0100343 x2 + 0.00747927 x + 0.000416589 y2

f2 = −0.442980 x2 − 0.0121738 x − 0.447473 y x − 0.887806 y − 0.00098981 y2 + 0.444049.ÏLO���§���Ø�´µ‖f − 10.03713 f1f2‖2/‖f‖2 = 0.00950792"A^
Gauss-Newton �{?1`z����ÏfǑµ
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f1 = −0.718794 x3 + 0.00621037 yx2 + 0.702111 y − 4.979600 − 0.713639 y2x

+0.00376984y x + 0.000296705 y3 + 0.0146338 x2 − 0.00958225 x + 0.00261478 y2

f2 = −1.401574 x2 − 0.0424485 x − 1.405118 y x − 2.814096 y + 0.00521123 y2 + 1.405785.`z����Ø�´µ‖f − f1 f2‖2/‖f‖2 = 0.0010246453"~ 2.3.2. AFMP �{©)��n�C��õ�ª(©Ù[33]�~f)µ
f := 81x4 + 72x2y2 + 0.002x2z2 − 648x2 + 16y4 + 0.001y2z2

− 288y2 + 1296 − 648.003z4 − 0.007z2.þ¡�õ�ª´e¡�õ�ª��Èµ
(9x2 + 4y2 + 25.45596z2 − 36)(9x2 + 4y2 − 25.45578z2 − 36),ÏǑ deg f = (4, 4, 4)§Ý
 Rup(f)��ê´µ168 × 60"Ý
 ���A�ÛÉŠ ´µ

· · · , 198.661, 145.253, 0.868 × 10−10, 0.431 × 10−12.l1����ÛÉŠ m©§���a�´µ
145.253/(0.868 × 10−10) = 0.167 × 1013.Ïd§�±�� r = 2§ǑÒ´`§ f ´lkü�Ø��Ïf�õ�ªéC"l��ü�mÛÉ�þO�Ñ G �Äµ

g1 = 0.000151524784 x3 − 0.000606279 x + 0.000067324 xy2 + 0.233157269 xz2 ,

g2 = 0.108724346 x3 − 0.434897383 x + 0.048321932 xy2 − 0.000322604 xz2 .?¿����5|Ü g = g1 +g2§� y = 2Ú z = −1",�O�Ý
 A = [ai,j]µ



0.000336771 0.000192632

0.000335102 0.000335302



Ú A �ü�A � Š µλ1 = 0.000590107§λ2 = 0.000081966"O� fi = GCD(f, g −

λifx), i = 1, 2§�� f �ü�Ïfµ
f1 = 406.598 x2 + 180.710 y2 − 1150.03 z2 − 1626.39,

f2 = 406.596 x2 + 180.709 y2 + 1150.04 z2 − 1626.39.



20 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K,�é��`�'~~ê c = 0.00048996 ����Ø� ‖f − c f1 f2‖2 é�§���ÏfǑµ
√

c f1 = 9.000015518 x2 + 4.000009094 y2 − 25.45583592 z2 − 36.00004257,
√

c f2 = 8.999984448 x2 + 3.999990906 y2 + 25.45597017 z2 − 35.99995743,§���Ø�Ǒµ‖f − c f1 f2‖2/‖f‖2 = 4.67 × 10−13"Ó�A^Gauss-Newton S�§é�`z��Ïª©)µ
f1 = 9.000015552 x2 + 4.000009094 y2 − 25.455835924 z2 − 36.000042565,

f2 = 8.999984448 x2 + 3.999990906 y2 + 25.455970172 z2 − 35.99995743,§���Ø�´µ‖f − f1 f2‖2/‖f‖2 = 3.23 × 10−14"
§2.3.6 ¢�·�^ Maple ¢y
 AFMP�{"3 L 2.1¥§^ Maple §SO�
© Ù [66;

52; 9; 6]¥�~fÚ�Å)¤�~f"O�~f�Åì��´ Pentium 4 2.0 GHz§
… ^�´ Maple 10 Ú Digits = 14"

ù p coeff. error L«Ñ\�6Ä§ǑÒ´L«��±©)�õ�ª\
2¨�ê��é�XêØ�"backward errorÚ bkwd. err. w/ iter. ù ü�Ñ´�éØ�§ǑÒ´ ‖f −
∏

i f̃i‖2/‖f‖2"time(sec) L«O�¤I���m¶duO��½�õ�ªCqÏª©)L§¥§�{¥k�
Ú½�ÅÀ
Cþ§¤±L¥��mk¤Cz¶��œ ¹e§s3 Gauss-NewtonS���mØ�o�m� 10%¶iters ù ��L«�´ Gauss-NewtonS��gê"impr.ù ��L«�´µ̂ `z¤UJp(J��ê"lL 2.1¥�¢��±w�^ Gauss-Newton `zUr(JJpòC���"~X§3 ~ 9 ¥§vk`z���Ø��� 2.37e-1§^`z�·�U���������Ø�µ 1.06e-1"k
�ÿ� ‖noise‖ ≈ 10−1 �œ /§�+3 O�L§¥$ ^
Gauss-Newton S��{`zCqÏf§�´�´éJ��n��(J"·��±O�z�Ïª©)��c Ø�"ÏL§§Ò��O��(JÚvk\6Ä�� ©õ�ª�m� Euclideanål"3 ¤��Á�¥§Ø
~ 9§��Ø�Ú�c Ø�Ñ´����£ÏǑ~ 9 �Ñ5�Ïf�gê©OǑ 4 Ú 5§,� ©õ�ª�Ïf�gê©OǑ 3§3§3¤"

3 L 2.1¥I�`²A:µ
• ~ 1 ´© Ù [52] ¥�~f§���Ñ���Ø�´ 0.000753084"�+���Ñ���Ø�'·�����
�:§�´����{vkí2��±)û���CqÏª©)¯K§,	§��¤s��mǑvk�Ñ¶
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Ex. deg(fi)

coeff.
error

backward
error

bkwd err.
w/ iter

time(sec) iters impr.

1 2,3 10−2 1.08e–2 1.02e–3 7.764 7 10.6×

2 5,5 10−13 1.07e–12 1.18e–13 6.813 2 9.0×

3 10,10 10−7 9.95e–7 2.87e–7 157.09 3 3.4×

4 7,8 10−9 1.94e–8 2.38e–9 50.222 16 8.2×

5 3,3,3 0 1.24e–13 6.44e–14 19.517 1 2.4×

6 6,6,10 10−5 1.47e–4 7.24e–6 1329.4 4 20.3×

7 9,7 10−4 2.18e–4 7.07e–5 74.157 4 3.1×

8 4,4,4,4,4 10−5 3.34e–3 8.56e–6 5345.5 4 390.6×

9 3,3,3 10−1 8.03e–1 1.06e–1 33.062 16 7.6×

10 12,7,5 10−5 3.16e–4 8.02e–6 1766.7 4 39.4×

11 12,7,5 10−5 7.77e–5 7.66e–6 2737.6 4 10.2×

12 12,7,5 10−3 5.82e–3 7.66e–4 4288.7 6 7.6×

13 5,(5)2 10−5 6.84e–5 6.52e–6 46.751 3 10.5×

14 (5)3,3,(2)4 10−10 2.60e–8 3.93e–9 136.39 2 6.6×

15 5,5 10−5 1.55e–5 7.91e–6 559.30 3 2.0×

15a 2,2 10−5 4.62e–13 3.23e–14 2.871 2 14.4×

15b 2,3 10−2 7.44e–4 3.78e–4 6.687 4 2.0×

16 18,18 10−6 4.50e–6 6.65e–7 5945.9 3 6.8×

17 18,18 10−6 4.03e–6 6.61e–7 10348. 3 6.1×

18 6,6 10−7 2.97e–7 5.10e–8 31.829 2 3.8×

• ~ 2Ú~ 3Ñ´©Ù [66]�~f¶Sasaki��{3 ÅìSPARC 5 (CPU: microSPARC

Π, 70 MHz)þs
 430msÚ 2080ms§��O����Ø�©OǑ 10−9Ú 10−5¶
• ~ 4 ´©Ù [9]¥�~f¶��O����Ø�´ 0.47 × 10−4§·��Ñ���Ø�´µ2.38 × 10−9£�m3 ©Ù ¥¿vkJ)¶
• ~ 5 ´©Ù [6]�~f§ù �~f´gêǑ 9 �O(Ïª©)"ü��{O�ÑÓ����Ø�§�m3 ©Ù [6]¥vkJ�¶
• ~ 6 �~ 13 Ú~ 15 �~ 17 �ÏfÑ´XêǑ −5 ≤ c ≤ 5 ��S��ê§,��Ïf����õ�ª\6Äµ·���NN6Ä´ 10−e§,�?¿�g



22 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯Kê�Ïf�È�gê�Ó�6Äõ�ª§6Äõ�ª��êǑÏf�È��ê�25%£~ 10 Ǒ 5%§~ 17 Ǒ 99% ¤§Xê3 [−10e, 10e] ��S¶��§�6Ä�±��'~~ê��õ�ª��éØ�´ 10−e¶
• ~ 10, ~ 11 Ú~ 12 ´�Ó�õ�ª�´\
ØÓ�6Ä¶
• ~ 14 ´3 ©Ù [74] ¥� ASFF~f¶§k�²��ßÝÚÏf"O�����c Ø�´ 10−8§� Zeng ��c Ø�é�C"
• ~ 15§15a§15b ´kn�C� �~f¶15a´©Ù [33]¥�~f§'uù �~f�[!� §2.3.5 Ü©¶~ 15b´©Ù [28]¥�~f§©Ù ¥�Ñµ̂ ����{Ú`zL����Ïª©)���Ø�´µ5.72e−4¶
• ~ 18 ´��EXê�õ�ª§Ïf�¢ÜÚJÜ�XêÑ´3 [−5, 5] ��S��ê§6Ä´\
¢ÜÚJÜ�¤k�",	§·��
 Jan Verschelde�Ç��ó§þ'u Stewart-Gough²��o�~f[69]"Ñ\�õ�ªkü�½ö n�C� §gêǑ 12§… õ�ª�XêØ�AO�£ 10−16¤§CqÏf�êǑ 1, 3, 5"õ�ª��c Ø�é�CÅìØ�§Ïdæ^
DÕê����{ [21] 5O�CqÏf"·�¤^��mØ�L 200�§'���){�¯�õ"… ��Ø�Ø�u 7.62 · 10−9"�,§ù p·��^
DÕ��§S [21]5O�"



1nÙ (�$�%C£2Â¤Sylvester Ý

§3.1 ó

ù �Ù �)ûe¡ù �¯Kµ¯K 3.1.1. Ñ\ü�õ�ª f§g ∈ C[y1, y2, . . . , yr]§�gê©OǑµtdeg(f) = mÚ
tdeg(g) = n"�½���� ê k � k ≤ min(m, n)§O� △f , △g ∈ C[y1, y2, . . . , yr] �� tdeg(△f) ≤ m§tdeg(△g) ≤ n§tdeg(GCD(f + △f, g + △g)) ≥ k � ‖△f‖2

2 + ‖△g‖2
2´���"© Ù [67; 54; 7; 13; 27; 3; 56; 65] )û
 ǫ-Cq��úÏf¯K"kb���Ø��O ǫ£Ñ\�þ¤§ÑÑǑü�õ�ª △f, △g �� ‖△f‖2

2 + ‖△g‖2
2 ≤ ǫ§,���

GCD(f + △f, g + △g)"
3 ù Ù ¥§·�©üC � ÚõC� ü« œ ¹�Ä"¯K 3.1.1 �±=zǑ(�����¯Kµ�±£2Â¤Sylvester (��$�%C"ù püC� õ�ªéA�´ SylvesterÝ
§õC� õ�ªéA�´2Â SylvesterÝ
"¦ )ù �����¯Kkéõ�{§ù pæ^
(������ê£STLN¤�{[57]§ǑÒ´O��½�5XÚ AX ≈ B �Cq) (A + E)X = B + H§… ��6Ä [E H]�±(�"ÏL¢�y²§STLN��{ék�"ù �Ù ·�ò��ã N �r STLN£�êǑ 2¤�{A^�£2Â¤ Sylvester fÝ
5)ûþ¡�¯K"éuüC� �œ /§·��^S�¨N��{ [59])û
þ¡�¯K"�´� STLN �{�'§§�S�gê'�õ§… ��Ø�'��"©Ù ��Ñ
�
^ STLN�{O��~f"l¢�¥�±wÑSTLN�{�I�AgS� … ��Ø�'©Ù [76]¥�Äu SVD Ú Gauss-Newton �{�{���Ø��éõ"

§3.2 (�$�%C Sylvester Ý

§3.2.1 ý��£Äky²
��¯K 3.1.1 )�� 3 5"� f§ g ∈ C[x] \ {0}§ deg(f) = m Ú
deg(g) = n"ǑÒ

f́ = amxm + am−1xm−1 + · · · + a1x + a0, am 6= 0,

g = bnxn + bn−1xn−1 + · · · + b1x + b0, bn 6= 0.

