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Abstract

A Laurent-Ore algebra £ over a field F' is a mathematical abstraction of common prop-
erties of linear partial differential and difference operators. A linear (partial) functional
system is of the form A(z) = 0 where A is a matrix over £ and z is a vector of unknowns.
Typically, it is a system consisting of linear partial differential, shift and g¢-shift operators,
or any mixture thereof.

We associate to a linear functional system A(z) = 0 an £-module M4, which is called
the module of formal solutions. For our purpose, the dimension of an £-module is defined
to be the dimension of the module as a vector space over F. A system A(z) = 0 is said to
be O-finite if M4 has finite dimension.

A Picard-Vessiot extension for a J-finite system A(z) = 0 is a ring containing “all”
solutions of A(z) = 0. We prove the existence of Picard-Vessiot extensions for all 0-finite
linear functional systems and show that the dimension of the solution space of a J-finite
system equals the dimension of its module of formal solutions.

The Grobner basis techniques for left ideals in Ore algebras are extended to left submod-
ules over Laurent-Ore algebras. This extension enables us to determine whether a linear
functional system is O-finite.

We present an algorithm for finding all submodules of an £-module with finite dimension.
This algorithm allows us to find all “subsystems” whose solution spaces are contained in

that of a given O-finite linear functional system.
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Chapter 1

Introduction

1.1 Motivation

A (partial) linear functional system consists of linear partial differential, shift, and g¢-shift

operators. The following is an example:

P"(z, k) — 1225 P'(z, k) + XED P, k) - 0
(1.1)
P(a, k+2) — B2 p(g k4 1) + H1P(e, k) = 0.

The sequence of the Legendre polynomials { P(x, k)}32; is a solution of (1.1) with the initial

conditions:

P(0,0)=0, P'(0,0)=0, P(0,1)=0, P'(0,1)=1.

Given a linear functional system L, we are interested in the following questions: (i) Does L
have a nonzero solution? (ii) Is there a ring containing “all” the solutions of L7 (iii) How
does one compute the dimension of the solution space of L? (iv) How does one find (if it ex-
ists) a “subsystem” whose solution space is properly contained in that of L? (v) Determine
whether the solution space of L can be written as a direct sum of those of its subsystems?

This thesis is intended for answering these questions algorithmically for O-finite linear

functional systems.
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In terms of Picard-Vessiot extensions (Definition 2.4.13) and modules of formal solu-
tions (Definition 2.4.5), the above questions translate respectively to: (i) Is a module M
of formal solutions trivial? (ii) Does there exist a Picard-Vessiot extension for a given sys-
tem? (iii) How does one compute the dimension of M? (iv) How does one find a nontrivial

submodule of M? (v) Is M decomposable?
We now briefly review some related work.

A Picard-Vessiot extension for a linear ordinary differential (resp. difference) equation is
a field (resp. ring) that contains “all” solutions of the equation. For the historical develop-
ment of Picard-Vessiot extensions and the associated Galois theory, please see [36, 37, 52, 53]
and the references therein. Picard-Vessiot fields for integrable systems of PDEs have been
studied by Kolchin [38] who proved their existence and developed the associated Galois

theory. Cassidy and Singer generalize Kolchin’s method in [17].

In [15, 16], Buchberger introduces the notion of Grébner bases for ideals of commuta-
tive polynomials and designs an algorithm for computing Grobner bases. The theory and
applications of Grébner bases are described in two excellent books [23, 24]. Buchberger’s
algorithm has been extended to a class of polynomial rings [35] intermediate between the
commutative and the most general noncommutative case. An extension [19] of these results
shows that for a large class of Ore algebras, (left) Grobner bases can be computed by a
noncommutative version of Buchberger’s algorithm. Algorithms are presented in [27, 42]

for noncommutative Grobner bases in Poincaré-Birkhoff-Witt extensions.

The problem of factoring linear ODEs was first studied by Beke [9] and Schlesinger [57]
who brought forward the associated equations method. Schwarz [58] presents an algorithmic
description of their method, and Bronstein [12] proposes an efficient way to the actual gen-
eration of the associated equations. In [61], Tsarev describes the Pliicker relation among the
factors of linear ODEs. Van Hoeij [34] develops an efficient algorithm, partially based on the
associated equations method, to factor linear ODEs. His algorithm has been implemented

in MAPLE.

The associated equations method also carries over to the difference case. Based on
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this method, Bronstein and Petkovsek develop a unified approach to factoring both linear

differential and difference equations in [14].

In [44, 45], Li, Schwarz and Tsarev generalize the associated equations method to factor
linear PDEs with finite-dimensional solution spaces. Their work motivates us to search for

an algorithm to factor linear (partial) functional systems.

The problem of factoring linear ODEs in positive characteristic has been studied in [51]
and [53, Ch.13]. One of the motivations for this study lies in the observation that, for
the factorization of differential operators over Q(x), the reduction modulo prime numbers
provides useful information. Giesbrecht proposes a factorization algorithm for skew polyno-
mials over finite fields in [26]. This algorithm has been extended in [28] by him and Zhang
to factor Ore polynomials in positive characteristic. At the same time, Cluzeau presents
an algorithm for the factorization of differential systems in positive characteristic [20]. Re-
cently, Barkatou, Cluzeau and Weil propose in [6, 21] a generalized algorithm for factoring

linear PDEs in positive characteristic with finite-dimensional solution spaces.

The associated equations method has been formulated in terms of (partial) differential
modules in [53], which translates the problem of factoring linear ODEs or PDEs into that of
finding submodules of their associated differential modules. The advantages of this module-
theoretic formulation are the following: (i) it is more concise since the bases of vector spaces
are used instead of bases of ideals; (ii) it is more powerful because of the convenience for
using multi-linear algebra and module theory. (iii) it is intrinsic in the sense that differential
modules for equivalent systems are isomorphic to each other. These advantages inspire us

to write our factorization algorithm in a module-theoretic setting.

The main results in this thesis include three aspects: a natural generalization of Picard-
Vessiot extensions for (0-finite) linear functional systems; an algorithm for computing
Groébner bases in finitely generated free modules over Laurent-Ore algebras; and an algo-

rithm for finding all submodules of a finite-dimensional module over a Laurent-Ore algebra.
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1.2 Outline of the Thesis

The outline of the thesis is as follows.

Chapter 2. The notion of (0-finite) linear functional systems is defined. We consider the
following question. Given a linear functional system A(z) = 0, does there exist an extension
that contains “all” solutions of the system? This question can be answered by generalizing
Picard-Vessiot extensions of linear ordinary differential (difference) equations. We describe
a proper setting for studying solutions of A(z) = 0 by extending Ore algebras to Laurent-
Ore algebras £ (Definition 2.4.2) and by associating an L£-module M (Definition 2.4.5)
to A(z) = 0.

The main results of this chapter include the existence of fundamental matrices and
Picard-Vessiot extensions for O-finite linear functional systems (Theorem 2.4.13), an ap-
proach to completing partial solutions of a fully integrable system and an algorithm for

computing the linear dimension of an integrable system.

Chapter 3. We extend the classical Grobner basis techniques in the usual commuta-
tive case to finitely generated free modules over Ore algebras. Based on this extension, we
present an algorithm for computing Grobner bases of submodules over Laurent-Ore Alge-

bras. This algorithm allows us to determine whether a linear functional system is J-finite.

Chapter 4. We present an algorithm FactorModule for finding all “submodules” of a
finite-dimensional module M over a Laurent-Ore algebra. This algorithm has two build-
ing blocks: finding one-dimensional submodules of the exterior power A?M and deciding
whether a one-dimensional submodule is generated by a decomposable element. In addition,

we present an algorithm for determining the eigenring of M.
Chapter 5. We conclude our contribution and propose some research topics.

Many results in this thesis can be viewed as natural generalizations of their ordinary
counterparts of linear differential or difference equations. These generalizations are how-
ever necessary in view of their wider applicability and the complications caused by the

appearance of several differential and difference operators.
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1.3 Notation and Abbreviations

Throughout the thesis, rings are not necessarily commutative and have arbitrary charac-
teristic, unless otherwise specified. Ideals, modules and vector spaces are left ideals, left
modules and left vector spaces. For a ring R, the commutator of two elements a,b € R
is [a,b] = ab — ba. We write 1 for the identity map on R and Op for the zero map on R,
and we omit the subscripts when the context is clear. The notation =g means “isomorphic
as R-modules”.

Fields are always assumed to be commutative. For a field F', let F* = F'\ {0}.

Denote by RP*? the set of all p X ¢ matrices with entries in R, and by e;,, for 1<i<n,
the unit vector in R'™” with 1 in the ith position and 0 elsewhere. For a field F, we
write GL,(F") for the set of all invertible matrices of size n with entries in F. The no-
tation ()™ denotes the transpose of a vector or matrix, and 1,, is the identity matrix of
size n. Vectors are represented by the boldfaced letters u, v, w, etc. Vector of unknowns
are denoted x,y, z, etc.

The symbols C, N, Q, Z denote the complex numbers, the nonnegative integers, the
rational numbers and the integers, respectively.

In all examples throughout this thesis, the ground field is F' = C(z, k), and 0, and oy
denote respectively the ordinary differentiation with respect to x and the shift operator

with respect to k, unless otherwise specified.
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Chapter 2

Picard-Vessiot Extensions for

Linear Functional Systems

The goal of this chapter is to generalize fundamental matrices and Picard-Vessiot extensions
to linear functional systems. The notion of Picard-Vessiot extension fields was first defined
in [10] for fields with operators, which are more general fields where the operators do not
necessarily commute. While the associated Galois theory was developed there, the existence
of Picard-Vessiot extensions was not shown. Indeed, with automorphisms allowed, there are
fully integrable systems for which no Picard-Vessiot field exists. Picard-Vessiot fields for
integrable systems of partial differential equations have been studied by Kolchin who proved
their existence and developed the associated Galois theory [17, §2][38]. In [52, 53], Picard-
Vessiot rings for linear ordinary differential and difference systems are defined. Generalizing
the definition of Picard-Vessiot rings used for difference equations [52, (Errata)], we obtain
Picard-Vessiot rings together with a construction proving their existence. Our definition is
compatible with the previous ones: for differential systems, Picard-Vessiot rings turn out to
be integral domains, and the Picard-Vessiot fields of [38] are their fields of fractions; for A-
rings, the Picard-Vessiot rings are generated by elements satisfying linear scalar operator
equations, which is the defining property of the Picard-Vessiot fields of [10].

This chapter is organized as follows. The notion of (O-finite) linear functional systems

7
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is introduced in Section 2.1. In Section 2.2, we construct Picard-Vessiot extensions for fully
integrable systems, which is a common special case of linear functional systems. In Sec-
tion 2.3, we apply Picard-Vessiot extensions to show that all the solutions of a factor of a
fully integrable system can be completed to solutions of the original system. In Section 2.4,
Picard-Vessiot extensions are generalized to O-finite linear functional systems. Some tech-
niques are presented in Section 2.5 to determine in practice whether a linear functional
system is O-finite.

Many of the results in this chapter are from [13]. New additions include Lemma 2.4.5,

Proposition 2.4.6 and the results in Sections 2.4.4 and 2.5.

2.1 Orthogonal A-Rings

In this section, we describe a general setting for linear functional systems.

Let R be a ring. A derivation on R is an additive map ¢ : R — R satisfying
d(ab) = 6(a)b+ ad(b), for a,b € R.

Let o be an endomorphism of R. A o-derivation ([19]) on R is an additive map § : R — R
satisfying the Leibniz rule: d(ab) = o(a)d(b) + §(a)b for all a,b € R. Obviously, derivations

are 1p-derivations.

Definition 2.1.1 A A-ring (R, ®) is a ring R endowed with a set ={(01,61),...,(0m,0m)}
where each o; is an automorphism of R, §; is a o;-derivation on R and the commuta-
tors [04,04] = [0;,0;] = [04,05] = 0 for all i # j. When R is a field, (R,®) is called
a A-field.

Note that a A-ring is a (partial) differential ring if o; = 1 for all 4, and a (partial)

difference ring if §; = 0 for all 1.

Definition 2.1.2 We say that a A-ring (R, ®) is orthogonal if §; = 0 for each i such

that o; # 1. By reordering the indices, we can assume that there exists an integer £ > 0



Chapter 2. Picard-Vessiot Extensions 9

such that o; = 1 for 1 < i </ and §; = 0 for £ < i < m. We write (R, ®,¢) for such an

orthogonal A-ring.

Clearly, all the §; in an orthogonal A-ring are usual derivations.

Let (F,®) be a A-field where ® = {(01,61),...,(0m,0m)}. The Ore algebra [19] over F
is the ring § := F[01;01,01] - [Om; Om,dm] of polynomials in 0; with coefficients in F,
with the usual addition and a multiplication defined by the following rule: 9;0; = 0;0;
and 0;a = 0;(a)0;+6;(a) for a € F and 1 < i < m. Suppose that for each i such that o; # 1,
there exists a; € F such that o;(a;) # a; and 0;(a;) —a; = d;(a;) = 0 for all j # i. Replacing
the x; by the a; in the proof of Theorem 1 in [39], one sees that the Ore algebra S is

isomorphic to an Ore algebra B = F[Aq,...,A,] whose multiplicative rules are:
(Z) AZA] = Ain, (Z’L) Aia = CLAZ' + 52((1) if o; = 1, (Z’LZ) Aia = O'i(CL)Ai if ag; 75 1.

We call B an orthogonal Ore algebra. There are however orthogonal A-fields that do not
contain such a;’s, for example, the field F' = C(z) together with ® = {(1, £), (0,,0)}
where o, is the automorphism of F' over C that sends x to x — 1. This field is used in
modelling differential-delay equations, and does not match the definition of orthogonality

given in [39].

Definition 2.1.3 Let (F,®,{) be an orthogonal A-field. A linear functional system over F
is a system of the form A(z) = 0 where A is a p x ¢ matriz with entries in the Ore algebra S
and z is a column vector of q unknowns. Here the action of 0; is meant to be 0; for i < £

and to be o; forv > £.
Let us look at some examples for linear functional systems.

Example 2.1.4 Let F be an orthogonal A-field and S be the Ore algebra over F. A sys-
tem of the form {Li(z) = 0, ..., Ly(z) = 0} with L; € S can be rewritten as A(z) = 0
where A=(Ly,...,L,)" € SP*L.
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Similarly, the system (1.1), satisfied by the Legendre polynomials, can be rewritten as

the linear functional system A(z) =0 where

O + ak+k+2

Ao (o2 2x k(k+1) o (2k+3)x E4+1\"
T2t g2 Tk k+2 ’

with O, the differentiation with respect to x and O the shift operator with respect to k. [

Definition 2.1.5 Let (F,®,¢) be an orthogonal A-field. A commutative ring E D F is
called an orthogonal A-extension of (F,®,{) if the o; and §; can be extended to automor-
phisms and derivations of E satisfying: (i) the commutators [0, 05] = [0;,6;5] = [04,6;] =0

on E for alli # j; (i) 0 = 1g fori < { and 6; = O for j > /.

We remark that, although A-rings are not necessarily commutative, all orthogonal A-
extensions are commutative by Definition 2.1.5.

Let E and E be two orthogonal A-extensions of F. A map ¢ : E — E is called
a morphism if ¢ is a ring homomorphism leaving F' fixed and commutes with all the ¢;
and ;. Two orthogonal A-extensions of F' are said to be isomorphic if there exists a

bijective morphism between them.

2.2 Picard-Vessiot Extensions of Fully Integrable Systems

A common special case of linear functional systems consists of fully integrable systems, which
are of the form {0;(z) = A;z}1<i<m, and correspond to the linear functional system A(z) = 0
where the matrix A is given by the stacking of blocks of the form (9; — 4;). Fully integrable
systems are of interest to our study, since to every O-finite linear functional system, we can
associate a fully integrable system whose solution space is isomorphic to that of the original
system (See Proposition 2.4.12).

In this section, we generalize fundamental matrices and Picard-Vessiot extensions of lin-
ear ordinary differential and difference equations to fully integrable systems. In addition, if
the field of coeflicients has characteristic 0 and has an algebraically closed field of constants,

then Picard-Vessiot extensions for such systems contain no new constants.
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2.2.1 Fully Integrable Systems

Definition 2.2.1 A system of the form
0i(z) = Ajz, 1<i</, oi(z) = Az, (+1<i<m, (2.1)

where A; € F™" and z is a column vector of n unknowns, is called an integrable system

of size n over F' if the following compatibility conditions are satisfied:
O'Z'(Aj)Ai + 6Z(A]) = O'j(Ai)Aj + 5j(Ai), for all i, j. (2.2)

The integrable system (2.1) is said to be fully integrable if the matrices Agiq, ..., Am are

invertible.

Using Ore algebra notation, we write {0;(z) = A;z}1<i<m for the system (2.1) where the
action of 9; is meant to be d; for ¢ < £ and to be o; for ¢ > £, as given in Definition 2.1.3.
Observe that the conditions (2.2) are derived from the condition 0;(0;(z)) = 0;(0;(z))
and are exactly the matrix-analogues of the compatibility conditions for first-order scalar

equations in [39].

Example 2.2.2 Let F = C(x,k). The system A : {0,(z) = Ayz,0k(z) = Axz } is a fully

integrable system where

22 —kx—k 12—k1+3k—2m k+1+kx2—rk2—z _k’+1+kx—k’2—r
o z(x—k)(z—1) kx(z—k)(xz—1) and Ak: (z—k)(z—1) k(xz—k)(z—1)
k(kzdx—22—2k) 23422 —ka?—2242k z(k+1)(k+1+ke—k*—x)  (k+1) (2> —2kz—x+k?)
(z—k)(z—1) z(z—k)(z—1) (z—k)(z—1) k(z—k)(z—1)
O

2.2.2 Fundamental Matrices and Picard-Vessiot Extensions

A square matrix with entries in a commutative ring is said to be invertible if its determinant
is a unit in that ring. As in Chapter 1 and Appendix D of [53] for the purely differential

case and in [52] for the ordinary difference case, we define
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Definition 2.2.3 Let (F, ®,¢) be an orthogonal A-field and {0;(z) = Aiz}i<i<m be a fully
integrable system of size n over F'. An n x n matrix U with entries in an orthogonal A-
extension E of F is a fundamental matrix for the system {0;(z) = Aiz}i<i<m if U is in-

vertible and 0;(U) = A;U for each i, i.e., each column of U is a solution of the system.

A (two-sided) ideal I of a commutative A-ring R is said to be invariant if 6;(1) C I
and o;() C I for all 1 <4 < m. The ring R is said to be simple if its only invariant ideals
are (0) and R.

Lemma 2.2.1 Let E be an orthogonal A-extension of F' and I a mazimal invariant ideal

in E. Then
(i) R:= E/I is a simple orthogonal A-extension of F.
(ii) Cr is a field.

Proof. (i) Let I = {Uf_ﬁl cookm(a) |a €T and kpyy, ... km € Z}. Clearly, I C I.
Let 1 and 79 be in I. Then r = af_f_*ll oooFm(ay) and ry = a?fll -o-olm(ay) for ar,as € T
and ki, h; € Z. Set g; = min(k;, h;) fori =0+ 1,...,m. Then r1 +ry = agfjll - op (a) for

some a € I and thus rq +ry € I. Let rza?ﬁl~--oﬁlm(a) € I where a € I and k; € Z. For

key1

any b € I, there exists b' € E such that b = o, - -- okm (1) since the o; are automorphisms.

Thus br = J?fil -~ okm (b'a) belongs to I because b'a € I. So I is an ideal of E. Moreover,
the commutativity of the o; and d; implies that I is invariant. Clearly, I contains I and 1
is not in I, for otherwise I would be E. The maximality of I then implies that I = I.

The d; and o; can be viewed respectively as derivations and surjective endomorphisms
on R = E/I via the formulas 6;(a 4+ I) = §;(a) + I and oj(a+ 1) = o;(a) + I for all a € E.
If oj(a + I) = I then oj(a) € I = I. Therefore oj(a) = O'Zj;l - okm(b) with b € T and
the ks € Z. By applying O'j_l, we have a € I = I. So, the o are automorphisms on R and R
is an orthogonal A-extension of F.

Let J be a nonzero invariant ideal of R. Then J = J/I where J is an ideal of E

containing I. For any r € J, we have r + I € J and 8§;(r) + I = &;(r + I) € J for i < ¢,
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since .J is invariant. Thus &;(r) + I = 7’ + I for some 7’ € J and &;(r) — r' € I C J, which
implies that 6;(J) C J for ¢ < . Similarly, o;(J) C J for j > £ and therefore J is invariant.
The maximality of I then implies J = F and J = R. So R is simple.

(ii) Let ¢ be a nonzero constant of R. Then the (two-sided) ideal (¢) of R generated
by ¢ is invariant. Since R is simple, (¢) contains 1 and c¢ is invertible. O

The existence of fundamental matrices is stated in the next theorem.

Theorem 2.2.2 FEvery fully integrable system has a fundamental matriz whose entries lie

in a simple orthogonal A-extension of F.

Proof. Let {0;(z) = Aiz}1<i<m be a fully integrable system of size n over F, U = (ug) be
a matrix of n? distinct indeterminates and E = F[u11, ..., Uln, - -, Unl, - - -, U] For i < £,
the 0; are extended to derivations of E via 6;(U) = A;U and for j > ¢, the o; are extended
to automorphisms of E via 0j(U) = A;U (o; is bijective because A; is invertible, and
the action of (7]-_1 is given by O'j_l(U) = Jj_l(Aj_l)U.) It follows from the conditions (2.2)

that these extended maps turn E into a well-defined orthogonal A-extension of F' and

that 8;(U) = A;U for 1 < i < m. Let D = det(U) and E be the localization of E with

respect to D. Extend the §; and o; via the formulas &; (3) = —5%12)) and 0; (%) = ﬁ
J

(note that o;(D) = det(A;)D for j > ), respectively. Then E becomes an orthogonal A-
extension of F'. Let I be a maximal invariant ideal of E and R = E/I. By Lemma 2.2.1, R
is a simple orthogonal A-extension of F. Moreover, the image of U in R™*" is a fundamental
matrix for the system. O

The following proposition reveals that any two fundamental matrices differ by a constant

matrix.

Proposition 2.2.3 Let {0;(z) = Aiz}1<i<m be a fully integrable system of size n over F
and U € E™"™ be its fundamental matriz where E is an orthogonal A-extension of F.
IfV € E™*? with d > 1 is a matriz whose columns are solutions of the system then V. =UT
for some T € Cng. In particular, any solution of {0i(z) = Aiz}i<i<m in E™ is a linear

combination of the columns of U over Cg.



14 §2.2 Fully Integrable Systems

Proof. Let T = U~'V. We have §;(V) = A;V for each i, since each column of V is
a solution of {0;(z) = A;z}1<i<m. Thus §;(T) = ~U16;(U) U +UTA,V =0 fori < ¢
and oj(T) = 0;(UNoj(V) = (A;U)"' A;V =T for j > £. This implies that all the entries
of T belong to C'g. The second statement follows by taking d = 1. O

Definition 2.2.4 Let {0;(z) = Aiz}i<i<m be a fully integrable system over F. A Picard-

Vessiot ring for this system is a (commutative) ring E such that:
(i) E is a simple orthogonal A-extension of F'.

(ii) There exists some fundamental matriz U with entries in E for the system such that E

is generated by the entries of U and det(U)~! over F.

We now construct Picard-Vessiot rings by the same approach used in [52, 53].

Lemma 2.2.4 If F' has characteristic 0, Cg is algebraically closed and R is a finitely

generated algebra over F' then Cr = Cp.

Proof. Suppose that b € Cg but b ¢ Cp. By the argument used in the proof of
Lemma 1.8 in [52], there exists a nonzero monic polynomial g over F' with minimal degree d
such that g(b) = (bd—i—Zi;(l) gkbk) = 0. Apply the ¢; and o; to g(b), respectively, we
obtain (ZZ;% 5i(gk)bk) =0 for i < £ and ( g;(l)(aj(gk) —gk)bk> = 0 for j > ¢. The
minimality of d then implies gx € Cr for 0 < k < d. So b € Cf since Cr is algebraically
closed, a contradiction. O

The existence of the Picard-Vessiot extensions is stated in the next theorem.

Theorem 2.2.5 Fvery fully integrable system over F' has a Picard-Vessiot ring R. If F' has
characteristic 0 and Cr is algebraically closed, then Cr = Cg. Furthermore, that extension

is minimal, meaning that no proper subring of R satisfies condition (ii) of Definition 2.2.4.

Proof. Let {0i(z) = Aiz}1<i<m be a fully integrable system of size n over F. From

the proof of Theorem 2.2.2; it has a fundamental matrix U = (ug) with entries in the
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simple orthogonal A-extension R = F[uj1,. .., Unn,det(U)"!]. By Definition 2.2.4, R is a
Picard-Vessiot ring for the system.

Assume further that F' has characteristic 0 and Cp is algebraically closed. Then Cg
equals Cr by Lemma 2.2.4. Let S = F[V,det(V)~!] be a subring of E where V is some
fundamental matrix of the system. By Proposition 2.2.3, there exists T € C"*" such
that V = UT. Since U and V are invertible, so is T'. Since Cr = CF, all the entries of U
and the inverse of det(U) are contained in S. Hence S = R and R is minimal. O

From Theorem 2.2.5, if the field of coefficients has characteristic 0 and has an alge-
braically closed field of constants, then Picard-Vessiot extensions for fully integrable systems
contain no new constants.

As a direct generalization of Proposition 1.20 in [53] and Proposition 1.9 in [52], we have

Proposition 2.2.6 Suppose that I has characteristic 0 and Cg is algebraically closed.
Then any two Picard-Vessiot rings for a fully integrable system over F are isomorphic as

orthogonal A-extensions.