23



24 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K½n 3.2.1. � k ´�� � � ê� k ≤ min(m, n)"K�3 f̂ , ĝ ∈ C[x] §deg(f̂) ≤

m§deg(ĝ) ≤ n� deg GCD(f̂ , ĝ) ≥ k��é¤k f̃ , g̃ ∈ C[x]§ deg(f̃) ≤ m§deg(g̃) ≤ n� deg GCD(f̃ , g̃) ≥ k§·�kµ
‖f̂ − f‖2

2 + ‖ĝ − g‖2
2 ≤ ‖f̃ − f‖2

2 + ‖g̃ − g‖2
2

y ². �©Ù [36]"5 3.2.1. �� › Ñ\�õ�ªÚ6Ä�õ�ª�Xê´¢ê�§½n 3.2.1E,¤á"I�5¿�´µéuÑ\¢�õ�ª§�`�E)�U'�`¢)���
"~X§�ü�õ�ª f = x2 + 1 Ú g = x2 + 2 �� k = 1§K�`�¢)Ǒµ f̂ =

0.723598 x2 +1.170810§ĝ = 1.170822 x2 +1.894436"·�uy deg(GCD(f̂ , ĝ)) = 2 > k§¿� ‖f̂ − f‖2
2 + ‖ĝ − g‖2

2 = 0.145898",§�3�C��éE�õ�ªkú��µ
ˆ̂f = (0.81227 − 0.0000016019 i) x2

+ (0.00000038156 − 0.14812 i) x

+ 1.1169 − 0.00000039519 iÚ
ˆ̂g = (1.1220 − 0.00000076026 i) x2

+ (0.0000011810 + 0.096265 i) x

+ 1.9240 + 0.0000013787 i

‖ ˆ̂f − f‖2
2 + ‖ˆ̂g − g‖2

2 = 0.1007615"�§�C�õ�ªØ´���"1�|)´µ
ˆ̂f = (0.81227 − 0.0000010696 i) x2

+ (0.0000018180 + 0.14812 i) x

+ 1.1169 − 0.0000035348 iÚ
ˆ̂g = (1.1220 + 0.0000034875 i) x2

+ (0.0000010267 − 0.096263 i) x

+ 1.9240 + 0.00000055845 i.
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 25�S(f, g)´ f Ú g � SylvesterÝ
"K f Ú g ���úÏf�gê´� S �º�´���"¤±§ke¡��dªµ
min

deg(GCD(f̃ , g̃))� k
‖f̃ − f‖2

2 + ‖g̃ − g‖2
2

⇐⇒ min
dim Nullspace(S̃)� k

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2, (3.1)

ù pS̃ ´d f̃ Ú g̃ �)� Sylvester Ý
§deg f̃ = m̃ ≤ m §deg g̃ = ñ ≤ n"I�5¿�´µf̃ = 0 ½ö g̃ = 0§ Sylvester Ý
 S̃ vk½Â"XJ��õ�ª´"§I�b� Rank(S̃) ≤ ñ + m̃ − k£ÏǑ GCD´Ù§�"�õ�ª¤"XJ f̃ = g̃ = 0§K� Rank(S̃) = ∞"1 k � Sylvester Ý
�fÝ
 Sk ∈ C(m+n−k+1)×(m+n−2k+2) ´dÝ
 S íK�� k − 1 1Ú f § g �gXê��� k − 1 �����fÝ
"Ǒ
�Bå�§
Sylvester Ý
�1 k �fÝ
PǑ k-th Sylvester Ý
"

Sk =





am bn

am−1
. . . bn−1

. . .
... . . . am

... . . . bn

a0 am−1 b0 bn−1
. . .

... . . .
...

a0 b0





︸ ︷︷ ︸
n−k+1

︸ ︷︷ ︸
m−k+1

,

éu k = 1�œ ¹, S1 = S´ SylvesterÝ
"©Ù [18]`²
 SÚ§� k-th SylvesterÝ
 Sk �mk��ér �'X"e¡�Ñ��½n[18]µ½n 3.2.2. �½ü�üC�õ�ª f, g ∈ C[x], deg(f) = m, deg(g) = n Ú 1 ≤ k ≤

min(m, n)" S(f, g) ´ f Ú g � Sylvester Ý
 § Sk ´ f Ú g � k-th Sylvester Ý

 "Ke¡�ü�(Ø´�d�µ
(a) Rank(S) ≤ m + n − k

(b) Sk �º• �u�u 1k
þ¡�½n§ªf(3.1)�±CzǑµ
min

deg(GCD(f̃ ,g̃))≥k
‖f̃ − f‖2

2 + ‖g̃ − g‖2
2

⇐⇒ min
dim Nullspace(S̃k)≥1

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2, (3.2)
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ù p S̃k ´d f̃ Ú g̃ � k-th Sylvester Ý
§ f̃ Ú g̃ �gê÷vµdeg f̃ ≤ m Ú
deg g̃ ≤ n"XJ^ STLN [61; 60; 57; 43]�{)e¡��½XÚµ

Ak x ≈ bk, (3.3)

ù pSk = [bk Ak]§ǑÒ´`§ bk ´ Sk �1�� Ak ´ Sk ��{�",�·���äk k-th Sylvester (�����6ÄÝ
 [hk Ek] ��
bk + hk ∈ Range(Ak + Ek).Ïd§S̃k = [bk + hk, Ak + Ek]´�± k-th Sylvester (��)£ù p�¦ õ�ª��p��XêǑ�"�¤§… ÷v dim Nullspace(S̃k) ≥ 1"e¡�~fÚ½n`²
·��1���E �½XÚ£3.14¤�� Ï"~ 3.2.1. �½ü�õ�ªµ

f = x2 + x = x (x + 1),

g = x2 + 4x + 3 = (x + 3) (x + 1),

S ´ f Ú g � Sylvester Ý
 §
S =





1 0 1 0

1 1 4 1

0 1 3 4

0 0 0 3





S �º• ´ 1"Uü« �ª5�E�½XÚµ
S = [Â1 b̂1] = [b̄1 Ā1],ùp b̂1 ´ S �����§ b̄1 ´ S �1��"�½XÚ

Â1x = b̂1vk)§�½XÚ
Ā1x = b̄1kO(�)µx = [−3, 1, 0]T"
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 27½n 3.2.3. �½üC��õ�ª f , g ∈ C[x]§ deg(f) = m, deg(g) = n Ú�� �

� ê k ≤ min(m, n)"b� Sk ´ f Ú g � k-th Sylvester Ý
 "b� Sk = [bk Ak]§ùp bk ´ Sk �1��§ Ak ´ Sk ��� n + m − 2k + 1 �"Kkµ
dim Nullspace(Sk) ≥ 1 ⇐⇒ Akx = bk k). (3.4)

y ². “⇐=” µ� Akx = bk k)§�o bk ∈ Range(Ak)"ÏǑ bk ´ Sk �1��§
K Sk = [bk Ak]�º���Ǒ 1"

“=⇒”µb� Sk = [bk Ak]�º���Ǒ 1"r�þ [xn+m−k, . . . , x, 1] ���§
Akx = bk �ü>§�±��e¡�ªfµ

[xn−k−1f, . . . , f, xm−kg, xm−k−1g, . . . , g]x = xn−kf. (3.5)

(3.5)�) xéA�õ�ª u, v �Xê§gê÷v deg(u) ≤ n − k − 1, deg(v) ≤ m − k§… �÷vµ
xn−kf = u f + v g.� d = GCD(f, g)§ f1 = f/d, g1 = g/d"ÏǑ dim Nullspace(Sk) ≥ 1§… k

deg(d) ≥ k Ú deg(f1) ≤ m − k, deg(g1) ≤ n − k"^ g1 Ø xn−k§��û q Ú{ª p��
xn−k = q g1 + p,

ù p deg(q) ≤ deg(d) − k, deg(p) ≤ n − k − 1"�X§·�5u�
u = p, v = q f1,´ (3.5) �)§ÏǑ deg(u) ≤ n − k − 1,

deg(v) = deg(q) + deg(f1) ≤ deg(d) − k + deg(f1) ≤ m − k,…

v g + u f = f1 q d g1 + p f = f q g1 + f p = f xn−k.�e5I�`²�½?¿�� SylvesterÝ
§XJ§�� ��±?¿6Ä§�ook�Ué �äk k-th Sylvester(�£ù p�¦ Ä��"¤�Ý
 [hk Ek]§��
bk + hk ∈ Range(Ak + Ek)§ù p bk ´ Sk �1��§Ak ´ Sk ��{�"½n 3.2.4. �½ � � ê m , n Ú k §k ≤ min(m, n)§K�3 Sylvester Ý 
 S ∈

C(m+n)×(m+n)§�Ý
 S �• Ǒ m + n − k"
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y ². éu?¿� mÚ n§·�©ª�±�E õ�ª f , g ∈ C[x]�� deg(f) = m§
deg(g) = n§GCD(f, g) �gêǑ k"d f , g )¤� Sylvester Ý
 S"íØ 3.2.1. �½�� ê m, n§ k ≤ min(m, n)§Ú k-th Sylvester Ý
 Sk = [bk Ak]§ùp Ak ∈ C(m+n−k+1)×(m+n−2k+1)§ bk ∈ C(m+n−k+1)×1§·�o´�±é�k k-th

Sylvester (��6ÄÝ
 [hk Ek] �� bk + hk ∈ Range(Ak + Ek)"
§3.2.2 STLN )ûk Sylvester (���½XÚ

ù Ü©`²N �5¦ )�½XÚ
Ak x ≈ bk, (3.6)

ù p Ak ∈ C(m+n−k+1)×(m+n−2k+1)§ bk ∈ C(m+n−k+1)×1§ Sk = [bk Ak] ´ k-th

Sylvester Ý
"�â½n 3.2.4 ÚíØ 3.2.1§©ª� 3 k-th Sylvester (��6Ä [hk Ek]�� (bk + hk) ∈ Range(Ak + Ek)"e¡·��[`²N �^ STLN é ����)"Äk§Sk ��± k-th Sylvester (��6ÄÝ

[hk Ek] =





z1 zm+2

z2
. . . zm+3

. . .
... . . . z1

... . . . zm+2

zm+1 z2 zm+n+2 zm+3
. . . ... . . . ...

zm+1 zm+n+2





︸ ︷︷ ︸
n−k+1

︸ ︷︷ ︸
m−k+1�±^���þ z ∈ C(m+n+2)×1 L«Ñ5"ù ��þ�Ǒµ

z = [z1, z2, . . . , zm+n+1, zm+n+2]T .ÏǑ hk ´þ¡Ý
�1��§¤±�±½Â��Ý
 Pk Ǒµ
Pk =

[
Im+1 0

0 0

]

∈ C(m+n−k+1)×(m+n+2), (3.7)

ù p Im+1 ´�� (m + 1) × (m + 1) ´ü Ý
§… �� hk = Pkz"e¡�¦ )��k�ª�������¯Kµ
min
z, x

‖z‖2, r = 0, (3.8)
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ù p(��{ r´µ
r = r(z, x) = bk + hk − (Ak + Ek)x.(����¯K(3.8)�±^v���{ [1]5¦ )§�o (3.8) �±=zǑµ
min
z ,x

∥∥∥∥
wr(z, x)

z

∥∥∥∥
2
, w ≫ 1, (3.9)

ù p w ´0u 108 Ú 1010 �m���é��v�"3 ©Ù [1; 72] ¥®²`²µ�+ké��v�§Äu Givens ^=��{U��°(�(J"Uì [60; 57]§·�é r(z, x) ^�5%C5¦ )��¯K"� △zÚ △x©OL« z Ú x �é�Cz§ △E L«�éAu Ek �Cz"K é r(z + △z , x + △x)���%CǑµ
r(z + △z , x + △x) = bk + Pk(z + △z) − (Ak + Ek + △E)(x + △x)

≈ bk + Pkz − (Ak + Ek)x + Pk△z − (Ak + Ek)△x − △Ex

= r + Pk△z − (Ak + Ek)△x − △Ex.Ú?�� Sylvester(��Ý
 Yk ∈ Cµ×ν§ù p µ = m + n − k + 1§ν = m + n + 2§��
Yk z = Ek x ù p x = [x1 , x2, . . . , xm+n−2k+1]T . (3.10)k
þ¡�O�§ò z = △z Ú Ek = △E �\ (3.10)§�o(3.9) �±de¡�ªf5%Cµ

min
△x, △z

∥∥∥∥

[
w(Yk − Pk) w(Ak + Ek)

Im+n+2 0

] [
△z

△x

]

+

[
−wr

z

] ∥∥∥∥
2
. (3.11)�â Sylvester Ý
�5�§·��Ñ�«#��{5� E Ý
 Yk"éu

f§g§E§zÚ x �´Uì þ¡��ªb�"r���þ
v = [xm+n−k, xm+n−k−1, . . . , x2, x1, 1] ∈ C[x]m+n−k+1���§(3.10)�ü>§K ��õ�ª��ªµ

v Yk z = v Ek x.
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0

x

]§�±�¤µ
v Ek x = v [hk, Ek] x̂ = ĝ1û1 + ĝ2û2, (3.12)

ù p ĝ1´gêǑ m �õ�ª§… d z �f�þ�)�µ
[z1, z2, . . . , zm+1],Ó� ĝ2 ´gêǑ n �õ�ª§Ǒ´d z �f�þ�)�µ

[zm+2, zm+3, . . . , zm+n+2],

û1´gêǑ n − k − 1 �õ�ª§́ d x̂�f�þ�)µ
[0, x1, x2, . . . , xn−k],

û2´gêǑ m − k �õ�ª§Ǒ´d x̂ �f�þ�)µ
[xn−k+1, xn−k+2, . . . , xm+n−2k+1].l x��gÚC� zi |¤�þ¡��5XÚ(3.12)�XêÝ
Ò��
Ý
 Ykµ

Yk =





0 xn+1−k

x1
. . . xn+2−k

. . .
... . . . 0

... . . . xn+1−k

xn−k x1 xm+n+1−2k xn+2−k
. . .

... . . .
...

xn−k xm+n+1−2k





︸ ︷︷ ︸
m+1

︸ ︷︷ ︸
n+1

.
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 31~ 3.2.2. b� m = n = 3§ k = 2§KS2 = [b2 A2]§ùp
A2 =





0 b3 0

a3 b2 b3

a2 b1 b2

a1 b0 b1

a0 0 b0





, b2 =





a3

a2

a1

a0

0





,

P2 =





1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0





,

Y2 =





0 0 0 0 x2 0 0 0

x1 0 0 0 x3 x2 0 0

0 x1 0 0 0 x3 x2 0

0 0 x1 0 0 0 x3 x2

0 0 0 x1 0 0 0 x3





.

lþ¡�~féN´wÑ(3.11)¥�XêÝ
´ Toeplitz¬(�"Ïd§·��±A^¯������{"'uù �¡�[!§�©Ù [46]"
§3.2.3 üC��Cq��ú Ïf�{Ú¢�e¡��{´O�¯K 3.1.1 �Cq)µ�{ 3.2.1. AppSylv-kÑ\µüC�õ�ª f, g ∈ C[x]§gê©OǑm ≥ n§ S ´d f, g )¤� SylvesterÝ
 §���� ê 1 ≤ k ≤ n ÚNNØ� tol"ÑÑµõ�ª f̃ Ú g̃ ��dim Nullspace(S(f̃ , g̃)) ≥ k � Euclidean ål‖f̃ − f‖2

2 +

‖g̃ − g‖2
2 ����"

1. �E k-th Sylvester Ý
 Sk§� bkǑ Sk �1��§ Ak Ǒ Sk ��{�"�
Ek = 0, hk = 0.

2. l min ‖Akx − bk‖2 Ú r = bk − Akx O� x"�EÝ
 Pk Ú Yk "
3. S�
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(a) min

△x, △z

∥∥∥∥

[
w(Yk − Pk) w(Ak + Ek)

Im+n+2 0

] [
△z

△x

]

+

[
−wr

z

] ∥∥∥∥
2
.

(b) � x = x + △x, z = z + △z.

(c) �â z�E Ek Ú hk§l�þ x�E Yk "� Ak = Ak +Ek§ bk = bk +hk§
r = bk − Akx"
† � (‖△x‖2 ≤ tol Ú ‖△z‖2 ≤ tol)"

4. �â bk Ú Ak§ÑÑ f̃ Ú g̃"�½��NNØ� ǫ§�{ AppSylv-k �±^5O�õ�ª f Úõ�ª g �
ǫ-GCD§ù p�gê©OǑ m Ú n§… m ≥ n"·�^ AppSylv-k�{l k = n ≤ mm©O�4�� N = ||f̃ − f ||2 + ||g̃ − g||2 … Rank(S(f̃ , g̃)) ≤ m + n − k"XJ N < ǫ§�±l Sk(f̃ , g̃) [18; 74]O� ǫ-GCD¶ÄK §Åì~� k5EA^�{ AppSylv-k",	���{´�âé Sylvester Ý
 S(f, g) �ÛÉ�©)5ÿÁ ǫ-GCD�gê§
é � ǫ-GCD�gê�þ.§'u[!�©Ù [7; 13]"Ïd§�{Ø´l k = n´l
k = r �Ǒ��úÏf��pgê5ÿÁ§,�O� ǫ-GCD"~ 3.2.3. e¡�Ñ Karmarkar Ú Lakshman ©Ù[40]¥ ���~f§�½õ�ª
f, gµ

f = x2 − 6x + 5 = (x − 1)(x − 5),

g = x2 − 6.3x + 5.72 = (x − 1.1)(x − 5.2),�é����õ�ª6Ä △f Ú △g§��õ�ª f + △f Ú g + △g k���Ó��"Uìü« �/�Äù�¯Kµõ�ª�Ä�Xê�±6ÄÚÄ�XêØ�±6Ä"�/ 1µÄ�Xê�±6Äéõ�ª f, g A^�{ AppSylv-k§� k = 1 Ú tol = 10−3"ÏLngS�§é�õ�ª f̃ Ú g̃ ¶
f̃ = 0.9850x2 − 6.0029x + 4.9994,

g̃ = 1.0150x2 − 6.2971x + 5.7206,ål´µ
N = ‖f̃ − f‖2

2 + ‖g̃ − g‖2
2 = 0.0004663

f̃ Ú g̃ �ú��´µ 5.09890429"
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 33�/ 2µÄ�XêØ�±6Äéõ�ª f, g A^�{AppSylv-k§Ó�� k = 1 Ú tol = 10−3"ÏLngS�§é�õ�ª f̃ Ú g̃ ¶̃
f = x2 − 6.0750x + 4.9853,

g̃ = x2 − 6.2222x + 5.7353,��ål´
N = ‖f̃ − f‖2

2 + ‖g̃ − g‖2
2 = 0.01213604583

f̃ Ú g̃ �ú��´µ 5.0969478"3©Ù [40]¥ §·�� › 6Ä�õ�ª´Ä��"Karmarkar Ú Lakshman O������6Ä´ 0.01213605293§¤éA�ú��´ 5.096939087"
Ex. m, n k

it.
(Chu)

it.
(STLN)

error
(Zeng)

error
(STLN)

σk σ̃k

1 2, 2 1 4.73 1.90 1.89e–4 2.87e–5 3.53e–3 10−9

2 3, 3 2 8.49 1.98 1.36e–3 1.05e–4 8.21e–3 10−9

3 5, 4 3 11.44 2.00 1.00e–3 1.25e–4 1.01e–2 10−9

4 5, 5 3 13.64 2.00 7.43e–4 1.25e–4 9.57e–3 10−9

5 6, 6 4 23.07 2.00 1.46e–3 1.41e–4 9.64e–3 10−9

6 8, 7 4 32.64 2.00 6.53e–4 1.31e–4 8.04e–3 10−9

7 10, 10 5 43.12 2.00 1.61e–3 2.01e–4 1.21e–2 10−9

8 14, 13 7 58.16 2.00 1.23e–3 2.52e–4 1.51e–2 10−9

9 28, 28 10 161.74 2.00 2.61e–3 3.41e–4 1.48e–2 10−10

10 65, 65 15 633.64 2.00 6.19e–3 5.50e–4 1.90e–2 10−9L 3.1 AppSylv-k�{�(J£üC�¤
3 L 3.1¥§·�é�
^ Maple 10�Å)¤�~fA^ AppSylv-k�{O�

ǫ-GCD§ù pDigits = 14"éuz�~f¥� (m, n) §O�
 50��Å)¤�~f§,��§��²þ�"éuz�~f§ü�õ�ª�p�Ü©Ú GCD �XêÑ´3 −10 ≤ c ≤ 10 �?¿�ê§,��õ�ª\6Ä"6Ä´ù ��E �µ��éNN6ÄǑ 10−e§,�?���6Äõ�ª�Xê 3 −10 ≤ c ≤ 10 ���S§… gê��Èõ�ª�
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n©OL«õ�ª f Ú g �gê¶k´ f Ú g �Cq��úÏf�gê¶it. (Chu)L«^ Chu��{[59]I��S�§ it. (STLN) L«^ AppSylv-k �{I��S�¶error (Zeng) L«^ Zeng ��{[74]O��ål ‖f̄ − f‖2

2 + ‖ḡ − g‖2
2§error

(STLN) L«^ AppSylv-k�{���ål ‖f̃ − f‖2
2 + ‖g̃ − g‖2

2¶σk Ú σ̃k ©OL«Ý
 S(f, g) Ú S(f̃ , g̃)��ê1 k �ÛÉ�"
§3.3 (�$�%C2Â Sylvester Ý

§3.3.1 ý��£�õ�ª f, g ∈ C[y1, y2, . . . , yr]§… �gêǑ tdeg(f) = mÚ tdeg(g) = n§ǑÒ´µ

f = a0,...,0,mym
r + a0,...,0,1,m−1yr−1ym−1

r + · · · + am−1,1,0,...,0ym−1
1 y2 + am,0,...,0ym

1

+ · · · + a0,...,0,1yr + · · · + a0,1,0,...,0y2 + a1,0,...,0y1 + a0,0,...,0,

g = b0,...,0,nyn
r + b0,...,0,1,n−1yr−1yn−1

r + · · · + bn−1,1,0,...,0yn−1
1 y2 + bn,0,...,0yn

1

+ · · · + b0,...,0,1yr + · · · + b0,1,0,...,0y2 + b1,0,...,0y1 + b0,0,...,0.ÚüC� õ�ª�œ /��§Äk�Ñ��½n`²��¯K 3.1.1 k)"½n 3.3.1. � k �́ � ê� k ≤ min(m, n)"�o�3�éõ�ª f̂§̂g ∈ C[y1, y2, . . . , yr]§
tdeg(f̂) ≤ m§tdeg(ĝ) ≤ n§� tdeg(GCD(f̂ , ĝ)) ≥ k��éu¤k� f̃ , g̃ ∈ C[y1, y2, . . . , yr]§
tdeg(f̃) ≤ m§tdeg(g̃) ≤ n � tdeg(GCD(f̃ , g̃)) ≥ k§Kkµ

‖f̂ − f‖2
2 + ‖ĝ − g‖2

2 ≤ ‖f̃ − f‖2
2 + ‖g̃ − g‖2

2.

y ². �©Ù [37]"�þ¡�PÒ��§�gê ≤ k ü�ª yi1
1 · · · yir

r ��ê´��ªêµ
β(k, r) =

(k+r
r

)
. (3.13)b� S(f, g)´2Â SylvesterÝ
"�âÚn 2.2.1§S(f, g)�º�´ β(k−1, r)"Ïd§̄ K 3.1.1 �±=zǑµ

min
tdeg(GCD(f̃ ,g̃))≥k

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2

⇐⇒ min
dim Nullspace(S̃)≥β(k−1,r)

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2,
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ù p S̃ ´dõ�ª f̃ Úõ�ª g̃ )¤�2Â Sylvester Ý
§ tdeg(f̃) = m̃ ≤ mÚ
tdeg(g̃) = ñ ≤ n"I�5¿�´µ f̃ = 0 ½ö g̃ = 0, 2Â Sylvester Ý
 S̃ vk½Â"XJ��õ�ª´"§I�b� dim Nullspace(S̃) ≥ β(k − 1, r)£ÏǑ GCD´Ù§�"�õ�ª¤"XJ f̃ = g̃ = 0§b� Rank(S̃) = β(m − 1, r) + β(n − 1, r)"ÚüC� õ�ª��§�E k-th 2Â Sylvester Ý
 Sk(f, g)µ
Sk =

0

BBBBBBBBBBBBBBBBBBBBBBB@

a0,...,0,m 0 . . . 0
a0,...,0,1,m−1 a0,...,0,m . . . 0

...
...