Proof. Let {0;(z) = Aiz}1<i<m be a fully integrable system over F. Suppose that Ry
and Ry are two Picard-Vessiot rings for the system, with the respective fundamental ma-
trices U; and Us. Then R; ®p Ry can be viewed as an orthogonal A-ring extension
of F' via 6;(r1 ® r2) = 6;(r1) ® o + 11 ® 0i(r2) and oj(r1 ® r2) = 0j(r1) ® oj(r2) for
all 1 € Ri1,170 € Ry, © < f and j > £. Choose a maximal invariant ideal I of Ry ® p Ro and
define R3 := (Ry ®F Rg)/I. Since R; and Ry are simple, the canonical maps ¢; : R; — R3
are injective morphisms for i = 1,2. Hence ¢1(U;) and ¢2(Us) are invertible matrices
and moreover fundamental matrices over the ring R3. From the construction of Picard-
Vessiot rings, R; is generated over F by the entries of U; and det(U;)~!, therefore ¢;(R;)
is generated over F by the entries of ¢;(U;) and ¢;(det(U;)~!), for i = 1,2. From Proposi-
tion 2.2.3, ¢1(U1) and ¢2(Usz) differ by a matrix with entries in Cg,, which is Cr according
to Lemma 2.2.4. It follows that ¢1(R1) = ¢2(R2) and Ry and Ry are isomorphic. O

Definition 2.2.5 Let {0;(z) = Aiz}i<i<m and {0i(z*) = Ajz*}i1<i<m be two fully inte-

grable systems of size n over F. They are said to be equivalent if there exists T € GL,,(F)
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such that
A; =T'AT —T7'6(T), for i<l and A5 =o;(T"YAT, for j>0  (2.3)
We have

Proposition 2.2.7 Let {0;(z) = Aiz}1<i<m and {0;(z*) = Afz* }i<i<m be two equivalent
fully integrable systems over F. Then E is a Picard-Vessiot ring of the first system if and

only if it is of the second one.

Proof. Let n be the size of these systems. By Definition 2.2.5, there exists T € GL,,(F')
such that (2.3) holds. Suppose that F is a Picard-Vessiot ring for the second system, which
is generated over F' by the entries of the fundamental matrix U and det(U)~!. Set V = TU.
From (2.3), 6;(V) = (6:(T)+TA;)U = A;TU = A;V and 0(V) = 0;(T) AU = A;TU=A;V
for ¢ < ¢ and j > ¢, thus V is a fundamental matrix for the first system. Clearly, F is
generated by the entries of V and det(V)~! over F. By definition, E is a Picard-Vessiot
ring for the first system. The converse is by symmetry. O

Assume that the ground field F' has characteristic 0 with an algebraically closed field
of constants. Let R be a Picard-Vessiot ring for a fully integrable system of size n over F
and U € R™ " be the corresponding fundamental matrix. By Proposition 2.2.3, any solution
of the system in R" is a Cr-linear combination of the n columns of U, which are linearly
independent over Cgr because U is invertible. Since Cr = Cp, all the solutions of the system

in R™ form a Cp-vector space of dimension n.
2.2.3 Examples
In this section, we present a few examples for Picard-Vessiot extensions.
Example 2.2.6 Consider the fully integrable system of size one:
0i(z) = a;z wherea; € F andi=1,...,m. (2.4)

Let E = F[T,T~!] be the orthogonal A-extension such that §;(T) = a;T and 0;(T) = a;T

fori <l and j > £. There are two cases to be considered.
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Case 1. There does not exist an integer k > 0 and a nonzero r € F such that

i(r) = kayr,  for i<l and oj(r)=dr,  for j> L. (2.5)

J

Since every ideal in E is principal, we define the canonical generator of a nontrivial ideal
of E to be the monic polynomial in the intersection of the ideal with F[T] whose degree
is minimal. Suppose that E has a nontrivial invariant ideal I whose canonical generator
is f = T4+ Zf;(l) s1° where fs € F. We may assume further that d > 0 and fo # 0,
since T™1 is in E. Note that for i <,

d—1 d—1
5i(f) =dT ' 6(T) + ) (6:(f) T + sfs 6(T)T*7) =da; T + Z<5i<fs) +sa; fs)17,
s=0 s=0
and for j > ¢,
d—1 d—1
0i(f) = o3 (1) + D 0y(f)oy(T) = af T+ 05(f)a T,
s=0 s=0

Since I is invariant, 6;(f) = da;f for i < € and oj(f) = a;lf for 5 > £. By comparing the
coefficients of TV, we have &;(fo) = da;fo for i < € and o;(fo) = a?fo forj >4 e, d
and fo satisfy (2.5), a contradiction to the assumption. So E is simple and therefore a
Picard-Vessiot ring of (2.4).

Case 2. Assume that the integer k > 0 is minimal so that the system (2.5) has a nonzero

solution v € F. Clearly, the ideal (T* +r) is neither 0 nor E. In addition,
6(TF + 1) = ka;y (T +7) for i <0 and O'j(Tk +7r)= af(Tk +7r) for j>U,

therefore the ideal (T* + 1) is invariant. We write F[T,T~]/(T* +r) as F[t,t'] where
t=T+ (TF+7r). Thent* = —r + (T* + 1), &(t) = a;t fori < and 0;(t) = a;t for j > (.

We claim that F[t,t7!] is a Picard-Vessiot ring of (2.4). It suffices to show that F[t,t7!]
is simple. Let I be a nonzero invariant ideal of F[t,t']. Every element of F[t,t~1] can be
written uniquely as Zf:_ol bit" with b; € F. Let 0 < d < k be minimal such that I contains
a nonzero f = Z?:o bit'. Assume that d > 0 and that by = 1. The minimality of d implies
that by # 0. Since I is invariant, the elements 6;(f) — da;f and o;(f) — a?f belong to I
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fori </ and j > £, all with degree less than d. Hence all these elements are 0. It follows
that 9;(bo) = da;by for i < € and o;(by) = a?bo for j > £, which contradicts the minimality
of k. Sod=0,1¢€1 and F[t,t] is a Picard-Vessiot ring of (2.4). O

Example 2.2.7 We now describe a Picard-Vessiot ring of the fully integrable system A
in BExample 2.2.2. By computing the hyperexponential solutions of the system, as described

in [39], we find a change of variable z = Ty where

z—k 1,2

T = Eg c F2><2
(x —k)k 2%k
transforms A into B : {6,(y) = B.y,or(y) = Bry } where

10 10
B, = and By =
0 0 0 k

From z = Ty it follows that 0,(T) + TB, = A,T and op(T)Br = AiT. By Defini-
tion 2.2.5, A and B are equivalent. Proposition 2.2.7 implies that a Picard-Vessiot ring
for B is also a Picard-Vessiot ring for A. So it suffices to find a Picard-Vessiot ring of B.

Let U be a 2 X 2 matriz with indeterminate entries uiy,u12,u21 and use over F. De-
fine 6,(U) = B,U and 0,,(U) = BpU to turn E = Fluy1, u12, u21,u22,det(U) ] into an
orthogonal A-extension. Clearly, I = (ui2,u21) is an invariant ideal of E. Set R = E/I.
Since

det(U)_l + 1= (u11u22 — U12U21)_1 + 1= (u11 + I)_l(u22 + I)_l,

one has R = Fluy1, o, (U11) ~, (U2e) 7] with Uy = uy + I for i = 1,2. We now show
that R is simple. Suppose that J is a nontrivial invariant ideal of R. Let f be a nonzero
polynomial in J N F[uyy,Uaa] with the smallest number of terms. Then f can not be a

1

monomial, for otherwise, J would be R since (u11) ~* and (ta2) ~! are in R. We write

—d —d ey —
[ =01 Uyy + U] Usy + other terms,

with r € F nonzero and (di,d2) # (e1,e2). From 6,(u11) = U1 and 6,(uge) = 0, we have

d:(f)=di ﬂﬁl EQ‘? + (0z(r) + e1r) u,J Uyy + other terms,
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in which each monomial has already appeared in f. Thus §,(f) — dif must be zero, be-
cause it is in I but has fewer terms. It follows that 6,(r) = (di — e1)r. In the same
way, from op(uiy) = uy and o(uge) = kugs one shows that o (f) — k%™ f = 0 and there-
fore o (1) = k%72, But the existence of such a rational element r would imply that d; = ey
and do = es, a contradiction. Thus R is simple, and so a Picard-Vessiot ring for B, hence

also for the system A. Since
0p(W11) = W11, op(Uir) =11, O(T22) =0, op(Uz2) = ks,

_ x 0
we may understand i1 as €* and Uy as T'(k), then U = U +1 = ( ¢ ) > s a
0 I'(k

fundamental matriz for B in R = Fle*,e %, T(k),T'(k)~!] and
2=k x 22T (k)
k(x —k)e* 2’T'(k+1)

is for the system A. O

Example 2.2.8 We describe a simple orthogonal A-extension that contains a solution of

the inhomogeneous (compatible) system of size one
di(2) =a; for i<l and oj(z) =z+a; forj>{, (2.6)

where the a; and a; belong to a simple orthogonal A-ring E of characteristic zero. This is
an extension of Example 1.18 in [53].
Due to the commutativity of the 6; and o, the a; and a; must satisfy the following

integrability conditions:
di(aj) = 6;(ai), for1<i,j <4,
6%((1]) = Uj(ai) — Qg fO'f”i < 67 j > gu (27)
oi(aj) —a; = oj(a;) —a;, forl <i,j <m.

If (2.6) has a solution in E, then there is nothing to do. Otherwise, let R = Ela] and extend

the 0; and oj on R via the formulas: §;(a)) = a; for i < £ and oj(a) = a+ a; for j > L.
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The integrability conditions (2.7) imply that R becomes a well-defined orthogonal A-ring.
Let I be a nontrivial invariant ideal of R and f = fqa® + fa_104 " + - + fo be a nonzero
element of I with minimal degree, where f; € E and fg # 0. Let J be the set consisting of
zero and leading coefficients of elements of I with degree d. Clearly, J is a nonzero ideal
of E since it contains fq. Moreover, our extensions of 0; and o; imply that J is invariant.
Since E is simple, 1 € J and, therefore, we may assume d > 0 and fg = 1. One verifies
that the 6;(f) and oj(f) — f are elements of I, with degrees less than d. Since d is minimal,

they are both 0. It follows that ; <—fdd_1) = a; fori < { and o; (—fdd_l) = —fdd_l + a;

for j > L, i.e., =g= is a solution of (2.6) in E, a contradiction to our assumption. Thus R

is simple and contains a solution o of (2.6). O

Example 2.2.9 This example is a generalization of Fxample 2.2.8 for the wvector case.

Consider the inhomogeneous system of size n
di(z) =b;, for i<l and oj(z)=z+Db;, forj>{, (2.8)

where the b; and b; are vectors with entries in some simple A-ring E of characteristic 0. In
addition, these vectors satisfy the integrability conditions (2.7) with the a; and aj replaced
by the b; and bj, respectively.

Set b; = (bi1,...,bin)" for 1 <i < m. Without loss of generality, we may assume that
we have already found a partial solution zs := (r1,...,rs)" € E% of (2.8) with 1 < s < n.
In other words, for every k with 1 < k < s, there exists v, € E satisfying that §;(rg) = b
and 0j(ry) = 1 +bji fori < € and j > L. If there is o1 € E satisfying that 6;(rs11)=b; s+1
for i <0 and 0j(rsp1) = 541 + bjsp1 for j > £, then (r1,...,75,7s41)" is a partial solu-
tion of (2.8). Now assume that there does not exist such rsy1 in E. Set E = Ela] and
define 6;(a) = by 541 fori < € and oj(a) = o+ bjs41 for j > L. This turns E into an
orthogonal A-extension of F. One can show that E is simple by similar argument to that
in Ezample 2.2.8. So, 2541 == (r1,...,75,0)7 € B s a partial solution of (2.8) with
one more completed entry rs11. Continuing in this way, we will eventually get a complete

solution of (2.8). O
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2.3 Completing Partial Solutions

In this section, we use Picard-Vessiot extensions for fully integrable systems to complete so-
lutions of reducible systems, i.e., systems that can be put into simultaneous block-triangular
form by a change of variable y = T'z for some invertible matrix 7" in F™*". We motivate
them by showing that the solutions of a factor can always be extended to solutions of the

complete system.

Theorem 2.3.1 Let A: {0;(z) = Aiz}1<i<m be a fully integrable system of size n over F,
and suppose that there exist a positive integer d < n and matrices B; in F*4 C; in F(n—d)xd

and D; in F=dx(=d) gy ch that

B, 0
Ai—< ) for1<i<m. (2.9)
Then

(i) The systems B: {0;(x) = Bix}i<i<m and D: {0;(y) = D;y hi<i<m are both fully inte-
grable.

(i) (0,...,0,C441,---,Cn)7 is a solution of A whenever ((gi1,...,Cn)7 is a solution of D.

(iii) For any solution (m1,...,n4)" of B in an orthogonal A-extension of F, there exists
an orthogonal A-extension of F' containing ni,...,nq as well as Ngy1,...,Mn such

that (n1,...,m,)" is a solution of A.

Proof. (i) Letz=(z1,...,2p)",x=(21,...,2¢)" andy = (2441, .., 2n)". The system .4

can then be rewritten into a homogeneous system and an inhomogeneous system:

0i(x) = Bix,

for1<i<m. (2.10)
9i(y) = Diy+Cix,

Since A is fully integrable, the matrices A; satisfy (2.2) and A; is invertible for j > £.
Hence the B; and D; for j > ¢ must also be invertible since det(A4;) = det(B;) det(D;). In
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addition, a routine calculation shows that for all 1 < 4,5 < m,

oi(A)) A + 8i(Ay) = 7i(B;) i+ 0i(B;) ’ - (2.11)
0i(Cj)Bi + 0i(D;j)C;i + 6i(Cj)  0i(D;)Di + 6i(Dj)

The compatibility conditions of A then implies that the B; and D; also satisfy the compat-
ibility conditions (2.2). Therefore, 5 and D are both fully integrable.

(i) It is immediate from (2.10).

(iii) Since D is fully-integrable, by Theorem 2.2.2 there is a (simple) orthogonal A-
extension R of F' and a fundamental matrix U with entries in R for D. Let n = (n1,...,14)"
be a solution of B in some orthogonal A-extension F of F. Viewing R and E as commu-

tative F-algebras, we can extend the J; and o; to the commutative R-algebra R @r E

via 0;(r ® e) = 0;(r) ® e + 1 ® d;(e) for i < £ and o;(r ®e) = 0;(r) ® gj(e) for j > £. Then
(51(1 RN, ...l ®77d)T =D (1 () 62’(771)7 L 1® 5i<77d))7a for 1 <,

and

cil@mn,...;,1®n9)" =B;(1®0j(m),...,1®0j(ng))", for j>¢,

and (1®mn1,...,1®n4)" is a solution of B. So, replacing F by R ®p E, we can assume with-
out loss of generality that E contains R. Substitute 7 into (2.10) to get 9;(y)=D;y+Cin
for each i. Let v. = (v1,...,v,_4)" where the vy are distinct indeterminates over F,
and G = Efvq,...,v,—q). We extend the 6; and o; to G via §;(v) = b; and ¢;(v) =v + b;
where by,..., b, € E" ¢ are given by b; = U™ 'C;n for i < ¢ and b, = Ulej_len
for j > 4.

To turn G into an orthogonal A-extension of E, all the d; and o on G should commute,
which is equivalent to that the b; and b; satisfy the integrability conditions (2.7). Although
the conditions (2.7) are generally not satisfied for arbitrary b;’s, we verify that they are
satisfied in our case. Since the A; satisfy the compatibility conditions (2.2), it follows from

the bottom-left block in (2.11) that

0i(Cy)Bi + 0:(D;)C; + 6:(Cy) = 0;(Ci)B; + 0(Dy)C; + 6;(Cy), for 1<i,j<m. (2.12)
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For 1 <14, 5 </, we have (Si(bj) =§; (U*10j77) =-U! (DZCJ - 52(0]) - C]Bl) 1, which,
together with 0y =0 =1 for 1 <4,j </ and (2.12) implies that

5i(bj) — 6;(b;) = =U " (DiC; — 6;(C;) — C3B; — D;Ci + 6;(Cy) + CiBj)n = 0.

For i < ¢ and j > ¢, we have

5i(bj) = ' (-=D;D;'C; — D;'6:(D;)D; ' C; + D; '6;(C;) + Dy CiBi)

! (D;D; +6;(D;)) D;'C; + Dy '6;(C;) + Dy 'C;Bi)

L(D7H(CBi + 8:(C;) — 05(Di)Cy))

U (-
U (=D
= U '(-D )D;)D;'Cj + D;'6;(C;) + D' CBy)
U (
U

DY i)Bj — D;C;))n=U""(D;'0;(C;)B; — Ci)n,

where the last four equalities use (2.12) and the compatibility conditions on the D;.

Hence 6;(b;) — (0;(b;) — b;) = 0. Finally, for £ <4, j < m, we have

where (2.12) and the compatibility conditions on the D; are used in the last three equalities.
So, gi(bj)—b; = 0j(b;) —b; and the integrability conditions (2.7) are satisfied. Therefore G
is an orthogonal A-extension of F, hence of F. Let ¢ = Uv € G"%. Then

0i(¢) = 6i(¢) =6(U)v+Ué;(v) = D;Uv +Ub; = D;¢ + Cin, fori </,

and 0;(¢) = 0;(¢) = 0;(U)oj(v) = D;U(v +b;) = D;j¢ + Cjn for j > £. So,

B; B; 0
al "= @& N Y 1<i<m,
¢ Di¢ + Cin Ci D, ¢
and (n™,¢7)7 is a solution of the initial system .A. O

We point out here but omit detailed explanation that in the differential case, the quotient

systems in [45] yield an alternative approach to completing solutions of factors.
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Example 2.3.1 Let F = C(x, k). Consider the fully integrable system

B, 0 B, 0
6,(z) = ( ) z, op(z) = ( ) z, (2.13)
C, D, Cr Dy

where z = (21,22, 23)7, By = &£ B = (etD)z

x

222 — k% 42z —kz (k4+1)(2® —22%k—322 + k2w +aka4x—k?)
z(z—k) k(z—k—1)2
Co = 2 2 2 ’ Ck = 2 2 )
2% —2?k+22% —kz+2z—k x=(k+1)  (k+1)(z—k)
k

(z—k)z k(z—k—1)2 xk(:c B 1)

2tk (k+1)(m7k%2 0
po={ ", e .
(e—F)x z E(z—k—1)2 —kx ak

We complete the solution 1y = ke®x* of the system given by B, and By to a solution

and

o

Ea

of (2.13). First, we compute a fundamental matriz

U — (xfk)2 c E2><2

et Ee

0 ke” "

and a Picard-Vessiot ring E = F[e*,z% T(k),e™®, =% T'(k)~!], for the system given by D,
and Dy. Following the proof of Theorem 2.3.1, we let

kr_ oz x+km+k2—mk2—k—lex
(k) T(k+1)
b= , b=

(x — k)(22% — k% + 22 — kx) xF—1e?® (23 — 2ka? — 322 + k%x + dkz + & — k?)zbe?®

By integration-summation, we find

T'(k)—ke®+axke”
v T)
xk+262z _ sz+1ke2z + xkk262m + 1

satisfying 0,(v) = by and o, (v) — v = bg. Therefore,

ke*zF
Uit .
— x .k ke
o keTx" + w)?
rFtlke® + % + T'(k)a*

is a solution of (2.13). O
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Theorem 2.3.1 also yields fundamental matrices for reducible systems. Consider a fully
integrable system {0;(z)=A;z}1<i<m where the A; are as in (2.9). Let U = (u;;)€E%*?
and V € R(=9x(=d) be the respective fundamental matrices for {9;(x) = Bix}1<i<m
and {0;(y) = Diy}i<i<m, where E and R are orthogonal A-extensions of F. As in the
procedure of completing solutions, we can assume without loss of generality that E con-
tains R. Then a fundamental matrix for the initial system can be constructed as fol-
lows: for each 1 < ¢ < d, following the procedure of completing solutions, we can find
an orthogonal A-extension G; of E and &; € G?*d such that (uy;,...,uq,&)" € GI' is a
solution of {0;(z) = A;z}i<i<m. Viewing all the entries of U, V and the {; as elements

of G =G ®p - ®r Gy, the matrix

U 0
W = e G™™"
(o)

is easily seen to be a fundamental matrix for {0;(z) = Aiz}i<i<m (it is invertible be-

cause det(W) = det(U) det(V)).

2.4 Picard-Vessiot Extensions of Linear Functional Systems

In this section, we generalize the previous notions and results to O-finite linear functional
systems, which include in particular all (fully) integrable systems.

This section is organized as follows. In Section 2.4.1, we define the notion of cokernels
over a matrix over an arbitrary ring R. This notion corresponds to “generic solutions” of
a linear functional system over R. The notion of Laurent-Ore algebras £ is introduced in
Section 2.4.2. In Section 2.4.3, we define the modules of formal solutions by specializing R
to L, and show that the modules of formal solutions capture some general properties of
the solutions of a linear functional systems. A connection between O-finite linear func-
tional systems and fully integrable systems is given in Section 2.4.4. With the help of this
connection, we define the notions of fundamental matrices and Picard-Vessiot extensions

for O-finite linear functional systems based on the results in Section 2.2.
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2.4.1 Cokernels of Matrices over Arbitrary Rings

We study the problem of finding solutions of linear functional systems in a similar way to
introduce “generic solutions” for algebraic equations.

Let R be an arbitrary ring. Denote by Z(R) the center of R, the set of all elements
that commute with every element in R. Then, Z(R) is a subring of R. Consider a p X ¢
matrix A = (a;;) with entries in R. For any R-module N, we can associate to A a Z(R)-
linear map A : N9 — NP given by

& > i1 415§
e=| ¢ | ag= '
&q Z?:l ap;&j
Note that A is in general not R-linear. We therefore say that £ € N? is a solution “in N” of
the system A(z) = 0 if A({) = 0, and write soly(A(z) = 0) for the set of all solutions in N.
Clearly, soly(A(z) = 0) is a Z(R)-module.

As in the case of D-modules [47], we can associate to A € RP*? an R-module as follows:
the matrix A induces the R-linear map p : RVP— R4 given by (r1,...,7rp) — (r1,...,7p)A.
Let M = R@4/(R'"*PA), which is simply the quotient of R'*? by the image of the map p.
We call M the R-cokernel of A and denote it by cokerp(A). Clearly, cokerr(A) is an R-
module. Let ej,...,e,, and ey, ..., e, be the canonical bases of R™P and R*9, re-
spectively. Denote by 7 the canonical map from R'*Y to cokerg(A), and set e; = 7(ej,)
for 1 < j < gq. Since 7 is surjective, M is generated by eq,...,e, over R. Note that p(e;p)

is the i-th row of A. Hence

q q

q
0=m(plep) =m | Y aiyejq | =D aimlejq) =Y aje; forl<i<p,
j=1 j=1 j=1

which implies that A(eq,...,e,)” =0 and (eq,...,e,)” is a solution of A(z) =0 in M.
Given two R-modules N7 and Na, denote by Hompg (N1, Na) the set of all R-linear maps
from Nj to Nj. Clearly, Homp(N1, N2) is a Z(R)-module.
As illustrated by the following theorem, Proposition 1.1 of [47] remains true when D is

replaced by an arbitrary ring R.
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Theorem 2.4.1 Let R be a ring, A € RP*? and M := cokerg(A) = R/ (RYPA).
Then Hompg(M,N) and soly(A(z) = 0) are isomorphic as Z(R)-modules, for any R-
module N .

Proof.  Although the proof of Proposition 1.1 in [47] can be adapted to this theorem
in a straightforward way (see [13]), we give here a slightly different but elementary proof.
Let e1q, . . ., €44 be the canonical basis of R'™%andey,..., e, be their respective images in M.
Consider the map 7 : Homg(M, N) — soly(A(z) = 0) given by ¢ — (¢(e1),...,0(eq))".
Since (e1,...,€q)7 is a solution of A(z) = 0 and ¢ is R-linear, 7 is well-defined. In ad-
dition, 7 is Z(R)-linear, and injective because ey,...,e, generate M as an R-module. It
remains to show that m is surjective. Let si,...,s, be in N such that (si,...,s4)7 is a
solution of A(z) = 0. Consider the R-linear map ¢ : R'*¢ — N that sends €jq to 8;
for each i. The map @ : R'9/ker(p) — N is well-defined and R-linear. Set A = (a;;).
From R"PA=3"" | Re;,A, any element of R"*PA has the form > 7_, ri(a;1,...,aiq), then
its application to (s1,...,s,)" is zero since A(s1,...,5,)” = 0. Thus ker(¢) contains R'*P A.
It follows that the map ) : M — R'*9/ker(p) given by a + R™PA +— a + ker(yp) is well-

defined and R-linear. Moreover, poy) € Homp(M, N) sends e; to s;. Thus 7 is surjective. [

2.4.2 Laurent-Ore Algebras

Let (F,®,¢) be an orthogonal A-field and S = F[01;04,8i] - [Om; Om, 0m] be the corre-
sponding Ore algebra over F. Given a linear functional system A(z) = 0 over F. In the
differential case, an S-module is classically associated to such a system [47, 53]. However,
in the difference case, S-modules may not have appropriate dimensions, as illustrated by

the following counterexample.