...
...

am,0...,0 am−1,1,...,0 . . . 0
0 am,0,...,0 . . . 0
...

...
...

...
a0,...,0,1 0 . . . 0

a0,...,0,1,0 a0,...,0,1 . . . 0
...

...
...

...
0 0 . . . a0,0,...,0

˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛̨
˛

b0,...,0,n 0 . . . 0
b0,...,0,1,n−1 b0,...,0,n . . . 0

...
...

...
...

bn,0,...,0 bn−1,1,0,...,0 . . . 0
0 bn,0,...,0 . . . 0
...

...
...

...
b0,...,0,1 0 . . . 0

b0,...,0,1,0 b0,...,0,1 . . . 0
...

...
...

...
0 0 . . . b0,...,0

1

CCCCCCCCCCCCCCCCCCCCCCCA

| {z }
β(n−k,r)

| {z }
β(m−k,r)éu k = 1§Sk = S ´ f Ú g �2Â Sylvester Ý
"dÚn 2.2.1§�±��e¡�½nµ½n 3.3.2. �½ f, g ∈ C[y1, y2, . . . , yr] § tdeg(f) = m, tdeg(g) = n§1 ≤ k ≤

min(m, n)"� S(f, g) ´ f Ú g �2Â Sylvester Ý
 § Sk ´ f Ú g � k-th 2Â
Sylvester Ý
 §�o tdeg(GCD(f, g)) ≥ k ��=� Sk �º• �u�u 1"k
þ¡�½n§̄ K 3.1.1 ��±=zǑµ

min
tdeg(GCD(f̃ ,g̃))≥k

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2 ⇐⇒ min
dim Nullspace(S̃k)≥1

‖f̃ − f‖2
2 + ‖g̃ − g‖2

2

ù p S̃k ´d f Ú g)¤� k-th2Â SylvesterÝ
§ tdeg(f̃) ≤ mÚ tdeg(g̃) ≤ n"XJ^ STLN [61; 60; 57; 43] �{)e¡��½XÚ
Ak x ≈ bk, (3.14)

ù p bk ´ Sk ¥��� Ak ´ Sk ��{�§�o�±�����k k-th 2Â
Sylvester (��6Ä hk Ú Ek ��

bk + hk ∈ Range(Ak + Ek).Ïd§bk+hkÚAk+Ek��� S̃k´k k-th2Â Sylvester(�… dim Nullspace(S̃k) ≥

1�)"



36 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯Kb� Sk �º��u�u 1§e¡�ã N �À� bk �� Akx = bk k)"Äk§·�O��"��þ w ��
Sk w = 0. (3.15)�C� À��Sµy1 ≺ y2 ≺ · · · ≺ yr§õ�ªU©i;S#ü�"XJr�þ

y = [yn+m−k
r , yr−1yn+m−k−1

r , . . . , yn+m−k
1 , . . . , y1, 1] (3.16)��Ý
 Sk þ§�ok

y Sk = [yn−k
r f, yr−1yn−k−1

r f, . . . , f, ym−k
r g, yr−1ym−k−1

r g, . . . , g].�5�§ (3.15) =zǑõ�ª/ªµ
uf + vg = 0, tdeg(u) ≤ n − k, tdeg(v) ≤ m − k, (3.17)

ù p�"�õ�ª uÚ v�Xê´d�þw)¤�"� u��"� cα1...αr yα1
1 · · · yαr

r "
Sk ¥�� bk �±��

y bk = yα1
1 · · · yαr

r f. (3.18)� Ak ´d Sk ¥��{�|¤§�½XÚ Akx = bk ©ªk)"̄ ¢þ§ªf (3.17)�±�¤µ
(u − cα1...αr yα1

1 · · · yαr
r )f + vg

−cα1...αr

= yα1
1 · · · yαr

r f. (3.19)õ�ª u − cα1...αr yα1
1 · · · yαr

r vk� yα1
1 · · · yαr

r "ª (3.19) �±=C¤Ý
/ª§Ù¥õ�ªXêÝ
Ǒ Ak Úm>��þǑ bk"b�Ñ\�õ�ª´ØO(�§K ØU��O(�)�� Sk w = 0"ù p�±^ÛÉ�©)O� Sk Cq�"�þ w̃"d�þ w̃)¤��"�õ�ª ũÚ ṽ÷v
ũf + ṽg ≈ 0, tdeg(ũ) ≤ n − k, tdeg(ṽ) ≤ m − k.� c̃α1...αr yα1

1 · · · yαr
r ´ ũ ��… |c̃α1...αr | = ‖u‖∞"� Sk �� bk ÷v (3.18)"aq

(3.19)§Ò`²
Akx = bk �±lõ�ª�Xê��Cq)µ
(ũ − c̃α1...αr yα1

1 · · · yαr
r )

−c̃α1...αr

,
ṽ

−c̃α1...αr

.e¡`²éu�½� k-th2Â SylvesterÝ
§XJÝ
¥�?¿� �Ñ�±6Ä§�oo´Ué �k2Â Sylvester(�� hkÚ Ek�� bk +hk ∈ Range(Ak+Ek)§
ù p bk ´ Sk ¥�,��§Ak ´ Sk ��{�"
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 37½n 3.3.3. �½ � � ê m, n Ú k§ k ≤ min(m, n)"�o§o´�3º • Ǒ 1 �
k-th 2Â Sylvester Ý
 Sk ∈ Cβ(m+n−k,r)×(β(m−k,r)+β(n−k,r))"
y ². aqüC� �½n 3.2.4"íØ 3.3.1. �½�� ê m, n Ú k§ k ≤ min(m, n)"éu?¿� k-th 2Â SylvesterÝ
 Sk = [Ak1 bk Ak2] Ú Sk ∈ Cβ(m+n−k,r)×(β(m−k,r)+β(n−k,r))§ùp bk ´ Sk �,��§ Ak = [Ak1 Ak2] ´ Sk ��{�§�ooUé�äk k-th 2Â Sylvester (��
[hk, Ek] �� bk + hk ∈ Range(Ak + Ek)"
§3.3.2 ^ STLN )ûk2Â Sylvester (���½XÚ

ù ��!�ãN �^ STLN [57; 60; 61]¦ )�½XÚ
Ak x ≈ bk (3.20)

ù p Sk = [Ak1 bk Ak2] ´ k-th 2Â Sylvester Ý
§ bk ´ Sk ¥���§ Ak =

[Ak1 Ak2] ´ Sk¥��{�"·�O����6Ä hk Ú Ek = [Ek1 Ek2]��
bk + hk ∈ Range(Ak1 + Ek1 Ak2 + Ek2),ǑÒ´§̃Sk = [Ak1+Ek1 bk+hk Ak2+Ek2]´k k-th2Â Sylvester(�… dim Nullspace(S̃k) ≥

1" Ǒ
{ü`²¯K§e¡b� bk ´ Sk �1��§Ak´ Sk��{�"�þ z ∈ C(β(m,r)+β(n,r))×1L« k-th 2Â Sylvester Ý
 [hk Ek] �gd� �µ
z = [z1, z2, . . . , zβ(m,r)+β(n,r)−1, zβ(m,r)+β(n,r)]T .�3 ��Ý
 Pk ∈ Cβ(m+n−k,r)×(β(m,r)+β(n,r)) ��

hk = Pkz.Ý
 Pk p�¹
�
ü Ý
¬Ú"Ý
¬"~X§� r = 2§K kµ
Pk =





Qm+1

Qm
. . .

Q1

0

0 0





(3.21)
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ù p Qi =

(
Ii

0

)

, i = 1, 2, . . . , m + 1§Ii ´ i × i ü Ý
§0´ (n − k) × i "Ý
"e¡¦ )��k�ª�������¯Kµ
min
z, x

‖z‖2, r = 0, (3.22)

ù p(��{ r´
r = r(z, x) = bk + hk − (Ak + Ek)x.�üC� œ /��§(�����¯K (3.22)�±^v��{ [1]�)û§(3.22)CǑµ
min
z,x

∥∥∥∥
wr(z, x)

z

∥∥∥∥
2
, w ≫ 1, (3.23)

ù p w ´��0u 108 Ú 1010�m�é��ê"Ó�§��¯K�±ÏLé(��{ r(z, x)^�5%C5)û"� △z§△x©O�L zÚ x���Cz§△E L«�A Ek �Cz"�oé r(z + △z , x + △x) ���%C´µ
r(z + △z, x + △x) = bk + Pk(z + △z) − (Ak + Ek + △E)(x + △x)

≈ bk + Pkz − (Ak + Ek)x + Pk△z − (Ak + Ek)△x − △Ex

= r + Pk△z − (Ak + Ek)△x − △Ex.Ú\��aq2Â Sylvester(��Ý
 Yk ∈ Cµ×ν§ù p µ = β(m + n − k, r)§
ν = β(m, r) + β(n, r)§��

Yk z = Ek x ù p x = [x1, x2, . . . , xβ(m−k)+β(n−k)−1]T . (3.24)ò z = △z Ú Ek = △E �\ (3.24)§�o(3.23) �±de¡�ªf5%Cµ
min

△x, △z

∥∥∥∥

[
w(Yk − Pk) w(Ak + Ek)

Iβ(m,r)+β(n,r) 0

] [
△z

△x

]

+

[
−wr

z

] ∥∥∥∥
2
. (3.25)5 3.3.1. Ǒ
O�ªf (3.25)�����)§·�$^ QR©)�{"3©Ù [2]¥`²Äug'~¯�^=�{� QR �{£=�æ^
�Ì ���{¤U��O(�(J"�

M =

[
w(Yk − Pk) w(Ak + Ek)

Iβ(m,r)+β(n,r) 0

]

.Ïd§3 M Ø´÷• ��/§E,�±æ^À�Ì �� QR ©)�{���¯K
(3.25)"
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 Yk ��{"éu f§g§E§zÚ x�´Xþ¤�"���þ y ���§ (3.24)�ü>§��õ�ª��ªµ
y Yk z = y Ek x.� x̂ =

[
0

x

]§K kµ
y Ek x = y [hk, Ek] x̂ = ĝ1û1 + ĝ2û2, (3.26)

ù p ĝ1 ´d z �f�þ)¤�õ�ª§… �gêǑ m§ù �f�þǑµ
[z1, z2, . . . , zβ(m,r)],

ĝ2 Ǒ´d z �f�þ)¤�õ�ª§… �gêǑ n§ù �f�þǑµ
[zβ(m,r)+1, zβ(m,r)+2, . . . , zβ(m,r)+β(n,r)],

û1 ´d x̂�f�þ)¤�õ�ª§… �gêǑ n − k§ù �f�þǑµ
[0, x1, x2, . . . , xβ(n−k,r)−1],

û2 Ǒ´d x̂�f�þ)¤�õ�ª§… �gêǑ m − k§ù �f�þǑµ
[xβ(n−k,r), xn−k+2, . . . , xβ(m−k,r)+β(n−k,r)−1].�â x ��gêÚC � zi |¤�þ¡��5XÚ(3.26) �XêÝ
Ò��
Ý


Yk§e¡^��{ü�~f`²Ý
 Yk �(�"~ 3.3.1. � k = 1§Ý
 S ´d��õ�ª f Ú g )¤�§ùp
f = a00 + a01y + a10x + a02y2 + a11xy + a20x2,

g = b00 + b01y + b10x + b02y2 + b11xy + b20x2.

A1 =





0 0 b02 0 0

a02 0 b11 b02 0

a11 0 b20 b11 0

a20 0 0 b20 0

0 a02 b01 0 b02

a01 a11 b10 b01 b11

a10 a20 0 b10 b20

0 a01 b00 0 b01

a00 a10 0 b00 b10

0 a00 0 0 b00





, b1 =





a02

a11

a20

0

a01

a10

0

a00

0

0





.



40 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K� x = [x1, x2, x3, x4, x5]T§�o
Y1=

2

666666666666666666666666666666
4

0 0 0 0 0 0 x3 0 0 0 0 0

x1 0 0 0 0 0 x4 x3 0 0 0 0

0 x1 0 0 0 0 0 x4 x3 0 0 0

0 0 x1 0 0 0 0 0 x4 0 0 0

x2 0 0 0 0 0 x5 0 0 x3 0 0

0 x2 0 x1 0 0 0 x5 0 x4 x3 0

0 0 x2 0 x1 0 0 0 x5 0 x4 0

0 0 0 x2 0 0 0 0 0 x5 0 x3

0 0 0 0 x2 x1 0 0 0 0 x5 x4

0 0 0 0 0 x2 0 0 0 0 0 x5

3

777777777777777777777777777777
5

.

·��±wÑÝ
 Y1 �´äk[�2Â Sylvester (�"
§3.3.3 õC�Cq��ú Ïf��{Ú¢�e¡��{´O�¯K 3.1.1�Cq)"�{ 3.3.1. Ñ\µ�éõC�õ�ª f, g ∈ C[y1, y2, . . . , yr]§�gê©OǑ m ≥ n§���� ê 1 ≤ k ≤ n ÚNNØ� tol"ÑÑµõ�ª f̃ Ú g̃§�� dim Nullspace(S(f̃ , g̃)) ≥ β(k − 1, r) � Euclidean �Ý
‖f̃ − f‖2

2 + ‖g̃ − g‖2
2 ��"

1. �E k-th 2Â Sylvester Ý
 Sk§O� Sk �CqmÛÉ�þ§Uì¡��{ÀÑ�� bk Ú Sk ��{�|¤�Ý
 Ak"� Ek = 0, hk = 0"
2. �â min ‖Akx − bk‖2 O� x Ú�{ r = bk − Akx"Uìþ¡�!§�EÝ


Pk Ú Yk"
3. S�

(a) min
△x △z

∥∥∥∥

[
w(Yk − Pk) w(Ak + Ek)

Iβ(m,r)+β(n,r) 0

] [
△z

△x

]

+

[
−wr

z

] ∥∥∥∥
2
.

(b) � x = x + △x, z = z + △z"
(c) l z �EÝ 
 EkÚ hk§l x �EÝ 
 Yk"�# Ak = Ak + Ek§bk =

bk + hk§r = bk − Akx§
† � (‖△x‖2 ≤ tol Ú ‖△z‖2 ≤ tol).
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4. �â bk Ú Ak ÑÑõ�ª f̃ Ú g̃~ 3.3.2. �½õ�ª
p = 3 + y + 5x + 5y2 + xy + 2x2,

f = p × (3 + 4y + 3x) + 0.04y + 0.03x + 0.01xy + 0.04y3,

g = p × (2 + y + 5x) + 0.06 + 0.02xy + 0.06y2 + 0.04x3,Ú ǫ = 10−2"O� f Ú g � ǫ-GCDµ� tol = 10−3 Ú k = 2§ β(1, 2) = 3§ S ´ f Ú g �2Â Sylvester Ý
 "S ���A�ÛÉŠ Ǒ
· · · , 19.5963, 16.4921, 13.3136, 0.08342, 0.04921, 0.03893.é 2-th 2Â Sylvester Ý
 S2 A^�{3.3.1"O�Ñ S2 ����ÛÉŠ ¤éA�ÛÉ�þ wµ

w = [−0.1257, −0.6244, −0.2504, 0.5008, 0.3744, 0.3750 ]T .�â w ¥ �����ýéŠ §�1��Ǒ b2 "²LngS�§��Ý
 S̃2µ
S̃2 =

0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

20.036 0 0 5.008 0 0

19.001 20.036 0 25.994 5.008 0

11.020 19.001 0 6.991 25.994 0

6.012 11.020 0 10.015 6.991 0

0 6.012 0 0 10.015 0

19.019 0 20.036 11.048 0 5.008

26.013 19.019 19.001 12.008 11.048 25.994

21.007 26.013 11.020 28.998 12.008 6.991

0 21.007 6.012 0 28.998 10.015

15.025 0 19.019 5.015 0 11.048

24.002 15.025 26.013 25.035 5.015 12.008

0 24.002 21.007 0 25.035 28.998

9.007 0 15.025 6.028 0 5.015

0 9.007 24.002 0 6.028 25.035

0 0 9.007 0 0 6.028

1

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

.

S̃2 �ÛÉŠ Ǒµ
52.930, 47.759, 19.582, 15.201, 7.776 × 10−13.
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 S̃2 �±��õ�ª f̃ , g̃µ
f̃ = 9.007 + 15.025y + 24.002x + 19.019y2 + 26.013xy

+ 21.007x2 + 20.036y3 + 19.001xy2 + 11.020x2y + 6.012x3,

g̃ = 6.028 + 5.015y + 25.035x + 11.048y2 + 12.008xy

+ 28.998x2 + 5.008y3 + 25.994xy2 + 6.991x2y + 10.015x3.���6Ä´µ
‖f̃ − f‖2

2 + ‖g̃ − g‖2
2 = 0.005684.ÏǑ S ��ê1o�18�ÛÉŠ ´3 O(10) �p§K f Ú g XJkgêǑ

3 � GCD ¤I��6Ä��´Ó���"Ïdéu ǫ = 10−2§·�` f Ú g �
ǫ-GCD �pgêǑ 2"�§�âþ�Ù�õC�õ�ª�Cq��úÏf�{l
S̃2 ¥ �O�Ñ GCDµ

p̃ = y2 + 0.19941 yx + 0.40066 x2 + 0.20006 y + 0.99911 x + 0.60001.

ǫ-GCD ��Ø�Ǒµ
‖p − 5 p̃‖2/‖p‖2 = 0.001033.

Ex. m, n k it. error1 error2 error3 σk σ̃k

1 3, 3 2 1 6.20e − 10 3.89e − 10 2.96e − 10 1.45e − 5 10−8

2 7, 7 2 1 6.92e − 9 1.54e − 9 1.31e − 9 1.87e − 5 10−8

3 2, 2 1 2 6.88e − 3 9.01e − 4 3.39e − 4 1.10e − 2 10−9

4 3, 2 2 2 1.17e − 3 4.00e − 4 3.51e − 4 1.48e − 2 10−9

5 3, 3 2 1 9.06e − 6 4.48e − 6 4.16e − 6 2.31e − 3 10−8

6 6, 4 3 2 2.01e − 5 1.88e − 5 9.73e − 6 2.05e − 3 10−8

7 6, 4 3 2 2.01e − 3 1.88e − 3 9.72e − 4 2.05e − 2 10−8

8 10, 10 5 3 4.51e − 3 2.64e − 3 2.20e − 3 3.61e − 2 10−7

9 15, 15 6 2 1.57e − 4 8.35e − 5 5.90e − 5 5.36e − 3 10−7L 3.2 �{3.3.1�(J£ü‡ C�¤
3 L 3.2¥§·�é Maple 10¥… Digits = 14?¿)¤�ü�C� �õ�ª^�{3.3.1O� ǫ-GCD"ù p mÚ n©OL« f Ú g ��gê¶k ´ f Ú g �Cq��úÏfgê¶it.L«^�{3.3.1¤I�S�gê¶error1L«^ Zeng [74]�
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 43�{O��6Ä ‖f̃ − f‖2
2 + ‖g̃ − g‖2

2¶ error2 L«^þ�Ù õC� õ�ª�Cq��úÏf��{O�Ñ�6Ä ‖f̃ − f‖2
2 + ‖g̃ − g‖2

2¶ error3L«^�{ 3.3.1O��6Ä ‖f̃ − f‖2
2 + ‖g̃ − g‖2

2¶σk Ú σ̃k ©OL« S(f, g)Ú S(f̃ , g̃)���1 β(k − 1, r)�ÛÉ�"
§3.4 �(

ù � Ù �Ñ
Äu STLN �{O�ü�üC � ÚõC � õ�ª���úÏf��{"�{£üC � ÚõC � ¤�E , Ý´�6u1nÚ¥S��gêÚzgS��E , Ý"XJ�©�é�§1nÚ�S�é¯ÒÂñ"'u ù �:§�±lL 3.1ÚL 3.2¥wÑ"éuzgS�§·�A^
 Givens ^="éuüC � õ�ª§�âu�1nÚ¥���¯K�Ý
��ê§�±��zÚS�¤I��O�þ�u (4 m + 4 n − k + 6) (2 m + 2 n − 2 k + 3)2§ù p m ≥ n ≥ k L«�½õ�ªÚ§��Cq��úÏf�gê¶éuõC � õ�ª§���{�E , ÝǑ
O(

(m+n−k+r
r

)(m+r
r

)2)§ù p m ≥ n ≥ k L«�½õ�ªÚ§��Cq��úÏf��gê§r ´õ�ªC� ��ê"ÏǑ����¯K¥�Ý
´(�Ý
§��ké$� £�[30]"éuüC� �œ /§3 ©Ù [46] ¥§·�A^
¯��{O���¯K"ù �§r�{�E, Ý~��'u�½õ�ªgê�²���"'u[!§�[46]"
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1oÙ õ�k‚ 5• �õ‘ ª�Cq��úÏfÚÛÉõ
‘ ª

§4.1 0�
ù � Ù ��ó�k±eA��¡µ1�§Ì�)û¢ê�½Eê�þ�õ�£s ≥ 2¤õ�ªCq��úÏf¯K"Ó�§ù p�´A^ STLN[57]�{5O�Cq��úÏf¯K"1�§·�O�Xêk�5���õ�ª�Cq��úÏf"ù
���±�Ñ\�õ�ª�Xê�±,
5�§~XµÄ��½ö DÕ�"Ó��±��Ñ\õ�ª�Xê÷v�
�5'X£�ª½ö Ø�ª¤",	��Ñ
��·ÜO�k�5���õ�õ�ª£üC� ÚõC� ¤Cq��úÏf� STLN`z��5XÚ§TXÚ��ê'vk�5��œ /���5XÚ��ê��"1n§A^k�5���Cq��úÏf�{5O��C�ÛÉõ�ª§=õ�ªk�§ê�u�u 2 [81]"ÏLO��
~f`² STLN �{�±O�Cq��úÏfÚ�C�ÛÉõ�ª��Û�`)"�+Äu�����{� STLN�{ØU�y�Û��§,¢��~f`²
 STLN�{���)�©Ù [41; 25; 81; 80]¥��Û�`)��"
STLN �{U?nÑ\õ�ªlk�²��úÏf½ ö k k ��õ�ª�ålé� �œ /§Ù´�Ñ\�õ�ªl÷v�5���õ�ªé� �œ /"

… §STLN�{�U?nÑ\õ�ª�Xê´¢ê�§�´l§��Ck�²�úÏf½ö ÛÉ�õ�ª�Xê´Eê�œ /"ù �§STLN�{ÏL��©��þ\���Å�6Ä5O�E���)"STLN�{�æ^
 Lagrangian�f��{O��©��þ"
3 Cq��úÏf¯K¥§Ñ\Ǒõ�ª f1, . . . , fsÚ����ê k§C � Ǒ

y1, . . . , yr§õ�ª�XêǑ¢ê½ö Eê"ÑÑǑúÏf g Ú f∗
1 , . . . , f∗

s§XêǑ¢ê½Eê§¿ … deg(g) ≥ k §deg(f̃i) ≤ deg(fi) §ù p f̃i = gf∗
i§ 1 ≤ i ≤ s¶���

‖△f1‖ + · · · + ‖△fs‖ Ǒ��§ù p △fi = f̃i − fi§ 1 ≤ i ≤ s"éuõC� õ�ª§·�kõ«gê½Â"©Ù [34]`²^z�C� �gê'�gêU���C�)"'uUC�õ�ª △fi ��ê�½ÂÓ�¬KǑ�`)"Ï~ œ ¹e^�´ Euclidean �ê"© Ù [26] Ú^
ØÓ��ê lp"Ó�����¯K´õ�ª�Xê�"3 þ�Ù ¥�5 3.2.1¥®²`²µéuõ�ª f1 = x2 + 2Ú f2 = x2 + 1§l�C�kú����éE�õ�ª'l�C�kú����é¢�õ�ª�C£ Euclidean�ê¤"±c éõ�{Ñ´O�¢��`)" STLNUl¢�Ñ\Ñué �E��`)§�´�{I��õg�S�"��§�Û�`)�3 �Ø��"½n3.2.1Ú½n3.3.1`²
Cq��úÏf
45
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�C�E��`)§�o§��Ý Ó�´�`�)"Ó�§Ǒ�U�3 õ�¢��`)£5 3.2.1¤"̄ ¢þ§©Ù [81]`²
O��C�ÛÉõ�ª��3 õ��`)"éuCqÏª©)§© Ù [34]Ǒ`²
õ��`)� 3 "© Ù [57, �!
4.3]`²
�C�ÛÉ Toeplitz/Hankel Ý
¯KǑ� 3 � ¡ ��`)"éuCq��úÏf¯K§õ�ª f1 = x + 1 Ú f2 = x − 1§l§��C£2 �ê¤�kú���õ�ªk�¡ é§ǑÒ´§ f̃1 = −σ+i τ+1