Example 2.4.1 Let 0 # 1 be an automorphism of F and S = F[0;0,0] be the correspond-
ing Ore algebra. The equation d(y) = 0 cannot have a fundamental matriz (u) in any
difference ring extension of (F,o), for otherwise, 0 = O(u) = o(u), thus uw = 0. There-
fore the equation O(y) = 0 has only trivial solution in any difference extension. However,

the S-module S/SO has dimension one as an F-vector space. O
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In [52], modules over Laurent algebras are used instead to avoid the above problem. It
is therefore natural to introduce in our setting the following extension of S: let 6py1,...,0n,

be indeterminates independent of the 0;. Since the O'j_l are automorphisms of F,

S =S[0r1150,1,0] - [0m; 0", 0]
is also an Ore algebra. Since
(0;05)a = 8j0;1(a)0j = aj(ajfl(a))(?j@j = ad;b;
for all @ € F and j > ¢, 9;0; is in the center of S. Therefore the left ideal

T = S(9;0; — 1)

1

s

+

j=L
is a two-sided ideal of S and £ := S/T = F[01,...,0m,0041,...,0p] is a factor ring
where the 0; and 9j denote the canonical images of J; and 0;, respectively. It follows

0;a = 0; "(a)f; and 9;0; = 0;0; =1 for alla € F

that a-a = % = Ui(a)gi + 5i(a), 9]‘0,

and 4,7 with 1 <i < m, £+ 1 < j < m. Identifying 9; with J; and writing 8]»_1 for 6, we

can write £ = F[1,...,0m,0,.},..., 0.

1 1] and view it as an extension of S.

Definition 2.4.2 Let (F,®,/) be an orthogonal A-field, S and T be as above. We call the

factor ring S/T the Laurent-Ore algebra over F, and write it by convention
L= F[alv ]-a 51] e [8£a 17 5@][854-17 aﬁi:p 0041, O] e [ama a’n_mla Om, 0]7

where [0;, 8]-_1; 0j,0] means that the 0; and (9]-_1 are pseudo-linear operators ([14]) associated

to (04,0) and (O’j_l, 0), respectively. Simply, we write L = F[01, ..., Omn, 66111, G e

For linear ordinary difference equations, £ = Fl[o,07!] is the algebra used in [52].
For linear partial difference equations with constant coefficients, £ is the Laurent poly-
nomial ring used in [49, 63]. We remark that, except for the purely differential case
where (=0, Laurent-Ore algebras £ = F[0y,... ,(‘?mﬁ[l .o, 0

11 1] are not Ore algebras,
—1 —1
because the 0,0, = 0, 0; = 1.
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Remark 2.4.3 Every element of L can be written as an element of S multiplied by some

monomial in 8[_:1, ...,0-1 either from the left-hand side or from the right-hand side.

Let us revisit the equation in Example 2.4.1 with the newly defined Laurent-Ore algebras.

Example 2.4.4 Let L = F[0,07!] be the corresponding Laurent-Ore algebra. Since O is
invertible, the left ideal generated by O in L is L, therefore the L-module L/(LD) = 0 and

has zero dimension over F'. O

2.4.3 Modules of Formal Solutions

The introduction of Laurent-Ore algebras allows us to construct fundamental matrices and
Picard-Vessiot extensions for linear functional systems.

Let (F,®,¢) be an orthogonal A-field, S and £ be the corresponding Ore and Laurent-
Ore algebras, respectively. Given a linear functional system A(z) = 0 where A € SP*9CLP*9,
we can construct both its S-cokernel cokers(A) and L-cokernel coker,(A). However, as il-
lustrated by Examples 2.4.1 and 2.4.4, when difference operators are involved, cokers(A)
may not have the right dimension while coker,(A) always has the right one. This motivates

us to define

Definition 2.4.5 Let A € SP*? C LP*9. The L-module M = LY*9/(L*PA) is called the
module of formal solutions of the system A(z) = 0. The dimension of M as an F-vector
space is called the linear dimension of the system. The system is said to be of finite linear

dimension, or simply, O-finite, if 0 < dimp M < +o0.

Remark 2.4.6
(i) The notion of modules of formal solutions for systems has already appeared in [2].

(ii) We choose to exclude in our definition the systems A(z) = 0 with dimp M = 0,
since dimp M = 0 implies that L9 = L1XPA, consequently the system has only

trivial solution in any L-module, which includes all orthogonal A-extensions of F'.
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(iii) Letey,...,eq be the images of the eiq, ..., eqq in M. Then A(e,...,eq)" =0. There-

fore M always contains a set of L-generators that solve A(z) = 0.

As we saw earlier, although a linear functional system may be represented by a form
other than A(z) = 0, it can always be rewritten equivalently into the latter form. We
therefore understand the module of formal solutions for A(z) = 0 to be the module of
formal solutions for the original system.

In terms of modules of formal solutions for linear functional systems, Theorem 2.4.1 can

be rephrased as

Theorem 2.4.2 Let A € SP*Y and M be the module of formal solutions for the sys-
tem A(z) = 0. Then Homg (M, N) and soly(A(z) = 0) are isomorphic as Cp-vector spaces
for any L-module N. In particular, Homg (M, E) and solg(A(z) = 0) are isomorphic as C-

vector spaces for any orthogonal A-extension E of F.

Remark 2.4.7 Since every orthogonal A-extension E of F' is turned into an L-module via
the actions 0;(e) = d;(e) fori < ¢, 0;(e) = oj(e) and 83-_1(6) = Jj_l(e) for j>¢, solp(A(z)=0)
in Theorem 2.4.2 is well-defined.

Proposition 2.4.3 Let A € SP*? and B € 8™, and M and Mp be the modules of
formal solutions of A(z) = 0 and B(x) = 0, respectively. If Ma is isomorphic to Mp
as L-modules, then there exists Q € L% such that for any orthogonal A-extension E of F,

the correspondence & — Q& is an isomorphism of Cg-modules between solg(B(x) = 0)

and solg(A(z) = 0).

Proof. To simplify notation, we denote solg(A(z)=0) and solg(B(x)=0) by W4 and W,
respectively. Let {e1,...,e,} and {fi,... ,f;} be the sets of L-generators of M4 and Mp
such that A(e) = 0 and B(f) = 0, respectively, where e=(eq,...,e,)” and f=(f;,...,f;)".
Let m : My — Mg be the L£-module isomorphism. Then there exists Q € £9%¢ such
that m(e) = Qf. Since 7 is L-linear, A(Qf) = A(w(e)) = n(A(e)) = 0. Let £ € Wp. By
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Theorem 2.4.2, there exists ¢ € Homg(Mp, E) such that £ = ¢(f). Hence

A(QE) = AQo(f)) = ¢(A(QT)) = 0,

so Q¢ belongs to W4. Thus the correspondence £ — @ £ is a homomorphism of C'g-modules
from Wy to Wy.

For every n € Wy, there exists 1) € Homg (M4, E) such that

n=1y(e) =Y H(QF)) = Qu(r~(f)).

Clearly, B(¢(771(f))) = ¢ o 7= Y(B(f)) = 0, thus (7~ 1(f)) is in W and the correspon-
dence £ — Q¢ is surjective. If &€ € Wi and Q& = 0, there is ¢ € Homg(Mp, E) such
that £ = ¢(f). Hence 0 = Q& = p(Qf) = p(n(e)). This means that ¢ o 7 maps everything
to 0 as M4 is generated by eq,...,e, over L. Hence ¢ = (pom) or~ ' =0. Thus ¢ =0 and
the correspondence is bijective. g

Proposition 2.4.3 reveals that, for two linear functional systems, if their modules of
formal solutions are isomorphic then there is a one-to-one correspondence between their
solution spaces in an orthogonal A-extension of F'.

We now establish a connection between submodules of S*9 and those of £1*9.

Recall that a (left) ideal I of S is said to be of finite rank ([39]) if S/I is a finite-

dimensional F-vector space.

Lemma 2.4.4 Let J be a finite-rank left ideal of S and I be the left ideal generated by J

in L. Then every element of L is congruent to some element of S modulo 1.

Proof. If J contains some monomial in Opiq,...,0n, then I = £ and every f € L is
congruent to 0 modulo I. Assume that J does not contain any monomial in Op41, ..., On.
Set J to be the contraction I N'S and let H be the set of all monomials in dpy1, ..., 0.

Since every element of H is invertible in £, one can verify that
J={a€S|haeJ for some h € H}. (2.14)

Since J C J, dimp S/.J is finite and J is of finite rank. For j > £, let f; be a nonzero poly-

nomial in F[9;] NJ with minimal degree. Then each f; is of positive degree with a nonzero
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coefficient of 8;-), for otherwise, J would contain 1, and, hence by (2.14), J would have a
nonempty intersection with H, a contradiction to the assumption. Since 8;1 fi€l, 8;1 is
congruent to an element of F'[0;] modulo I. It follows that every element of £ is congruent
to an element of & modulo I. O

The following lemma is a generalization of Lemma 2.4.4 to submodules of free S-modules.

Lemma 2.4.5 Let N be a left submodule of S**™ where n > 1 such that S**" /N is finite-
dimensional over F, and M be the submodule generated by N in L™, Then every element

of LY is congruent to some element of S™*™ modulo M.

Proof. Letei,...,e, be the canonical basis of S'*" and J;={f€S | f(e;)eN} for 1<i<n.
Then J; is a left ideal of S for each i. Since S'*"/N is finite-dimensional over F, there
exists f;; € F[0;] such that f;;(e;) belongs to N for all 4,5 with 1 <i<nand1<j<m.
This implies that a rectangular system([19]) {fi1,..., fim} is contained in J; for each i,
hence J; is of finite rank by Proposition 2.1 of [19] or by Lemma 2.1 in [43]. Since every
element w of M has the form ;" | giu; where g; € £ and u; € N, we have w =p > " | glu;
where g, € Sand p € P := {8%*11--'8%’” | kj <0}. SoM ={p-u|pe P, ue N}. Let I;
be the ideal generated by J; in £L and H; ={f € L | fe; € M} fori=1,...,n. If f € H;
then fe; € M and fe; = pu with p € P and u € N. Since e; is the unit vector where 1 is
the 7th entry and 0 elsewhere, we must have fe; = pae; for some a € S and hence u = ae;.
It follows that a € J; and f = pa € I;. Conversely, if h € I; then h = a1f1 + -+ at fs
with a; € £ and f; € J;. Since fje; € N for each j, he; € M. So h € H; and I; = H;.

For any w € £1X9, we have w = >y fiei where f; € £. From Lemma 2.4.4 and I; = H;
each f; is congruent to some g; € S modulo H;, thus f; = ¢; + h; for some h; € H;.
Sow = (31, gie)) + (31, hie;) € S + M and the lemma follows. O

Proposition 2.4.6 Let N be a left submodule of S'*™ such that SY*™ /N has finite dimen-
sion over F, M the submodule generated by N in L™ and N = M NS'*™. Then S*"/N

and L™ /M are isomorphic as F-vector spaces.
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Proof. Let ¢ be the map from S'*"/N to £1*™ /M given by u+N + u+ M. The map ¢ is
well-defined because N C M. Suppose that ¢(u+N)=u+M=M. Thenu € MNS*" = N
and ¢ is injective. From Lemma 2.4.5, every w € L£X" is congruent to some u € S'*”

modulo M. Thus w + M = u+ M = ¢(u+ N) and ¢ is surjective. O
Remark 2.4.8 One can check easily that
N = {W ES"|3Z+11 - Ofm(w) € N, for some koy1,... km € N}.

When n = 1, Proposition 2.4.6 specializes to Lemma 2 in [13]. For later references, we

recite this specialization as follows.

Corollary 2.4.7 Let J be a finite-rank left ideal of S, I be the left ideal generated by J
in L and I =1NS. Then S/I and L/I are isomorphic as F-vector spaces.

Example 2.4.9 Let Ay, ..., Ay be arbitrary matrices in F™*™ and A be the stacking of the
blocks of the form (0; - 1, — A;):

o1-1,— A
A— : c §mnxn - pmnxn.

Om -1, — Ap,

The system A(z) = 0 then corresponds to the system {0;(z) = Aiz}1<i<m. Let M be the
module of formal solutions of A(z) = 0. Let eq,...,e, be the images of €1n, ... ,epy in M,
respectively. For e = (e1,...,e,)" € M™, we have A(e) = 0 or 0;(e) = A;e for each i.
Since the entries of A; are in F, 0;(ej)e > " Fes for all 4,7, thus Lej C > " | Feg for
allj. SoM =3%"" Les=> " | Feg, i.e., {e1,...,ey} is also a set of F-generators of M.

In particular, dimp M<n. ]

Example 2.4.10 Consider a px1 matriv A = (L1,...,Ly)" with L; € S. Let J and I be
the ideals generated by L1,...,L, in S and L, respectively. The module of formal solutions
for A(z) = 0is M = L/1, which by Corollary 2.4.7 is finite-dimensional over F if dimp S/J
is finite. O
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Proposition 2.4.6 indicates that the linear dimension of A(z) = 0 can be computed
without using Laurent-Ore algebras if cokers(A) is finite-dimensional over F. However, the
following example shows that there are systems whose S-cokernels are infinite-dimensional

over F. 0

Example 2.4.11 Let A = (L1, Ly)™ with Ly = 0102(01 + 1) and Ly = 102(02 + 1), J the
ideal in S generated by Ly and Lo, and M = cokerp(A) (i.e., the module of formal solutions
of A(z) =0). Since 01 and 02 are invertible in L,

M =L/(LL1+ LLy) =L/(L(01 + 1)+ L(D2 + 1)),
thus dimp M = 1. However, S/J is infinite-dimensional over F'. O

Example 2.4.12 Consider the case £ =0 and m = 2. Let A = 01 + 1. Then both its S-
cokernel S/SA and its L-cokernel L/LA are infinite-dimensional over F. Systems of this

kind are out of scope of the thesis. O

2.4.4 Integrable Connections

In this section, we study systems of the form {0;(z) = Aiz}i<i<m. We are interested in
systems of this kind, because the problem of finding solutions of a general linear functional
system can be finally reduced to that of finding solutions of such a system.

We first look at some properties of £-modules of finite dimension.

Proposition 2.4.8 Let M be an L-module with a finite basis by,..., b, over F. Sup-
pose that 0;(by,...,by)" = Bi(bi,...,b,)" where B; € F™*" for 1 < i < m. Then the

system {0;(x) = BiX}i<i<m 15 fully integrable.

Proof. Set b=(by,...,b,)". Since 0; and 9; commute for any i and j, 9;(9;(b))=0;(9;(b)).
From 0;(b) = B;b and the linear independence of by, ..., b, over F, it follows that

0i(Bj)B; + 6i(Bj) = 0j(B;)Bj + 6;(B;), for1l<i,j<m,
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i.e., Bi,..., By, satisfy the compatibility conditions (2.2). Therefore {0;(x) = Bix}1<i<m
is integrable.

Suppose that B; is singular for some ¢t > ¢. Then there is a nonzero v € F!*»
such that vB; = 0, thus v0;(b)=vB;b = 0. Since M is an L-module on which 8{1
acts, 0=0; ' (v0;(b))=0;*(v)9; *(d:(b))=0; ' (v)b, which implies that by,...,b, are lin-
early dependent over F', a contradiction. So the Bj are invertible for £ +1 < j < m and
the system {0;(x) = BixX}1<i<m is fully integrable. O

As we saw in Example 2.4.9, for a system {0;(z) = A;z}1<i<m, the dimension of its

module of formal solutions over F' is not greater than the size of the system. Furthermore,

Proposition 2.4.9 A system {0;(z) = Aiz}i<i<m over F is fully integrable if and only if

the dimension of its module M of formal solutions over F' is equal to the size of the system.

Proof. Let n be the size of the system and {ey,...,e,} be a set of L-generators of M such
that O0;(e1,...,e,)" = A(er,...,ey)7. If dimp M = n, then ey,...,e, form an F-basis
of M, therefore {0;(z) = Aiz}i<i<m is fully integrable by Proposition 2.4.8. Conversely,
if {0;(z) = A;z}1<i<m is fully integrable, then by Theorem 2.2.2 it has a fundamental ma-
trix U = (u1,...,up) € E™*™ where the u; are columns of U and F is a (simple) orthog-
onal A-extension of F. Since u; is a solution of {0;(z) = Aiz}1<i<m, by Theorem 2.4.2
there exists ¢; € Homg(M, E) such that u; = ¢j(e) for 1 < j < n. Let Y ;" \ie; =0
where \; € F. It follows that (Ar,...,A)u; = (A1,..., A\)pj(e) = 0 for 1 < j < n,
i.e., (A1,...,An)U = 0. Since U is invertible, \; = 0 for each i and ey, ..., e, are linearly
independent over F. (]

Recall the notion of a tensor product of modules over noncommutative rings given in [54].
Let R be a noncommutative ring, M a right R-module and N a left R-module. We can
define the abelian group M ®g N, called the tensor product of M and N over R, as the free
abelian group generated by the Z-linear combinations of all the pairs (u,v) with u € M

and v € N, modulo the subgroup generated by the expressions of the form

(u+d,v)—(u,v)—,v), (u,v+v)—(u,v)—(u,Vv), (ur,v)—(urv),
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for all u,u’ € M, v,v' € N and r € R. The equivalence class of (u,v) € M x N is
denoted u® v in M Qg N.

For a matrix A € SP*9 C [LP*9 we can construct its S-cokernel cokers(A) and L-
cokernel cokerg(A). Since £ is a right S-module and cokers(A) is a left S-module, the
tensor product £ ®s cokers(A) is well-defined by the above argument and we have the

following relations in £ ®s cokergs(A):
(+1)@v=Ilev+l@v, I@(V+V)=I@v+IaVv, ls@v=IQsvV,

for I,I' € L, v,v' € cokers(A) and s € S. Further, with £ viewed as a left £-module, the

tensor product £ ® cokerg(A) becomes a left £-module endowed with the action

'lov)=Ul)ov, forall,l' €L, v e cokers(A).

Lemma 2.4.10 Let A € §P*4. Then cokerp(A) and L ® cokers(A) are isomorphic as L-

modules.

Proof. Let ej,...,e; and ey,..., e, be the respective images of €14, ..., €4 in cokerg(A)

and cokerg(A). Let m be the map £ ® cokers(A) — cokerg(A) given by
q q
Z Li® e;f‘ — Z lie;, where [; € L,
i=1 =1

and A the map cokerg(A) — £ ® cokers(A) given by > | l,e; — >7 | [; @ e} where [; € L.
We need to show that A is well-defined since any element in cokers(A) may be written in
various combinations of ey, ..., e,. Suppose that Zgzl lie; = ;1:1 k;e; with [;, k; € L. Let
us set A = (ast)1<s<p,1<t<q Where ag € S. It follows that > 7, (l; — k;)e;q € L1*PA and
there exist hy,...,h, € £ such that

q

Z(lz — k:z-)eiq = hl(au, ... ,a1q> + -+ hp(apl, c.. ,apq),
=1
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which implies that l; — k; = hiay; +--- + hpay for i =1,..., q. Hence

q q

q q
A <Z liei — Z kiei> = Z(ll — kl) X e;-k = Z (hlau +--+ hpapi) ® ef
i=1 i=1

=1 =1
= (h1® (an1€}) + -+ hp @ (ap1€})) + - + (h1 ® (a14€]) + - + hyp @ (apq€]))

= hi®(ane;+---+aygey) + -+ hp @ (aper +-- -+ apgey)

= h1®((a11,..- 7a1q) +51XPA) +thp® ((%1: e »apq) +81XPA) =0.

Thus A is well-defined. In addition, one can verify that m o A and A o 7w are identity maps
on cokers(A) and £ ® cokers(A), respectively. So cokerp(A) =, L ® cokerg(A). O
From Lemma 2.4.10, for any matrix A over S, its linear dimension, dimp coker(A), is
not greater than dimp cokergs(A).
Let A(z)=0 with A € SP*7 be a system of finite linear dimension n and M=coker(A)

be its module of formal solutions with an F-basis by, ..., b, satisfying
8i(b1,...,bn)7—:Bi(bl,...,bn)T, where B; anXn, 1<t <m.

According to Proposition 2.4.8, {0;(x) = Bix}i<i<m is a fully integrable system, which is
called an integrable connection of A(z) = 0 with respect to a basis by, ..., b, of M. Observe
that the integrable connections of A(z) = 0 with respect to different F-bases of M are
equivalent to each other. Indeed, let {8;(x) = Bix}1<i<m and {0;(X) = BiX}1<i<m be the
integrable connections of A(z) = 0 with respect to two F-bases by,...,b, and bi,...,by

of M, respectively. Write b = (by,...,b,)” and b = (by,...,b,)". Let T € GL,(F) be
given by b = Tb. From 8;(b) = B;b and 9;(b) = B;b, we get that

BT =TB;+6,T), fori<(¢ and o;(T)Bj =BT, for j>L.

By Definition 2.2.5, {9;(x) = Bix}1<i<m and {0;(X) = Eﬁ(}lgigm are equivalent. So in the

sequel, we sometimes omit mentioning the basis when referring to an integrable connection.

Proposition 2.4.11 Let A,by,...,b,, B1,..., By, be as above, and B be the stacking of
the blocks (0; - 1,, — B;). We have the following two statements:
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(i) cokerp(A) =, cokerp(B).
(ii) Suppose that cokers(A) has a finite F-basis fy, ..., f5 and 0;(f1,...,£3)" = D;(f1, ..., £5)"
where D; € F4%4 for 1 <i < m. Let D be the stacking of the blocks (9; - 14 — D;). Then

cokers(A) =g cokers(D) and cokerp(A) =, cokerp (D).

Proof. (i) Let €y,...,€, denote the images of eqy,...,e,, in coker,(B), respectively.
Set b = (by,...,b,)” and € = (€1,...,€,)". As seen in Example 2.4.9, {€;,...,€,} is a set
of F-generators of coker,(B). Since B(b) = 0, there exists an £-module homomorphism ¢
from coker,(B) to cokerg(A) such that ¢(€) = b by Theorem 2.4.1 or by Theorem 2.4.2.
The F-linear independence of by, ..., b, then implies that of €;,...,€,. So€y,...,€, form
an F-basis of cokery(B) and ¢ is bijective.

(ii) cokergs(A) s cokers(D) follows from a similar argument to the proof of (i), by

replacing £ with S, the b; with the f;, and B with D. From Lemma 2.4.10, we have
cokerp(A) =2, L ® cokers(A) and cokerg(D) =, L ® cokers(D).

It then follows that cokers(A) =, cokery (D). O

Proposition 2.4.11 (i) reveals that, for a O-finite system A(z) = 0, its module of formal
solutions is isomorphic to that of its integrable connection {0;(x) = Bix}1<i<m. Conse-
quently, Proposition 2.4.3 implies that there is a one-to-one correspondence between all
solutions of A(z) = 0 and those of {0;(x) = Bix}1<i<m. In fact, this correspondence is

given by a matrix over F', as shown in the following

Proposition 2.4.12 Let A(z)=0 with A € SP*9 be a system of finite linear dimension n, M4
be its module of formal solutions, {e1,...,e,} be a set of L-generators for M and by, ..., by,
be an F-basis of Ma such that A(e1,...,eq)" = 0 and 0;(b1,...,b,)" = Bj(b1,...,by)"
where B; € F™" for each i. Then there exists P € F9*™ such that for any orthogo-

nal A-extension E of F, the correspondence £ — P& is an isomorphism of Cg-modules

between solp({0;(x) = Bix}1<i<m) and solg(A(z) = 0).

Proof. Let B be the stacking of the blocks of the form (0; - 1,, — B;), Mp be the module

of formal solutions for B(x) = 0 and {ej,...,e,} be a set of L-generators of Mp such
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that d;(e1,...,e,)” = Bj(e1,...,e,)" for each i. As seen in Example 2.4.9, {e;,...,€,}
is a set of F-generators of Mp. From Proposition 2.4.11 (i), Ms=,Mp, thus ey,...,€,
form an F-basis of Mpg. With the L-generators fi,...,f; of Mp in the proof of Proposi-
tion 2.4.3 replaced by the F-basis €i,...,&,, one sees that the matrix Q € £7*¢ in the

proof of Proposition 2.4.3 can be chosen to be a matrix in F9%¢

, which gives the desirable
correspondence. ]

Let A € SP*4. Suppose that cokergs(A) has finite dimension d over F' and has an F-
basis fi,...,f; such that 0;(fy,...,f;)" = D;(fy,...,£;)” where D; € F¥9 for 1 < i < m.
One can show that {0;(z) = A;z}1<i<m is an integrable system by a similar argument to
the first part of the proof for Proposition 2.4.8. From Proposition 2.4.11 (ii), cokerg(A) is
isomorphic to the L-cokernel of {9;(y) = D;y }1<i<m. Hence, for a system A(z) = 0 such
that cokerg(A) is finite-dimensional, to compute its linear dimension it suffices to compute

the linear dimension of the integrable system {0;(y) = D;y}i<i<m. This task is discussed

later in Section 2.5.

2.4.5 Fundamental Matrices and Picard-Vessiot Extensions

Based on the results in previous sections, we now generalize the notions and results of

fundamental matrices and Picard-Vessiot extensions for J-finite linear functional systems.

Definition 2.4.13 Let A(z) = 0 with A € SP*? be a O-finite system, M be its module of
formal solutions, {e1,...,eq,} be a set of L-generators of M and by, ..., by, be an F-basis
of M such that A(eq,...,eq)" =0 and (e1,...,e,)” = P(by,...,b,)” where P € F*™.

A q X n matriz V with entries in an orthogonal A-extension E of F' is called o funda-
mental matrix for A(z) = 0 if V.= PU where U € E™" is a fundamental matriz of the
integrable connection of A(z) = 0 with respect to by,...,by,.

A Picard-Vessiot ring for the integrable connection of A(z) = 0 is called a Picard-Vessiot

ring for A(z) = 0.