σ2+τ2+1 (x − σ − i τ)Ú f̃2 = σ−i τ+1
σ2+τ2+1(x − σ − i τ)§ù p i =

√
−1§ ‖f̃1 − f1‖2

2 + ‖f̃2 − f2‖2
2 = 2 § σ, τ ∈ R"éu�½õ�ª§·�O��C�k k ��ÛÉõ�ª"© Ù [81]�Ñ
kõ�ª�m��{O��C�k k ��ÛÉõ�ª"3 [25, �! 6.3]¥§ÏL�ÑÑõ�ª�Xê\�
�5�ª��^�§Ò�±^O�Cq��úÏf�{O��C�ÛÉõ�ª"

§4.2 =z Ǒ�5�ê¯K·�òõ�ª� GCD ¯K=zǑ�5�ê�¯K§,�A^(������{"·�rþ�Ù �Cq��úÏf�ªfí2� s�õ�ª�œ /"3ù p§̂�gê5½Âõ�ª�gê"�,§Ù§�gê½ÂǑ·^"e¡k�Ñ��Ún"Ún 4.2.1. � f1, . . . , fs ∈ F [y1, . . . , yr]\{0}§ùp F ´?¿�ê�§� di = tdeg(fi)Ú k ≤ di §éu¤k� i k 1 ≤ i ≤ s"�o tdeg(GCD(f1, . . . , fs)) ≥ k ��=��3õ�ª u1, . . . , us ∈ F [y1, . . . , yr] ��
u1 6= 0, ∀j, 2 ≤ j ≤ s : ujf1 + u1fj = 0, ∀i, 1 ≤ i ≤ s : tdeg(ui) ≤ di − k. (4.1)

y ². (4.1)L«��¯¢´µ3 ���Ïª©)� F [y1, . . . , yr]þ§��úÏfU3©ª fj/f1 ¥� zK"^�(4.1)�±��éu ui ���Xê/¤àg��5XÚ"� fi ¥gê�$�Ǒ�ý�õ�ª§ù ���)¤�XêÝ
k����ê"e¡ïÄXêÝ
�(�"b�gêǑ l �õ�ª u �Xê�þǑ ũ§K ��õ�ª u · f �Xê�þǑµC[l](f)·ũ"3 õC� �œ /§XJ tdeg(f) = m§K C[l](f)��êǑ (l+m+r
r

)
×

(l+r
r

)"
K (4.1)�XêÝ
Ǒµ

Sk(f1, . . . , fs) =





C[d2−k](f1) 0 . . . 0 C[d1−k](f2)

0 C[d3−k](f1) 0 C[d1−k](f3)
... . . . ...

...

0 0 . . . C[ds−k](f1) C[d1−k](fs)




(4.2)
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 Sk(f1, . . . , fs) Ò´��'uõ�õ�ª f1, . . . , fs �2Â Sylvester Ý
"Ún 4.2.2. � f1, . . . , fs Ú k XÚn 4.2.1¥ ¤�"�o tdeg(GCD(f1, . . . , fs)) ≥ k��=�3(4.2)¥ �Ý
 Sk(f1, . . . , fs) �º• �u�u 1"
y ². ¿©5µ��lÚn 4.2.1��§ÏǑ u1 6= 0�)���"��´ Sk(f1, . . . , fs)�"�þ"7�5µÏǑ(4.2)¥c ¡� s − 1�¬�|¤�|�5�'���þ§¤± Sk(f1, . . . , fs)¥m"�m¥��þéAu(4.1)¥�õ�ª u1 �½k�"�� �",�·�2 A^Ún 4.2.1Òy²
7�^�"�âÚn 4.2.2§�Ñe¡���Ún"ù �Ò�±r��õ�ªk k Ïf¯K=zǑõ�ª� GCD ¯K"Ún 4.2.3. � f(y) ∈ F [y] ´A� Ǒ 0 �� FþgêǑ n �õ�ª§� k ´ ê� 2 ≤ k ≤ n"̂ f [i] = dif/dyi PǑ f � i g�ê"�oe¡�^�´�d�µ
(i) �3��õ�ª h(y) ∈ F [y]� deg(h) ≥ 1§�� hk ´ f �Ïf"
(ii) deg(GCD(f [0], . . . , f [k−1])) ≥ 1.

(iii) Ý


Ssing
k (f) =





C[n−1](f [k−1]) 0 . . . 0 C[n−k](f [0])

0 C[n−2](f [k−1]) 0 C[n−k](f [1])
... . . . ...

...

0 0 . . . C[n−k+1](f [k−1]) C[n−k](f [k−2])





(4.3)�º• �u�u 1"
y ². ù �Ún�±é¯/lù �¯¢þ��µ f = h1h2

2 · · · hm
m§ù p hi �²�Ïf… üüp�§�o GCD(f, df/dy) = h2h2

3 · · · hm−1
m £�[19]¤"

3 1� Ù ¥�CqÏª©)�{§CqÏf�©lÑ5"Ún 4.2.3 k��'uõC� õ�ª�íØ"�±ÏL STLN�{rCqÏfØK§,�O�Cq�Ïfõ�ª�ýéØ�� ©)"ù éCqÏª©)k�~���^"íØ 4.2.1. � f(y1, . . . , yr) ∈ F [y1, . . . , yr] ´A� Ǒ 0 �� F þ�õ�ª§¿�éuC� y1 �gêǑ n"� k ´  ê� 2 ≤ k ≤ n"b� f éu y1 ´���§ǑÒ



48 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K´` f 3 F [y2, . . . , yr] þvkÏf"�o�3õ�ª h(y1, . . . , yr) ∈ F [y1, . . . , yr] �
deg(h) ≥ 1 �� hk ´ f �Ïf��=�Ý


Ssing
y1,k(f) =






C[n−1]( ∂k−1

∂yk−1
1

f) 0 . . . 0 C[n−k](f)

0 C[n−2]( ∂k−1

∂yk−1
1

f) 0 C[n−k]( ∂
∂y1

f)
... . . .

...
...

0 0 . . . C[n−k+1]( ∂k−1

∂yk−1
1

f) C[n−k]( ∂k−2

∂yk−2
1

f)






(4.4)�º• �u�u 1"
y ². ·� 3 Xê�Ǒ L = F (y2, . . . , yr)þA^Ún 4.2.3"ÏǑ®²b� f éC �

y1 ´�� �§�â Guass Ún[19]§¤k3 L[y1] ¥�ÏféAu F [y1, . . . , yr] ¥�Ïf§… 'uC� y1 �gê�u�u 1"
§4.3 Ä u STLN�)O�Ý
 S �(�%CÝ
§��%CÝ
´º��§ù p b ´lÝ
 S ¥À���§ A ´d�{�|¤�"���Ä�(�Ý
ké¡�§DÕ�§Ì��§Toeplitz§Hankel�Ý
"c ¡�Ù �Ä� £́2Â¤SylvesterÝ
"ù �Ù �Ä N �r STLN �{í2A^�O�õ�õ�ª�2Â Sylvester Ý
�(�$�%C§¿… A^uO�Cq��úÏf¯K"� S(ζ) = [A1(ζ) | b(ζ) | A2(ζ)] Ú A(ζ) = [A1(ζ) | A2(ζ)]"ù pÝ
 S §AÚ�þ bÑ´ÏL�þ ζëêL«"3 (4.2)¥�ù «/ª S = Sk(f1, . . . , fs)§ëê�þ
ζ �¹õ�ª f1, . . . , fs �Xê¶3 œ / S = Ssing

k (f) ½ S = Ssing
y1,k(f)§ëê�þ ζÒ´õ�ª f �Xê�þ"·�I�)e¡ü��±(������¯Kµ

min
△c∈Rν

‖△c‖ ½ min
△c∈Cν

‖△c‖ ÷v A(c + △c)x = b(c + △c), éu,��þ x, (4.5)

ù p c ´�©�Xê�þ1"ù p ‖ · ‖ �±´ 2-§1- Ú ∞-�ê"�1nÙ ��§·��1��ÛÉ�þ¥�ýé������� �¤éA�����Ǒ b"
STLN �{Äk� △c = z = 0§̂ A(c)x ≈ b(c)��(�����)�Ǒ x ��©�",�^S�Ó�`z x Ú zµ�#� x + △x Ú z + △z ÷v (4.5)§ǑÒ´µ

min ‖z + △z‖ ÷v A(c + z + △z) (x + △x) = b(c + z + △z).,§ù �`z¯KkéõÛÜ�`)§²;���©���{[57]´Ø
�"Ïd§·�òÄu Lagrangian �f���©��{ [43, �! 4.5.3]A^�O�Cq
13þ�Ù§Ý
 A(c) ^ A L« §6ÄÝ
 A(△c) ^ E L« §6Ä�þ △c ^ zL« "
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Ú�þ��È S(ζ)ξ�±L«¤�Èõ�ª�Ú§Ïd§�3 aq� Sylvester Ý
 H(ξ) �� H(ξ)ζ = S(ζ)ξ"b� S(c) �1��ÛÉ�þ´ v¶O�Ñ�þ zµ
z = −H(v)Tr(H(v)H(v)Tr)−1S(c)v. (4.6)� b(c) ´ v ¥ýé���� � �¤éA�1 t �§ÏLé�þ v �5z … ��

v[t] = −1§O��þ x§ǑÒ´§
x =

[
−

v[1]
v[t]

, . . . , −
v[t − 1]

v[t]
, −

v[t + 1]
v[t]

, . . .
]Tr

. (4.7)�\ (4.6)·�k−S(z)v = −H(v)z = S(c)v§Ïd§S(c + z)v = 0§½ö A(c + z)x =

b(c + z)§ù Ò´·�¤I��"ÏǑ·��ëêz´�5�§ù ��±é(��{���%Cµ
r(z + △z, x + △x) = b(c + z + △z) − A(c + z + △z) (x + △x)

= b(c + z) + b(△z) − (A(c + z) + A(△z))(x + △x)

≈ b(c + z) − A(c + z)x + b(△z) − A(c + z)△x − A(△z)x

= r(z, x) + b(△z) − A(c + z)△x − A(△z)x.ÏǑ b(ζ)¥�� �Ñ�±d ζ L«§¤±k��~êÝ
 P �� b(ζ) = P ζ"… §ÏLrH(ξ)¥éAum>�þ−b�� �l−1UCǑ 0§��1��aq SylvesterÝ
 Y (ξ)§�� Y (ξ)ζ = A(ζ)ξ§ǑÒ´ A(△z)x = Y (x)△z"Ïd§����#��{þ��g%C§L«Ǒµ
r(z + △z, x + △x) ≈ r(z, x) + P △z − A(c + z)△x − Y (x)△z. (4.8)òv� w ≫ 1 A^u�{[1] þ§��¯K

min
△z,△x

∥∥∥
wr(z + △z, x + △x)

z + △z

∥∥∥k���S��#[57,�§ (2.9)]µ
min

△x, △z

∥∥∥∥

[
w(Y (x) − P ) wA(c + z)

I 0

] [
△z

△x

]

+

[
−wr(z, x)

z

] ∥∥∥∥ (4.9)� ‖△x‖ Ú ‖△z‖ �u�½�NNØ��§S� x = x + △x Ú z = z + △z Ê�"Ó�§(4.9)�±=zǑk�5�§�������¯K£��! §4.3.1Ú�! §4.5¤"



50 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯Kéu 1-�êÚ∞-�ê§ù �¯K�±^�55y5¦ ) [25, �! 8.3]",§XJ�`¯K�Ä�´Eê�œ /£(4.5)1�«œ /¤§¢êÜ©ÚEêÜ©I�©m"�ok A(ζ) = A(ζR + i ζI) = A(ζR) + i A(ζI)§ù p ζR Ú ζI ´ ζ �¢êÜ©ÚJêÜ©§… i =
√

−1"Ó�§ù p�r�{�þ�¢ÜÚJÜ©m§�#��{þ
(4.8)�±�¤
r(z + △z, x + △x)

≈ rR(z, x) + i rI(z, x) + P △zR + i P △zI

− (A(cR + zR) + i A(cI + zI))(△xR + i △xI) − (Y (xR) + i Y (xI))(△zR + i △zI)

= rR(z + △z, x + △x) + i rI(z + △z, x + △x).S��ªf (4.9) �±=zǑ��¢�`z¯Kµ
min

△xR,△xI ,△zR,△zI

∥∥∥∥M
[
△zR △zI △xR △xI

]Tr
+

[
−wrR(z, x) −wrI(z, x) zR zI

]Tr
∥∥∥∥

(4.10)

ù p
M =





w(Y (xR) − P ) −wY (xI) wA(cR + zR) −wA(cI + zI)

wY (xI) w(Y (xR) − P ) wA(cI + zI) wA(cR + zR)

I 0 0 0

0 I 0 0




(4.11)

[57,�§ (2.12)].

§4.3.1 Ñ\Xêk�5���){
3 (4.3)¥�Ý
 Ssing(f) ´�«AÏ�2Â Sylvester Ý
§ǑÒ´ (4.2) ¥�S(f1, . . . , fk)§Ñ\�Xê´k�5���"ù p��Ñ ù́ «/ªµzj = λzi§ùp λ´�ê"éuÑ\õ�ª�Xê�±Ä�½ö Ù§�5�'XDÕ5§��^�kXe/ªµzj =~ê"
3 ©Ù [25,�! 6.3]¥·�uy�{[8; 39; 41]�±# N\?¿��5���Ñ\õ�ª�Xêþ"e¡`²N �5�¤3 k�5��^�e^ STLN�{���`)"� ζ ´(�¯K�ÎÒXê�þ§�êǑ ν"� Γζ = γ ´���^3 8IXêþ��5��"ù p·�ØI�b�Ñ\Xê�þ c ÷vµΓc ≈ γ"|^pd��{�E ���5XÚ Γζ = γ − Γc ! C§���þ d Ú��gdëþ�f�þ
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[ζi1, . . . , ζiµ ]Tr ��
ζ = Cζ− + d, ù pζ− =





ζi1

...

ζiµ



 ; … ΓC = 0. (4.12)�âc ¡��©���{§
z = d − C (H(v)C)Tr(H(v)C (H(v)C)Tr)−1S(c + d)v,

ù p v ´Ý
 S(c + d) �1��ÛÉ�þ"Ó�§k S(c + z)v = 0"ò v 'u��ýé�� ���5z§·��� x��©�(�(4.7))"S���#úª (4.9)y3�±�¤µ
min

△x, △z−

∥∥∥∥∥

[
w(Y (x) − P )C wA(c + z)

C 0

] [
△z−

△x

]

+

[
−wr(z, x)

z

]∥∥∥∥∥
. (4.13)#�Xê�´ c + z + △z = c + z + C△z−  … ÷v Γ(c + z + △z) = γ§ù pb� Γ(c + z) = γ"3 ��S�L§¥§�©�ÑU�ye¡�ªf¤áµΓ(c + z) =

Γ(c + d) = Γc + (γ − Γc) = γ"XJõ�ªXê´Eê�œ /§(4.13) �±=zǑ¢�`z¯Kµ
min

△xR,△xI ,△z−
R ,△z−

I

∥∥∥∥M �
[
△z�

R △z�
I △xR △xI

]Tr
+

[
−wrR(z, x) −wrI(z, x) zR zI

]Tr
∥∥∥∥

ù p M− ´
2

6666
4

w(Y (xR)CR−Y (xI)CI −P CR) −w(Y (xI )CR+Y (xR)CI −P CI) wA(cR+zR) −wA(cI+zI )
w(Y (xI )CR+Y (xR)CI −P CI) w(Y (xR)CR−Y (xI )CI −P CR) wA(cI +zI ) wA(cR+zR)

CR −CI 0 0
CI CR 0 0

3

7777
5

,… �5���©¤¢ÜÚJÜüÜ©µζR+ i ζI = (CR + i CI)(ζ−
R + i ζ−

I )+dR + i dI .�+ (4.3)¥�Ý
 Ssing
k (f) ´(4.2)¥� Sk(f1, . . . , fk) ��5���/ª§¢Sþ ù ü�`z¯K¿Ø�Ó"éu�C�k k ��ÛÉõ�ª·�`z�´

‖△f‖¶3 �éA�Xêk�5�����úÏf¯K¥§̀ z�´∑
‖di△f/dyi‖§

ù ü�¯KkØÓ����"3 ©Ù [57]¥®²J���¯K (4.5)�±Ú\��éÆ���Ý
 D§ǑÒ´µ
min

△c∈Rν
‖D△c‖ ½ min

△c∈Cν
‖D△c‖ ÷v A(c + △c)x = b(c + △c), éu,��þ x.�o§(4.13) CǑ

min
△x, △z−

∥∥∥∥∥

[
w(Y (x) − P )C wA(c + z)

DC 0

] [
△z−

△x

]

+

[
−wr(z, x)

Dz

]∥∥∥∥∥
.
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�éÆ�¥�� �´�¢ê�§Ý
D�±�Ǒé GCD¯K¥1��õ�ª�6Ä�ê?1`z"ù �¦ �CÛÉ�¯KÒ=zǑ
Xêk�5���GCD¯K"éu��Eêþ� D = DR + i DI§þ¡�Ñ�¢êÝ
y3 ÒC¤µ
M− =





M−
1,1 M−

1,2 wA(cR+zR) −wA(cI+zI)

M−
2,1 M−

2,2 wA(cI +zI) wA(cR+zR)

DRCR−DICI −DRCI−DICR 0 0

DRCI+DICR DRCR−DICI 0 0




(4.14)

ù p
M−

1,1 = w(Y (xR)CR−Y (xI)CI−P CR), M−
1,2 = −w(Y (xI)CR+Y (xR)CI−P CI),

M−
2,1 = w(Y (xI)CR+Y (xR)CI−P CI), M−

2,2 = w(Y (xR)CR−Y (xI)CI−P CR).éuþ¡�¯K§�k��O���{µ��� (4.9)\��^� Γ(z+△z) = γ§,�ée¡�ªf�S�µ
min

△x, △z

∥∥∥∥∥∥∥∥





w(Y (x) − P ) wA(c + z)

wΓ 0

D 0





[
△z

△x

]

+





−wr(z, x)

w(Γ(c + z) − γ)

Dz





∥∥∥∥∥∥∥∥
. (4.15),§ù �����¯K��ê' (4.13)��ê��õ"3 [25,�! 8.3]¥J�^�55y�E | �±^5) � ��m÷vØ�ª�5������ 1-�êÚ ∞-�ê§ù pØ�ª�5��/XµΓ(c + z + △z) ≥ γ"~X§éu ∞-�êÚ¢�Ñ\Ú¢�ÑÑ§�÷v�5���^�eO���¯K min△z ‖D(z + △z)‖∞§ù p��5��´ (Y (x) − P )△z + A(c + z)△x = r(z, x) Ú Γ△z ≥ γ − Γ(c + z)"'u △z, △xÚ��þ δ ��55y´µ��: δ÷v: δ − Di△z ≥ Diz, i = 1, 2, . . .

δ + Di△z ≥ −Diz, i = 1, 2, . . .

(Y (x)−P )△z+A(c + z)△x = r(z, x)

Γ△z ≥ γ − Γ(c + z)

ù p Di ´Ý
 D �1 i 1"
§4.3.2 ¢�Ñ\O�E ��`

3 c ¡� Ù ¥�3.2.1®²Þ
��~f`²
éu¢�Ñ\�UkE��`)"·�uyþ� Ù ¥� STLN S�éu¢�Ñ\�U��¢�ÛÜ�`)§¿



1oÙ õ�k‚ 5• �õ‘ ª�Cq��úÏfÚÛÉõ‘ ª 53vk�Ñ���{¦ )ù a¯K"ù ��!�`²N �O�����E�ÛÜ�`)"·�A^UC�©z��{^5;���O�L§Ñ´¢�œ /"Äkb�Ý
 S(c + i △crand) �1��ÛÉ�þ´ v§△crand ´��?¿��¢6Ä�þ§O����þ zǑµ
z = −H(v)Tr(H(v)H(v)Tr)−1S(c + i △crand)v.ÏLé�þ v 'u��ýé�� ���5z§���þ x§¿… ÷v

A(c + i △crand + z)x = b(c + i △crand + z). (4.16),§ù p¿Øò i △crand \�¢�`z¯K£4.10¤þ�"éAuk�5���œ /�§·�ÄkO��þ zµ
z = d − C (H(v)C)Tr(H(v)C (H(v)C)Tr)−1S(c + d + i △crand)v,

ù p v ´Ý
 S(c + d + i △crand) �1��ÛÉ�þ"ÏLé�þ v 'u��ýé�� ���5z§·����þ x (4.7)"�o·�k
A(c + i C△z−

rand + z)x = b(c + i C△z−
rand + z), (4.17)

ù p △z−
rand ´��é��gdëê��?¿¢�þ"3 �! §4.4 ¥J�§ x, z lE��`)�� §Ïd§�{�UI�éõgS�âUé ��`)"

§4.4 �{Ú¢�·�®²¢y
 STLN�{¿)û
XeA�¯Kµ
– O�õ�õ�ª�Cq��úÏf"
– O��C�k k��üC� õ�ª"
– O�õ�õ�ªXêk�5���õ�ª�Cq��úÏf¯K"~ 4.4.1. �Äü�õ�ª

f = y(y − i )2 + 0.01 Ú g = (y + i )(y − i )2 − 0.01i . (4.18)O��C��éEõ�ª f̃ Ú g̃ ��ùü�õ�ªk�Ó� 2  �[58]"þ¡�¯K�±=zǑo�õ�ª f§g§df/dy§dg/dy �k�5�› �Cq��úÏf¯
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2 + ‖g − g̃‖2

2"�Ñõ�ª�XêǑ���êǑ 14 ��þ ζ§¿���ëêz��5�› �Ý


C =





1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
3 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 3 0 0 0
0 0 0 0 0 2 0 0
0 0 0 0 0 0 1 0





, ζ− =






ζ1
...