Although this is not stated in the definition, it follows from Proposition 2.4.12 that the

columns of a fundamental matrix form a Cg-basis of the Cg-module solg(A(z)=0): de-
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note solp(A(z)=0) and solg({0;(x) = Bix}1<i<m) by Wa and Wp respectively. Then the
columns of V=PU are in W, by Proposition 2.4.12. Let cEC’gXl be such that 0=Vc=PUc.
Since Uc € Wp, we have Uc = 0 by Proposition 2.4.12, hence ¢ = 0 since U is invertible.
Thus the columns of V' are linearly independent over Cg. For any n € W4 there ex-
ists £eWp such that n = P¢. By Proposition 2.2.3 there exists ¢ € Cg“ such that é=Uc.
Hence n=PUc = Vec.

As remarked earlier, integrable connections with respect to different F-bases of M are
equivalent to each other. Therefore the last part of Definition 2.4.13 is justified by Propo-
sition 2.2.7.

As a final consequence of Theorems 2.2.2 and 2.2.5, we have

Theorem 2.4.13 FEvery 0-finite system A(z) = 0 has a fundamental matrixz in some simple
orthogonal A-extension of F and has a Picard-Vessiot ring E. If F' has characteristic 0
and Cr is algebraically closed, then Cgp = CFp.

Proof. Let n > 0 be the linear dimension of A(z) = 0, M be its module of formal
solutions, {ey,...,e,} be a set of L-generators of M and by, ..., b, be an F-basis of M such
that A(er,...,e,)” = 0 and 0;(by,...,b,)" = Bj(by,...,by,)” for each i. Let P € F7*"
be given by (eq,...,eq)" = P(by,...,by,)7. Since {0;(x) = BixX}i<i<m is a fully integrable
system, there exists, by Theorem 2.2.2, a fundamental matrix U € E™*™ for that system
where E is a simple orthogonal A-extension of F. Then V := PU € E7*" is a fundamental
matrix for A(z) = 0. The existence of the Picard-Vessiot ring and the second statement
follow directly from Theorem 2.2.5. O

Assume that F has characteristic 0 with an algebraically closed field of constants.
Let E be a Picard-Vessiot ring for the system A(z) = 0. As mentioned after Theo-
rem 2.2.5, solp({0;(x) = Bix}1<i<m) is of dimension n over C'r. But that space is isomor-
phic to solg(A(z) = 0) by Proposition 2.4.12. Therefore, the dimension of solg(A(z) = 0)

as a Cp-vector space equals the linear dimension of A(z) = 0, whenever the latter is finite.
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Example 2.4.14 Let F=C(z,k) and A be the system {0,(z)=A2z,01(z2)=Aiz} where

41 k(z+1—k) _ k(z+1-k)
x z2(k—1) x?(k—1)
— ak—k2 4222+ ka+k—1 _ zk—k>422% ka?
Ay z+1 2(h=1) 2(hi=1) ,
| ck+2x% 4 ka? 2k 1k _ xk+2x2 4 kx? 2k 41
z(k—1) z(k—1)
k+1 k+l—zk—x zk+x—k—1
k z(k—1) x(k—1)
Akz — x(k+1) 1—2z+k—zk+z3 2etak—xz3—k—1
k k—1 k—1

x(k+1)  1-2zk—2z+k+2® 2zk+2z—k—z3—1
k -1

Note that A, and Ay satisfy the compatibility conditions (2.2) but Ay is singular, so the

system is mot fully integrable. We will show in Example 2.5.2 that all solutions z of A can

be found by a change of variable z = Py where

1 0

P = 0 1
z(k—1) 2°—k
z2—1 z2—1

and y is a solution of the fully integrable system B : {0,(y) = By, ox(y) = Bry} with

—zta3—1+422—ak—k+k? k(z+1-k)
B. — z(z2-1) x2(22-1)

v —z—aktad—1-a?4k?—kz? —k24oktkr?4322-1 ’
z2—1 z(x2-1)
rhta+k?4+2k+1 k1

_ k(z+1) z(x+1)
By, =
_ (kx?—x—k%2—2k—1)x  224a—1—k
E(z+1) z+1

So it suffices to compute a Picard-Vessiot extension of B. The same method to construct a

fundamental matriz for the system in Example 2.2.2 yields a fundamental matriz for B:

xke® —kxk

U—
kx?e® (22 —k — 1)aFt!

hence PU is for A. In addition, a Picard-Vessiot ring E = C(x,k)[e®, e, aF, 2] for B

is a Picard-Vessiot ring for A. O
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2.5 Computing Linear Dimension of Integrable Systems

In this section, we present an algorithm for computing linear dimensions of integrable sys-
tems by linear algebra. For general linear functional systems, their linear dimensions will

be computed by Grobner basis techniques described in Chapter 3.

2.5.1 Notation

As in previous sections, let S and £ be the Ore algebra and the Laurent-Ore algebra over F.
Given a linear functional system A(z) = 0 where A € SP*?, by the submodule N4 defined
by the system we mean the submodule generated by the row vectors of A over L. Clearly,

the quotient module £1*9/N 4 is the module of formal solutions of the system.

Let z = (21,...,2,)" be a vector of unknowns. Two subvectors u = (z;,,...,2i,)"
and v = (2j,,...,%j,_,)7 form a partition of z if {2;,,...,2,} and {z,...,2;, ,} form a
partition of {z1,...,2,}. Let u = (z,,...,%,)” be a subvector of z and B be a square
matrix of size n over L. The submatrix of B consisting of its ¢1th, ..., igth rows is de-

noted B". Assume that {u,v} is a partition of z. Then the submodule defined by the
system {0;(z) = Aiz}i<i<m where A; € F™*™ equals that defined by

Oi(u) = Al'z, 0i(v)=Az, i=1,...,m.

2.5.2 Linear Reduction
Lemma 2.5.1 Let A be the linear functional system consisting of
{0i(z) = Aiz}1<i<m and Pz =0,

where P is a matriz over F' with n columns. Set d = n — rank(P). Then one can either
assert that {0;(z) = Aiz}1<i<m has only trivial solution or find a partition {u,v} for z such

that the system B consisting of

v=Qu, Ou=DBu, Ru=0 :=1,...,m, (2.15)
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defines the same submodule as A, where u is a column vector of size d, Q@ and R; belong

to F(=dxd qnd the matrices B; belong to Faxd,

Proof. If all the entries of P are zero, then we set u to be z and B; to be A;. If d =0
then all the z; are zero. Thus we may assume that 0 < d < n.

Solve the linear algebraic system Pz = 0 to get a partition {u, v} of z such that v=Qu,
where u has size d and v has size (n — d). Using the linear relations v=Qu to eliminate all
the unknowns in v that appear in the system 0;(u)=A}z yields 9;(u)=B;u, fori = 1,...,m.
Using v=Qu and 0;(u) = B;u to eliminate the 9;(v) and v in 0;(v) = AYz yields R;u=0,
fori=1,...,m.

Note that any matrix representation of the system B has n columns since z is also the
vector of unknowns for B.

Let N4 and N be the submodules defined by the systems A and B, respectively. The
submodule Npg is contained in N4, because all the row vectors in the matrix representa-
tion (2.15) of B belong to N4. Conversely, the row vectors in the matrix representation
of Pu = 0 are in the submodule defined by v = Qu; the row vectors in the matrix repre-
sentation of J;(u) = Az are in the submodule defined by v = Qu and 0;(u) = B;u; and
the row vectors in the matrix representation of 9;(v) = AYz are in the submodule defined
by v = Qu, 9;(u) = Bju and R;u = 0. Thus Ng = Ng. g

The proof of Lemma 2.5.1 contains an algorithm for separating unknowns of the sys-
tem A by linear algebra.

We present formulas for the matrices B; and R; in (2.15). These formulas have an
interesting consequence to be described in Lemma 2.5.2. Without loss of generality, assume
that u and v in (2.15) are (21,...,24)" and (24+1,.--,2n)7, respectively, where 1 < d < n.

Partition the matrices

A1 A,
A= 7 TP =1 m,
Az A

where A;; € FA¥d A,y € Fax(n=d) A, c pn=d)xd gnq A,y € Fr=dx(=d) From v = Qu
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and 0;(u) = (Aj1, A2)(u,v)" = (A1, Ai2)(u, Qu)7, it follows that
B, =An+A40Q, i=1,...,m.
From v = Qu and 9;(v) = (Aiz, Aia)(u,v)” = (Aiz, Aia)(u, Qu)7, we obtain
0i(Q)9i(u) + 6:(Q)u = (Ais + AiuQ)u,
hence (0;(Q)B; + 6;(Q))u = (Aiz + Ais@Q)u because 9;(u) = B;u. Consequently,
R = (0i(Q)B; + 6;(Q)) — (Aiz + AuQ), i=1,...,m. (2.16)

The next lemma plays a key role in our algorithm for computing linear dimension of an

integrable system.

Lemma 2.5.2 If {0;(z) = Aiz}1<i<m in the system A given in Lemma 2.5.1 is integrable
and the R; in (2.16) are all zero, then the system {0;(u) = Bjuli<i<m in (2.15) is integrable.

Proof. To simplify notation, we assume that u = (z1,...,24)" and v = (zg41,...,2n)"-

From (2.16) and R; = 0, we have

Aig = JZ(Q)BZ + (51(@) — AMQ, 1=1,...,m. (217)
For all 4,5 with 1 < 4,7 < m, we have

oi(Aj)Ai + 6:(4;)
0i(A1)Ai1 +0i(Aj2)Ais + 0:(Aj1)  0i(Aj1)Ai + 0i(Aje) A + 0i(Aj2) (2.18)
0i(Aj3)Ain + 0i(Aja)Ais + 0, (Ajs)  0i(Ajs)Ais + 0i(Aja)Aia + 0:(Aja)

Substitute (2.17) into the top-left block of (2.18) to yield
0i(Aj1)Ain + 0i(Aj2) Aiz + 0i(Aj1)

= 0i(Aj1)Ain + 0i(Aj2) (04(Q)B; + 6;(Q) — AuuQ) + 0i(Aj1)
= ;5 —0i(Aj2)AuQ
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where Oél'j = UZ'(A]' )Aﬂ + O'i(AjQ)O’i(Q) (Ail + A@QQ) =+ O'z(AJQ)(SZ(Q) + 52(14]1) From the
compatibility conditions (2.2) satisfied by the A;, it follows that

i — aji = (0(Ajo)Aig — 0j(Ai2)Ajs) Q (2.19)
and
(0i(Aj1)Aiz + 0i(Aj2)) — (0j(Ai1)Ajo + 0;(Aiz)) = 0 (Ai2) Aja — 0i(Aj2) Aia. (2.20)
A routine calculation shows that

O'Z(B])BZ + (SZ(BJ) = O'Z‘(Ajl + Aj2Q)(Ai1 + AlQQ) + 5i(Aj1 + AJZQ)
= ayj +0i(Aj1)ApQ + 0;(A4;2)Q.

From (2.19) and (2.20), we get

(04(Bj)Bi + 0i(B;)) — (0(Bi)B; + 6;(Bi))
= (ayj +0i(Aj1)A@ + 6i(Aj2)Q) — (i + 0 (Ai1) Aj2Q + 6i(A;2)Q)
= ay — aji + (0i(Aj1) Az + 0i(Aj2)) Q — (0(Ain) Ajo + 0;(Ai)) Q
= iy — aji + (05(Aiz) Aja — 0i(Aj2) Aig) Q = 0,
for all 7,5 with 1 < 4,5 < m, i.e., the B; satisfy the compatibility conditions (2.2).
So {0;(x) = Bix}1<i<m is integrable. O

2.5.3 An algorithm

Given a system {0;(z) = A;iz}1<i<m where Aq,..., A, € F™". From all those singular
matrices among Agy1,..., A, we can derive linear relations among the coordinates of z.
To see this, assume that A; is a singular matrix for some ¢ 4+ 1 < j < m and the rank
of A; equals r;. From 0;(z) = A;z, we derive (n — r;) linear relations among the coordi-
nates of 0j(z). Applying (‘)j_l to these relations yields (n — r;) linear relations among the
coordinates of z.

We present an algorithm based on Lemmas 2.5.1 and 2.5.2.
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Algorithm LinearReduction: Given a system {0;(z) = Aiz}i<i<m and certain linear

relations Pz = 0, where the A; € F™*™ and P is a matriz over F with n columns, either

conclude that the system has only trivial solution, or find a partition {u,v} of z, and

matrices Q, B1,. .., By, such that

(a)

(b)

The system consisting of v.= Qu and {0;(u) = Bju}i<i<m defines the same submodule

as the given system;

The matrices Bj are invertible for j =0+ 1,...,m.

[Initialize] Set P to be P and A; to be A; for i =1, ..., m. Set i = n to be n and z

to be z. Set v to be the null vector and ¢ to be the null matrix.

[Collect new linear relations] For ¢ = ¢+ 1, ..., m, compute r; = rank(4;). If r;<n,
then update P by adding (77 — r;) linear relations derived from A; among the co-
ordinates in z, as described above. If P is the null matrix, then set u to be z, v
to be the null vector, @ to be the null matrix, and return the partition {u,v}, Q

and A;,i=1,...,m.

[Solve linear algebraic equations] Solve Pz = 0. If Z = 0, then exit [the input system
has only trivial solution.] Otherwise, find a partition {1, v} of Z such that v = Qu

for some matrix @ over F'.

[Update the transformation for unknowns|] Update v by combining the value of v
and v, and update @ by combining the value of @ and . We then have a new
partition {u,v} of z and a new transformation v = Qu, in which the size of the

current value of v is greater than that of the previous value of v.

. [Reduce] For i = 1,...,m, reduce 9;(u) = A%z by v = Qu to get 9;(u) = B;u, and

reduce 9;(v) = AYz by v = Qu and 9;(u) = B;u to get R;u = 0.

. [Case distinction]
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(i) [new linear relations found by reduction] If R; # 0 for some i € {1,...,m}, then
set P be the matrix consisting all the nonzero row vectors of the R;. Set A; to

be B;. Set n to be the size of u and z to be u. Go to step 2.

(ii) [new linear relations found by rank computation] If Bj; is not of full rank for
some j € {{+1,...,m}, then set P to be the matrix given by the linear relations
produced by all the singular matrices among Byy1,...,By,. Set A; to be B;.

Set n to be the size of u and z to be u. Go to step 3.

(iii) [Done| Return the partition {u,v}, @, and B;, i =1,...,m.

The termination of the algorithm LinearReduction is guaranteed by step 4 because
the size of v is bounded by n. As shown in the proof of Lemma 2.5.1, the submodule NV
defined by the input system contains all the row vectors in the matrix representation of
the system consisting of v = Qu, 9;(u) = B;u, and Rju = 0 for ¢ = 1,...,m, as the
algorithm proceeds step by step. The new linear relations found by some singular B; or flj
for 5 € {£{+1,...,m}, are contained in N, because N is an L-module, which is closed
under the action of 8;1. Therefore, the output and input systems define the same module
since the R; are all zero matrices when the algorithm stops, and Pz can be reduced to zero
by v = Qu in every iteration. The algorithm LinearReduction is correct.

If {0i(z) = Aiz}i<i<m in the input system is integrable, then {0;(u) = Bju}i<i<m is
fully integrable by Lemma 2.5.2. Note that the module of formal solutions of the input
system equals that of the output one, which is isomorphic to that of {9;(u) = Biu}i<i<m.
Hence, by Proposition 2.4.9, the linear dimension of the input system is the size of u. The

algorithm LinearReduction has another application in Section 4.2.

Example 2.5.1 Let F' = C(k) and oy, be the shift operator k — k + 1 on F. Consider
0 1

the system o(z) = Apz where z = (21,22)" and Ay = . Note that Ay is sin-
0 -1

gular. Solve the linear system (vi,v2)Ar = 0 to yield a basis {(1,1)} of all its solutions.

Thus ok(z1)+0ok(22) = 0. By an application ofak_l, we get zo = —z1. This relation together



48 §2.5 Computing Linear Dimension

with Ay yields op(z1) = —z1, which is obviously a fully integrable system. So the original

system has linear dimension one. O

Example 2.5.2 Let A be the system {0,(z) = Azz,01(z) = Axz} where Ay and Ay are

given in Example 2.4.14. Note that Ay, is singular. Solve the linear system (v1,ve,v3)Ar =0

to get op(z3) = zg”flak(zl) + Ii}fIlak(ZQ). An application of ak_l then yields

xz(k—1) 22—k
z 29.
221 T gp 17

z3 =

Substitute the above relation into the system A, we get that 0y(z1,22)" = By(z1,22)7

and ok(z1, 22)" = Bi(z1,22)" where

—z4a® —1+a?—ack—k+k> E(z+1-F) zhktz+k>42k+1 k41
_ x(x2—1 z2(z2—1 _ k(z+1 z(x+1
Bx_ 3( )2 2 2 2 ( 2) 2 andBk_ 2 ( 2) 5 ( ) .
—z—xzktx°—1—x“+k“—kzx —k“+zk+kx*+3z°—1 7(’61 —z—k“—2k—1)z z4z—1—k
z2—1 z(x2—1) k(z+1) z+1

A straightforward but tedious calculation shows that both Ry and Rz in (2.16) are zero.
Hence the system B given by B, and By, is fully integrable since By is invertible. So A has

linear dimension two. O

To conclude, we explain how to determine whether a linear functional system is J-finite.
In practice, it suffices to compute the dimension of its module M of formal solutions as
an F-vector space. As seen in previous sections, when the system is given as an integrable
system, we have a set of generators of M over F', so computing dimp M can be done by linear
algebra (as explained in the algorithm LinearReduction). Note that dimp M = n if and
only if this integrable system is fully integrable. When the system is given by an ideal in S,
Corollary 2.4.7 shows that either M = 0 (if the ideal contains a monomial in dp41,...,0n)
or an F-basis of M can be computed via Grobner bases of ideals in §. There are algorithms
and implementations for this task [18, 19]. For more general matrices A € SP*9, one can
use the Grobner basis technique to be developed in Chapter 3 for computing F-bases of £-
modules. However, if cokers(A) has finite dimension over F, it suffices to compute the
linear dimension of an integrable system according to Proposition 2.4.12. The algorithm
LinearReduction in this section supplies a tool for this task. Therefore, Grobner basis

techniques in £ are only necessary when cokerg(A) is infinite-dimensional over F.



Chapter 3

Grobner Basis Computation in

Laurent-Ore Algebras

Recall some terminologies introduced in Section 2.4.2. We denote by S the Ore alge-
bra F[01,...,0m], by S the Ore algebra F|[1,...,0m,0p1,-..,0m] and by £ the Laurent-
Ore algebra F[0y, .. .78m,8[_:1, ...,0-1 over F.

As discussed in Chapter 2, we are interested in finding a linear basis of modules of
formal solutions for a linear functional system. This problem can be formulated as: Let M
be an L-submodule of L™. Decide whether L™ /M is a finite-dimensional vector space over F.
Moreover, find a basis of L™/M over F if the dimension is finite.

In this chapter, e; denotes the unit vector in §™ with 1 in the ith position and 0 elsewhere.
Then ey, ...,e, form the canonical basis of S, S, as well as L.

Let I be the ideal of S generated by 911011 —1, ..., Ombm — 1. By definition, £ = S/I.
Then L™ = &I Le; 2, &1 (S/I)e;. On the other hand, let I, be the submodule of S"

generated by 0j0;e; —e; for 1 <i¢<mn and £+ 1 < j <m. Then, the map
S"/I, — (S/Ne1@®---®(S/I)en, (s1,.--,50) +Inr (s1+1,...,5,+ 1),

with s; € S, is an isomorphism of S-modules. Since (S/I)e; @ --- @ (S/I)e,, is naturally

an L-module, so is S"/I,. It follows that S"/I,, =, L". This observation enables us to
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introduce Grébner bases for submodules of £ by Zampieri’s approach [63].

This chapter has two sections. In Section 3.1, we describe the notion of Grébner bases
in finitely generated free modules over Ore algebras. The results of this section are rather
straightforward. In Section 3.2, we extend Zampieri’s approach to computing Grébner bases

in finitely generated free modules over Laurent-Ore algebras.

3.1 Grobner Bases for Modules over Ore Algebras

In this section, R denotes a general Ore algebra F'[01;01,01] - - [Om; Om, Om]| over a field F
where o; is a monomorphism on F and 6; is a o;-derivation on F. Both S and S are special
instances of R. We follow the approach in [24, Ch.5] to extend the notion of Grébner bases
for ideals of R to R™.

Let P be the set of all power products 6{“ .- Okm in R for all ky,...,k, € N. Note
that P is a commutative monoid as in the usual commutative case.

We recall some terminologies given in [23]. A monomial in R" is understood as an
element of the form pe; for some p € P and some i € {1,...,n}. The set of all monomials
in R" is denoted P,, which forms a basis for R" over F'. For two monomials pe; and ge;,
we say that pe; divides ge; if i equals j and p divides ¢ in P. We note that Dickson’s
lemma holds for P,, that is, for every subset S of P,, there exists a finite subset D C S
such that every element of S is divisible by some element of D.

Remark that we do not use the notion of terms, which are usually referred as elements
of the form fu with f € F and u € P,, because the product of a power product in P and
a term is not necessarily a term due to the presence of derivation operators.

A basic theory of Grobner bases involves three things: orderings on monomials, a division
algorithm and the Buchberger algorithm. Let us consider them one by one.

An ordering relation > on P, is called a monomial order if the following conditions are

satisfied:

1. > is a total order,
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2. for every pair u,v € P, with u > v, we have pu > pv for every p € P,

3. pus=uforallue P, and p € P with p # 1.

Dickson’s lemma implies that a monomial order is a well-ordering, i.e., every infinite
descending sequence of monomials stabilizes.

From now on we fix a monomial order > on P,.

For an element u € R", we use lm(u) and lc(u) to denote the leading monomial and
leading coefficient of u, respectively. For a subset G of R™, denote Im(G) = {lm(g) | g € G}.

Let G = {g1,...,8k} be a finite subset of nonzero elements in R". Every g € R" can

be written as

g=q8 +...+tq8g+,

where ¢1,...,q € R, Im(g;g;) < Im(g), and either r = 0 or r is an F-linear combination
of monomials, none of which is divisible by any of lm(gi),...,lm(gx). One can devise
a division algorithm for finding ¢1,...,qr and r in the same way as in the commutative

case ([24]). We call r the remainder of g on division by G.

For a submodule M of R"™, we say that a finite set G = {g1,...,8r} C M is a Grdbner
basis if the leading monomial of any element of M is divisible by some lm(g;). As in the
commutative case, if G is a Grobner basis of M, then, for every g € R", g is in M if and
only if its remainder on division by G is zero.

A characterization of commutative Grobner bases with respect to division extends im-

mediately to R™ in the following

Proposition 3.1.1 Let M be a submodule of R"™ generated by a finite set G. Let V be
the F-vector space generated by all the monomials not divisible by any element of Im(G).
Then G is a Grobner basis of M if and only if R™ is the direct sum of M and V' as F-vector

spaces.

Let u and v be two nonzero elements of R"” with Im(u) = pe; and Im(v) = ge; where p

and q are in P. If i = j, we define the S-polynomial of u and v to be

S(u,v) = (;) le(u)'u — <2> le(v) v,
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where t is the least common multiple of p and ¢. If ¢ # j, the S-polynomial of u and v is
defined to be zero. One can verify that, if ¢ = j, the leading monomial of the S-polynomial
of u and v is lower than lem(p, q) e;.

Now we prepare for proving Buchberger’s criterion.

By the same telescoping trick in §6 of [23, Ch.2], one has

Lemma 3.1.2 Letuy,...,u, be elements of R™ with the same leading monomial pe;. If the
leading monomial of the sum u = ajuy +...+a,u,, whereay,...,a, € F, is lower than pe;,
then u is an F'-linear combination of the S-polynomials S(uj,uy) where 1 < j <k <r. In

particular, the leading monomial of S(uj,uy) is lower than pe;.

Observe that, for p = Of ! ~--8,’flm € P and a € F, the product pa is not necessarily a

term R. In fact, the multiplication rules in R imply
pa:a]flo-~ooﬁl’"(a)p+2a,~pi, (3.1)
i

where a; € F and the p; are proper divisors of p. This observation motivates us to prove the
following lemma, which is trivial in the usual commutative case (see the equality between

equations (4) and (5) in §6 of [23, Ch.2]).

Lemma 3.1.3 Letu and v be in R" such that lm(u) = se; and lm(v) = te; where s,t € P.

Let p,q € P be such that ps = qt, which is denoted w. Then

w

S(pu, qv) — <lcm(5,t)

>S(u, v)=gu+hv, (3.2)

where g,h € R such that Im(gu) and lm(hv) are both lower than we;, which is equal

to Im(pu) and lm(qv).

Proof. Suppose that lem(s,t) = fs = gt with f,g € P. Since w is a common multiple
of s and ¢, w = rlem(s, t) for some r € P. It follows that p = rf and ¢ = rg. We have
rS(u,v) = rfle(u)tu—rgle(v)~tv
= ple(u)tu—qle(v)tv
= le(pu)~'(p+go)u—le(qv) (g +ho)v (by (3.1))
= S(pu, gv) +le(pu) ' gou — le(gv) " hov,
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where go and hg are in R such that lm(gp) is lower than p, and Ilm(hg) is lower than q.
Then g = —lc(pu)~tgo and h = lc(qv) 'hg are as desired. O
With the aid of Lemmas 3.1.2 and 3.1.3, we get the Buchberger criterion in the same

way as in the usual commutative case.

Proposition 3.1.4 Let M be a submodule generated by G = {g1,...,8k} in R". Then G
is a Grobner basis of M if and only if the remainder of S(g:,g;) on division by G is zero

for all i < j.

Proof. The proof is the same as that of Theorem 6 in §6 of [23, Ch.2] except that we need
to replace the equality between equations (4) and (5) on page 83 of [23] by (3.2). O
The Buchberger algorithm is again the same as its commutative counterpart. Its cor-
rectness is guaranteed by Proposition 3.1.4 and its termination is by Dickson’s lemma.
Similar to the usual commutative case, a Grobner basis G is said to be reduced if, for
every g € G, lc(g) = 1 and g is reduced with respect to G \ {g}. By the same proof to
Proposition 6 in [23, Ch.2, §7], one can show

Proposition 3.1.5 For a given monomial order, every submodule M of R™ has a unique

reduced Grobner basis G.