ζ8




 Ú d = 0,

£��! §4.3.1¤"�Ý 
 ´ D = diag(I8, 06)"^Xêk�5� › �v Š w = 108� STLN ��{5O�§,�^¢�ªf£4.14¤5?1S�"²L 6 gS�§�
△x = 0.974 · 10−6 < 10−6 �§ÊŽ S�"·���÷v^��õ�ªµ
f̃ = 0.0039 − 0.0018 i + 0.0013 y2 − 2.0006 iy2 + 0.0037 iy − 1.0006 y + 0.0011 iy3 + 0.9982 y3,

g̃ = 0.0018 − 1.0066 i + 0.0006 y2 − 1.0022 iy2 − 0.0006 iy + 1.0028 y − 0.0018 iy3 + 0.9984 y3.l�þ x ��õ�ª�{Ïf£p�Ü©¤µ
ũ1 = 0.0018 + 0.0039 i + 0.9982 y2 + 0.0011iy2 − 0.0013 y − 0.9994 iy,

ũ2 = 1.0036 + 0.0003 i + 0.9984 y2 − 0.0018 iy2 + 0.0008999 y − 0.00081 iy.^1�Ù¥ �Cqõ�ªØ{§��õ�ª�� Ïfµ h̃ = 0.001504−1.003015 i +

1.000000 y"��§·�O���Ø�´
‖f − h̃2 ũ1‖2

2 + ‖g − h̃2 ũ2‖2
2 = 0.947 · 10−4.�Ǒ'�§o�õ�ª f§ g§df/dy§dg/dy vk�5�› �Cq��úÏf´µ

h̄ = −6.504887 · 10−8 − 1.000011 i + 1.00000 yþ¡� GCD ´^ STLN �{²LügS�O�Ñ5�"�+ h̄ �â£4.18¤��Ewþ���CO(�(�§�´O� f Ú h̄2�Cqû±9 g Ú h̄2�Cqû§�����Ø�%´ 0.000140"
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f = 1000 y10 + y3 − 1 Ú g = y2 −

1
100

.O��C��éõ�ª f̃ Ú g̃ ��§�k�²��úÏf"Äk��©Š \?¿���E�6Ä£�! §4.3.2¤"²þe5^�gS�§ STLN�{éuØÓ��©
Š O�Ñe¡ù
ÛÜ�`)µ

0.0421579, 0.0463113, 0.0474087, 0.0493292, . . .3ù
)¥ §õ�ª
f̃ = 1000.0 y10 + 0.0000147908 y9 + 0.0000297998 y8 + 0.0000604355 y7 + 0.000122287 y6

+0.000247491 y5 + 0.000500837 y4 + 1.00101 y3 + 0.00205103 y2 + 0.00415059 y − 0.991601,

g̃ = 0.956139 y2 − 0.0887590 y − 0.189618,k���Ó�Ïf y − 0.4941547§��Ø�´
‖f − f̃‖2

2 + ‖g − g̃‖2
2 = 0.0421579.ù�)�^�Û�{[41; 25]��Ä���Û��)�Ó"Ïd§STLN�{ǑO�Ñ�Û��`)"õ�ª f Ú g Ǒ�±`²��¯¢µ��ké���(�^�ê� Sylvester Ý
 �Uké��(�^�ê"� S ´ f Ú g � Sylvester Ý
 § Ŝ´l S 3Ý
 � Frobenius�ê¿Âe��C�ÛÉ SylvesterÝ
 §ùp Frobenius�ê^ ‖ · ‖F L«"Äk§b� Ŝ ´éAuEõ�ª f̂ Ú ĝ � Sylvester Ý
 §õ�ª�gê©OǑ 10 Ú 2"ÏǑ Ŝ ´ÛÉ�§ f̂ Ú ĝ k���Ó��"Ïd§

‖S − Ŝ‖2
F = 2‖f − f̂‖2

2 + 10‖g − ĝ‖2
2

≥ 2‖f − f̂‖2
2 + 2‖g − ĝ‖2

2

≥ 2‖f − f̃‖2
2 + 2‖g − g̃‖2

2 ≥ 0.084315.þ¡���.�±^²;�Ø�ª[71, �! 4.2§~13]í2�Ù§Ý 
 �ê"�C��(��ÛÉõ�ª Âk: ‖S − Â‖2
F �u S ��ÛÉŠ �²� [12; 71,½n 6.7]§ǑÒ´ 0.000000098975"éuÙ§Ý
 �ê§aq�Š �±O�[29, p. 775]"lÛÉÝ
 �(��Ú�(��ål�ù« �É´Ø�UÑy3 Toeplitz Ý
 þ[62]" �

3ù n�L¥§¤k�¢�´3 Pentium 4ªÇǑ2.0 Ghz�ÅìþO��"·�3 Maple 10 ¥b� Digits = 14 A^ STLN �{O�Cq��úÏfÚ�C�ÛÉõ�ª"
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Ex. m k

it.
(STLN)

error
(ZNKW)

error
(STLN)

1 4 2 12 .1763296120 .1763296118

3 34 .6261127476 .6261127498

2 4 2 4 .1552760123e–12 .1552723415e–12

3 11 .8834609009e–9 .9814886696e–9

4 4 .2021848972e–4 .1958553174e–4

3 4 2 4 .1645037985e–10 .16450617515e–10

3 4 .4144531274e–6 .4144531274e–6

4 12 .1049993144 .1049993152

4 5 2 1 .2460987981e–8 .2461467456e–8

5 3 20 .3681785214 .3681784856

5 6 2 2 .3231668276e–5 .3231668277e–5

6 6 2 3 .3009788845e–11 .3009789157e–11

3 3 .7453849284e–6 .7453849284e–6

4 24 .4449023547 .4449023547

7 5 2 8 .8565349347 .8565327605

8 21 2 2 .190477e–8 .1893347157e–8

3 6 .963776e–4 .9637591989e–4L 4.1 üC�ÛÉõ�ª�¢�(J
3 1 56��L 4.1¥§̂ STLN ��{O�
�C�Ä��ÛÉõ�ª"ù p

m L«õ�ªgê¶k L«��ê¶it. (STLN)L«^ STLN�{¤I�S�gê¶error (STLN) Úerror (ZNKW)©OL«^ STLN �{Ú© Ù [80] ¥��{O����6Ä ‖f̃ − f‖2
2§��õ�ª f̃ k k �"~ 1 Ú~ 2 ´© Ù [81]¥�~f"~ 1 ´��¢õ�ª"éu k = 2, 3 �§�âõ�ª�":5�§õ�ªko�l��C�k k ��ÛÉõ�ª"~ 2´XêǑE�õ�ª"~ 3 �~ 8 ´© Ù [80] ¥�~f"k�:I�5¿µ© Ù [81]¥L 2 Ú 5 ¥�O�����Ú©Ù [80] ¥�~ 5 ����Ñ´k�Ø�"ù p^©Ù [81; 80]�� © Maple §S��
ù 
���"Ø
~ 7§õ�ª�XêÑ´¢�"¢Sþ§·�^ STLN �{£Äu1 47��(4.3)���Ý
 Ssing

k ÚÄuk�5���Cq��úÏf¤U��� ZNKW�{�����Ø�"
3 1 57 �¥�L 4.2§�Ñ
^ STLN �{O�õC � �Cq��úÏf�
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Ex. mi k e
it.

(STLN)
error
(Zeng)

error
(AMVGCD)

error
(STLN)

1 7,7 4 3 2 2.44360e–4 2.59476e–4 6.50358e–5

2 7,7 4 5 1 2.44404e–8 2.59194e–8 6.50357e–9

3 7,7 4 7 1 2.44405e–12 2.59191e–12 6.50357e–13

4 7,7 4 9 1 2.44396e–16 2.59187e–16 6.50361e–17

5 6,6 3 2 3 2.26617 1.49524 4.80154e–1

6 10,10 5 4 2 2.74672e–3 1.84914e–3

7 8,8 4 5 2 7.09371e–5 2.38059e–5 2.01393e–5

8 40,40 30 5 2 1.39858e–3 4.83931e–4 4.39489e–4

9 10,9,8 5 3 2 6.21772e–2

10 8,7,8,6 4 5 2 4.04458e–6L 4.2 õC��Cq��ú Ïf¢�(J
j = 2 j = 3 j = 4 j = 5 j = 6 j = 7 j = 8

it. (STLN) 1 1 1 1 3 4 5

error (STLN) 3.12e–14 2.48e–12 3.33e–10 3.39e–8 3.76e–6 2.53e–4 2.93e–2L 4.3 o‡ C��õ�ª��5���¢�(J[76](J"ù p mi L«õ�ª��gê¶ k L«Cq��úÏf��gê¶error

(Zeng)§error (AMVGCD) Úerror (STLN) ©OL«^[76]§�{ 2.2.1Ú STLN �{O����6Ä∑
i ‖f̃i − fi‖2

2"L 4.2 ¥�~ 1 �~ 4 ´[76] ¥�~ 4 \ØÓ�6Ä���~f"~ 5 Ú~ 7–10´ ù �� E �µ�õ�ªXêǑ −25 ≤ c ≤ 25 S��ê§
… úÏfgê´�½��ê k§,�?¿gê��½õ�ª�gê�Ó�Xê 3

[−10e, 10e] ��S�6Äõ�ª¶�6Äõ�ª�þ��'~~ê�§�Ú�½õ�ª��éØ�´ 10−e"~ 6 ´EXê�õ�ª§§�¢ÜÚJÜ�Xê���Ǒ −25 ≤ c ≤ 25"6Ä�þ¡`���©Oéõ�ª�¢ÜÚJÜ\±6Ä"
3 1 57��L 4.3¥§�Ñ
^ STLN�{O�Cqk 2�5Ïf��éõ�ª f1, f2§f1, f2 ´ 4�C� ÚgêǑ 4�õ�ª£�[76]�~ 5¤"éuù «œ /§�±O� f1§ ∂f1§f2§∂f2 �CqúÏf… �\þ�5��^�§ù 
��^



58 õ�õ‘ ª�CqÏª©)ÚCq��úÏf�¯K�´©Od f1, ∂f1 Ú f2, ∂f2 �Xê'X���"ù p ∂fi ´õ�ª fi 'uÙ¥��C� � �ê"\�6Ä�ê´ 10j−10"
§4.5 (Ø

3 ù � Ù p§·�^(������ê�{)û
õ�ªXêk�5���Cq��úÏf¯K"�Ñ\�õ�ª��éØ�Ø�u 10−2 �§¢�`²Äu
STLN��{Ué¯���`)§… S�gê��Ø�L 10 g",§éuCq��úÏfÚ�C�ÛÉõ�ª¯K§kü«'�AÏ�œ /µ1�§¢�Ñ\���E��`)¶1�§éuk�5��^��§Ñ\�õ�ªlù 
�5���^�k�½ål"·���ù 
œ /éu¤k�S��{Ñ´'�J±?n�",§Äu STLN ��{UO��`)"… §·��Ñ
��#��{5�'����©:§�´3 �
'�(J�œ /§ù «�{�´I�éõgS�âUé ��`)"

ù �Ù ^��{´Äuv¼ê� STLN�{"·�Ǒ�^Ù��(������{ CTLS[48] Ú Riemannian SVD[43])û·��¯K§·�®²r CTLS�{A^�Cq��úÏf¯K"�Ú¢�®²`²
 CTLS�{Ó��±O��Û�`�)"



1Ê Ù (Ø ��"·��Ñ
k���{Ú Maple§SO�õC� õ�ª�Ïª©)"�O<��{�'§·���{U?n�
�~(J�œ ¹§~XCq�õ�ªlkO(Ïª©)�õ�ª�ålAO� �œ /"·�^(������{£STLN¤é£2Â¤SylvesterÝ
$�%C§l�O
#�O�õ�ª£üC� ÚõC� ¤�Cq��úÏf�{"�Äu SVD���úÏf�{�'§ù «�{�½… U�������Ø�"�©�)û
N �¦ Xêk�5���õ�ªCq��úÏf¯K§ù p�)üC� õ�ªÚõC� õ�ª�œ /"ù a¯Kk��A^µéuüC� õ�ª
œ /§·�rÄu STLN�{���úÏf�{A^�O��C�k k��ÛÉõ�ªþ"�±c ��{�'§STLN�{ǑU���Û�`)¶… $ �þ��éõ"3 õC� õ�ªœ /§�±^ STLN�{O��C�k kÏf�õ� õ�ª"ù3 O�CqÏª©)�{¥k�~��^å"8�·��ó��±l±eA��¡5�Ä"

1. RuppertÝ
Ǒ´(�Ý
"Ïd§�±òXêk�5���(������{A^�CqÏª©)Ú�'�¯Kþ"3 ?1õ�ªCqÏª©)L§¥§·�®²¢y
^ CTLSÚ STLN�{é RuppertÝ
?1(�$�%C§�´(J¿Øn�"F"3 ±��ó�U��)ûù �¯K"
2. �©O�Cq��úÏf¯K^��{´Äuv¼ê� STLN�{"Ó�Cq��úÏf¯K��±^Äu Lagrange �f�����£CTLS)�{�)û"�Ú�¢�`²
 CTLS�{Ó�UO��`��Û)"
3. 3 �©¥§·�^�Ñ´�5�ê²;��{O�����¯K"du�{¥¤�9�Ý
Ñk(�5§¤±r¯��{Ú STLN�{(Ü¬��~�O�E, Ý"éuüC� õ�ª�Cq��úÏf¯K§�â Sylvester� £(�§·�®²A^
¯��{"ù �Ø�~�
���{�E, Ý§… vk¿��{�O(5"du2Â Sylvester Ý
Ú RuppertÝ
�~E, §y3 �vk

é �k��Ý
 £�f"F"±�Ur¯��{A^uõC� õ�ª�Cq��úÏfÚÏª©)¯Kþ"
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