Example 3.1.1 Let R = S and {0;(z) = Aiz}i<i<m be an integrable system of size n
over F. Consider the corresponding matrices (0; - 1, — A;) fori =1, ..., m. Let M be the
submodule generated by the row vectors of those matrices over S. These row vectors form a
Grébner basis of M with respect to a monomial order in which 0;e; = ey for all1 <i<'m
and 1 < j,k < n. This is because compatibility conditions (2.2) imply that all the remainders
of S-polynomials on division by those vectors are zero. But such a system may have only

trivial solution in any orthogonal A-extension (see Ezample 2.4.1). O

Example 3.1.2 Let R=S8 and T,, = {9;0;e;—e; | 1 <i<n, {+1<j<m}CS". Recall
that I, is the submodule generated by T, over S. A straightforward calculation verifies

that T,, is a (reduced) Grébner basis of I, with respect to every monomial order. Denote
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by P;;F the set of all the monomials in P, that are not divisible by any element of lm(T},)
with respect to Ty,. Clearly, PT consists of all the monomials of the form pe; such that 0;

and 8; do not appear simultaneously in p for all i,j with1 <i<nandf+1<j<m. O

3.2 Grobner Bases for Modules over Laurent-Ore Algebras

Set the Ore algebra R in Section 3.1 to be S. Based on the observation that £"=,;S8"/I,,,
the previous results can be applied to develop a Grébner basis technique in £™.
Let P* C L be the set of all power products 8{“ e 852 822‘:{1 - OFm for all ky,... k€N
key1

and kgi1,. .., ky € Z. Since all monomials of the form d," - - OFm constitute a commuta-

tive group, the usual divisibility on monomials is not useful for our purpose.

Definition 3.2.1 Let p and q be two elements of P*. We say that p divides ¢ in the sense

of Laurent, if the following conditions are satisfied:
1. degy, p < degy, q for all k with 1 <k <,

2. either 0 < degy, p < degy,_q or degy qg<degy p <0, for{+1<k<m.

Remark 3.2.2 Unlike in the usual sense, 9, ° does not divide 0}, in the sense of Laurent

for s, t € Z* and any k with £ +1 < k < m, by the condition 2 of Definition 3.2.1.

A monomial of L™ is an element of the form pe; with p € P* and i € {1,...,n}. The
set of monomials in £" is denoted P,;. We say that a monomial pe; divides g e; in the sense
of Laurent if 7 equals j and p divides g in the same sense.

Let P, be the set of all monomials in 8", and P! be the same as in Example 3.1.2.
Define p to be the map PI — P that sends 9; to 9; for 1 <i < m, 6 to 8]-_1 for /+1 < j<m,
and ey, to e, for 1 < k < n. Clearly, p is bijective. Moreover, for any pair pe;, ge; in P}, pe;
divides g e; in the sense of Laurent if and only if p~!(pe;) divides p~!(ge;). Consequently,
Dickson’s lemma holds for the divisibility in Definition 3.2.1. Remark that p extends to an

isomorphism from the F-vector space generated by P to £".
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Let > be a monomial order on P,. Then = is a total order on P!. For two monomials p e;
and ge; in P}, we define pe; = ge; if p~'(pe;) = p~'(ge;) in PL. Such an ordering is
called an induced order on P;. Leading monomials and leading coeflicients for elements
of L™ are then defined likewise. As an induced order on P; is a well-ordering, a division
algorithm can be devised in the same way.

Then the following definition is quite natural.

Definition 3.2.3 Let M be a submodule of L. A finite subset G C M is called a Grobner
basis with respect to an induced order on P}, if the leading monomial of every element of M

is divisible in the sense of Laurent by the leading monomial of some element of G.

One can easily show that, if G is a Grobner basis of a submodule M of L™, then an

element u € L" is in M if and only if the remainder on division of u is zero. Moreover,

Proposition 3.2.1 Let G be a Griobner basis of a submodule M in L™ and V be the F-
vector space generated by the elements of P that are not divisible in the sense of Laurent
by any element of Im(G). Then L™ = M &V where @ denotes a direct sum of F-vector

spaces.

Example 3.2.4 Let {0;(z) = Aiz}1<i<m be a fully integrable system over F. We then

have 8;1(z) = 0]71 (A;1> z for all j with { +1 < 7 < m. Consider the matrices

8 -1,—Ai, i=1,....,m, and aj-ln—ajfl(Aj—l), j=l+1,....m.

Let M be the submodule generated by the row vectors of these matrices over L. We show
that these row wvectors form a Grobner basis of M with respect to an induced order in
which 0;er = €; and 8;1e/€ = e for alli,j and 1 < k,l <n. Indeed, if pey € lm(M) is not
divisible in the sense of Laurent by any of 0;e and 3]-_1ek, then p must be one. It follows
that there exists a nontrivial F-linear combination among ey, ..., e, in M. On the other
hand, e, ..., e, are all the possible monomials that are not divisible in the sense of Laurent
by any element of lIm(M). Thus L™/M has dimension less than n over F, a contradiction

to Proposition 2.4.9. O
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As described in Section 2.5.1, there is a surjective S-module homomorphism ¢ from S”
to £ that replaces 0y, 1, . . ., 0,, appearing in an element of S™ by 9y, +11, ...,0-1 respectively.
Clearly, the kernel of ¢ is I, the submodule generated by T),,. Moreover, p is the restriction

of ¢ on the F-vector space generated by P! in S™.
Lemma 3.2.2 Let pe; € P and ge; € P,. If pe; = qe;, then ¢(pe;) = d(qe;).

Proof. Write ¢ = q1q2 where ¢1 € P! and ¢ is a power product of 9p;10p11, - - ., Ombm.
Then ge; = ¢ ej, and, consequently, pe; > ¢ e;. The lemma then follows from the fact
that ¢(qe;) = d(q1€;). O

The next proposition yields an algorithm for computing Grébner bases in L.

Proposition 3.2.3 Let M be a submodule of L™ and ¢ be defined as above. If G is a
Grébner basis of ¢~ (M) with respect to a monomial order =, then ¢(G) is a Grébner basis

of M with respect to the induced order on Pj.

Proof. Let u =), a;u; be in M with a; € F and u; € P;. Then 0 = Saipt(w) is
in ¢~ (M). Suppose that Im(u) = u;. Then Im(@1) = p~!(u;). Since G is a Grébner basis
of ¢71(M), there exists g € G such that Im(g) divides p~!(uy). Consequently, Im(g) is
in PI'. By Lemma 3.2.2, Im(¢(g)) is equal to p(Im(g)), which divides u; in the sense of
Laurent. Hence, ¢(G) is a Grobner basis of M. O

By Proposition 3.2.3 we compute a Grobner basis of a submodule M of L™ as follows.
Let s1,...,8m be a set of generators of M over £. Then p~!(s1),...,p (s;n) and the
elements of T, form a set of generators of ¢~!(M) over S. Apply the Buchberger algorithm
in Section 3.1 for R = S, we compute a Grébner basis G of ¢~1(M). Then ¢(G) is a
Grobner basis of M.

Example 3.2.5 Let S = F[01,02], L1 = 0102(01 + 1) and Ly = 0102(02 + 1) be as given
in BExample 2.4.11. Then S = F[0, 02,01, 02] and L = F[01,02,8f1,82_1]. Let us compute
a Grébner basis of the ideal I generated by Ly and Lo in L. View L1, Ly as elements in S
and let g1 = 0101 — 1 and go = 0205 — 1. We compute a Grébner basis of the ideal generated
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by H = {L1, L2, g1, 92} in S with respect to a total degree order. The remainders on division

by H of S(L1,91),S(L1,92),S(L2,g1) and S(La, g2) are
P11 =002+ 02, TI2=0} 401, 191 =05+02 and r9o = 0102+ 01,

respectively. Set Hy = H U {ri1,r12,791,722}. Both the remainder of S(ri1,g2) and that
of S(r12,g1) on division by Hy are hy = d1+1, while both the remainder of S(ra1,g2) and that
of S(ra2,91) on division by Hy are hy = O2+1. Note that all the elements of H1\{g1, g2} can
be reduced to zero by {hi,ha} and that the remainders of g1 and go on division by {hi, ha}
are hs = 601 + 1 and hy = 03 + 1, respectively. Let G = {hi,ho, h3,hs}. One can easily
verify that G is a Grobner basis of the ideal J generated by H in S. Proposition 3.2.3 then
implies that {0y + 1, 0 + 1, 07 4+ 1, 05 + 1} is a Grébner basis of 1. Hence the linear

dimension of the system in Example 2.4.11 equals one. ]
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Chapter 4

Factorization of Modules over

Laurent-Ore Algebras

The work of this chapter is motivated by the algorithm FactorWithSpecifiedLeaders
in [44, 45], where the idea of associated equations is fully generalized to factor linear PDE’s

with finite-dimensional solution spaces. In terms of modules over an Ore algebra
S =F[01;1,01] -+ [06:1,6¢)[0¢11; 0041, 0] - - - [On; o, O]

where ¢ = m, the problem solved by their algorithm can be formulated as follows: given
a submodule N of S™ such that M = S"/N is finite-dimensional over the field F, find
all submodules of 8™ that contain N. Such a submodule is called a factor of N since all
its solutions are solutions of N. In their algorithm a factor is represented by a Grobner
basis with respect to a pre-chosen monomial order. Observe that, for a (right) factor of
a given order, there is only one possibility for its leading derivative in the ordinary case,
whereas, there are many possibilities in the partial case. Due to this complication, the
algorithm has to check every possibility to compute all the factors of a given order. This is
an ideal-theoretic approach because the quotient module M does not come into play.

In the module-theoretic approach to be described in this chapter, we compute all sub-

modules of the above quotient module M, and then recover the factors of N in the sense

29
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of [44, 45] via the canonical map from S™ to M. As all submodules of M are repre-
sented by linear bases over F', the problem of guessing leading derivatives goes away. The
same idea carries over to £-modules of finite dimension and results in a factorization algo-

rithm for J-finite linear functional systems. Recall that £ denotes the Laurent-Ore alge-

bra F[0y,... ,am,agjl, o001

This chapter is organized as follows. We present some constructions on £-modules in
Section 4.1, and propose an algorithm for computing hyperexponential solutions of fully
integrable systems in Section 4.2. Two building blocks of the factorization algorithm are
described in Section 4.3, and a factorization algorithm together with some examples is given

in Section 4.4. Finally in Section 4.5, we discuss the eigenring method for factoring L-

modules of finite dimension.

4.1 Constructions on Modules over Laurent-Ore Algebras

Let R be a ring. The notions of reducibility of R-modules are defined in [55] as follows.

An R-module M is reducible if M has a submodule other than 0 and M. Otherwise, M
is irreducible or simple.

An R-module M is completely reducible or semisimple if for every submodule N; there
exists a submodule Ny such that M = N; @ Ny. Note that an irreducible module is
completely reducible as well.

An R-module M is decomposable if M can be written as N1 @& No where N7 and Ny are
nontrivial submodules of M. Otherwise, M is indecomposable.

Clearly, an R-module M is reducible if it is decomposable, and M is irreducible when
it is both indecomposable and completely reducible.

By factoring an R-module, we mean finding its R-submodules.

Let F be an orthogonal A-field with C' the field of constants, S = F[0i,...,0n]
and £ = F[01,...,0m, 0, +11, ...,0.1] be the corresponding Ore algebra and Laurent-Ore
algebra, respectively. Throughout this chapter, assume that F' has characteristic 0 and C

is algebraically closed.
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Ordinary and partial differential modules in [53] are special cases of £-modules. The
constructions in [53, §2.2] can be carried on £-modules in a similar way.

Let N be a submodule of M. The F-vector space M /N endowed with the induced
actions: 0;(w+N)=0;(w)+N for 1 < i < m and 0jl(w+N):8j_1(w)+N for (+1 < j <m,
becomes an L£-module, which is called the quotient module.

Let M7 and My be two £L-modules. The direct sum of My and Ms is M7 @ Ms equipped
with the actions: 0;(w1 + wa) = 9;(w1) + 9;(w2) and 8;1(w1 +wo) = 8]._1(w1) + 8jl(w2)
forwi € My, wo € My, 1 <i<mand/l+1<j<m.

Recall that the F-vector space M ® p M> is formed by the free abelian group generated
by the Z-linear combination of all the pairs (w1, ws) € M; X Ma, modulo the subgroup G

generated by expressions of the form:

(Wl +WT7W2) - (W17W2) - (WT7W2)7 (W17W2 + W;) - (W17W2) - (W17W§)7
(aw1, w2) —a(wi,wa), (Wi,awa) —a(wi, wa),

for all wi,w] € M, wa, w5 € My and a € F. Define
Oi(w1,wa) = (0;(W1),w2) + (W1,0;(wz)) and 0j(w1, wz) = (9;(w1),0;(w2)),

fori < ¢, 7> ¢ and s € {—1,1}. One can verify that G is closed under the actions of all

the 0; and 8]71. Thus, endowed with the induced actions:
8i(w1 X Wz) = al(Wl) X Wy +WwWi & 81(w2) and aj(wl &® W2) = 8]5(w1) X 8;(W2)

for wi € My, wo € My, i < ¢, j > {and s € {—1,1}, M; @ Ms becomes an L-module,
which is called the tensor product of My and My, and denoted by M; ® M,. The tensor
product of several £-modules can be defined similarly.

Consider the tensor product M ® - --® M of d copies of an £L-module M. Denote by W
the subspace of this tensor product generated by the expressions of the form w; ® - - - Q@ wy
where there are (at least) indices ¢ # j with w; = w;. The exterior power /\%M is defined
to be the quotient space of M ® --- ® M and W. One can verifies that W is closed under
the actions of all 9; and (9;1, so A®M becomes an £-module with the induced actions and

is called the d-th exterior power of M.
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Let M be an £L-module. The internal Hom of two L-modules M and N is the F-vector

space Homp (M, N) of all the F-linear maps from M to N endowed with the d; given by
(9i0)(w) = 9i(p(w)) —(9;(w)) for i <L and (90)(w) = d;(0(] ' (w))) for j >,
for ¢ € Homp(M,N) and w € M. A straightforward calculation shows that
(0:(0;9)) (W) = 8;0;(p(w)) = 0i((0jw)) — 0;((0iw)) + p(Didjw), 1<i<j<L,
(0:(8)) (W) = 0:0;(0(8; 10, 'w)), L+1<i<j<m,
and
(0:(950)) (W) = 8:0;(2(8] (W) — 9j(p(9 ' Biw)) = (9;(Dip)) (W),
for1 <i</{and £+ 1< j <n. Hence Homp(M, N) is a well-defined £L-module. It follows
that

Hom/g(M,N) = {¢ € Homp(M,N) | ;¢ = 0 for i < ¢ and 9j¢ = ¢ for j > (}.

A special case of internal Hom is the dual module M* := Homp (M, F') of an £L-module M.
Let M be an L-module with an F-basis eq,...,e,. Suppose that

6i(ela"'>en)7—:Bi(elv"'aen)Ta izl?"'ama

where B; € F"*". Then the B; are invertible for j > ¢. Let M* be the dual module
of M and ej,..., e} be its dual basis such that e}(e;) is 1 if i = j and is 0 otherwise.

Write B; = (bx;) for ¢ < £ and Bi_1 = (ajk1) for i > £. For i < ¢, we have
0; (e;-‘) (ex) = 6; (e;-‘(ek)) —e;(di(er)) = —e€; <z”: biklel) = —bikj,
=1
for k=1,...,n, thus d;(e}) = — S bisjer, and for i > ¢,
(95e5)(ex,) = 0;(€}(8; H(ex))) = i (e}‘ (Zn: Uil(aikl)el>> = 0;(0; Hairy)) = air,
=1
for k=1,...,n, thus 9;(e}) = >_i_, ais;e;. The above argument leads to

di(el,....e)T=—DBI(el,...,e:) for i<l and d;(e},...,e:) =(B: )7 (e},..., &)  for i>L.

rn rTn
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We call the sequence of matrices
-Bi, ..., =By, (B[Jrll)T, e (B’l)T, (4.1)

the dual sequence of By, ..., Bn,.

As a consequence of Proposition 2.4.8, we have

Lemma 4.1.1 Let By,..., B, € F"*" where the B; are invertible for j > {. Then they
satisfy the compatibility conditions (2.2) if and only if its dual sequence (4.1) satisfies (2.2).

Remark 4.1.1 Lemma 4.1.1 can be proved alternatively by a straightforward but tedious

verification of the conditions (2.2) for these matrices.

4.2 Hyperexponential Solutions of Fully Integrable Systems

As a preparation for our factorization algorithm, we present an algorithm for computing
hyperexponential solutions of fully integrable systems.

We first recall some definitions introduced in [39].

Let £ be an orthogonal A-extension of F'. A nonzero element h € E is said to be
hyperexponential over F with respect to 0; if 0;(h) = r;h for some r; € F. The element h is
hyperexponential over F if it is hyperexponential over I’ with respect to all 9;. In the sequel,
we abbreviate “hyperexponential” as “hyperexp”. Two hyperexp elements hi, ho € E are
said to be similar over F', denoted by h; ~ hg, if there exist c1,co € Cg and r1,79 € F such
that ciroh1 + carohg = 0.

The above two notions can be extended to vectors. We say that a nonzero vector h € E™
is hyperexp over F' with respect to 0; if h can be written as hv where v € F and h € F is
hyperexp over F' with respect to 0;. The vector h € E™ is hyperexp over F' if h is hyperexp
over F' with respect to all 9;. Observe that h € E™ is hyperexp over F' if and only if h can be
written as hv where v € F™ and h € E is hyperexp over F. Indeed, if h € E™ is hyperexp

over F' then h = h;v; where v; € F" and 9;(h;) = r;h; with r; € F for i = 1,...,m. Fix
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an index j. Since h;v; = h;v;, there exists ¢; € I such that h; = ¢;h; for each i. Applying

the d;, for i < ¢, and the oy, for ¢ > £, to the above relation yields
di(hj) = ('ri — qi_ldi(qi)) hj for i <¢ and o;(h;) = mqiai(qi)_lhj for 7 > 4.

Hence h; is hyperexp over F' and h = h;v; is of the desired form.
Unlike in the purely differential case, a hyperexp element of an orthogonal A-extension
of F' is not necessarily invertible. However, the following lemma shows that a hyperexp

element in a simple orthogonal A-ring extension is always invertible.

Lemma 4.2.1 Let E be a simple orthogonal A-extension of F. If h € E is hyperexp over F

then it is invertible in E.

Proof. By definition, 9;(h) and h are linearly dependent over F fori = 1,...,m. If follows
that the algebraic ideal (h) generated by h in FE is invariant. Since E is simple, (h) = E

and so h is invertible. O

Remark 4.2.1 From Theorem 2.2.5, every fully integrable system has a Picard-Vessiot
ring E, which is a simple ring containing “all” solutions of the system. So we can assume
that, for every hyperexp solution hv of a fully integrable system, h is invertible. In addition,
we have Cp = C, as F has characteristic zero and C' is algebraically closed. Hence two

hyperexp elements over F are similar if and only if their ratio is an element of F'.

We now describe two algorithms for computing hyperexp solutions of fully integrable
systems.

The first algorithm is a natural generalization of the “cyclic vectors” method used in
purely differential ([53]) and purely difference ([31]) cases.

Let M be an L£-module of finite dimension. An element w of M is called a cyclic vector
if there is k € {1,...,m} such that w, d(w), ...,97 *(w), with n > 1, form an F-basis
of M.

Given a fully integrable system {0;(z) = A;z}1<i<m of size n over F, let A be the stacking
of blocks (9; - 1,, — 4;), M be the module of formal solutions of A(z) =0 and {ey,...,e,}
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be a set of L-generators of M such that A(ei,...,e,)” =0, i.e.,
8i(e1,...,en)T:Ai(el,...,en)T, izl,...,m. (42)

Hence {ey,...,e,} is a set of F-generators of M by Example 2.4.9 and moreover, by Propo-
sition 2.4.8, it is an F-basis of M.

Assume that F' contains a nonconstant a. Then either dx(a) # 0 for some k < /¢
or ox(a) # a for some k > £. In the former case, M as an F[0]-module contains a cyclic
vector by Proposition 2.9 in [53], and in the latter case, a is not periodic, therefore M as
an F[0y, 0, ']-module has a cyclic vector by Theorem 7.2 in [31]. So, in both cases, M
contains a cyclic vector w such that w,dg(w),..., 8,2‘_1(W) form an F-basis of M. Then
there exists P € GL,(F) such that (e1,...,e,)” = P(w,0(W),...,97 '(w))”. Suppose
that

Oi(w, Ok (W), ..., 8,?71(W))T = Bi(w,0k(W),... ,8gfl(w))7, i=1,...,m, (4.3)

where B; € F™". By Proposition 2.4.8, {0;(y) = Biy }i<i<m with y = (y1,...,yn)7 is
a fully integrable system, for which M is the module of formal solutions. Theorem 2.4.1,
together with (4.2) and (4.3), implies that the map y — Py from solg({0;(y) = By }1<i<m)
to solg({0i(z) = Aiz}1<i<m) is bijective, for any orthogonal A-extension E of F. By linear
algebra, we find a rectangular system L : {Li(y) = 0, ..., L,,(y) = 0} annihilating y;,
where each L; € F[0;] is of minimal order. Clearly, there is a one-to-one correspondence
between solg(L) — solg({0;(y) = Biy}i<i<m) given by y — (y,0k(y),...,0; '(y))7, for
any orthogonal A-extension E of F. Hence every hyperexp solution of {0;(z) = Aiz}i<i<m
has the form P (h, 9;(h), . .. ,8Z_I(h))T where h is a hyperexp solution of L in E. Therefore
it suffices to find all hyperexp solutions of the system L.

By Proposition 1 in [46], every rectangular system has only a finite number of dissimilar
hyperexp solutions. Apply the main algorithm in [39, 40] to L to compute all its hyperexp

solutions. Suppose that we find

hﬁ“u, ey h‘lrlvtl? ey hs’l“sl, ey hsrs,tsy
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where hq, ..., hs are dissimilar hyperexp elements over F' and r;1,...,r;¢, € F are linearly
independent over C. Every hyperexp solution h of L has the form h;(ci7i1 + -+ + ¢y, i)
with some 7 € {1,...,s} and ¢; € C, not all zero.

Fori=1,...,sand j =1,...,¢, we get that
P (hirij, 8k(hirij), ey 82_1(hirij) )T = hivij,

where v;; € F™. Since 741,...,7;4, are linearly independent over C, so are vii,...,V;g,.

Thus, every hyperexp solution of {0;(z) = A;z}i<i<m has the form
hi(c1vit + - + ¢, Vi)

with i € {1,...,s} and c1,...,¢, € C, not all zero.

Although in theory, by finding a cyclic vector, we can reduce the problem of finding
hyperexp solutions of {0;(z) = A;z}1<i<m to finding hyperexp solutions of the associated
rectangular system L, finding such a system and computing its hyperexp solutions can be
of high complexity.

We now present an alternative approach to computing hyperexp solutions of fully in-
tegrable systems. This algorithm is based on the assumption that we are able to find all
rational solutions of a fully integrable system. Indeed, for the ordinary differential case, an
algorithm to find rational solutions of the system y’ = Ay without using cyclic vectors has
been given in [1, 3], and the method in [39, 40] for finding rational solutions of rectangular
systems can be adapted easily to finding rational solutions of fully integrable systems.

Given a fully integrable system {0;(z) = A;jz}1<i<m where z = (21,...,2,)7, find by
linear algebra a rectangular system L : {L;(z) =0, ..., Ly,(z) = 0} annihilating z; where
each L; € F[0;] is of minimal order. We then proceed as follows.

Step. 1. Apply the algorithm in [39, 40] to compute all hyperexp solutions of L. If L has
no hyperexp solutions then go to Step 2. Otherwise, suppose that we find {hyry, ..., hsrs}
where hq,...,hs are pairwise dissimilar hyperexp elements over F' and the r; € F may

contain some unspecified constants. For each k € {1,..., s}, let y1,. .., y, be new unknowns
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and substitute z; = hgyi, ..., 2n = hiyp into {0;(z) = Aiz}i<i<m to get

T k T y
0i(Y1, -+, Yn) :Bi()(yl,...,yn) , i=1,...,m, (4.4)
where Bi(k) = A; — %};’“)1” for ¢ < ¢ and Bi(k) = J_}(L;;k)Ai for ¢ > ¢. A straightforward

verification shows that (4.4) is a fully integrable system, of which we can find all rational
solutions of (4.4) by the assumption. Suppose that vi,..., vy, form a basis of all rational

solutions of (4.4), for k =1,...,s. Hence,
hlvlla s hlvl,t1 3 ) h‘svs,la ) hsvs,ts

are hyperexp solutions of {0;(z) = A;z}1<i<m whose first coordinates are nonzero. More-

over, all hyperexp solutions of this system, whose first coordinates are nonzero, are C-linear

combinations of hyvyi, ..., hgvyy, for some k € {1,...,s}. Indeed, if hv is a hyperexp
solution, where v = (v1,...,v,)7 € F™ and vy # 0, of this system, then hv; is a hyperexp
solution of L. Therefore h is similar to some hy with k € {1,...,s}. There is r € F such

that A = rhy, thus rhiv is a hyperexp solution of the original system. It follows that rv is

a rational solution of (4.4). Hence

hv =rhpv = hy (c1vga + - + ¢, Vi),  Where ¢, ..., ¢, € C, not all zero,

are hyperexp solutions of the original system.
Step. 2. Substitute z; = 0 into all the first rows in the system {0;(z) = A;z}1<i<m to yield a
linear system Pz = 0 where P is a matrix over F' with n columns. Apply the algorithm Lin-
earReduction to {0;(z) = Aiz}1<i<m and Pz = 0 finally yields a partition {u, v} of z such
that v=Qu where @ is a matrix over F, and a fully integrable system {0;(u)=B;u}i<i<m
over F' which has less unknowns than the original one.

The above process can be repeated recursively until we find all hyperexp solutions
of {0;(u) = Bju}i<i<m. We therefore get hyperexp solutions of {0;(z) = A;z}1<i<m via
the formula v = Qu. Combine all the hyperexp solutions obtained in these two steps, we

obtain all hyperexp solutions of the original system.

Algorithm HyperexpSolutions (Find all hyperexp solutions of a fully integrable system)
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Input: A fully integrable system {0;(z) = Aiz}1<i<m over F where z = (21,...,2,)".
Output: All its hyperexp solutions.
1. [Initialize] Set H to be the null set.

2. [Construct a rectangular system| Find by linear algebra a rectangular system
L: {Li(z)=0, ..., Ly(z)=0}

that annihilates z.

3. [Compute hyperexp solutions whose first coordinates are nonzero] Apply the algorithm
in [39, 40] to compute all hyperexp solutions of L. If L has no hyperexp solutions, then go
to Step 4. Otherwise, suppose that we find {hiri,...,hsrs} where hy,..., hs are pairwise
dissimilar hyperexp elements over F' and the r; € F' may contain some unspecified con-
stants. For g = 1,...,s, construct the fully integrable system B : {9;(y) = Bi(g)y}lgigm
where B = A; — 221, for i < ¢ and BYY) = _te5A; for i > ¢ If B® has only trivial
solution for ¢ = 1,...,s, then go to Step 4. Otherwise, suppose that BU1), ... BUd) have

nonzero rational solutions where 1 < ji <--- < jg <s. Let vj,1,...,v; 4 be a basis of
rational solutions of BU») for p =1,...,q. Set

hj, = hy, (thlvjl,l +ot Cj,tjy Vj1>tj1) IR hjq = hjq (qu,lvjq,l +ot quvtququtjq) )
where ¢;,1,...,¢j,¢;, € C, not all zero, for p=1,...,q. Set H to be {h;, ..., h; }.

4. [Compute hyperexp solutions whose first coordinates are zero| Substitute z; = 0 into the
system {0;(z) = Aiz}1<i<m to yield Pz = 0 where P is a matrix over F' with n columns.
Apply the algorithm LinearReduction to {9;(z) = A;z}1<i<m and Pz=0 to finally pro-
duce a partition {u, v} of z such that v = Qu with ) a matrix over F', and a fully integrable
system {0;(u)=DB;u}i<i<m over F. Apply the algorithm HyperexpSolutions recursively
to compute hyperexp solutions of the system {0;(u) = Bju}i<i<m. If this system has no
hyperexp solutions, then return H. Otherwise, suppose that we find g1, ..., g where g; may
contain some unspecified constants. Use the formula Qg; for ¢ = 1,...,[, to retrieve other
components. We thus obtain some hyperexp solutions {hy, ...} of {9;(z) = Aiz}i<i<m.

Update H by combining the values of H and {fll, ol fll}, and return H.
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Remark 4.2.2 The algorithm HyperexpSolutions is applicable when the coefficient field
is the field of rational functions in x1,...,x, over Q, and &; only acts nontrivially on x;

for 1 <i < n. This is because the algorithm is based on the work in [39, 40].

Example 4.2.3 Let F = C(z,k) and § = F[0y;1,6,][0k; 0k,0]. We now compute hyper-
exponential solutions of the fully integrable system A®) : {5,(z) = Aoz, op(z) = Aoz}
where z = (21, 22, 23, 24, 25, %6) ",

_2(@?—z—k?)

0 0 0 0
==k 3,2 2 2 2_,3
o o ans z3+ta k—2zx2—(;nli-;)k z— k2K 0 0
222 —z—k2—2k—1)
A2x = 0 - - (e—k—Dax 0 ass 0
0 —1 0 ,M aas 0 ’
(x—k)x 45
0 0 -1 -1 ass 0
2(x2—z—k2—2k—1)
0 0 0 0 0 -G Ds
in which
Ao — 23 +a’k—a?—3xk—2x—k2x—4k%>—5k—2—k3 Qar — 23 +a’k—2x% —ak—k2z—k*—K3
23 — 22(x—k—1) ; 35 — 22 (z—k) )
aus — TAatk—a?—3wk—2z—k?w—4k?~5k—2-k> _ _ _ 2(223—22%k—32% —2k22x+2k3 43k +k
45 = z2(z—k—1) ’ 55 = (z—k)z(z—k—1) ’
and
4(z—k—1)2 0 2(z—k—1) _2(x—k—1) _2(x®—20k—224 k24 k) 1
(x—k)2z2 (z—k)x (z—k)x 22 (z—k)2
2(z2 —20k—4z+k2+3k+2) (z—k—2) 0 _ 2(z?—2a0k—3z+k242k) 0 0
( (m—k)2(14 ) (z—k)x2 z2(x—k)
2(z—k—2)(z—k—1 z—k—2
— 0 0 0 0
_ (x—k)2a3 (x—k)x2
A2k - 2(x—k—2)(x—k—1) 0 z—k—2 0 _ 2(e?—2z0k—3z+k%42k) 0
(m—k)213 (;v—k)z? ms(sz)?
—k—2
0 0 0 0 =55 0
(e=ko2)? 0 0 0 0 0
(x—k)*x
By linear algebra, we obtain two annihilators
(x2—2—k2) 3(z—k—3)2 3(z—k—3)? (x—k—3)2

Ly =0, + 2552 and Ly =0} - Z55505 00 + 0t Ok — S

of z1 in Oy and O, respectively, both of minimal order. Applying the algorithm in [39] to
the rectangular system L : {Ly(z1) = 0, Lg(z1) = 0}, we find the common associate of all
hyperexp solutions of L is e **x 2%, Substituting z; = e 2Tz ~?ky; fori=1,...,6, into A?)

with the new unknowns y; yields the following system B : {0,(y) = B.y, ox(y) = Bry}
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where y = (y1, Y2, y3,y4,y57y6)T;
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2% 0 0 0

B,— 0 -1 % 0
0 -1 0 2

0 0 -1 -1

0 0 0 0

i which bog =

23 +ak—a?—3ck—2x—k?r—4k%—5k—2—k3

0 0

0 0

23422k—222 —ak—k2z— K2 K3 0
:£2(:c—k2

23 4a2k—22—3zxk—20—k2z—4k?—5k—2—k3 0
22 (x—k—1

228 —a?k—222 k22 +k342k2 4 k) 0

@—Rz(z—k—1)
0 2(k41)
@—k—Dz

4(z—k—1)2
(x—k)2 0
2(x?—20k—4x+k?+3k+2)  o—k—2
22 (2—15)2 z—k
_2(z—k—2)(z—k—1) 0
— z(z—k)2
Bk 2(x—k—2)(z—k—1) 0
z(z—k)2
0 0
(z—k—2)2
z2(z—k)2 0

z2(z—k—1)

2 (z—k—1)

z—k
0
0

r—k—2
z—k

0

0

, and

_2e(e—ko1) _2e®—2ek-204k24k) 2
z—k (x—k)?2 x
_ 2(x?—2ak—3z+k242k) 0 o
z(z—k)2
rz—k—2
R 0 0
0 _ 2(x?—2ak—3z+k242k) o
z(z—k)2
rz—k—2
0 e 0
0 0 0

A basis of all rational solutions of B is {vi,Vva, V3, V4, V5, Ve} where

—z2 4+ 2zk — k2

s

_ 2K3 k%222 2t a4k* —222 k% 4 30k +3k% e — 42 k4ot
3

V1 =

24223 + k3 +2xk+k%—3x°k—32>
22

x

—2xk+k+k®+a’ k422 —x—2k%
12

_ k+k2+z2 —x—2xk

xT

2?2 —22k—2x4+k>42k+1
2

k® +5/22% + 2%k 4+ 5/2k* — 2k*z — Sak

—x? + 2zk — k2
_ k2—2zk+k—2x+a?
$2

k+k’+x’—x—2zk
T

 k+kA 4 —a—2zk
x

0
22 —22k—2x4+k>42k+1
2 /

xT

V3=

_ 22 12k 2k% 1 10xk—k—4x? k24 4k% a4 62— Ta2k—5x2 — 2234 5k3
2

xT

—5x2+5xk+k3+3x+22% —k—322%k

T

—4k2x+3k3 —22k+5k—5x—9xk+8k2+2x3 +22

T

—2k — 2k? + 4xk + 22 — 22
—10zk+3+8k—6x+222k—4k2x+322+ 7k +2k3

222
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—2k%x + 22 + k2 + 2%k — 22k + K3

_ 2z—a® k24 5aktat 43k% s —4a’ k4 k* —22% — 222 k24 2k3
P
x

22— 2k —2x+ k2 +2k+1

3 —3k2x+2k—2x+2k3 —4ak+4k?
T

22— k%2 —k+x+ 22k

k(x?—20k—2x4+k242k+1)
x2

V4=

—2k3 — 2k2 — 22%k — 222 4 4k%x + 4xk
o —2k*—kPr—dr+a®+krr+4x’ —22* +42% k% — 42 k—22° k> + 822 k—2k? +4xk® —8xk—4k®
22
23 4+ 4z — 322 4+ 32k — 22k — 3k — 2+ Kk — k%2

—22° 322 k+4z—8k>—22° — 22 k>+ k%2 —4k> —4k+a* +102k—2 3 k+xk® ’
xr

2k? — 2z — k%x — 5ok — 23 + 322 + 222k + 2k

_ 2k(2®—20k—2z+k>+2k+1)
x2

V5 =

—2xk3 + 5k% + 522k + k* + 622 — 10k%x + 6k% + 22k% — 122k
23 —423k? -5k +k—4k* —5k%z—212k+1922k+112% +2k* 2 —122— 524 +22° + 1122 k% —10k> 823 k+-62k>
932

_ 77m3+k+7x2k712k2+2x4+1 122 791k+k4 —6x—22%k
xr
 —k* =522 k=22 k4 1124252k —20k2 420k 2z —52°% =522 —3x2 k2 —11k—10k> 4+ 2% +4xk®
x

Vg =

—42%k — 5k + 223 — 5k% + 122k + 5z + 2Kz — T2

—dz+32%k+2?k? +k* + 2224 9k% +5k% —20k> —102k+2+Tk—8k>x
I2

So all hyperezp solutions of the original system A are of the form e 2%x—2F (Z?Zl civi>

where the ¢; are in C, not all zero. ]

4.3 A Module-Theoretic Approach to Factorization

We describe an idea on factoring £-modules, which generalizes the module-theoretic method

for factoring differential modules [53, 62].

4.3.1 Reduction from M to A*M

Recall that a decomposable ([48]) element w € AM is an exterior product of d elements

inM,ie,w=wi A AWy
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The following theorem is a generalization of Lemma 10 in [22] or the corresponding

statement in [53, §4.2.1]:

Theorem 4.3.1 An L-module M has a d-dimensional submodule if and only if A*M has

a one-dimensional submodule generated by a decomposable element.

Proof. Let N be a d-dimensional submodule of M and wy,...,wg be an F-basis of N.
Suppose that d;(wi,...,wq)" = Aj(wi,...,wq)" where A; = (aist)1<s,t<a € F*? for

each i. Then AN is an F-subspace of ALM generated by wi A - -+ A wg. Moreover,
Oi(Wi A+ Awyg) :Zgzlwl/\"'Aai(Ws)/\"‘/\Wd
— Zng (Wl A A (Zle aistwt> R /\Wd) = tI‘(Az) (Wl A /\Wd) c /\dN,

for i < ¢ and 9;(wi A~ Awy) = 0j(wi) A+ ADj(wg) = det(A;) (Wi A Awy) € AN
for j > £, where “tr” and “det” denote respectively the trace and the determinant of a
matrix. So, A°N is a one-dimensional submodule generated by wq A --- A wg, which is
decomposable.

Conversely, let u = wi A --- A wy be a decomposable element of AYM that generates
a one-dimensional submodule. Suppose that 0;(u) = a;u with a; € F for i = 1,...,m.
Clearly, a; # 0 for j > ¢ since M is an L-module. Since u # 0, wy,...,w, are linearly
independent over F'. Therefore there is a basis B of M containing w1, ...,wy. Pick arbi-
trarily a finite number of distinct by, ..., by in B\{w1,...,wg}. The F-linear independence
of wi,...,wq,b1,...,bg then implies that of by Au,...,bs A u. In particular, b Au # 0
for any b € B\ {wy,...,wg}.

Consider a map ¢y : M — AYT'M given by v — v A u. Clearly, ker(¢y) is a vector

space over F. Let v € ker(¢y) then v Au=0. For i </, we have
0=0;(vAu)=0;(v) ANu+vA (au) =0;(v) Nu+a;(vAu),
thus 0;(v) Au =0 and 0;(v) € ker(¢y). For j > £, we have

0= 09;(v Au) =0;(v) A (aju) = a;(0;(v) Au),
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which implies that 0;(v) Au = 0 and thus 0j(v) € ker(¢y). Likewise, 8]-_1(V) € ker(¢y)
for j > £. So, ker(¢y) is an L-module.

Clearly, ®¢_,Fw; is contained in ker(¢y). Let w be in ker(¢,) C M. Then there
exist by, ...,bsin B\{wi,...,wg} such that w = Zle )\Z-wi—kZ;:l pibj where \;, i € F.
Therefore 0 = w Au = ijl ij (bj Au). The F-linear independence of by Au,...,bs Au
therefore implies that p; = 0 for each j. So ker(¢u) = @leF w; and is a d-dimensional
submodule of M. g

Theorem 4.3.1 converts the problem of finding d-dimensional submodules of M into
that of finding one-dimensional submodules of A?M whose generator are decomposable,
and thus reduces our factorization problem to two “subproblems”: finding one-dimensional

submodules and determining the decomposability of their generators.

4.3.2 One-Dimensional Submodules

As we saw, a building block for factoring is computing one-dimensional submodules. In the
ordinary differential case, an efficient algorithm for finding one-dimensional submodules is
described in [7] and implemented in the ISOLDE package.

In this section, we first set up a correspondence between one-dimensional submodules of a
finite-dimensional £-module and hyperexponential solutions of its associated fully integrable
system. Such a correspondence results naturally in an algorithm for finding one-dimensional
submodules.

Let M be an L£-module with an F-basis eq,...,e, and let e = (e1,...,e,)”. Suppose
that 0;(e) = B;e where B; € F"*" for i = 1,..., m. By Proposition 2.4.8, By, ..., B, satisfy
the compatibility conditions (2.2) and the B; are invertible for j > ¢. By applying 8]._1 to
both sides of 0;(e) = Bje, we get 0;1((3) = a;l(Bfl)e for j > ¢, which means the £-module
structure of M is uniquely determined by the actions of 01, ...,0y,. Let w =>"" | a;e; € M
with a; € F. Then

0i(w) = 0;((a1,...,an)e) = (0;(a1,...,an) + (a1,...,a,)B;) e
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for i < ¢ and 0;(w) = 0j((a1,...,an)e) = oj(a1,...,an)Bje for j > £. The condition
Oi(w)=0, i<{¢ and 0j(w)=w, j>/

has therefore a translation that the vector (ai,...,a,)” of coefficients of w is a solution
of the system {0;(z) = Aiz}1<i<m where A; = —B] for i < { and A; = (Bl-_l)T for i > £.
From Lemma 4.1.1, {0;(z) = A;z}1<i<m is a fully integrable system, which is called the fully
integrable system associated to M with respect to the basis e1,...,e,. Let f1,..., f, be an-
other F-basis of M with (f1,...,f,)=(e1,...,e,)T for some TeGL, (F). Substitute z=Tz*
into {0;(z) = Aiz}1<i<m, we obtain the fully integrable system {0;(z*)=Az*}1<i<p, for the

new basis, where
Af =T'AT —T7'6(T), for i<l and A} =o;(T")A;T, for j> L.

By Definition 2.2.5, {0;(z) = Aiz}1<i<m and {0;(z*) = Afz*}1<i<m are equivalent. Indeed,
the fully integrable systems associated to a finite-dimensional £-module with respect to its
different bases are equivalent.

Conversely, any fully integrable system {0;(z) = A;z}1<i<m comes from an L£-module
M := F™ with the canonical basis {eq,...,e,} and the 9; given by

Oi(er,...,e,)" = —Aj(e1,...,e,)" and O0Oj(er,...,ey)" = (Aj_l)T(el, coen)’,

for i+ < ¢ and j > £. So we have set up a correspondence between L-modules of finite
dimension and fully integrable systems of equal dimension.
[Convention] Any element of F" is considered as a column vector.

For convenience of later discussion, we give the following proposition, which is an ana-
logue to Proposition 5.1 in [45]. It describes a correspondence between one-dimensional
submodules of a finite-dimensional £-module and hyperexp solutions of its associated fully
integrable systems. Although this proposition is obvious in the ordinary (differential and
difference) cases, a detailed proof seems necessary because the compatibility conditions

should be taken into account.
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Proposition 4.3.2 Let M be an L-module with an F-basis eq,...,e, and A be the fully

integrable system associated to M with respect to eq,...,e,. Then

(i) If hv is a hyperexp solution of A where v € F™ and h is hyperexp over F, then the

element (ey,...,e,)v generates a one-dimensional submodule of M.

(ii) If the element (e1,...,e,)v with v € F™ generates a one-dimensional submodule of M,

then there exists a hyperexp element h over F such that hv is a solution of A.

(iii) For k = 1,2, let hyvy, where vi, € F™ and hy is hyperexp over F, be a hyperexp
solution of A, and Ny, be the one-dimensional submodule generated by (e1,...,e,)V.
Then Ny is isomorphic to Na if and only if hy ~ ho. In particular, Ny = Na if and

only if h1 ~ hg and v1 and vo are linearly dependent over F.

Proof. (i) Let u= (ey,...,ey)hv. Since hv is a solution of A, we have 9;(u) = 0 for i < ¢
and J;(u) = u for j > £. Set w =} = (eq,...,e,)v € M. Then 9;(w) = —%hh)w for i </
and 0;(w) = %w for j > ¢, so F'w is a one-dimensional submodule of M.

(ii) Let w = (e1,...,e,)v € M. Suppose that 0;(w) = a;w with a; € F for 1 <1i < m.

Proposition 2.4.8 together with Lemma 4.1.1 implies that the system
{0i(y) = —aiy, 1<i<tl (y)=a;'y, (+1<j<m},

is fully integrable. Thus, either by Theorem 2.2.2 or by Example 2.2.6, this system has a
solution h in a simple orthogonal A-extension of F. One sees that 0;(hw) = 0 for i < ¢

and 0;(hw) = hw for j > ¢, thus hv is a hyperexp solution of A.

(iii) Set wy = (eq,...,e,)vy for k =1,2. By the same argument in (i), we have
0i(h . h ,
Oi(wy) = — ( k)wk, for i <¢ and O0;(wy) = — % _wy, for j> L. (4.5)
hk O‘j(hk)

If hy ~ hy then Z—f = r for some r € F' by Remark 4.2.1. It follows that the map from N;
to Ny given by w; — rwy is an isomorphism of L-modules. Conversely, let ¢ be an

isomorphism of £-modules from N; to N sending wi to rwo where r € F. The L-linearity
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of ¢, together with the relations (4.5), implies that

Oith) _ 0ilhn) | 0u(r) iy g %) _ gt oi() oy
ho hy r ha h "

which implies hy ~ ho. The second statement in (iii) is then obvious. O

At the end of this section, we describe an algorithm for finding one-dimensional sub-
modules of £-modules of finite dimension.

Let M be an £-module of dimension n and {0;(z) = A;z}1<i<m be the fully integrable
system associated to M with respect to a basis eq,...,e, of M. Suppose that, by apply-
ing the algorithm HyperexpSolutions, we find a finite collection of hyperexp solutions

of {81(Z) = Aiz}lgigm:
h1V117 AR hlvl,tla LR hsvsb AR hsVs,tsa

where hy,...,hs are pairwise dissimilar hyperexp elements over F' and vy 1,..., vy, are
linearly independent over C' for k = 1,...,s. Let hv be a hyperexp solution of the sys-
tem {0;(z) = Aiz}i<i<m. Then h is similar to some hy with 1 <k < s and v is a C-linear

combination of Vi1, ..., Vi . Set Wy = (eq,...,e,)vy for [ =1,... ¢ and
Iy ={F(ciwg1 + -+ ¢4, Wit,) | ¢1,..., ¢, € C, not all zero},

for kK =1,...,s. From Proposition 4.3.2, it follows that Iy, ..., Is constitute a partition of
[11aaehi

all one-dimensional submodules of M by the equivalence relation “=,”, an isomorphism

between L-modules.

Example 4.3.1 [Legendre’s system] Let F' = C(z,k) and £ = F[0,,0,0; '] be the
Laurent-Ore algebra. A Grébner basis of the ideal generated by the Legendre’s system (1.1)
15 as follows:

po=ak+az+(@®—1)0, — (k+ 1)k, g2=k+1+ (k+2)0; — (2zk + 32)0%.

Let A= (g1,92)" € L2*Y, M = L/(Lg1 + Lg2) and e1,es be the images of 1 and ), in M,

respectively. Then ey, ey form a basis of M over F and, in addition,

5 [ € =gz Sl e a0 [ € 0 1 e
x - 5 k =
—k—1  xk —k—1  2ak+3
€2 e llilins, €2 €2 T ks €2
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Apply the algorithm HyperexpSolutions to the fully integrable system associated to M
with respect to e1,ea. We find that this fully integrable system has nmo hyperexp solutions.

So M has no one-dimensional submodules, or, M is irreducible. ]

4.3.3 Decomposability of Elements of AYM

We now return to the problem of finding d-dimensional submodules of a finite-dimensional £-
module M.

Apply the algorithm described in Section 4.3.2 to find all one-dimensional submodules
of AYM. Suppose that we obtain a finite collection {Fw1, ..., Fw,} of one-dimensional
submodules of AYM, where each wj may contain some unspecified constants. By The-
orem 4.3.1, F'wj corresponds to a d-dimensional submodule of M if and only if wy is
decomposable. It remains to determine the decomposability of each wy, or, in other words,
to find constraints on the unspecified constants, for which wy, is decomposable.

For each w in {w1,...,ws}, consider the map ¢y : M — ATL1M given by v — v A w.
From Theorem 1.1 in [48, Ch.4] and the proof of Theorem 4.3.1, w is decomposable if
and only if ker(¢w) is of dimension d. The latter is equivalent to the condition that the
matrix P of ¢y has rank (n — d). Hence determining the decomposability of w amounts to
a rank computation of P, i.e., identifying the unspecified constants cy, ..., ¢ in w such that
all (n—d+1) x (n—d+1) minors of P are zero and P has a nonzero (n—d) X (n —d) minor.
This further amounts to solving a nonlinear system in c¢y,...,c;. We observe that this is
the Pliicker relations described in [53, 61] (for more details, please see [29, 30, 32]). If this
nonlinear system has no solutions in C, then w is not decomposable and does not lead to
any d-dimensional submodule of M. Otherwise, substitute the values of ¢y, . .., ¢; into P and
compute a basis ry, ..., rq of the rational kernel of P where r; € F™. Set u; = (e1,...,e,)r;

for j=1,...,d. Then EB?ZlFuj is a d-dimensional submodule of M.

Remark 4.3.2 There are alternative ways to compute ranks of parameterized matrices, for
example, the Gaussian method with branching, a Grébner basis method using the linear

structure [23] or the algorithm described in [60] for computing the rank of a parameterized
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linear system. These methods may be more efficient than computing minors.
Example 4.3.3 Let M be an L-module with an F-basis e1,eq,es,e4. Suppose that

Oz(e1,€2,e3,e4)” = Ay(er,e2,e3,e4)” and Ok(er,ez,e3,eq)” = Ag(er,e2,€3,€4)7,

where

k(k41) (2k+3)z  2k+3
0~ 0 0 k+1 k++1 10
-1 =0 0 0 &g

A = (b 41)(k42) and Ay, = i

0 0 0 - w1 0 00

2z k42
0 0o -1 2 Y

Then {0,(z) = — ALz, o)(z) = (A, )7z} is the fully integrable system associated to M
with respect to the given basis. Apply the algorithm HyperexpSolutions, we find that the
above system has no hypererp solutions. So M has no one-dimensional submodules.

In a similar way, we find that the fully integrable system associated to N3M with re-
spect to the basis {e1 N ea Aes, e1 Nex Aey, e Nes /ey e AesAes}t has no hypererp
solutions. Thus N°M has no one-dimensional submodules and consequently M has no three-
dimensional submodules.

Let us compute all two-dimensional submodules of M. Clearly,
fi=eiNey, fo=ejNe3, f3=ejNey, fi=ersNe3, fs5=exNeq, f5=-e3Aey,
form a basis of A>2M over F and, moreover,

8x(f1, ce ,fﬁ)T = Bx(fl, ce ,fﬁ)T and 6k(f1, . ,fﬁ)T = Bk(fl, ey fﬁ)T,

where
=0 0 0 0 0
0 o0 —Ehte k0D 0 0
s _| 0 - 2 0 —Bk4l) 0
=
0 1 0 I§i1 _ (k+;2)£k1+2) 0
0 0 ~1 -1 - 0
2z
0 0 0 0 0 e
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and
M 0 (2k+3)x _ (2k+3)x 2k+3 1
(k+1)2 k+1 k+1 k+1
k+2)(2k+3 k
% kt2 0 0 0 0
k+2)(2k+3)x k
B _% 0 0 Tﬁ 0 O
(k+2)(2k+3)z k
S 0 aE 0 00
k42
0 0 0 0 S
2
O

Then {6,(z) = —BZ, o(z) = (B}, ')z} is the fully integrable system associated to N2M.

Apply the algorithm HyperexpSolutions to find all its hyperexp solutions:

-
_ 1 1 T x k+1 1 *
h_c<_m2—1’_k+1’_12—1’a:2—17x2—1’_12—1) ) fOT any ceCr.

Hence the generator of any one-dimensional submodule of N>M has the form

_ 1 1 __x x k+le 1
w=—oah - g - phh + phto+ 5k - ot

Thus A*M has only one-dimensional submodule Fw. Consider the map ¢w : M — N3M

given by v — v Aw. The matriz P of ¢w is

_z 1 N 0
2 —1 k+1 z2—1
k+1 T 0 1
z2—1 z2—-1 z2—1
_ 1 0 x|
x2—1 r2—1 k+1
0 _ 1 _ k+1 T
z2—1 z2—1 z2—1

and has exactly rank 2. This means that M has two-dimensional submodules. To retrieve

two-dimensional submodules of M, we compute the rational kernel of P and find its F'-basis

k T 21 T
r1:<”“" +x,—k—1,1,0> c F4, r2:< x m,0,1> c F*

k41 k1]
Set
(e1,e2,e3,€4) xk+xe (k+1)ex+e
W1 = rhn = —
1 1,€2,€3,€4)11 k+1 1 2 3
and
2?2 —1

wo = (e, e2,€3,€4)ry = — e +xzes +ey.

k+1
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Then Fwqi @ Fwy is the only two-dimensional submodule of M. In addition,

(k+1)(k+2)

w 0 — V=== w w T -k -2 w

Oz = e?=1 ! and O L - X ",
AP -1 22 Wa Wa *Lk_:; x wo

We remark that the L-module M in this example is reducible but not completely reducible,

since it has only one two-dimensional submodule. O

4.4 An Factorization Algorithm for £-Modules of Finite Di-

mension

We now describe a factorization algorithm for £-modules of finite dimension.

Algorithm FactorModule (Factor £-modules of finite dimension)

Input: An L-module M with an F-basis ey, ...,e, and the actions of d; on this basis:
81'(81,...,8”)7—:Bl'(el,...,en)T, for izl,.‘.,m, (46)

where By, ..., By, € F™" and the B; are invertible for j > /.

Output: For 0 < d < n, all d-dimensional submodules of M given by their F-bases and

the actions of 9; on the bases.

1. [Construct the exterior power] From (4.6), construct an F-basis {fi,...,f,} of AYM
with g= (Z), and the fully integrable system {0;(z) = Eiz}lgignu where El € F9%9,
associated with AM with respect to fi, ... £y

2. [Compute one-dimensional submodules| Apply the algorithm HyperexpSolutions to
find all hyperexp solutions of the system {0;(z) = Eiz}lggm. If the output is NULL,
then exit [M has no d-dimensional submodules]. Otherwise, construct a finite collec-
tion {Fwy, ..., Fw,} of one-dimensional submodules of AM where each w, may contain

unspecified constants cy, ..., ¢y,

3. [Determine the decomposability] For ¢ = 1,...,s, consider the map ¢, : M — AYTLM

given by v — v A wy. Construct the matrix P, of ¢4, which is an ( dil ) X m matrix with
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entries in F'(c1, ..., ¢, ). The condition that all (n—d+-1) x (n—d~+1) minors of Py are zero
and that P, has a nonzero (n — d) minor then yields a nonlinear system in c1, ..., ¢, which
we denote by Tj. If none of the systems 71, ...,Ts has solutions in C, then exit [M has

no d-dimensional submodules]. Otherwise, suppose that, for any g € {l1,...,l.} C{1,...,s}

with e < s, T, has a solution in C. For every such ¢, substitute the values of ci,..., ¢,
into P, and compute an F-basis rq1, ..., 1y for the rational kernel of F,.

4. [Retrieve d-dimensional submodules| For each ¢ € {li,...,l.}, set vo; = (e1,...,ey)rg;
for j=1,...,d. Then {@?:valm-, e @?:valeyj} are all d-dimensional submodules of M.

Example 4.4.1 Let F = C(z,k), L = F[04;1,64)[0, 0, ';0%,0]. Let M be an L-module
with an F-basis {e1,es,e3,e4} satisfying that 0y(e1,e2,e3,e4)” = Ay(e1,e2,e3,e4)” and

Ox(er1,e2,e3,e4)” = Ag(e1,e2,e3,e4)” where

0 1 0 0
—a3—o?k4202 4okt h2atk24k3 222 -z-k2) o o
A _ 22 (—z+k) (z—k)x
T 0 0 0 1
0 0 —a3—a2k4a?430k+20+k2o4+4k245k+2+k3  2(—a’4a+k242k+1)
22 (—z+k+1) (—z+k+D)z
and
0 0 1 0
4 0 0 0 1
k= _ (z—k)z? 0 2z(x—k—1) 0
rz—k—2 r—k—2
_ 2x(x®—2wk—3x+k>+2k)  (z—k)z® 2(a?—2wk—4x+k>+3k+2) 2z(z—k—1)
(z—k—2)2 x—k—2 (z—k—2)2 rz—k—2

Let us compute all two-dimensional submodules of M. Clearly,
fi=e1Ney, fr=e; Ne3, f3=e1 Ney, fy=esNe3, fs=esNey, fsg=e3Ney

form a basis of A2M over F. The fully integrable system associated to N2M is the A?) in
Ezample 4.2.3, whose hyperexp solutions are of the form H = e~ 2Tz =2k (Z?:l civi) where
the v; are as in Fxample 4.2.3 and the ¢; are in C, not all zero. Hence every one-dimensional
submodule of N>M has a generator of the form w = (fi,fa, f3, £y, f5, f5) (Z?zl civi>. It
remains to determine the decomposability of w. Consider the map M — N3M given

by vi»v A w, whose matriz is some P € F**.  The matriz P has rank 2 if and only
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if all its 3 X 3 minors are zero and there exists a nonzero 2 X 2 minor. This yields four sets

of solutions for the ¢;:

{ca=c, ca=c, c@=cy =0, c3=0, =0},
{es= = = =0 =0 =3
c3 = C3, 1 = (1, Co = C2, s = U, Cg = U, Cq4 = 2 )

o o . _ _ _ c3(2c4+3c3—4cs
{03—03, =5, ca=ci, a=ca cg=0, ¢ = @outiaics) dcs I

{632637 C5=C5, C4=Cy4, C1=C1, C6=Cgq, CQ=—

8cegcs—2c3c4 7305 —4cgcqg—20c3c6—4c1ce+4cics+4ceses 72403 }
4dcg .

Therefore M has two-dimensional submodules if and only if the ¢; in w satisfy one of these

four relations.
Substitute these four relations into P respectively and compute the corresponding F-bases

for the rational kernel of P. Finally, we get all two-dimensional submodules given below:
N; = {alum + asu; 2 ‘ ai,as € F}, 1=1,2,3,4.

For Nl,

u1¥1=(2c1:c2k + clkzx + 04335 + clxz + 2c1x4 + ngzk — 2x3czk: — 3x3c1k — 2x4C4k
+x2c0k? + wkleq + xtes + cazPk? — cox® — 242t — 3123 + cqx® + 2¢4z%k)/(x(2c17 — c1a? + 21 zk
—2cok — 62k2 + k3C4 + 2cox — 62{)22 + 2k2C4 — 2c1k — c1k2 + 2coxk — 2kcygx — 2k:264x + k:C4a:2 + kcg —c1 —ca))er
—(cqz® 4 c12? — kegx? — cyx? — crak — c1a)(x — k) /(2c1@ — c1x? 4 2c1ak — 2c0k — cak? + k3cy + 2cow — com?
+2k2<:4 —2c1k —c1 k2 + 2coxk — 2kcyx — 2k2c4z + kc4z2 + kca —c1 — c2)ea + e3,

uy o = (5114 — 2(:112 + 5415 +cix — 25413 — 6113 — C4Z4 + cgz3 — 26212 + 2c4z2 +c1 k2 + 2¢1 k3 + 51k4 — 2621}2]6
+3c1k2x - 4c1x2k + 5k64x2 + k2cuc + coxk + 3crzk — 4C4ac3k — QC4ac3k2 — 2c1:c2k2 + 26490k3 + BC4x2k2 + C4wk34
+eawk?)/(z(2c1@ — c1x? + 21wk — 20k — cak? 4+ kScy 4 2cox — coz® + 2k%cy — 2c1k — c1k? + 2cozk — 2kcyx
—2k2C4x + k04m2 + kca —c1 — c2))er — (04903 — cg:tQ + k04x2 + coxk — 2k204x + cox — 2xcqg + c1xk — dkcgx — ¢
—c1k? — 2c1k)(z — k)/((2c1@ — c1@? + 2c1@k — 2c0k — cok? + k3cq + 2¢oz — coz? + 2k%cy — 21k — c1 k2
+2coxk — 2kcygx — 2k2c4z + kc4z2 + kca —c1 — c2))ea + ea,

and its L-module structures are given by

3 up 1 0 1 up 1
x B _ (e®4a2?k—a®—3zk—2z—k2z—4k®—5k—2-k%) 2(a®—z—K%—2k—1) ’
ug,2 z2(z—k—1) (z—k—1)z ug,2
and
1 4
ui,1 diy  diy uii
ak; = )

ug 2 déll) d%) ug 2
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in which
3_ 2 2 _on2 o Ak eq — 2_
2D _ cawd—coa®thegategoh—2kcqutegr—2aeytoyoh—dkego—cy —c1hZ—2c1k
i = (z—k—2)(—c1—caFkegtey) ?

FICO N (z—k—1)(zcgdcy)a
12 (—cre—coztkhkeqotwegteghkt2egteyk+2c) —k2cy—3key—2c4)

dg11> = (401 — C2.’Ek2 + C4zk4 + (:114 - (:2.173 — C4.’D4 — 3c1z3 — 6(:4.173 + 3c1x — 2¢cox + 4(:212 + 12¢1k + 13c1k2 + 2(:4z2 + 601k3
+c1 k* + 8xcy — k5412 - 4c112k + clkzz + 282z2k — 2641‘3]{32 — 64:4z3k + 3c1xk — 3coxk + 22kcyx
+21k204x - C4ac2k2 + 8C4ack3 — 2c1m2k:2 + C4x5) /((x —k — 2)2(7c1 —c2 + kea + ca)z),

d;lz) = - ((C4IES + cgzz + 20112 - C4.’L‘2 - k6412 —c1xk — 4xcy — 3c1x — 2kcygx — coxk — 2cox — 4cq — 4erk — clkz)(z —k— 1)) /

((z — k —2)(—ci1z — cox + kcax + xcqg + cok + 2¢co + c1k + 2¢1 — k2cy — 3kecy — 2C4>) .

For NQ,

us 1 = —(4elz2k + 2c1k21 + 24:1:02 + 43114 + 2c212k + 4031319 + 03.’1)5 - 413c2k - ngclk
+2x2c0k? + 22k3cq + 22%co + 222 c3k® — dega? — 2c02° — 3ega®k? — 6c12° 4 3ega® — 203m2k)/(z(74clz
+2c1x2 + cng — cgk2 — 3cg:v2 + 6¢c3x — 5czk — 4cyxk + 4eak + 2cgk2 — dcox + 2czx2 + 4c1k + 2c1k2 + cgmzk + 4cazk
—dcozk 4+ 2¢1 + 2co — 2c3k?z — 3c3))er + (czx® — c3x? — c3x’k + 2c1x? — 2c1xk — 2cq1z)(z — k) /(—4c1 @ + 2¢1 z?
+C3k3 — C3k2 — 303902 + 6¢czx — Begk — 4eyxk + 4eak + 202k:2 — 4ecox + 2C25L‘2 + 4dc1k + 2c1k2 + chzk + 4czzk
—4dcoxk 4 2¢1 + 2¢c2 — 2cgk2;v — 3c3)ea + ez,

us o = —(2(:124 - 43122 + 2ci1z — 2clz?’ + 2c213 — 44:21‘2 + 2clk2 + 431k3 + 261k4 — cgz4
+C3z5 + 66312 — 4C3z3 — 402m2k —+ 6clk2z — 8611216 + 2coxk + 6¢crzk — 4clz2k2 + 262Zk2 —+ 5531219 — 253z3k2
—2c323k + dcaxk® + c3k?z — 2c3zk + cazk? — c3x?k?)/(z(—4c1w + 2c122 + csk® — cak? — 3cga? + 6czx — Begk — deyak
+deok + 2c0k? — deow + 2c022 + derk + 21k + c3x?k + degzk — deawk + 201 + 209 — 2e3k?T — 3c3))er + (cgzs
+203m2 - 202:62 - C3x2kr + 2cixk + 2cox — 4ezx — 4ezxk + 2coxk — 4e1k — 2¢1 — 201k2)(x —k)/(—4cr1x + 201962 + C3k3
—c3k? — 3cax? 4 6c3z — Segk — dcywk + deak 4+ 2c0k? — deom + 2c0x? + derk + 21 k2 + c3x?k + degzk — deozk
+2¢1 + 2cp — 2c3k?x — 3cg)en + ey,

and its L-module structures are given by

o us 1 0 1 ug 1
® B (@ taPk—a?—3ck—2z—k?z—4k>—5k—2-k%)  2(a®—z—k>—2k—1)
uz,2 2 (a—k—1) e—k—T)z uz,2
and
(2 42
9 uz,1 diy  diy uz1
k )
42 4@
uz,2 21 U2 uz,2
in which
42 _ (cg@342cga?—2coa? —cgak+2c)ak+2com—4dcga—4dcgak+2cqzk—4cy k—2cq —2¢1 k2)
11 = (@—k—2)(2c] —2c3+2catczk) ’
d (z—k—1)(cgzt2c))w

2cix—2cgx+2cogr+tczark—4cy —4cgt4cy 763}9272021&77261’9 ’
al? = - (8c1 — 2coxk? + 2c12% — 2c023 — 6e122 + 6c12 — deaz + Bcox? + 241k + 26¢1 k2 + 12¢1 k3 + 2¢1 k4
78631‘3’6 — 203z3k2 + 303$2k + 24czxk + 17C3k21 + 3C312k2 + cgzk4 + 6031]{33 + 6315 - C314 — 4C3z3
7603%2 + 12c3z — 8c1x2k + 26119296 + 4ch2k + 6c1xk — 6¢coxk — 4c1x2k2) / ((ac — k- 2)2(2c1 — 2c¢3 + 2¢9 + cgk)oc) s
dgz) = ((6311)3 — 3cax? 4+ dcrz? + 2c02? + c3x’k — 2c1ak — 2cowk — 2c3k?x — dcgx — degzk — 6cra — 8¢y — 8ci1k — 2¢1 k) (z — k — 1))

/ (2611} — 2c3@ + 2cox + cgxk — 4c1 — 4eo + deg — cak?® — 2c0k — 2c1k)(z — k — 2)) .
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For Ng,

uz 1 = (—90%333 + 16c§:c4 — 120?,335 — 80?,333 + 4c§x6 + 3c§:v2 —+ 60%9@4
728631‘465 + 12c§z4k + 4C3IE4C4 + Gcgzzk — 6C3JJSC4 - 4c21305 + 4641305 + 3c§zk2 + 2631‘264
78053’)464 + 4C530504 + 803x5cg) — 40390205 - 4c§x4k2 - 4c§x5k + 4c§x3k3 + 4csm4cg + 30%391@3
—12cgz3k + 2463:1)3C5 - chzgk - 12cgz2k85 + 4cgz2kC4 - 46311)](}2135 - 4cgzk305 + 4c212k2C5
78csz4k(:4 - 1265(1:463](2 + 2c4zk303 + 855z3k:c4 + 4c4zsk265 + 32(:39:3kcs + 4621‘21965 + 204a:k253
—6c3a3key + dezz’kies — 80223k65)/(I(GC§Z — 2c3cq + 10c3e5 — 30%12 - 16k2c§ - chk
—4dcpen — GCgk — 86§k3 - 30%]92 - 26322c4 + 1UC3IIJ2C5 + 16k:c§z + 4C4k305 - 462k2265 + 8cozcey
—8cokcy — 20czxes + 4ezxeyq + 6c§:ck — 8c§x2kz - 4ch205 + 1803k2cs - 203k204 + 160%901@2 + 4C3k305 + 4eskeq
+8k2C4C5 + 24c3kcs — 4czkeyg + 40312k05 — 8C3:Ek285 + 8coxkcs — 8kcqxes + 46512k¢:4 — 804zk2(35 — 28cazkces
+4cgakeyg — 3c§))81 - (712c§1'3 + 4(;%14 — 3(;%1 + 80%12 + 36%1‘2 + 8(;%1‘216 — 4c4z265 + 863():365
—4c§zgk — 12cgzzc5 — 4C5ZL‘2]€C4 + 20312(;4 + 4C4ZESC5 — 80312kC5 — 2c3xeq + 4czxkes + 4eszxes
—2cgxkcy — 3c§zk)(z — k)/(Gc%z — 2c3cq4 + 10c3c5 — 30%12 — 16k:2c§ — SCgk — 4cgeg — GCgk — 86§k3
—3c%k2 - 20330204 + 10031'205 + 16k:c§ac + 4C4k305 — 4cgk205 + 8cawes — 8cakes — 20c3xes + 4ezxcy
+6c3ak — 8c2z?k — dcaz?es + 18cgk?es — 2c3k?eq + 16cExk? + dcgk3es + dcskes + 8k%cacs + 24cgkes
—4dcegkey + 403x2kC5 — 8C3xk2C5 + 8coxkes — 8kcqxwes + 4C5x2k04 — 864$k2C5 — 28czxkes + 4ezxkey — 3C§)€2 + e3,
uz 2 = (3C§$ — 3c§a:3 — 8c§x5 —+ 16c§m3 + 4c§a:6 — 6c§x2 —+ 3c§m4 + 30§k4

+6c§k3 - 16cgz2 + 30%1@2 — 12C3Z4C5 — 166§z4k + 2C3:E4C4 — 120%1‘21@ — 2C3I3C4 + 4621365

8 3 2 2 2 4 5 5 2 2, 4,2 2.3
—8cyz®cs + 9eczwk® — degzr®cy — desxTeq +4Aesa®eq + 8cgxPes + 32c3xcs — 8cgrT kT + 32¢5xk
—16cgac3C5 — 4czxes + 2c3xeq + QC%xk - 32c§9¢2k — 8027)205 — 403k205 + 203k204 — 8c§ack2 — 8C3k305
+SC4IEZC5 — 463k4C5 + 264k54C3 + 4C4k2363 — 4k2¢:§12 — 1GC§I]€3 - 86§Zk4 - Gcgzr‘)kz + 16c§13k2
+16c§x2k3 + 4c§x2k¢4 + 56cgz2kcs — 803x2kC4 — 4C3xk265 + 2063zk3cs — 1605m3k64 - BC4x3k2cs
—28cgz3kc5 - 8cgz2kC5 + 664zk2n:3 + 4coxkes + 2005z2kC4 + 4C4zk265 — 16czzkes + 6czxkey + 8cgzk4c5
+dcozkZes + degzkies + 8cawkBes — dega?kZey + 24cga’k?es — 16c3x°k2es + 12k2C512C4)/(E(6C§Z — 2c3cy
+10c3cs — 3c§x2 — 16k2c§ — 8c§k — 4csco — 6c§k - 80%1@3 — 3c§k2 — 20390204 + 1003w265 + 16kc§x
+4C4k305 — 4c2k265 + 8coxcs — 8cgkes — 20c3xes + 4ezxzey + Gcgzk - SCézzk - 4czz2cs + 18cngC5
—203k204 + 160%3%:2 + 4C3k305 + 4eskeq + 8k20405 + 24cgkes — 4ezkeq + 463121605 - chkaC5
+8cowkes — 8kcqwes + desw’key — 8cqwkZes — 28cszhkes + 4czwkey — 3c§))el — (—2c3cq + 4czes

2 4 g2 3 g2 2 52,  o2.2 2 3 2 3 2

+4cgx 8cyx 8cgx 6¢c3k — 3c3k” + 16zcy + 4cqz®cs + 4dezx®cs + 8cgxcs + 32kcgx
+4coxcs — 20c3xes + 36%11@ — Qchzzk - 40212(;5 + 463k265 — 2cgk2C4 + 16c§zk2 + 8czkcs — 4czkey
74k2C§CL‘2 — 8xcycs + 463z2k05 — 12cgzk265 + 4coxkes — 16kcgxes + 4C5z2k54 — 8c4zk2¢:5 — 36c¢czzkes
+2cgakeyg — 3c§)(ac — k)/(ﬁc%x — 2c3cq + 10c3c5 — 30%332 — 16k:2c§ — chk — 4egeg — 60%1@ — 8c§k3
738%]62 — 21;‘31)264 + 1063I2C5 + 16kc§z + 4C4k3C5 - 4c2k265 + 8coxcs — 8cokes — 20c3xces + 4ezxey
+6c§mk — 8cgac2k - 46296205 + l8cgk2cs — 2C3k204 + 160§xk2 + 4C3k3C5 + 4eskeq + 8k264C5 + 24czkes
—4czkey + 483:1:2kC5 — chzk205 + 8coxkcs — 8kcqxes + 405z2kC4 - 804zk205 — 28cazkces + 4czzkeyg — 3c§)62 + eq,

and its L-module structures are given by

us 1 0 1 us 1

u _ (e®4a”k—a?—3zk—22x—k?x—4k?—5k—2—k3) 2(x®—z—k?—2k—1) u
3,2 22 (z—k—1) (z—k-1)z 3,2

NN A
"1 4 B GG u ’
3,2 21 22 3,2
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i which

dﬁ) = (402105 + 32kc§z — 263k204 + 8cszkcs — 20c3xes + 3c§zk — 4czkey — 4021205 + 4C3k265 + 16cgzk2
720c§12k —+ 16zc§ — 4k2c§12 — 8xcygcs + 8c3:c3(;5 —+ 4(;41365 — 3(;% — 86?9:3 —+ 4(;%14
—6c§k — 2c3cy + 4c3es — 3c§k2 - chzz + 4cgz265 — 12cgzk2C5 + 4cg12k05 + 2c3zkey
—36¢czzkes — 864zk265 + 4C512k04 — 16kcyqxcs + 4cgzkcs) /
((m — k — 2)(—4cscen — 30% + 4cgkes — 8c§k + 4eskeq — 2c3cq + 1deges + 4eqges — 8c§)) s

dg%) = - ((z —k— 1)(—81(;§ + 4c§zZ + 4zcqgcs + 8czxes — 4eszes + 2c3c4 + 38%)11)) / (—4cazces
—8cyqcs — 8kc§z + 4cokey — 22c3kes — 4k21:4¢:5 + l4cszcs + 2c3key — 403k2cg, — 2c3xwey — 8zc§
+4zcycs — 12¢5keq + 16¢2 + 6¢3 + 3¢3k + 8csea + 4egeq — 28czes + 8kZcd + 24ckk — 3c3x
+4cszkes + 4kcgzces) ,

d(ﬁ) = (—802.’1)65 — 40290305 + 803xSC5 + 20390404 - 12c§x2k - 80%:04192 + 40590504 - 176kc§3: + 2603k2C4 — 48czkcs
+60c3xcs + 9c§zk + 24c3kecq + 16C21‘265 - 5263k265 - 168cgzk2 — 24C3k365 + 1206%1216 + 6czxey + 8C4Z2C5
74csz4c4 — 641}6% —+ ch%szQ + 100k2c§12 + 32c§z2k3 + 4cgz2k4 —+ 264k4C3 —+ l2c4k303
—6c§x2k2 - 4C3k4C5 - 64c§wk3 - 80%11@4 + 32zcqcs — 4]{320558264 - 1603x3k205 + 32C4Ztk3365
+4C4zk4C5 — 4C2$k265 + 803zk465 — 4cga:2kZC4 + 80312k2cg, — 32c§z4k + 480§z3k — 32631305
—6632}304 + SngkQ — 240490305 — 12cgm405 —+ 120% =+ 30%394 + 48c§zu:3 — 9c§x3 — 8c§x5 —+ 4c§x6
—24c2z* + 36c2k + 8cgeq — 16czes + 39c3k? + 9cZx + 32222 + 3c3k? + 18¢3k5 + 8coa?kes
75263{173]665 - 8<:4zsk205 — 2455z3kc4 + 60631’6365 + 156cgzk205 — 853z2kc4 + 166312kcs + 254zk2cg
+6c3xkey + 168czwkes + 84cqwk?es — dcsz?key + 88kcgwes — 120223kc5) / ((r —k —2)%(—4c5eq — 3(:%
+4cskes — chk + 4cskecy — 2c3¢c4 + 14czes + 4eqcs — 80%)1) s

d(zz) = — ((7802105 + 463:22264 + 16kc§x - 2c;;k204 + 16cgzkes — 12cgxes — 3c§xk — 8czkeq + 40201:265 + 4C3k205
—120%1219 — 6czxrey — 4C4wZC5 + 32xc§ — 4k2c§x2 — 16xcqgcs + 80330305 + 4C4CL‘SC5 - 120% — 8c§x3
+4c§z4 + Gc§z2 — 120%7@ — 8czcyq + 16¢c3c5 — 36§k2 - 9c§z — 16c§12 - 2063(17265 - 4631)k2c5
—dega’kes — 2cgzkey — 16cgzkes — dcsa’key — 8kegmes — 4egakes)(x — k — 1)) / ((ac — k — 2)(—4coxwes — 8cqcs — Sk:cgzt
+4cokes — 22cz3kes — 4kZC4C5 + l4czxzes + 2c3keyg — 4cgk2n:5 — 2c3TCy — Szcg + 4xcqgcs — 12¢s5keq + 16c§ + 6c§
+30§k + 8csco + 4ezcy — 28cszces + 8kzc§ + 24c§k - 30%1 + dcgzkes + 4kc4m05) .

For Ny,

ug1 = (—9c§x3 —+ 166%%4 — 12c§15 — chxs —+ 4c§x6 + 3c§m2 + 6c§x4
72863"1)4(35 + 12c§z4k + 4031404 + 64:%1214 — 64:31364 - 4CQZBC5 + 4C4z365 + Bngkz + 2C31204
78651}404 + 465(E5C4 + 8cgz5cs — 4(:312(:5 - 4c§z4k2 — 4c§zsk + 4c§zsk3 + 465(E462 + BngkS
—120%z3k + 24()31‘365 - chz?’k - 1203z2k(:5 + 4C35L‘2kc4 - 4031k2C5 - 463:1)](:305 + 4ng2k2C5
78()51}4]664 — 12csz4C3k + 204zk303 + 8cszgk:<:4 + 4C4I3k265 + 3263(E3kC5 + 4c212k05 + 2C4(Ek2C3
—6cgz’key + dcgz’kBes — SC2x3kC5)/(x(Gc%m — 2c3cq + 10c3cs5 — 3c§x2 — 16k:2c§ — 8c§k
—4csco — 6c§k - 8c§k3 — 3c§k2 — 263:1)264 + 106311}21;‘5 + 16kc§z + 4C4k305 — 4c2k205 + 8caxces
—8cokcs — 20cgxces + 4ezxey + Gcgack — 8c§12k — 462:2265 + 18cgk2cs - 2C3k264 + 16c§zk2
+463k3c5 + 4cskeq + 81€2C4C5 + 24c3kecs — 4czkeyq + 48312k05 — 8631k205 + 8caoxkcs — 8kcqxes
tdcsa?key — 8cqzkZes — 28cgzkes + degwkey — 3c§))el — (*lQng3 + 4(:%14 — 3c§z + SngQ
+30§952 + 80%1216‘ - 404:6205 + 8cgac305 — 4c§ac3k: — 12031205 - 4C5x2k04 + 2039&204 + 40433305
—8cszx’kes — 2c3zcy + degwkes + degzes — 2czwkey — Bngk)(m — k)/(Gcgz — 2c3cy + 10cges — 30:2;12
716k20§ - 8c§k — 4deseo — 6c§k: - 8c§k3 — 30§k2 — 2C3x204 + 100396205 + lﬁkch + 4C4k3cs
—402kZC5 + 8caxcs — 8caokes — 20c3xcy + 4czxey + 6c§zk - chzzk - 4c21265 + 1863k2c5 - 203k204
+lﬁcgzk2 + 403k365 + 4eskeq + 8k2c4C5 + 24cgkes — 4ezkeq + 463(L‘2k265 — SCga:kzcs + 8caxkes
—8kcgxes + 4C5x2k04 — 8C4xk2C5 — 28czxkces + 4czxkeyg — 30%)62 + e3,
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ug 2 = (34:%1 — 3c§z3 — 8C§CL‘5 + 16c§z3 + 4c§16 — 6C§CL‘2 —+ 38%1124 + 3c§k4
+Gc§k3 - 166§z2 + 36%]62 — 12(:31‘465 - 166§I4k + 263z464 - 12c§z2k - 20313(;4 + 4622}365
—8(341305 + 9c§zk2 — 4C3zzc4 - 4C5:L‘4C4 + 4652564 + 803::75C5 + 32cgz205 — 8c§z4k2 + 32cgz3k
716631365 — 4ezxes + 2c3xey + Qngk — 32c§z2k — 8(:‘212205 — 4C3k265 + 2C3k264 — 8c§zk2 — 8cgk3cs
+8C4.’X)205 — 403k405 + 204k403 + 4C4k303 — 4k2c§12 - 160§wk3 - 80?,:1?]6‘4 — 60%322162 + 160%:03]6‘2
+16c§22k3 + 4C§.’1}2k4 + SGngQkCE) — 80312k64 - 463£Ek32¢5 + 2OngkBC5 - 1665:1}31664 — 804zak205
72803x3kc‘5 - 8623{:2k65 + GC4a:k2C3 + 4cgxkes + 2OC5r2kC4 + 4C4xk2C5 — 16czxzkes + 6¢czzkey + 803xk4C5
+4czzkzc5 + 404:vk4C5 + 864zk305 — 4cgz2kZC4 + 24C312k265 - 16(;313k2¢:5 + 12k2C5z2C4)/(z(6c§z
—2c3cq + 10c3cs — 30%3:2 - 16]926§ - 8c§k — 4csep — 6c§k — 86%’63 - 30§k2 - 2C3(L‘264 + 10531265
+16kc§x + 4C4k305 — 4Czk205 + 8caxes — 8cakes — 20c3xes + 4ezxcy + Gchk - Sngzk - 4021205
+18czk?cs — 2c3k?cy + 16c2ak? + degkBcs + deskey + 8kZcqcs + 24cgkes — degkey + 4cgzkes
—8cgzk?cs + 8cowkes — 8kcawes + desa’key — 8caxkes — 28cgwkes + degakey — 3c§))el — (—2c3caq
+4c3cs + 4c§z4 - 8c§z3 — SCEZZ - 6c§k — 3C§k2 + 1ﬁzcg + 464:1}3(:5 + 4C3ZEQC5 + 86313(;5
+32kc§z + 4cgoxey — 20c3xes + Sngk - 206%1}216 — 46213265 + 403k265 - 253k264 + 166§a:k2
+8czkcs — 4czkey — 4k2cg12 — 8xcycs + 463:1)2k(:5 - 12C3Zk265 + 4coxkes — 16kcgxes + 40512k04
—8cyzk?cs — 36cgzkes + 2cgzkey — 36%)(z — k)/(6c§z — 2c3cq4 + 10c3c5 — 3C§Z2 — 16k2c§ — 8c§k
—4csen — 6c§k — 80?,]63 - 3c§k2 — 20390204 + 1003:1,‘205 + 16kc§x + 4C4k:305 - 4C2k‘2c5 + 8caxes
—8cokcs — 20c3xcs + 4czxey + Gngk - chzzk - 40212(15 + 18(:3kzc5 — 2C3k5264 + 166%:1)]62
+4C3k365 + 4eskeq + 8k2C4cs + 24cgkes — 4ezkeq + 463z2k05 — 8C3ack2¢:5 + 8cozkes — 8kcqxes
+4cszzk(34 — 8C4ZL‘I€265 — 28czxkces + 4czckey — 36%)62 + eq,

and its L-module structures are given by

P uy 1 0 1 Uy4,1
z T\ (—2®—a?kta? 4 3akt2e ket 4k 45k 424k3)  2(—a?tatk?42k+1)
Uy,2 22 (—x+k+1) (—z+k+1)z 4,2
and
4) 54
Uy,1 diy  dyy Uy,1
On R ECE) ’
Uy,2 dy  dyy Uy,2
in which

dﬁ) = (462265 + 32kc§z - 2C3k264 + 8czkes — 20c3xes + 3c§zk — 4eczkeq — 462:1)2(,‘5 + 463k2C5 + 160§1k2
72Oc§zzk + 1610% — 4kzc§$2 — 8xzcycs + 8031355 + 4C4Cl)365 - 3c§ — 8c§z3 + 4c§z4 — Gcgk — 2c3cq
+4czes — 30%]62 - chxz + 4033')265 — 12C3xk:205 + 403z2kcs + 2cgxkcy — 36czxkes — SC4xk205 + 40512kC4
—16kcyzcs + 4coxkes) / ((—z + k+ 2)(8c§k — depkey — 4eskes + 3c§ + 8cg + 4escea + 2c3cq4 — ldezes — 4C4C5)) s

d§42> = ((71 + k+ 1)(78:ﬂc§ + 48%11}2 + 4xcqcs 4 8czxes — 4eses + 2e3cq + 3c§)z) / (74c21¢:5 — 8cyqcs — 8kc§z + 4cokes
—22cgkey — 4k26465 + l4cszcs + 2cz3key — 463]6265 — 2c3xwey — Szcg + 4dxcqgcs — 12¢c5keyg + 166% + 60%
+30§kz + 8csca + 4czcqg — 28czes + 8kzc§ + 24c§k — 3c§9@ + 4czxkes + 4k04x05) s

dgi) = (SCQSL‘CS + 462:1)365 - chz505 - 2C3Z4C4 + 120§zzk + 8cgz4k2 — 4C5:L‘5C4 + 176kc§z - 26C3k264 + 48c3kcs
—60czzes — 9ciak — 24czkes — 16caz®es + 52c3k?cs + 168c2zk? + 24czk3cs — 120c22?k — 6egacy
78641‘265 + 40590404 + 64a:c§ - 160§x3k2 — 100k2c§22 — 320§x2k3 - 4c§x2k4 - QC4I<:403
—1284k3C3 + Gngzkz + 4C3k4(35 + 64c§zk3 + 8cgzk4 — 32zcycs + 4k2c522¢:4 + 164:3:L‘3k2C5
732c4zk305 — 4c4zk4<:5 + 4c217k:255 — 8631}](2465 + 4531219254 — 8031:2k2<:5 + 320§z4k — 486§m3k
+32C3Z305 + 60313(:4 - 30%1]@2 + 24(:4.173c5 + 1203Z4C5 — 120% — 3c§z4 — 48c§z3 + 90%13
+8C§15 — 4c§z6 + 240%14 - 36c§k — 8czcy + 16¢c3c5 — 390%7@2 — 9c§z - 32c§12 - 3c§k4
—180§k3 - 8C2$2k65 + 52c;;x3k:05 + SC4$3kQC5 + 24C5x3k04 - 6003xk3C5 — 156cga¢k2cs + 8C3x2k04
7160312k¢:5 - 204zk2(13 — 6czxkcy — 168czxkes — 8404zk2C5 + 4C5I2k64 — 88kcyxcs + 12021k¢:5) /
((fﬂ? + k+ 2)2(80§k — 4egkey — 4egkes + 3c§ + 85% + 4csceo + 2c3cq4 — ldegzes — 46465)17) s
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dgé) = ((chaccs — 4c3x2c41 — lﬁkch + ZC3k204 — 16czkes + 12c3zes + 3c§mk + 8czkeq — 462:L'265 - 4csk205
+12c§m2k + 6czxey + 4(:42:2(:5 — 32mc§ + 4k2(:§22 + 16xcygcs — 8(:3.’1)3(35 — 4C4.T3C5 + 12c§
+8C§ZIJ3 — 4c§z4 — 6c§12 + 12(:%]9 + 8czcyg — 16c3c5 + 30%7@2 =+ chz + 160%12 =+ 2OC3(L‘2C5
+dcgazkZes + dega’kes + 2c3wkey + 16cgzkes + desa’key + 8keqaes + 4egxkes)(—x + k + 1)) /
((—1 + k + 2)(—4cozes — 8cqcs — Skcgz + 4cgkes — 22c3kes — 4k cqcs + 14csmes + 2c3key — deskZes
—2c3zey — Sch + 4dzcqgcs — 12c5keq + 16c§ + 6c§ + 3c§k + 8csco + 4ezcy — 28csces + 8k2c§
+24cgk — 30§x + 4cgxkes + 4k04xC5)) .

4.5 FEigenrings and Factorization

We discuss another approach to factoring £-modules, which is not based on the associated
equations method. This method is first introduced in [59] to factor linear ordinary differ-
ential operators using eigenrings of the operators. Three algorithms are presented there for
computing eigenrings. Significant improvements on these algorithms are described in [8, 33].
Although the eigenring method does not always factor reducible operators, it often yields
factors quickly. This method has been generalized in [4, 11] for systems of linear difference
equations, and in [6] recently for systems of linear PDEs in positive characteristic. We will
generalize in this section this method for the factorization of £-modules of finite dimension.

Let R be an arbitrary ring and let M be an R-module. Recall that Endr (M) is the set
of all R-linear maps on M. Clearly, Endg(M) becomes a ring with the usual addition and

the composition of maps adopted as the multiplication.

Definition 4.5.1 Let M be an R-module. A set of elements {m1,...,ms} of the ring Endr(M)

is called a set of orthogonal idempotents if they satisfy

S
Zm =1 and mmj =0 wheneveri# j, (4.7)

=1

where 1 and 0 are the identity map and the zero map on M, respectively.

Remark 4.5.2 Although it is not stated in Definition 4.5.1, the m; are all idempotent.
Indeed, the condition (4.7) implies that w2 = DG T = T (Z;Zl 7rj> = m; for each i.

It is stated in Exercise 7 in §1 of [41, Ch.1] that
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Proposition 4.5.1 Let M be an R-module. If Endg(M) has a set of orthogonal idempo-
tents my,...,ms then M = &;_mi(M). Conversely, if M can be written as a direct sum
of submodules M = Ny @ --- @ Ny then {my,...,7s} is a set of orthogonal idempotents
of Endg (M) where m; is the projection from M to Nj.

For any R-module M, Endgr(M) always has a set of orthogonal idempotents {0, 1},
which is called the trivial orthogonal idempotents of Endg(M). From Proposition 4.5.1, one
sees that if 1 is contained in a set 7 of orthogonal idempotents, then 7 = {0,1} and  is
trivial.

As a direct consequence of Proposition 4.5.1, an R-module M is decomposable if and
only if Endg(M) has a nontrivial set of orthogonal idempotents.

Let F' be an orthogonal A-field, C its field of constants and L=F[0y, . .., Om, 8[_:1, G el

the Laurent-Ore algebra over F'.

Definition 4.5.3 For an L-module M, the endomorphism ring Endg(M) is called the
eigenring of M, denoted by E(M).

By Definition 4.5.3, a map ¢ € Endp(M) belongs to £(M) if and only if ¢ commutes
with the 9; and 8]-_1 for all 4,5 with 1 <i <m and £+ 1 < j < m. However, since M is
an L-module on which the 8;1 act, the commutativity of ¢ with the 9; for /4+1 < j <m
implies that 0; 0 ¢ o ajl(w) = ¢(w) and further ¢ o 3]71(w) = 0]71 o¢p(w) for w € M.
Hence, ¢ € £(M) if and only if ¢ commutes with all the 9; for 1 <i < m.

Let M be an £-module with an F-basis ey, ..., e,. Suppose that

8i(e1,...,en)7:Bi(el,...,en)T, izl,...,m,

where B; € F™" for 1 < i < m and the B; are invertible for j > ¢. For the actual
calculation of £(M) we now interpret elements of £(M) in terms of the B;. Let ¢ be

in Endp(M) and P € F™*" be its transformation matrix given by

(p(e1),...,0(en))” = Pler,...,e,)".
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For any w = >_"" | a;e; € M where a; € F, we write

p(w) = Zaigi)(ei) =(a1,...,an)(p(e1),...,0(en))" = (a1,...,an)P(e1,...,ey)".
i=1
One can verify that the conditions 9;(¢(w)) = ¢(9;(w)), for all w € M and 1 < i < m, hold
if and only if P satisfies that 6;(P) = B;P — PB; for i < and 0;(P) = B;PB; " for j > (.
Hence the eigenring £(M) can be defined equivalently to be
E(M)={P e F"" | §;(P) = B;P — PB; for i <{ and 0,(P) = BjPB]71 for j > ¢}, (4.8)

Clearly, 1, € £(M) and £(M) is a C-subalgebra of F™*" of dimension < n?. Denote
by C - 1,, the set of all matrices of the form c¢-1,, where ¢ € C. Then C' - 1,, C E(M).
As a natural generalization of the results in [5], [53, Ch.2,4] or [59] for the case of linear

ODEs, we have
Theorem 4.5.2 Let M be an L-module of dimension n. Then
(i) IfE(M) # C - 1,, then M is reducible.
(ii) If M is decomposable then E(M) # C - 1,,.
(iii) If M is completely reducible, then M is irreducible if and only if E(M) = C' - 1,,.

Proof. (i) Let eq,...,e, form an F-basis of M. Suppose that P is a nonzero matrix
in £(M) such that P ¢ C -1,,. Since £(M) is of dimension < n? over C, 1,,, P, ..., P are
linearly dependent over C. Then there exists a monic polynomial f(¢) € C[t] of minimal
degree such that f(P) = 0. It follows that the characteristic polynomial det(P — t1,) of P
belongs to C[t] and the roots of det(P —t1,,) are roots of f(¢), which all belong to C since C
is algebraically closed. Let A be a root of det(P —t1,) and N = {w € M | Pw = Aw}.

Obviously, N is closed under addition. Since A € C,
P(0i(w)) = (¢ 0 9;)(w) = (0 0 9)(w) = 0i(Pw) = 9;(Aw) = A0;(w),

for: =1,...,m, where ¢ is the transformation on M induced by the matrix P. Thus N is

an L-submodule of M. Suppose that N = M. Then eq,...,e, belong to IV and therefore

P—A1,=(P—-XAl,)(e1,...,e,) =((P—=A1l,)ey, ..., (P—2A1l,)e,) =0,
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hence P = A\1,, € C'-1,, a contradiction to our assumption. Suppose that N = 0. It follows
that (ai,...,a,)(P — Al,) = 0 with a; € F implies that (ai,...,a,) = 0, i.e., the linear
system (PT —A1,)x = 0 has only trivial solution. Hence det(P”™ — A1) # 0, a contradiction
to the assumption. So N is a nontrivial submodule of M and M is reducible.

(ii) Now suppose that M is decomposable. Then M = N; @ N2 where N; and Ny are
nontrivial submodules of M. Let d = dimp N;. Then 0 < d < n. One can verify easily
that P = ( 1: E ) satisfies the conditions (4.8). So P € E(M) but P ¢ C - 1,,.

(iii) It is immediately from (i) and (ii). O

Remark 4.5.4 Observe that the condition that “€(M) is not a division ring”, is used
in [5, 6] instead of the condition “€(M) # C -1, 7. This is because the field C of constants
is not assumed to be algebraically closed there. To check if “€(M) is not a division ring”, one
needs to find a C-basis {Py,...,Ps} of E(M) and then decide if there exist ci,...,cs € C,
not all zero, such that the determinant of Y ;_, ¢;P; is zero.

Howewver, if C is algebraically closed, the above two conditions are equivalent. Indeed,
if (M) # C -1, then there is P € E(M) but P ¢ C -1,,. By previous discussion, the
characteristic polynomial det(P — t1,) of P belongs to C[t] where t is an indeterminate
over C. Let X\ be a root of det(P —t1,) = 0. Clearly, P — A\1,, is not invertible. Since C' is
algebraically closed, A € C. Moreover P — A1,, is nonzero, for otherwise, P and 1, would

be linearly dependent over C. Therefore E(M) is not a division ring.

Given an £-module M of finite dimension over F', the representation (4.8) of eigenrings
allows us to compute E(M). Let P € £(M) be a matrix of n? indeterminates z;;. From (4.8),

construct the system
T T y
8i(2117"‘721717"'72711)"'727177,) :Ai(zlly'")Zlnv"wznla"wznn)) /L:]-a“'vmu

where A; € F"°*n* A C-basis of all rational solutions of the above system yields a C-
basis {Pi,..., P} of all rational solutions of (4.8). Without loss of generality, we assume
that P, = 1,. Therefore E(M) = @]_,C - P;. If r=1, then £(M) is trivial and M is

indecomposable by Theorem 4.5.2 (ii). Otherwise, each eigenvalue A of a nontrivial P€E(M)
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will produce a submodule {w € M | Pw = Aw} of M. If £(M) has a set of nontrivial

idempotents 7y, ..., s, then a decomposition of M is derived:
M=m(M)®- - ®rs(M). (4.9)

If M is furthermore completely reducible, a maximal decomposition of M can be obtained

by applying the eigenring method recursively on the submodules in the decomposition (4.9).

Example 4.5.5 Let F' = C(x,k), M be an L-module of dimension two and e1,es be a basis
of M given by Ox(e1,e2)” = By(e1,e2)” and Oy (e1,e2)” = By(e1,e2)” where B, = ( (1) 3 )
and By = ( to ) .

0 k

We now compute the eigenring of M. Let P € E(M) be a 2x2 matrixz with indeterminate
entries z11, 212,221 and za3. The conditions §,(P) = B,P — PB, and crk(P):BkPBk_1

induce the system A : {0,(z) = Az, op(z) = Axz} where z = (211, 212, 221, 222)7,

0 k(—w+:p2—kx+2/€) 22 —kx+3k—2zx 0
(z—k)(z—1) z(z—k)k(z—1)
_127km+3k72x _rgka272x+3k+kz 0 xszx+3k72x
A z(z—k)k(z—1) z(z—k)(z—1) z(z—k)k(z—1)
x pr—
_ k(—a+a®—ka+2k) 0 23— ko’ — 224 3k+ks  k(—z+z’—ka+2k)
(x—k)(z—1) z(x—k)(z—1) (x—k)(z—1)
0 _ k(—z+a®—ka+2k) _ z?—kz+3k—2z 0
(z—k)(z—1) z(z—k)k(z—1)
and
2 2 2 2
T 72kifx+k « —xaﬁ _z 72k’f;:c+k ﬁ %62
1 1 2 1 2 1
A 1 R 0 1% —w=o P — R P
k= _ )
X 2 o 2 2 N, 242 . . 212
Y | xzk+1)(z k2k1 z+k )ﬂ —(k—l— 1)1’262 (k+1)(z 551 z+k?) 1(k+1)(2k1};‘r1 z°—k )/6
2 2 2 2
%ﬂQ .’ITO(ﬂ x 72k1::2fz+k 6 x 72kz§;fz+k a,

witha =k+1+kx?—k’z—x, B=k+1+kr—k>—z andy = (v —k)(x —k—1)(z —1)2.

All rational solutions of A are of the form

1 1 xzk x . x 1 xzk 1
c — — co | — —
"Ne=1 k@-1)2-1 2z-1 -1 k(-1 z-12-1)"
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for c1,c0 € C. So

E(M) = ol Fe=1) 1 for any c1,c0 € C
(ci—c2)zk  co—ciz
z—1 z—1
1 __1 —z_ _1
- C z—1 k(z—1) ®C z—1  k(z—1)
kx =z _ kzx 1
z—1 z—1 z—1 z—1

Recall that the necessary condition for {Py,..., Ps} C E(M) being a set of orthogonal idem-
potents is that PZ-2 = P; for each i. Substitute

C1—C2T c2—C1
P = x—1 k(z—1)
(61—62)$k cC2—C1T

z—1 r—1

into the relation P?2 = P, we obtain three solutions:

1 _1 T 1
z—1  k(z-1) z—1  Ek(z—1)
Py =1y, P = ; Py = (@=1)
kx T _kx_ _ 1
Ta—1 rz—1 z—1 z—1

Among which, we find Pi1P, = 0 and Py + P» = 13. So {P1, P2} is a set of nontrivial
orthogonal idempotents of E(M). We have

Pl(M) = {Pl(w) ‘ W € M} = {(al,ag)Pl(el,ez)T ’ ai,a € F} =F. <e1 — ]1§e2>

and
1
PQ(M) = {PQ(W) | W € M} = {(al,ag)Pg(el,eQ)T ’ ai,as € F} =F- (el — m62> .
Therefore, Pi(M) @ Py(M) is a decomposition of M into two nontrivial submodules. O

The eigenring method, however, may fail to find any factor of an £-module of finite
dimension even if this module is reducible. This happens when the eigenring of that module
is trivial. The four-dimensional £-module M in Example 4.3.3 is such an example. This M
has a two-dimensional submodule, so is reducible. But M can not be completely reducible,
as it has dimension four but has only one two-dimensional submodule.

More work needs to be done on the eigenring method. For example, how does one find
a set of orthogonal idempotents efficiently and how does one compute the complement of a

known submodule?



Chapter 5

Concluding Remarks

In the thesis we define the modules of formal solutions and Picard-Vessiot extensions for 0-
finite linear functional systems. These two notions enable us to describe solutions of d-finite
systems in an algebraic setting. We anticipate that these two notions can be generalized
to linear functional systems where difference operators are not necessarily automorphisms.
Such a generalization would rely on the notion of reflexive closure of submodules of S'*",
the N in the proof of Proposition 2.4.6 and Remark 2.4.8.

There is however a challenging problem. Our methods for computing linear dimensions
make essential use of the assumption that the maps o4y1,..., 0, are automorphisms. Can
we still compute linear dimensions of systems without this assumption?

Another direction is to investigate the possibility to extend the Galois theory of linear
ordinary differential and difference equations to J-finite linear functional systems.

Although the thesis contains a complete algorithm for factoring £-modules with finite
dimension, the algorithm has not yet been fully implemented. We plan to complete a
prototype for the algorithm in MAPLE soon, and try to improve the practical efficiency. In
particular, we would like to improve the algorithm for computing one-dimensional modules,
and to find a more efficient way to decide the decomposability of an element in an exterior
power of a finite-dimensional £-module. We will also consider how to factor O-finite linear

functional systems with more general coefficients.

93
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Complexity analysis is an important issue in computer algebra. We will try to analyze
the algorithms presented in this thesis. In this direction, the monograph [25] would be a
valuable reference.

All the examples in the thesis contain two operators, each of which acts on only one
variable nontrivially. It would be interesting to see whether we are able to factor a module
for modelling differential-delay equations. In this case, both differential and shift operators
act on one variable. Along this direction, we need to consider how to compute rational and
hyperexponential solutions of a linear differential-delay equation.

It would be interesting to see applications of the factorization algorithm in the handling
of holonomic objects [19, 50], which are usually represented by 0-finite systems with finitely
many initial values. Holonomic ideals ([56]) are left ideals in Weyl Algebras, in which linear
functional operators have polynomial coefficients. A factorization algorithm for holonomic

ideals is not known and is thus worth investigating.
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